
Appl. Math. Mech. -Engl. Ed., 37(8), 987–998 (2016)
DOI 10.1007/s10483-016-2112-8
c©Shanghai University and Springer-Verlag

Berlin Heidelberg 2016

Applied Mathematics
and Mechanics
(English Edition)

Effect of particles on turbulent thermal field of channel flow
with different Prandtl numbers∗

Caixi LIU1, Yuhong DONG1,2,†

1. Shanghai Institute of Applied Mathematics and Mechanics, Shanghai University,

Shanghai 200072, China;

2. Shanghai Key Laboratory of Mechanics in Energy Engineering, Shanghai University,

Shanghai 200072, China

Abstract The direct numerical simulation (DNS) of heat transfer in a fully developed
non-isothermal particle-laden turbulent channel flow is performed. The focus of this paper
is on the modulation of the particles on turbulent thermal statistics in the particle-laden
flow with three Prandtl numbers (Pr = 0.71, 1.5, and 3.0) and a shear Reynolds number
(Reτ = 180). Some typical thermal statistics, including normalized mean temperature
and their fluctuations, turbulent heat fluxes, Nusselt number and so on, are analyzed.
The results show that the particles have less effects on turbulent thermal fields with the
increase of Prandtl number. Two reasons can explain this. First, the correlation between
fluid thermal field and velocity field decreases as the Prandtl number increases, and the
modulation of turbulent velocity field induced by the particles has less influence on the
turbulent thermal field. Second, the heat exchange between turbulence and particles
decreases for the particle-laden flow with the larger Prandtl number, and the thermal
feedback of the particles to turbulence becomes weak.
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1 Introduction

The problems of heat transfer in the turbulent flow with laden particles are very important
in nature and engineering[1–4], for instance, coal combustion, gas turbine, heat exchangers, and
nuclear reactors. For the particle-laden turbulent flow, due to the dispersion of the particles
in the turbulence, the particles as medium have the contribution of momentum and thermal
transport to the turbulence. Therefore, the heat transfer of particle-laden flow is controlled
by both turbulence and particles. It is known that many attempts have mainly focused on
the study of heat transfer of particle-free turbulent flow. However, the study of turbulent
heat transfer in the particle-laden turbulent flow is relatively little due to the complexity of
the interaction between turbulence and particles. Therefore, the study of heat transfer in the
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particle-laden flow is considerably significant to understand the mechanisms of heat transfer
between two phases.

In past decades, many experimental and numerical studies of heat transfer in the particle-
free turbulent flow have been performed[5–9]. Many thermal quantities, including the mean
temperature, turbulent heat fluxes and diffusive sublayer thickness, etc., have been examined,
and some mechanisms of heat transfer in the turbulent flow have been understood. It was
found that the turbulent heat transfer is mainly characterized by the Prandtl number of the
fluids besides the Reynolds number[10]. Redjem-Saad et al.[11] investigated the effect of low
to intermediate Prandtl number on the turbulent heat transfer in pipe flows under the isoflux
wall condition. They found that the temperature streamwise spectra increase significantly with
increasing the Prandtl number at intermediate and high wave numbers, suggesting that the
small scales are gradually damped by the enhanced conductive effect with the decrease of the
Prandtl number. Recently, the effects of the particles on the heat transfer in the turbulent flow
were investigated. Zonta et al.[12] studied the influence of dispersed micrometer size particles
on turbulent heat transfer mechanisms in the channel flow and showed that, with respect to
the single-phase flow, heat transfer fluxes at the walls increase by roughly 2% when the flow is
particle-laden with the smaller particles and an opposite trend for the flow with larger particles.
A study by Kuerten et al.[13] found the ratio of particles and fluid specific heat plays a significant
impact on the heat transfer, by means of direct numerical simulation (DNS) of gas-particle
turbulent flow in the vertical channel with high specific heat capacity particles. Jaszczur[14–15]

analyzed the heat transfer and thermal interaction between the particles and fluid in the non-
isothermal fully-developed suspension channel flow. However, to date, most works mainly focus
on the modulation of different properties of the particles on the heat transfer of turbulent flow,
and the effect of the particles on the heat transfer in the turbulent flow with different fluid
thermal properties (such as Prandtl number) is rarely considered. Since the particles have
different effects on the thermal field of turbulence with different fluid thermal parameters, the
study of heat transfer between the particles and turbulence with different thermal properties is
absolutely essential in both applications and fundamentals.

The literature survey reveals that there is no DNS of turbulent heat transfer in the particle-
laden turbulent channel flow at different Prandtl numbers. In this paper, we firstly present
the DNS which investigates the modulation of the particles on the turbulent thermal statistics
in the particle-laden flow for different Prandtl numbers. The present paper is structured as
follows: the governing equations and the numerical method are described in Section 2. The
results of the turbulent thermal statistics (mean temperature, the root mean square (RMS)
of temperature fluctuations, turbulent heat flux, the correlation coefficient, and the thermal
streaky structure) are discussed in Section 3. Section 4 is the conclusion of this work.

2 Governing equations and numerical methodology

In this section, we perform a DNS of non-isothermal turbulent channel flow with the parti-
cles. 200 000 particles are injected into the flow at the random position throughout the channel.
Represent the motion of a particle with the density ρp = 2 400 kg/m3 much greater than that
of the surrounding carrier phase fluid, and a diameter of a particle (dp = 140 μm) smaller than
the smallest scales of turbulence (Kolmogrov scale). A simple force balance yields equations for
the particle position (xp,i), the velocity (vi = dxp,i/dt) and the temperature (Tp):

dvi

dt
=

ui − vi

τp
(1 + 0.15Re0.687
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dTp
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where ui and Tf is the fluid velocity and temperature at the particle position, respectively.
Rep = dp |vi − ui| /ν is the particle Reynolds number. While τp = ρpd

2
p/(18μ) and τT =
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Cp,pρpd2
p/(12kf) are, respectively, the particle velocity relaxation time and the particle temper-

ature relaxation time. Here, ρp, dp, and Cp,p are the particle density, the diameter, and the
particle specific heat capacity, respectively. The motion equations of the particles are advanced
in time by a second-order Adams-Bashforth method. The fourth-order Lagrangian polynomial
is used to interpolate the fluid velocity and temperature at the particle position. Periodic
boundary conditions are used to reintroduce the particle into the computational domain when
the particle moves outside the channel in homogeneous directions, whereas the perfectly-elastic
collision at the smooth wall is assumed.

Assuming that the fluid is incompressible and Newtonian, the governing equations for the
fluid (in dimensionless form) are as follows:
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where ui (i = 1, 2, 3) represents the velocity components in the spanwise (z), wall-normal (y),
and streamwise (x) directions, respectively. p is the kinematic pressure, δ3,i is the mean stream-
wise pressure gradient that drives the flow, T is the temperature, the shear Reynolds number is
defined as Reτ = uτH/ν, based on the shear velocity (uτ ), the half channel height (H), and the
fluid kinematic viscosity (ν). The Prandtl number is defined as Pr = Cp,fμ/kf , based on the
fluid specific heat (Cp,f), the dynamic viscosity (μ), and the fluid thermal conductivity (kf). f i

p

and qp are the momentum-coupling and energy-coupling terms, respectively. The dimensionless
formulae of feedback terms are as follows[13]:
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where V is the rectangular region, n is the number of particles in each region.
In this study, the DNS calculation is performed in six cases with Reτ = 180. Cases A1,

A2, and A3 represent the particle-free flows with Pr = 0.71, 1.5, and 3.0, respectively. For
the particle-laden flow, Cases B1 (Pr = 0.71), B2 (Pr = 1.5), and B3 (Pr = 3.0) consider
the influence of particles on the turbulence. The governing equation of fluid is solved using
the fractional step method on a staggered grid[16]. Periodic boundary conditions are used
in the streamwise and spanwise directions, and no-lip and no-penetration velocity conditions
are imposed on the walls. Two different constant temperatures are performed on the bottom
and top walls, T = 0.5 at y = 1 (the hot wall), T = −0.5 at y = −1 (the cold wall). The
computational domain is 4πH × 2H × 4πH/3 and is discretized using an Eulerian grid made
of 1293 nodes. The grid spacing is uniform in the streamwise and spanwise directions, and a
stretched grid is imposed in the wall-normal direction.

3 Results and discussion

3.1 Validation of results
In order to validate the reliability of our codes, two cases which have the same parameters

as those of Refs. [17]–[18] are performed by the DNS, respectively. Our DNS results on 1283

grid points will be compared with the previous data by Dritselis and Vlachos[17] and Lessani
and Nakhaei[18]. In the study of Ref. [17], the DNS of particle-laden turbulent channel flow has
been performed on 1283 grid points. The computational domain is 4πH × 2H × 2πH in the
streamwise, normal, and spanwise directions. It is identical to the dimension of the domain in
the study of Ref. [18]. The Reynolds number based on the channel half -width and the friction
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velocity is equal to Reτ = 180. The dimensionless particle diameter (dp/H) is 3.866×10−3 and
the ratio of the particle density to the fluid density (ρd/ρf) is 7 333. The total number of the
particles is 3.5× 104. The exchange of momentum between the particles and fluid is taken into
account, and the effects of particle collisions have been neglected. The mean velocity profile
(u3) and velocity fluctuation intensity (ui,rms) of the present DNS are compared with the DNS
data of Ref. [17]. They are in good agreement with the DNS data in Fig. 1.

Fig. 1 Turbulent velocity statistics: (a) mean streamwise velocity (u3); (b) velocity fluctuation
(ui,rms) compared with DNS data of Ref. [17]

Lessani and Nakhaei[18] performed the large eddy simulation (LES) with the dynamic model
on 643 grid points for the particle-laden channel flow with the thermal field. The Prandtl number
and Reynolds number are 0.7 and 180, respectively. The heat transfer between two phases is
considered. The particle diameter and density are the same with those of Ref. [17], and the
total number of the particles is 105. In addition, the ratio of particle specific heat capacity to
the fluid specific heat (Cp,p/Cp,f) is 1.8. The mean temperature profiles of fluid and the particle
along the normal direction are shown in Fig. 2. By comparison, our results are accurate and
reliable.

Fig. 2 Mean temperatures of fluid and particle compared with LES data of Ref. [18]

3.2 Mean temperature
The dimensionless mean temperature distribution normalized by the friction temperature

(Tτ = qw/(ρfCp,fuτ ), and qw is the wall heat flux) is shown in Fig. 3(a) as a function of the
wall distance for three Prandtl numbers (Pr = 0.71, 1.5, 3.0) at Reτ = 180. Similar to the
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mean velocity distribution, there also exists the logarithmic region in the mean temperature
(T + = cT + ln(y+)/kT), where kT is the von Karman constant of the mean temperature. In
the present simulation, the predicted profile in the logarithmic region for the particle-free flow
is in good agreement with Kader’s correlation[6]. The conductive sublayer thickness becomes
gradually thinner when the Prandtl number increases and that is consistent with the results of
Ref .[8]. With the existence of the particles, the conductive sublayer thickness is decreased for
all Prandtl numbers, and the normalized mean temperature T+ of particle-laden flow is smaller
than that of particle-free flow in Fig. 3(a).

Fig. 3 (a) Normalized mean temperature of fluid; (b) distribution of von Karman constant (kT) for
three Prandtl numbers

Due to the use of the present DNS data, an accurate determination of kT can be obtained by
the relationship (kT = (dT+/dy+)−1/y+), and Fig. 3(b) shows the distribution of kT for three
Prandtl numbers. Obviously, kT is independent of Prandtl number and is almost constant
(kT ≈ 0.3) in the logarithmic region for particle-free flows, which agrees with the study of
Ref. [7]. However, the particles have significant influence on the von Karman constant for
different Prandtl numbers. For the particle-laden flow with three Prandtl numbers, the von
Karman constant increases due to the addition of particles, and the increase of kT is more
obvious for the smaller Prandtl number.
3.3 RMS of temperature fluctuations and turbulent heat fluxes

The RMS of temperature fluctuations (T +
rms) normalized by the friction temperature is shown

in Fig. 4. With the increase of Prandtl number, the temperature fluctuation intensity becomes
stronger, and the peak of the temperature intensity becomes larger and closer to the wall. That
agrees with the study of Ref. [11]. However, the intensity of temperature fluctuations is signifi-
cantly decreased for three Prandtl numbers by the particles. Turbulent heat fluxes normalized
by the friction velocity and temperature for three Prandtl numbers are shown in Fig. 5. Ob-
viously, with the presence of the particles, the wall-normal turbulent heat flux (u′+

2 T ′+) and
streamwise turbulent heat flux (u′+

3 T ′+) are also reduced. The location of the peak value of the
streamwise turbulent heat flux shifts towards the channel center for the particle-laden flow.

In order to investigate the extent of the influence of the particles on turbulent thermal
statistics, the change rate of thermal statistics can be defined as follows:

Θθ =
θparticle-laden − θparticle-free

θparticle-free
, (4)

where θparticle-laden and θparticle-free represent thermal statistics of particle-laden and particle-
free flow, respectively. The change rates of temperature fluctuation intensity ΘT ′ and turbulent
heat fluxes Θu′

iT
′ are shown in Fig. 6. Apparently, the change rates of temperature fluctuation
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Fig. 4 Normalized RMS of temperature fluctuations T+
rms

Fig. 5 Turbulent heat fluxes: (a) streamwise direction; (b) wall-normal direction

intensity and turbulent heat fluxes are monotonically decreasing with the increase of Prandtl
number. That indicates that the particles have more significant influence on the thermal field of
turbulence with the smaller Prandtl number. Additionally, the peak position of the change rate
of turbulent heat fluxes mainly occurs near the wall, as shown in Fig. 6(b), and this possible
reason is the cluster of the particles in the near-wall region. In addition, the change rate of the
normal-wall turbulent flux (Θu′

2T ′) is always larger than that of the streamwise turbulent flux
(Θu′

3T ′) for three Prandtl numbers. The reason for this is that the particles have more effects
on normal-wall velocity fluctuations than streamwise velocity fluctuations.
3.4 Nusselt number

In order to measure the influence of the particles on the heat transfer in the turbulent flow
with different Prandtl numbers, we define the Nusselt number as follows (in the dimensionless
form):

Nu =
2H

Th − Tc

d〈T 〉
dy

∣∣∣∣
y=−1

. (5)

For the particle-laden turbulent flow, the Nusselt number (Nu) can be decomposed into three
parts[13]:

Nu = 1︸︷︷︸
Nuv

+ ReτPr
∫ 1

−1

〈T ′u′
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NuT

dy + ReτPr
∫ 1

−1

(1 − y)〈qp〉dy
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Nufeed

, (6)
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Fig. 6 Change rate of thermal statistics: (a) temperature fluctuations (ΘT ′); (b) turbulent heat flux
(Θu′

i
T ′)

where Nuv, NuT, and Nufeed represent the contribution of a constant viscous, turbulent con-
vection, and the particle thermal feedback to heat transfer, respectively.

Table 1 shows the three different contributions to the heat transfer of turbulent flow with
different Prandtl numbers in this paper. For the particle-free flow (Cases A1, A2, and A3),
when the Prandtl number increases, the total Nusselt number (Nu) and the turbulent Nusslet
number (NuT) gradually increase, which can be found from Refs. [19]–[20]. For the particle-
laden flow with three different Prandtl numbers, the particles reduce the total Nusselt number
(Nu) and the turbulent Nusslet number (NuT). Moreover, it is found that the particle feedback
Nusselt number (Nu feed) increases as the Prandtl number increases.

Additionally, to measure the extent of the influence of the particles to heat transfer for the
turbulent channel flow with three Prandtl numbers, two parameters can be defined, namely,
the change rate (φ) of the turbulent Nusselt number and the ratio (η) of Nusselt number of the
particles feedback to the total Nusselt number, i.e.,

φ =
∣∣∣∣NuT,particle-laden − NuT,particle-free

NuT,particle-free

∣∣∣∣ × 100%, η =
Nufeed

Nu
× 100%, (7)

where NuT,particle-laden and NuT,particle-free represent the turbulent Nusselt number of particle-
laden and particle-free flows, respectively. From Table 1, it can be found that the change
rate (φ) of turbulent Nusselt number is larger for the particle-laden flow with the smaller
Prandtl number. That illustrates that the suppression of convective heat transfer of turbulence
induced by particles becomes more evident for the smaller Prandtl number. It is consistent
with the change rate of normal-wall turbulent heat flux. In addition, it is clarified that the
ratio (η) of the feedback Nusselt number to the total Nusselt number gradually decreases with
the increase of Prandtl numbers. That indicates that the contribution to heat transfer from
thermal feedback of the particles becomes smaller for the larger Prandtl number. As described
above, the thermal field of turbulence with the smaller Prandtl number can be easily affected
by particles.

Table 1 Different contributions to Nusselt number for different Prandtl numbers

Case A1 A2 A3 B1 B2 B2

Pr 0.71 1.5 3.0 0.71 1.5 3.0
Nu 7.10 11.5 15.9 6.90 10.1 13.7
NuT 6.10 10.5 14.9 3.10 5.8 8.4

Nufeed — — — 2.80 3.3 4.3
η/% — — — 40.60 32.7 31.4
φ/% — — — 49.20 44.7 43.6
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3.5 Correlation coefficients
The turbulent thermal field is associated with the turbulent velocity field. For the particle-

laden flow, the turbulent velocity field is modulated by the particles that results the mod-
ulation of turbulent velocity field has influence on the turbulent thermal filed. In order to
investigate the interconnection between turbulent velocity field and the thermal field in the
particle-laden flow, correlation coefficients between velocity fluctuations and temperature fluc-
tuations (RuiT = 〈u′

iT
′〉/(ui,rmsTrms)) for different Prandtl numbers[21] are shown in Fig. 7. The

correlation coefficients Ru2T and Ru3T gradually decease with the increase of Prandtl number.
That indicates that the interconnection between the turbulent velocity and thermal field be-
comes gradually weak as the Prandtl number increases. Therefore, it is illustrated that the
modulation of turbulent velocity field induced by the particles has more significant impact on
the turbulent thermal field for the particle-laden flow with the smaller Prandtl number.

Fig. 7 Correlation coefficient between velocity fluctuations and temperature fluctuations (RuiT )

In addition, the turbulent thermal field is directly connected with the temperature of the
particles besides the turbulent velocity field. The heat exchange between turbulence and par-
ticles is analyzed in Fig. 8. Obviously, the heat exchange between two phases becomes more
depressive for the particle-laden flow with the larger Prandtl number, and thermal feedback
of the particles on turbulence (qp) becomes weaker. The correlation coefficient of the particles
and turbulence temperature fluctuations is further investigated. The correlation coefficient of
the particles and turbulence temperature fluctuations is defined as follows:

RTTp =
〈T ′T ′

p〉
TrmsTp,rms

, (8)

where T ′
p and T ′ are the particle and fluid temperature fluctuations at the particle position,

respectively. And Tp,rms and Trms are RMSs of the particle and fluid temperature fluctuations
at the particle position. Figure 9 shows the correlation coefficient of the particles and fluid
temperature fluctuations (RTTp) becomes smaller with the increase of Prandtl number. That
further explains that the influence of the particles on the turbulent thermal field with the larger
Prandtl number becomes weaker.
3.6 Structure of temperature fluctuations

To explore the effects of the particles on the thermal structures for various Prandtl numbers,
instantaneous temperature fluctuations in the near-wall region are visualized in Fig. 10. For the
particle-free flow, it is obvious that thermal streaks become more pronounced with the increase
of Prandtl number in Figs. 10(a) and 10(c). That is consistent with the study of Ref. [11].
Due to the existence of the particles, the thermal streaks become more continuous and more
persistent in the near-wall region in Figs. 10(b) and 10(d). Furthermore, the particles have
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Fig. 8 Thermal feedback of particles on turbulence (qp)

Fig. 9 Correlation coefficient of particle temperature fluctuation and fluid temperature fluctuation
(RTTp)

more significant influence on the thermal streaks for Pr = 0.71. Because of the correlation
between the thermal and the velocity field, the thermal streaks are affected by the succession
of bursting motion. For the larger Prandtl number, the relevance between thermal and velocity
field reduces, which causes ejection and sweep events to have less influence on the thermal
streaks.

Higher-order statistics such as skewness (S(T ′) = 〈T ′3〉/T
′3
rms) are analyzed. A high positive

value of the skewness means that the temperature fluctuations obtain large positive rather than
negative values more frequently. Obviously, the particles reduce the value of S(T ′), and the
tendency is more evident for the smaller Prandtl number near the wall, as shown in Fig. 11.
It implies that the frequency of the temperature fluctuations characterized by low-temperature
streaks becomes larger. That is consistent with the modulation of the thermal streaky structures
induced by the particles for different Prandtl numbers.

4 Conclusions

In the present work, the influence of the particles on the turbulent thermal field with three
Prandtl numbers (Pr = 0.71, 1.5, and 3.0) is investigated by the DNS combined with the
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Fig. 10 Instantaneous temperature fluctuation contours of wall-parallel plane located at y+ = 3.5, (a)
Pr = 0.71, particle-free flow; (b) Pr = 0.71, particle-laden flow; (c) Pr = 3.0, particle-free
flow; (d) Pr = 3.0, particle-laden flow

Fig. 11 Skewness of temperature fluctuation (S(T ′))

Lagrangian particle tracking method. Compared with results of particle-free flow, the particles
reduce the normalized mean temperature, temperature fluctuations, and turbulent heat fluxes
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for the particle-laden flow with three Prandtl numbers. Furthermore, the convective heat
transfer of turbulence is suppressed by particles. In addition, some parameters are defined, such
as the change rate of thermal statistics, the ratio of the particles feedback Nusselt numbers to
the total Nusselt numbers (η), and the change rate of the turbulent Nusselt number (φ), to
investigate the extent of the influence of the particles on the turbulent thermal field. It is shown
that the weakening of temperature fluctuations and turbulent heat fluxes induced by particles
is more evident for the particle-laden flow with the smaller Prandtl number.

By investigating the interconnection between the turbulent thermal field and the turbulent
velocity field, it is found that the modulation of velocity field induced by the particles has
less influence on the turbulent thermal field of the particle-laden flow with the larger Prandtl
number. In addition, the heat exchange between the turbulence and the particles gradually
decreases as the Prandtl number increases. The reasons explain that the modulation of the
particles on the turbulent thermal field with the small Prandtl number is more obvious than
that for the large Prandtl number.
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