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Abstract The bifurcation analysis of a simple electric power system involving two
synchronous generators connected by a transmission network to an infinite-bus is carried
out in this paper. In this system, the infinite-bus voltage are considered to maintain
two fluctuations in the amplitude and phase angle. The case of 1:3 internal resonance
between the two modes in the presence of parametric principal resonance is considered and
examined. The method of multiple scales is used to obtain the bifurcation equations of
this system. Then, by employing the singularity method, the transition sets determining
different bifurcation patterns of the system are obtained and analyzed, which reveal the
effects of the infinite-bus voltage amplitude and phase fluctuations on bifurcation patterns
of this system. Finally, the bifurcation patterns are all examined by bifurcation diagrams.
The results obtained in this paper will contribute to a better understanding of the complex
nonlinear dynamic behaviors in a two-machine infinite-bus (TMIB) power system.
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1 Introduction

The stability of electric power systems is a well-established subject with a long history of
research!!l. Actual power systems are forced to operate closer to their stability limits due to the
increasing power demands and other factors such as environmental and economical constraints
for building new power plants and transmission lines. Recently, electric power systems have
become much huger and more complicated. Stability problems have become more complex
as interconnections become more extensive. Therefore, the stability analysis of electric power
systems is still a major issue and has been received significant attention in scientific studies.

Due to the high nonlinearity of the electric power system, its stability is closely related to
a disturbance. If the disturbance is large, the system operating point varies significantly, and
nonlinearities may have a considerable effect on the system performance. In this situation, the
equations that describe the dynamics of the power system cannot be linearized. The tools of
assessment for this type of stability belong to nonlinear system theory, which include geomet-
ric methods, energy functions, bifurcation theories, normal forms of vector fields, and numerical
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simulations(! 3], The stability analysis can be carried out by using nonlinear dynamic
methods* 5! and perturbation techniques!®, which are widely used in nonlinear mechanics!™.

There has been great concern in the power system research field on dynamic characteris-
tics relating to the stability of a power system. Some researchers focused their attention on
an equivalent single-machine infinite-bus (SMIB) power system. A good example of using the
perturbation method of multiple scales for stability analysis of a single machine power system
was studied by Nayfeh et al.59). Duan et al.l'? gave a bifurcation analysis for an SMIB power
system with series capacitor compensation associated with sub-synchronous resonance. Chen
et al.l'l showed the presence of chaos in an SMIB power system through a period-doubling
bifurcation route, and they also investigated the chaotic control and chaotification problem of
that system. Wang et al.l'?l investigated dynamical behaviors and singularities in an SMIB
power system formulation by using the geometric singular perturbation theory. Chen et al.['?]
used Melnikov’s method to discuss hetero-clinic and sub-harmonic bifurcations and gave a con-
dition of parameters for chaotic oscillation occurrence in an SMIB power system. Wei et al.['*]
analyzed the effect of the Gaussian white noise on erosion of safe basin in the same model under
different parameters.

The advantage of the SMIB representation is the simplicity of the model which facilitates
sophisticated nonlinear analysis. However, such models are limited to study instability events
involving many generators. For multi-machine power systems, many techniques have been de-
veloped and applied to the stability analysis in terms of theoretical analysis('56 numerical
methods'”!, and engineering applications!*819].

A power system is inherently a complex nonlinear system, which exhibits complex dynamic
behavior when subjected to disturbances. For two or more machines infinite-bus power sys-
tem, there exist coupled power angles in the motion equations (called swing equations) which
describe the dynamic characteristics of the interconnected synchronous generators. It has been
pointed out that the inter-area modal phenomenon may occur as a result of a nonlinear in-
teraction of the natural oscillation modes of stressed power system. The conventional linear
techniques? analyze the linear modal behavior and cannot account for many complex phe-
nomena that occur when the system is stressed. Therefore, for a better understanding of the
underlying cause of the complex behavior of a stressed power system, many researchers have
turned to seek new methods. Many scientists have made great efforts on applying the method of
normal forms to quantify nonlinear modal interaction in power systems? 24 and strong modal
resonance analysis/?®!, as similar to the most widely considered ones for studying the normal
mode bifurcation in nonlinear mechanical systems(2629],

For a two-machine infinite-bus (TMIB) power system, Yuan and Sun studied the occur-
rence of chaotic phenomenon by using Melnikov’s method under some particular conditions.
They proposed a two-generator electric power system model by considering that the infinite-
bus maintains a voltage of fixed amplitude with a small periodic fluctuation in the phase angle.
However, the internal resonance in the system subjected to disturbances has not been discussed.

The motivation of this paper is to investigate the internal resonance and its effect on the bi-
furcation characteristics of a TMIB power system. Besides the fluctuation of changing phasel3!,
the fluctuation of changing voltage is also considered to formulate the infinite-bus in our con-
sidered model. The approximate solutions to normal modes of this system with or without the
internal resonance are derived by using the method of multiple scales. For comparison, the
bifurcation analysis for the case of no internal resonance is carried out by using the single-state-
variable singularity method to show the basic bifurcation characteristics of the system. Then,
the 1:3 internal resonances are proposed, and the bifurcation equations are studied successfully
by employing the two-state-variable singularity method, which reveal the effects of the infinite-
bus voltage amplitude and phase fluctuations on mode solution bifurcation characteristics of
this system.
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2 Mathematical model of TMIB power system

A simple interconnected power system model with two generators and three nodes in this
paper is shown in Fig. 1, where the synchronous generators G1 and G2 are delivering power to
the infinite-bus through transmission lines and main transformers X1, X 3. The number “3”
represents the infinite-bus node. The motion equations of the two generators can be written as
follows[3031:

Gl G2

T Vi £ O,y

Fig. 1 Schematic diagram of two-machine power system

2H, d%5 dé . .
u}ol dt; + Dy dtl = Pa1— BisViVs sm(61 — 6B) — B13V1 Vs 8111(51 — 52), (1a)
2H, d3§ dé . .
w02 dt; + Dy d: = P2 — BasVaVp Sll’l(52 — 5B) — B1oViV, 5111((52 — 51)7 (1b)
where
VB = Vo + VB1 cos(%t + ¢v), (2a)
dp = 0o + 01 cos(Qt + ¢B). (2b)

Here, H; (i = 1,2) is the inertia constant of the ith generator, D; (i = 1,2) is the damping
coefficient, d; (i = 1,2) is the rotor angle (also named power angle) measured with respect to
a synchronously rotating reference frame moving with the constant angular velocity wqg, Pu;
(1 = 1,2) is the mechanical power input to the generator, V; (i = 1,2) is the machine terminal
voltage, dp is the infinite-bus voltage phase, Vg is the infinite-bus voltage, and Bis, Bis, Bes
are susceptance parameters. The voltage and phase of the infinite-bus are time varying with
the frequency ) of the periodic variations. Vg1,0dB1, ¢y, and ¢p are assumed to be constant,
and the magnitudes V31 and dp; are assumed to be small. From (1), it can be seen that there
exist nonlinear coupling terms in the dynamic equations of the TMIB power system, which is
different from that of the single-machine power system!® 12l
Take the following transformation for (1a) and (1b):

61 — o = 010+ x, (3)

where 619 is the steady operating value of the phase angle §; around which the variation
Ad = §; — 019 takes place. Then, it can be obtained that

doy  drx+dég +dbo  dz +d(dp1cos(Q +¢p))  dx .
4 = & = & =g dp182sin(Qt + ¢g),

d26, d2z
= — 051922 cos(Q .
a2 42 dB127 cos(Q + ¢p)

(4)



988 Xiaodong WANG, Yushu CHEN, and Lei HOU
Use an identical procedure, and let
09 — 0B = B0 + v, (5)

where 0o is the operating value of do around which the variation Ad = d5 — 6o takes place.
Then, one can obtain

ddy _ dy+dép +da _ dy +d(dp1 cos(Q + ¢p)) _ dy

= = — Qsin(2
dt dt dt qp OB sin(Qt o),
d2s d2 ©)
2 4%y 2
a2 = ae — 61827 cos(Qxt + ¢g).

Expanding (1) in a Taylor series around 619, 620, and retaining terms up to third order, we
obtain the following modified swing equation:

T4 2+ ke — kioy
=as2® + a3z® — fi1yx + fooy® — fa12y + froay® — fosy® — Frzcos(Qt + ¢v)
+ Foa? cos(Qt + ¢v) + F32° cos(Qt + ¢v) + G1cos(Qf + ¢g) + G2 sin(Qt + ¢g)
— Fycos(Qt + dv), (7a)

U+ 2029 + ko1y — koow
=Boy” + B3y” — g202” + gniyx + garyz® — gray®x — gsox® — Sy cos(Qt + ¢v)
+ So1? cos(Qt + dv) + Szy° cos(QUt + dv) + Q1 cos(Qt + dg) + Qo sin(Qt + ¢yp)
— Sp cos(Qt + ¢vy), (7b)

where the corresponding coefficients are listed in Appendix A.
3 Perturbation and singularity analysis

In this section, we use the method of multiple scales”] to obtain a set of four averaged
equations that determine the amplitudes and phases of the steady-state solutions on a slow scale.
It is noted that this technique is applicable to the cases with or without an internal resonance.
The investigation for the case of no internal resonance is first given for comparison. Then, we
study the case of internal resonance. Assume that the solutions of (7) in the neighborhood of
the trivial equilibrium are represented by an expansion of the form:

{x(t,s) :xo(To,T1)+€£C1(T0,T1)+"' , (8)

y(t,e) = yo(To, Th) + eya(To, T1) + - -+,
where ¢ is a small positive parameter, Ty = ¢ represents a fast scale, and T = et is a slow scale
characterizing modulation of the amplitudes and phases of two modes. In terms of Ty and 77,
the time derivatives transform according to

d/dt = Do4eDy +---, d?/dt* = D2 +2eDoDy +---, (9)

where D,, = 8? (n=0,1,2,--4).
To obtain a system which is suitable for the application of the method of multiple scales,
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the scales transformations may be introduced as follows:

H1 — Ep1, Q@ — Eqp, a3 — a3, fi1 —efi,  fo2 — efo2,  for — efa1,
fi2 — efi2,  fo3 —cfo3, F1—ell, Fy—ely, F3—cel3, G —eGy,

G2 — Gy, Fo—eFy, p2—epe, By — by B3 —efs, g — Egu, (10)
920 — €920, 921 — €921, G12 — €912, g30 — €930, S1 — €S1, S2 — &S,

S3 —¢eS;3, Q1 —¢eQ1, Q2 —¢eQa, So— &S0

Substituting (8)—(10) into (7) and equating the coefficients of the same order of € in both

sides, one obtains the following sets of differential equations:
Order £°:

D3zo + k1170 — k12yo = 0,

Diyo + ka1yo — kazwo = 0.

Order &!:

D3xy + 2D Doxo + 211 Dozo + k1121 — ki2yn — aoxd — azzy + fi1yomo — fooud
+ fx2yo — fraxoys + fosys + Ficos(Qt + dy)zg — Fo cos(Qt + by )zl

— F3co8(Qt + ¢y s — G cos(Q + ¢p) — Gasin(Qt + ¢g) + Fy cos(Qt + ¢y ) = 0, a2)
12
D2y + 2DoD1yo + 2u2Doyo + ka1y1 — kaaw1 — Boys — Bsys — g11Y0To + g20Ts

— 92128y + g12x0Yg + gzoxh + S1cos(QU + Py )yo — Sa cos(Q + dv)yg
— S3co8( + v )ys — Q1 cos(Qt + ¢p) — Qo sin(Qt + ¢g) + So cos(Qt + ¢v) = 0.

From the left-hand side of (11), it can be seen that there exist coupled interaction terms of z
and yo, and supposing that its solution has the following form:

zo = Ap (Th) 170 + Ay (Ty) 69270 4 C,
{ 0 1 (1) 2 (T1) (13)

yo = D1 Ay (Th) €10 +- T Ay (T1) 4270 + C,

where “C.” stands for the complex conjugate of the preceding terms. The quantities A; and
Ay are unknown at this stage of the analysis, they are determined by eliminating the secular
terms at the next approximation, and jw;, and jws are two different pure imaginary roots of
the following characteristic equation about A:

ki + 2% —kio .
det( AR >_0. (14)

Supposing 0 < wy < wa, it is worth pointing out that wq, and wy are also called the first-order
and the second-order natural frequencies of the normal modes, respectively. For the case of the
parametric principal resonance, the disturbance frequency €2 is assumed to be almost equal to
the second-order natural frequency wy according to

QO =wy +ce0oy, 0'120(1), (15)

where o7 is an external detuning parameter to express the nearness of ) to ws.

The 1:3 internal resonances may occur under the condition that two natural frequencies of
the system satisfy such relationship wi/we = 1/3. For comparison, the bifurcation analyses
of the system for both of the non-internal resonance and the 1:3 internal resonance cases are
discussed, respectively.
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3.1 Case of no internal resonance
In this case, the physical parameters are chosen such that the natural frequencies of the two
modes are not of the ratio of 1:3, that is,

wy = 3wy + O(l)

Substitute (13) into (12). In order to eliminate the terms that lead to secular terms from
(12), suppose that its particular solution can be written as

{ r1 = U Ay (Th) @170 4+ Upp Ay (Th) 9270 + C,
(16)

y1 = Uz A (Tl) elwiTo Uss As (Tl) elw2To | C..

Substituting (13) and (16) into (12) and equating the harmonic coefficients of the frequencies
w1 and wq for both sides leads to

(k11 — w?) Uy — k12Usr = Q1,, 7 =1,2, a7
17
— kooUsy + (ko1 — w?) Uz = Qar,

where

Q1 = — 2jwi A1 — 2juwi A1 + as (BATA; + 64142 4,)
— fo1 (3T1ATA; + 4T9 A1 As Ay + 2T Ay As Ay)
+ fi2 (3ATTAT Ay + 4T T2 A1 Ao Ag + 2T5A1 A2 As)
— fo3 (3TAZA; + 6T1T3A, As Ao) + F Ay Apel 1Tt o)

Q12 = — 2jwa Az — 2jpuiwa As + a3 (34342 + 641 A1 Ap)
— fa1 (3F2A§A2 + 41 A1 A1 Ap + 2T A1 A Ay)
+ fi2 (3F§A§A2 +4INT2 A1 A1 As + QF%A1A1A2)
— fo3 (BT3A3 A5 + 6T3T2 41 A1 As)

, 1 .
+ 5 (AlAl + A2A2) e](01T0+¢v) + 2G16J(01T0+¢9)

_ 1Foej(01To+¢v) _ jG26j(01T0+¢9)
2 2 ’

Q21 = — 2jwiT1 A1 — 2juawiT1 A1 + B3 (3TFATA; + 6111541 AxAy)
+ go1 (3T1AZA; + 47241 A Ay + 211 A1 A2 A»)
— g12 (41112 A1 A2 Ay + 21341 Ao Ay + 3T AT Ay)
— g30 (BAT A1 + 641 42A5) + SoT1T9 Ay Agel T ToFov),

Qa2 = — 2jwaT9 Ay — 2jpuowsT2 As + O (3F§A§A2 + 6F%P2A1A1A2)
+ go1 (3T2A3 Az + 4T Ay Ay Ag + 2T9 A1 A1 A)
— g1z (4T1T2 A1 Ay Ap + 203 AL Ay A, + 31343 4)
— g30 (34342 + 64141 Az) + S (T2A1 A1 + T2 A5 A) &1 ToFov)
+ ;Qlej(alTO+¢9) — égoej(alnwv) — ;Qer(o'lT()«l»d)g).
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In (17), the harmonic term whose frequency is w; (or wsy) relies on both the left and the
right sides to balance each other, with the following solvability condition:

er _k12 _ —
det ( Qor oy —w? ) = 0, r=1,2. (18)

The solvability condition can be written as

k k
Qi1 +T1Q21 =0, Qu2+T2Q202=0, I'i= 12 5y T2 2

= . 19
k?gl — Wy k?gl — w% ( )

Introducing the polar representation for A; (T1) = a1 (T1) & (T) and Ay (Th) = ay (T}) €/92(T1)
into (19) and then separating real and imaginary parts give rise to

(1+T7%) 2wia1 D161 + c11af + c12a103 + fraras cos (01T + ¢y — 62) =0,
(1 + F%) 2wy Diay + co1a1 — fraragsin (01T + ¢y — 62) = 0,

(1 + I‘%) 2woas D109 + 031a§ + 032afa2 + Fcos (01T + ¢y — 62)

+ facos (01To + ¢o — 62) + fysin (01T + ¢ — 62) = 0,

(1 + F%) 2waDiag + cqraz — Fsin (01T + ¢y — 62)

— fasin (01T + ¢ — 62) + fzcos (01Tp + ¢ — 02) = 0,

where for notation purpose, four functions aj (T1), a2 (T1),61 (T1), and 02 (T1) have been ex-
pressed by a1, a9, 01, and 62, respectively.

F =F, (ai +a3) + 28 (Tiaf +T'3a3) — ;rgso - ;FO,
c11 = 3az — 3fa Ty + 31217 — 3fo3T% + 38,11 + 392177 — 3g12I3 — 393011,
c1a = 6as — 2fa1 (T'1 + 2T'2) + 212 (20172 +T'3) — 6 fo31113 + 63,7715

+ 292111 (T1 + 2T2) — 291511 (2172 + T3) + 6T'1g30,
co1 =2wipy (1+T7), fi=(F+ STy,
cs1 = 3ag — 3fa1l'2 + 3f121'5 — 3f03T5 + 38515 + 392115 — 39123 — 3g30l2,
32 = 6z — fo1 (202 4+ 4T'1) + fi2 (40112 + 2I'7) — 6fo3I'1 T2 + 6350713

+ 292112 (T2 + 2T1) — 2g1202 (2112 + I'%) — 63002,

1 1
ca1 = 2waps (1 +F§) , fa= 9 (G1+T2Q1), f3= 9 (G2 +T2Q2) .

By letting ¢ = 01T+ ¢v — 62, the steady solution can be obtained by finding the solutions to
the four algebraic equations which can be obtained by letting D16, = D105 = Dya; = Dias =0
in (20). Then, (20) becomes

c11al + cipa103 + fraraz cos ¢ =0,

co101 — fraiagsing =0,

(14 13) 2waaz0q + c31a3 + cz2aias + F cos ¢ + fo cos (o1Th + dg — 02) (21)
+ fasin (01Tp + ¢ — 02) = 0,

—cg1a2 + Fsing + fosin (01Tp + ¢g — 02) — fzcos (01To + ¢o — 02) = 0.

According to the typical phenomenon of a multi-degree-of-freedom vibration system![32!,
when the disturbance frequency is close to the second-order natural frequency, because of the
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presence of damping, only the second-order mode determines the long-term dynamic behavior
of the system. Therefore, we can let a3 = 0 in (21), which yields

(1 + F%) Qwotnay + c31a3 + Fcos ¢+ focos (01T + o — 62)
+ fasin (01T + ¢pg — 62) = 0, (22)
—caraz + Fsing + fasin (0170 + ¢pg — 02) — fzcos (010 + ¢pg — 62) = 0.

(22) can be transformed into the following form:

2 2 2 2
3103 VFE2+ 242
Q- T —0+91+192)=0
WQ+QWQ(1+F%) 2&]2(14‘113)0,2 Sln(al 0+¢0 2+ 1+ 2) ’
(23)
C4102 \/F2+f22+f§
_ — T — 0+ 91 +92) =
2ws(14T2) ~ 2wy (1 413) SO Totdo =0+ d1+02) =0,
where ¥, = arctan(fa/f3), and ¥ = arctan(F/\/f2 + f2).
Considering the resonance condition, we can have 2w = 22, by letting
We = Wy — 1 a2, 2wy~ N+w
T 142w, T ©
(23) can be written as
F2+f2+f2

Q2—w2:—\/ 2 3 sin (01 Ty + ¢g — 02 + V1 + U2),

e (1+12)ay (01To + ¢o — b2 + V1 + U2)
(24)
F2 + 2 + 2
— 29/,[/20/2 = \/ f22 f3 cos (O'lTO + g — 0o + 91 + 192) .
(1+T3)

Eliminating the trigonometric terms by using the relations between trigonometric functions in
(24) gives rise to

2 F24+13+f3

(@7~ w27 + 0N = T (25)

(25) is the so-called frequency-response equation, which can reflect the bifurcation characteris-
tics of the second-order mode as the disturbance frequency 2 changes. Actually, some system
parameters of the TMIB power system may also change, which can lead to a sudden change in
the mode amplitude. This has a significant effect on the power system’s stability and secure
operation. Therefore, in order to discuss the bifurcation characteristics in a wider parameter
space, the engineering unfolding analysis is carried out[®3. Let z = a%. Then, (25) becomes

PP+ f

L= ((Q2 - wg)z + (4Q2IU‘§))Z (1 + F%)Q

=0, (26)

where we = wy — (1+;331)2w2 z,and F = (Fg + SQF%FQ) z— é (T2So + Fp).

Choose 2 as a bifurcation parameter and Vg; and ép; as unfolding parameters. The tran-
sition sets can be obtained by using the singularity theory with one variable as follows!34:

Y=BUHUD,
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where

B ={(VB1,681) € R*|3(2,Q) € R*, st. L= Lo = L. = 0},
H ={(VB1,081) € R*|3(2,9Q), st. L=Lo =L, = L.. =0},

D ={(Vg1,0p1) € R*|3(2:,Q) (i=1,2) and 2z # 22, s.t. L = L., = 0}.

For a given TMIB power system, the values for the system parameters arel!! listed as follows:
wo = 1007T,VBO = 1,H1 = 2.37,Pm1 = 1,‘/1 = 127,H2 = 2.37,Pm2 = 1,‘/2 = 1.27,312 =
0.1, B13 = 1.2, Bo3 = 1.0,Q2 = 8.1, D1 = 0.008, Dy = 0.008. Figure 2 shows the transition sets
in Vp1-dp1 symmetrical plane which is divided into four regions. The frequency-response curves
in four regions are shown in Figs. 3-6, respectively. It can be seen that every bifurcation dia-
gram corresponding to different region possesses different topological structures. It should be
noted that all of the frequency-response curves present softening nonlinearity and the jump phe-
nomenon can occur at a lower frequency. As shown in Fig. 6(a), when the disturbance ratios of
the infinite-bus voltage amplitude and phase angle are both less than 5%, the frequency-response
curve in Region IV is nearly close to be a single-valued curve with small amplitude, and the
jump and hysteresis phenomena do not appear. The frequency-response curves depicted in
Fig. 6(b) also lie in Region IV, but in this case, the disturbance ratios of the infinite-bus voltage
amplitude and phase angle are 5% and 25%, respectively. We can see that the jump and hys-
teresis phenomena occur. Therefore, for an actual TMIB power system, it is better to choose the

0.4 0.40
0.3k 1 I 1 0.35
I I
0.2F 0.30
0.1 0.25
£ 0.0F v & 0.20
-0.1F 0.15
-0.2= 0.10
I 1
-0.3 I I T 0.05
~04 I I I I L oL : | I I I I L
-0.2 -0.1 0.0 0.1 0.2 0.3 3 4 5 6 7 8 9 10
Vi Q
Fig. 2 Transition sets with four regions Fig. 3 Bifurcation diagram in Region I
0.40 0.40
0.35 \ 0.35 -
0.30 |- 0.30
0.25 - 0.25
& 0.20 |- & 0.20
0.15 0.15
0.10 - 0.10
0.05 |- 0.061- -
0 T l 1 1 1 1 0 1 . L L L L
3 4 5 6 7 8 9 10 3 4 5 6 7 8 9 10
Q Q

Fig. 4 Bifurcation diagram in Region II Fig. 5 Bifurcation diagram in Region III
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0.40 0.35
0.35[ 0.30
0.30 - 0.95-
0.25
0.20
= 0.20 o
s S 0.15F
0.15
0.10[ 0.10
0.05 /\ 0.05F
0 Ly | N obe—1- - T | | |
3 4 5 6 7 8 9 10 3 4 5 6 7 8 9
Q Q

Fig. 6 Bifurcation diagram in Region IV (small disturbance) and bifurcation diagram in Region IV

(big disturbance)

physical parameters lying in Region IV and guarantee the disturbance ratios of the infinite-bus

voltage amplitude and phase angle are both less than 5%.

For these chosen parameters, the

generator rotors swing periodically with small amplitude, which can avoid losing synchronism.

3.2 Case of 1:3 internal resonance

When there exists a relationship we &~ 3wi, the case of 1:3 internal resonance will occur.
Introduce a detuning parameter oo to express the nearness of the two natural frequencies

we = 3wi + €03, 0’220(1).
Suppose the solution of (11) has the following form:

{ xg = a1 (T1) cos (w1To + 51 (T1)) + a2 (T1) cos (w2To + B2 (T1))

yo = T'1a1 (T1) cos (w1To + S (T1)) + Taas (T'1) cos (wiTo + 1 (T1)) -

Substituting (28) into (12) and taking into consideration (17), we can obtain

. : . 3 3
Q11 =2wia1 sin Y1 + 2wiaq 1 cos P + 2uiwiar sinyy + ozg( a? + Qa%al) cos Y1

4
3 3 1

+ a34a%a2 cos (21h1 — 1) — f21( Tiad + 2F1a1a§ + F2a1a3> cos

- f21( ry+ Fz)a1a2 cos (291 — 1)2)

Iaf+ TSa1a5 +T F26l1002) cos Py

+ f12

(;
+f12( s + 11)611612008(211)1 Y2)
(;

3
— fo3 1a1 + T F2a2a1) cos Y1
3 1
- f034I‘%F2a%a2 cos (211 —1ha) + 2a1a2F2 cos (11 + e — )

1
+ 2a1a2F2 cos (11 — e +6) + alFQ cos (2¢1 — ),

(27)

(28)
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Q21 = 2w 1y sinthy + 2wi1T1a1 81 cos ¥y + 2pawiTyay sin ey
3
+ 63( dad + 2F F2a2a1) cosy + 534F Tya2asg cos (291 — 1h2)

+ 921( I‘mi’ + 2I‘1a1a§ + I‘galag) cos Y

1
+ 921( ry+ Fz)a%az cos (291 — 12)

3

4

1

2

3

— g12(4f‘1a1 + 2F2a1a2 +T Fgalaz) cos Yy

1

2F1F2 + 4T%>a%a2 cos (21h1 — 1b9)
3
4

o
g

a3 3
ad + zagal) cosy — g304afa2 cos (291 — 2)
['1T2a1a253 cos (Y1 + 12 — 0)

1
I'2a2 Fy cos (29, — 0),

* 4

1
2
1
2F1F2a1a232 COS (wl - 'po + 9) +

3
. . . a
Q12 = 2w2as9 Sin o + 2waas B cOS Yo + 2u1waas Sin Yo + 41 cos 31

3 3
+ a3(4a§ + 20,%042) COS

3 1 1
= fa1 (Fla%ag cos g + 4I‘2a§ cos o + QFQa%ag cos o + 4I‘1a§ cos 31/)1>

3 1 1
+ fi2 (Flfga%ag cos g + 4F§ag cos g + 2F%a%a2 cos g + 4F%a? cos 3w1)

3,3

T
+ (G1 — Fp) cosf + Gasinf — fog( 14% cos 31 + (3

3
4F2a2 + F2F2a1a2) cos wg)

1 1
+ Fy (2 (af + a3) cosd + 4a§ cos (29 — 9)),
.. . . 1
Q22 = 2wol'2a9 sin ¥y + 2wal'2a9 82 cos o + 2uowa'sas sin 1o + 463F?ai’ cos 3

3 3
+ [33( I‘g 3 + F2F2a1a2) cos Yo + g21 (Flalag cos o + F2a2 COos Yo

1

3
4I‘1a1 cos 31/11) — g12 (F1F2a1a2 cos o + I‘ a2 COS 2

1
2I‘2a1a2 cos g +
1

1
+ 21}@%@2 cos g + 4F%a? oS 3w1) + (Q1 — Sp) cosf + Q2 sin b

3

3 3
- 930(21 cos 31 + (4a§ + za%a2> cosw2>

1
+ 5'2(2 (I'fal + I'3a3) cosd + I‘2a2 cos (2¢g — 9)),

where 1 = w1 Ty + B1 (Tl) , o = waTp + o (Tl) ,and 0 = QT + o-

According to the solvability condition expressed by (19) and separating the same harmonic
term leading to secular terms yields the governing equations for the amplitudes a;,as and
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phases 71,72 as follows:

3p2ay + pra; + Nlla%ag siny; =0,

3paay B1 + Naya$ + Nasa3a; + Nijaias cosy, = 0,

Ppadg + paaz — Nz1aisinyi + (qraf + gza3 + go) sinys + facosys = 0, (29)
paazfBe + +N31ai cosy1 + Nuiaj + Nusalas + (qraf + 3gsa3 + g2) cosys

— fasinys =0,

where v1=3081 — 0211 — B2, 2=301 — 0211 — 0111 — ¢v, and 3 = 72 — 1, and the corresponding
symbols are listed in Appendix B.

The steady-state solutions correspond to dj, a2 = 0 and 71,42 = 0. Eliminating the trigono-
metric terms in (29) gives rise to

Wi(a1,az,01,02) = pi + (pao1 + paoa + Najai + Noza3)? — Nijaia3=0,

Wa(ay,az,01,02) = (N11psa3 + Naipia?)®(qia? + 3gsai + g2)%a3
— N7 (q1af + qsa3 + q2)* (qraf + 3qsa3 + q2)°a; (30)
+ (q1a7 + g3a3 + q2)*(N31a3 (p201 + p202 + Najai + Nasa3)

4 2.2 2\2 2
— N11N41a2 — N11N42a1a2 — N11p401a2) a2 = 0

When 1:3 internal resonances take place, the singularity theory with single variable is not
applicable for bifurcation characteristic analysis of (30) which has two mode amplitudes. Here,

for two-machine power system, we first use the singularity method with two variables to discuss

the bifurcation behaviors of the two normal mode solutions. In (30), letting = a%,y = a3 as

two state variables, supposing A = o is the bifurcation parameter, Vg1, and dp; are engineer-
ing unfolding parameters. According to the singularity method with two variables®®—36] the
transition sets are obtained by the following formulae (the corresponding symbols are listed in
Appendix C):
X>=BUHUD,
(VB1,0B1) € R?*|3(x,y,\) s.t.
B=< W, =0, W;=0,
WieWay — Wiy Way =0, Wi Way — WinWa, =0,
(VB1,0B1) € R2|3(x,y, A) st
Wy =0, Wy;=0,
D =< WipgWay — WiyWay =0, Wigls — Wazly =0,
Zl = Wl;c;chy - 2W19cyW1:cW1y + lenyaj7
Iy = W2zzW12y - 2W2xyW11W1y + W2yyW12x7
(VBL (5]31) € RQH(Zl, 22, /\) s.t.
H={W; =0, W;=0,
det(dW)Ziy)MVBl;&Bl =0, z= ((E, y)v i=1,2.

Consider a specific system with the system parameters: Rated MVA=160, Rated PF=0.85,
Rated KV:15, wo = 1007’(’, H1 = 237, Pml = 107 Blg = 12, Blg = 107 ‘/1 = 107 H2 =
0.6, P2 = 0.6B23 = 1,V5 = 1.0, Vo = 1.0, D; = 0.008, and Dy = 0.005. Figure7 shows the
transition sets in Vpi-dp1 plane which is divided into seven regions. The frequency-response

curves of the two modes in every region are shown in Fig. 8. As the infinite-bus voltage ampli-
tude and phase fluctuate periodically, the frequency-response curves of the two modes exhibit
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parametric vibration characteristics as shown in Fig.8. Owing to occurrence of 1:3 internal
resonances, the first-order mode amplitude is considerably larger than that of the second-order
mode. We can see that when the infinite-bus voltage amplitude or phase fluctuates, both of the
two mode solutions exhibit rich bifurcation patterns leading to a change in the number of the
possible normal mode solutions, for example, three to two, three to one, or two to three.

In comparison with no internal resonance, it can be found that the bifurcation behavior and
stability of the system are significantly influenced by the infinite-bus voltage amplitude and
phase. The coupled modes of the TMIB power system have more critical bifurcation points
and quite rich bifurcation patterns, which is greatly different from that of no internal resonance
case.

Such work is obviously preliminary to a closer understanding of the complex bifurcation
behavior of the TMIB power system. When making parameter design for the system stability,
it is better to avoid choosing these parameters corresponding to the critical points, where the
state of motion may change suddenly. We can adjust the system parameters to achieve a
required working pattern in practical engineering applications. Therefore, the above discussion
can provide a theoretical direction for the dynamic analysis, bifurcation control, and engineering
optimization design for an actual TMIB power system with different working and structural
parameters.

4 Conclusions

In this paper, the bifurcation analysis of a simple electric power system involving two syn-
chronous generators connected by a transmission network to an infinite-bus has been carried
out. In this system, the infinite-bus voltage are considered to maintain two fluctuations in the
amplitude and phase angle. By using the method of multiple scales, the bifurcation equations
of this system have been obtained. Then, the singularity methods for single state variable and
for two state variables have been respectively used to analyze the bifurcation characteristics of
the system without and with 1:3 internal resonance. The transition sets determining different
bifurcation patterns of the system are obtained and analyzed, which reveal the effects of the
infinite-bus voltage amplitude and phase fluctuations on bifurcation patterns of this system.
The results show that the bifurcation behavior and stability of the system are significantly
influenced by the infinite-bus voltage amplitude and phase. In comparison with the non in-
ternal resonance case, the 1:3 internal resonance makes the bifurcation characteristics more
complicated and induces more numbers of bifurcation patterns. Owing to occurrence of 1:3 in-
ternal resonance, the energy transfer makes that the first-order mode amplitude is considerably
larger than that of the second-order mode. The results obtained in this paper will contribute
to a better understanding of the complex nonlinear dynamic behaviors in a TMIB power system.
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Appendix A
Symbols used in (7)

010 = arcsin P 090 = arcsin Pz

°o AT B3 VaVio'

_ wo _wo -
K= 9, B13V1Vpocos B0, L= o, Bi12V1Va cos (610 — 620) ,
kll = (K + flo)7 k,‘12 = l/7 g = (062 + f20)7
1 1

az = (az + fao), o2 = 2Ktan010, as = GK’

Vi 1
Fo = Ethanﬁlo, f20 :f02 = 2Ltan(0107920),
0
1 1
fi1 = Ltan (610 — 020), f30 = foz = 6L’ for = fi2 = 2L7
VB1 1 VB1 1 VB
F = K, F;= K tan6 F3 = K
YT Ve 27T 2V an oo, P T 6 Vo
_ 2 _ Wwo _ wo
G1 =1, G2 = 2H1D15B19, w1 = 4H1D1’
R= """ BosVaViocosbao, T = " BisViVacos (B10 — 20)
= gy, B23V2Veo 20, = opp, P21V 10 — 020) ,

koi1 =R=(R+go1), ko2=g10=go1=T,

1
2 = (B2 — goz), 3= 1(B34+go3), [2= 2Rtanégo,

1 VB1
63 6 9 0 VBO an 20,
1
g20 = goz = 2Ttan (010 — 020), g11 = T tan (610 — 620),
1 1 VB1
gso =go3 = (T, gn=g12 =, T, L= o 1
1 Ve 1 VB1 2
So = Rtan 6 S3 = R =102
2= 9 Vo an 2o, 57 6 Ve 10 Q1 B1{2°,
_ wo _ wo
Q2= 9 H, D261,  po = AH, Da.
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Appendix B
Symbols used in (29)

2

p1=2wi (1 +pel?), po= 3 (14+TF)wr, ps=2ws (1 + pal'3),

p4:2w2(1+I‘§), f:;(F2+F§F2S2>,

1
Nip = 4(3043 —2fo1'1 — forTa 4+ 2f12TM 2 + leF% — 3f03I€F2 + 3ﬁ3I€T2
+ 21—‘%921 +I'12g21 — 2912F%F2 — 912F? —3g30l'1),

3
Na1 = 4 (0[3 — f21F1 + leF% — fOSF? + ﬁgrzll + ngF% - QIQFIF% - 930F1) )

1
Noo = 2(30[3 — f21F1 — 2f21F2 + flgrg + 2f12F1F2 - 3f03F1F§ + 3ﬁ31—€1—€ + 9211—‘%
+2g21 01Ty — g1ol1 15 — 21015 — 3g30T'1),

1
N3 = A (o3 + BoT3T2 — forT1 4 goiTiTs + f12T5 — g12DiT2 — fosI'f — g30T'2)

1
o=, (F2 + F%F252) , ¢ =(G14+ Qil'2) — (Fo + Sol'2),

1

, (P2 S2T'213), g1 = (G2 + Qol'2),

q3 =
3
Ny = 4 (Oés + ﬁgFé — f21T2 + g21T% + f12T5 — g12lal'5 — fosT5 — 930F2> )

1
Niz =, (303 + 33,1915 — 2fo1T1 — forT'2 + 2921112 + gan I

+2f1201 T2 + f12T7 — 2g1201T5 — gralal'} — 3fo3T5T — 3g3ol'2).

Appendix C

Wiz = 2Na1pa + 2No1 p2o2 + 2N3 & 4+ 2No1 Nooy — Niyy,
Wiy = 2Naapa XA + 2Na22p202 + 2N22 No1x + 2Ny — Niz,

Wix = 2p§)\ + 2p§02 4+ 2p2No1x + 2paNaoy, Wige = 2]\71217
Wl:vy = 2N22N21 — N1217 ley = 2N2227

Waz = 2q1y (12 + @3y + q2) (p2AN312 + p2o2Nsi1z + No1N31z° + NooNayzy — Nii Nary®
— N11Nagzy — N11p4Ay)2 + 2N31p1y (N11p3y + Nsipix) (qrx + 3qsy + q2)2
+2q1y (Nupsy + Naipiz)® (@12 + 3gsy + @2) — 2NT119” (12 + g3y + ¢2) (@17 + 3gsy + g2)°
—2NHqiy” (qrz + g3y + q2)2 (1 + 3q3y + q2) + 2y(q1z + g3y + Q2)2(p2/\N319€ + p2oa Na1xxy
+ N21N313U2 + N2oN3p — N11N41y2 — N11Na2zy — N11paAy)(Ns1p2 A + N3i1p2o2 + N31 Nox
+ N31 N2y + N312N21 — Ni1Nazy),
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Way = 2q3y(q1x + q3y + q2) (p2N31 Ax + p2 N31022 + Na1 N3yz> + Noo Nayxy — N1t Nary® — NiiNaozy
: 7N11p4)\y)2 + (. + g3y + Q2)2(p2N31)\$ + paN31022 + Nai N312® + Nao N3y zy — N1y Nary?
- =NuNagwy — Nupady)® + 2Nupsy (Nupsy + Naipiz) (@12 + 3g3y + g2)°
+6g3y (Nupsy + Naipiz)® (@12 + 3g3y + g2) + (Nuipsy + Naipiz)® (ux + 3qsy + g2)”
—2N11gsy” (@@ + @3y + ¢2) (@@ + 33y + ¢2)” — 6NT1g3y” (1% + g3y + 42)° (1 + 33y + ¢2)
—2NT1y (@17 + g3y + ¢2)” (1 + 345y + @2)” + 2y (12 + g3y + 42)° (P2 N1 Az + p2Na1 oo
+ NoiN312? + NoaNayzy — Niy Navy® — Ny Naszy — Nii1psAy)
- (N31 N2z — 2N11 Na1y — N11 Naox — N11pad),

Wax =2y (ax + g3y + Q2)2 (N31p2x — N11pay) (p2N31 Az + p2N31o22 + N2y N3y o

+ NagNaizy — N1t Nary? — Nii Naswy — Ni1pady),

Waze = 2q%y (p2N31$>\ + paN31zo2 + N21N31~T2 + Noo N3y — N11N41y2 — N11Nasxy — N11p4>\y)2
+8q1y (1 + g3y + g2) (p2Ns1z\ + paN31zo2 + NoiNa1z® + NaaN3izy — N11N41y2
— N11Nagwy — N11paAy)(p2N3i A + p2 N3162 + No1 N31x + NaaN31y + N1z Nayw — Ni1Naoy)
+2y(qz+ g3y + q2)2 (p2N31 A + p2N3102 + Na1 N3z + Naa N3y + N3jxNoy — N11N42y)2
+4 (x4 gy + q2)2 N31No1y(p2N31z + p2Nsi1zoa + Noi N3y &> + Nog N3y xy — Nii Nayy®
— N11Nagzy — Niuipady) + 2Nz ply (g1 + 3qsy + q2)2 + 8N31p1q1y (N11p3y + Naipix)
(@12 + g3y + ¢2) + 247y (Nupsy + Naapiz)® — 2N71¢7y” (12 + 3gsy + ¢2)°
— 8NT14iy? (@17 + g3y + @2) (@12 + 3asy + a2) — 2NT1 g7 y” (@12 + gsy + @2)°

Wazy = 2q1q3y(p2N312A + p2 Ns1xo2 + Noi N3y &> + Noa N3y xy — N1t Nawy® — Niy Naozy — N11p4ay)2
+4q1y (@1 + g3y + q2) (N31 Noax — 2N11 Na1y — Ni1 Naox — N11paX) (paNs1zA + paNz1zoo
+ N21N31~T2 + N2oN3j2y — N11N41y2 — Ni1Naozy — N11pady) + 2q1 (ax + g3y + g2)
- (p2N31zX\ + p2Ns1202 + No1 Na13® + Noa Nsyzy — Nt Nawy® — Ny Napzy — N11p4/\y)2
+4q3y (1 + g3y + g2) (p2N31zA + p2Ns1zo2 + Nai Na1z® + Naa Nayzy — Nii Napy?
— N11Nagzy — N11paAy) (p2N31 A + p2N31b + No1 Naix + Noa N3y + N31xNay — Ni1Nagy)
+ 2y (q1z + g3y + Q2)2 (N312N22 — 2N11 Na1y — N11 Naox — N11paa) (p2N3i A + p2Nsio2
+ N21N31x + NazaN31y + N31xNoi — Ni1Nazy),

Wayy = 4N11p3 (N11p3y + Naipiz) (i + 3qsy + QQ)2 +8qsy (1 + qsy + q2)
(pstll’A + paN31zo2 + N21N313U2 + NooN3ijzy — N11N41y2 — Ni1Nappzy — N11p4ay)
- (N31Nooz — 2N11 Na1y — N11 Naox — N11pad) — AN11 Nary (ux + qsy + (J2)2

- (p2N31zX\ + p2N31022 + N1 Na12® + Naa Nsyzy — N1t Nary® — Nii Naazy — Niipaay)
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— 2° N1 63 (@17 + 3gsy + 2)° — 24NT1@30° (@12 + gsy + @2) (12 + 33y + g2)
+ 2N Gy (i + 3@y + q2)° + 24N11p3gzy (N11psy + Naiprz) (i + 3gzy + ¢2)
— 8NT1g3y (017 + g3y + @2) (1@ + 3gsy + ¢2)° — 24NT1 g3y (12 + g3y + @2)° (1 + 3q3y + q2)
+ 2q§y (p2N31>\37 + p2N31x02 + Nor1x + Nooy — N11N41y2 — Ni1Nagxy — N11p4)\y)2
+4g3 (uz + @3y + q2) (p2N312A + p2Ns1zo2 + Nay Naraz® + Nao Nayzy — Ny Nary®
— Ni1 Nagzy — N11p4)\y)2 +2y(qiz + g3y + qg)2 (N31Naox — 2N11 Nary — N11Naox — N11p4)\)2
+ 183y (Nupsy + Napiz)” — 2N (1w + g3y + ¢2)° (@12 + 3g3y + @2)° + 4 (17 + g3y + ¢2)°
. (pgNglx)\ + p2N31xoz + N21N31x2 + Noo N31xy — N11N41y2 — Ni1Nagxy — N11p4)\y)
(N31Nagx — 2N11 Nary — N11 Naow — Niapad) + 123 (N11psy + Naiprz)® (i + 3@y + ¢2)

—18NT1@3y% (1 + g3y + ¢2) .



