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Abstract The dynamic characteristics of a quartz crystal resonator (QCR) in thickness-
shear modes (TSM) with the upper surface covered by an array of micro-beams immersed
in liquid are studied. The liquid is assumed to be inviscid and incompressible for sim-
plicity. Dynamic equations of the coupled system are established. The added mass effect
of liquid on micro-beams is discussed in detail. Characteristics of frequency shift are
clarified for different liquid depths. Modal analysis shows that a drag effect of liquid
has resulted in the change of phase of interaction (surface shear force), thus changing
the system resonant frequency. The obtained results are useful in resonator design and
applications.
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1 Introduction

A plate-like quartz crystal resonator (QCR) vibrating in thickness-shear modes (TSM) has
been widely used for resonators. The models of QCR in TSM motion carrying different surface
attached micro-structures on either or both sides of the crystal plates have gradually been
proposed. Unlike a uniform thin film or mass layer, the vibration modes of micro-structures
may produce great frequency and mode effects on the dynamic behaviors of the QCR[1]. The
effects are fundamental to the improvement of existing acoustic wave devices, or to the design
of new acoustic wave devices, especially new sensors based on these effects[2].

As a kind of micro-structures, micro- or nano-scale beam arrays have great potentials for
new devices including dynamic tuning of surface wetting, dry adhesives that mimic gecko foot
fibrillars, efficient micro-needles in drug delivery, substrates for sensing cell response, and micro-
electro mechanical systems (MEMS) actuators[3–7]. Recently, some researchers have been trying
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to use a QCR in TSM carrying an array of micro-beams to investigate the possibility of char-
acterizing the geometric/physical properties of these fibers from their frequency effects on the
QCR. Liu et al.[8] studied the micro-beams using the Euler-Bernoulli theory of bending and ob-
tained some useful results of dynamic characteristics of a quartz plate covered by micro-beams.
Zhang et al.[9] treated the beams as rigid and considered the effect of moments existing on
beam/QCR interface. The research clarified the influence of surface bending moment on QCR
vibrations.

In this paper, we establish a liquid-solid coupled dynamic model to study the vibration
characteristics of a compound QCR system consisting of a QCR and micro-beam array immersed
in liquid. The general solutions for the quartz plate under TSM vibrations are expressed in
Section 2. The governing equations for the micro-beams/liquid system are established and the
solution procedure is discussed in Section 3. Two solutions obtained in Sections 2 and 3 are
coupled as a whole in Section 4, and the dynamic characteristics of the compound QCR system
are numerically analyzed in detail in Section 5. Finally, a few useful conclusions are drawn in
Section 6.

2 Equations and fields of quartz crystal plate under TSM vibrations

Consider an AT-cut electroded quartz plate whose lower surface is traction-free, while the
upper surface covered with an array of elastic beams is immersed in liquid (see Fig. 1). For
thickness-shear vibrations of a quartz crystal plate, the governing equations are[10]

{
T21,2 = ρQü1, D2,2 = 0,
T21 = c66u1,2 − e26E2, D2 = e26u1,2 + ε22E2,

(1)

Fig. 1 Quartz crystal plate with array of elastic beams immersed in liquid

where the electric field E2 = −ϕ,2, ϕ denotes the electric potential, T21 is the stress component,
u1 is the mechanical displacement, and D2 is the electric displacement. ρQ stands for the mass
density of QCR. c66, e26, and ε22 denote the elastic, piezoelectric, and dielectric constants,
respectively. Because the crystal plate is under harmonic vibrations, the time-harmonic factor,
exp(iωt), will be dropped hereafter for simplicity. Thus, we get the general solution for (1) as⎧⎪⎨

⎪⎩
u1(x2) = P1 sin (kQx2) + P2 cos (kQx2),
ϕ(x2) =

e26

ε22
(P1 sin (kQx2) + P2 cos (kQx2)) + P3x2 + P4,

T21(x2) = cQ (P1kQ cos (kQx2) − P2kQ sin (kQx2)) + e26P3,

(2)

where P1 , P2 , P3, and P4 are constants to be determined, and

cQ = c̄66 = c66

(
1 +

e2
26

(ε22c66)

)
, kQ = ω

(ρQ

cQ

)1/2

. (3)

Under the case without surface beams and liquid, the boundary conditions of QCR under TSM
vibrations are (assuming that the electrodes are shorted and thin enough)

ϕ|x2=−h = ϕ|x2=h , T21|x2=±h = 0. (4)
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We are only interested in the anti-symmetric modes of the QCR which are excitable by a
thickness electric field[10]. Thus, the frequency equation of the anti-symmetric modes can be
obtained from (2) and (4) as follows:

e2
26

cQε22
− kQh

tan(kQh)
= 0. (5)

It has the same expression as the work by some previous researchers, such as Tiersten[10], Yang
et al.[11], and Liu et al.[12].

3 Analysis on liquid fields and beam-liquid coupling vibrations

Figure 2(a) shows a beam immersed in liquid with the bottom fixed on a substrate, i.e., the
QCR upper-surface, which possesses a horizontal oscillation motion, u1(h), in the y-direction.
Obviously, the beam displacement Y consists of two parts: the bending deflection w in the yz-
plane (see Fig. 2(b)) and a rigid-body displacement u1(h). Referred to (A5) in Appendix A,
the deflection w can be expressed through the natural modes, Wn(z̄), of micro-beams, z̄ = z/L.
Thus, the normalized beam displacement Y (= Y /R) can be written as

Y =
u1(h)

R

(
1 +

N∑
n=1

DnWn(z̄)
)
. (6)

It is noteworthy that for the low modes of the beam in our following numerical calculation, a
modest N , such as 100, is big enough to assure convergence.

Fig. 2 (a) Notation and coordinate system for liquid domain and (b) configuration and coordinate
system for beam bending

As for liquid fields, we assume that the liquid is inviscid and incompressible. For the time-
harmonic motions of liquid in the cylindrical coordinate system in Fig. 2(a), the velocity poten-
tial can be described as follows[13]:

Φ (r, θ, z) = ϕ (r, θ, z) , r > R, 0 � z � h1, 0 � θ < 2π, (7)



228 Xuan XIE, Lingcheng KONG, Yuxi WANG, Jun ZHANG, and Yuantai HU

where the time-harmonic factor exp(iωt) has been dropped as above. The potential ϕ should
satisfy the Laplace equation

∂2ϕ

∂r2
+

1
r

∂ϕ

∂r
+

1
r2

∂2ϕ

∂θ2
+

∂2ϕ

∂z2
= 0. (8)

The pressure on the free liquid surface at z = h1 vanishes, and we obtain the following equation:

ϕ|z=h1
= 0, r > R, 0 � θ < 2π. (9)

The condition without separation of liquid from QCR surface requires

∂ϕ

∂z

∣∣∣∣
z=0

= 0, r > R, 0 � θ < 2π. (10)

In addition, the continuity of velocity at the interface r = R yields

∂ϕ

∂r
= iωY sin θ, 0 � z � L, 0 � θ < 2π. (11)

By separation of variables, the potential ϕ can be expressed as[13]

ϕ (r, θ, z) = iω
M∑

s=1

BsK1s (ξsr) cos (ξsz) sin θ, r � R, 0 � z � h1, 0 � θ < 2π, (12)

where ξs=π(2s−1)/(2h1). M denotes the truncation order in the numerical analysis. It should
be noted that M is set as 100 in the below calculation. K1s is the modified Bessel functions of
first-order which equates null at infinity.

Multiplying both sides of (11) by cos(ξsz) and integrating with respect to z over (0, h1), we
obtain

BsK1s (ξsR) = ks

∫ h1

0

Y (z) cos (ξsz) dz, (13)

where

ks =
4

π (2s − 1)
K1s (ξsr)|r=R

K′
1s (ξsr)|r=R

. (14)

It follows from (12) that the liquid force per unit length acted on the beam (0� z � h1) is

qf (z) = −ρl

∫ 2π

0

iωϕ (R, θ, z) (− sin θ)Rdθ = −πρlRω2
M∑

s=1

BsK1s (ξsR) cos (ξsz), (15)

where ρl is the mass density of liquid. Then, the normalized dynamic equation of beams coupled
with liquid is

d4Y

dz̄4
− α4Y − L4

EIR
qfH

(
h̄1 − z̄

)
= 0, (16)

where H(·) stands for the Heaviside step function and h1 = h1/L. Substituting (6), (13), and
(15) into (16) yields

N∑
n=1

(ω2
0n − ω2)DnWn(z̄) − ω2

+ μω2
M∑

s=1

(
fs +

N∑
n=1

ksDnMns

)
cos(ξ̄sz̄)H(h̄1 − z̄) = 0, (17)
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where

μ =
ρlL

ρbR
, fs = (−1)s−1 ks/ξ̄s, Mns =

∫ h1/L

0

Wn (z̄) cos
(
ξ̄sz̄

)
dz̄, ξ̄s = ξsL. (18)

Expanding both sides of (17) with Wi(z̄) as the expanded base-functions, we obtain a set of
linear equations to determine the unknowns Dn as follows:

(
ω2

0i − ω2
)
Di

∫ 1

0

(Wi (z̄))2 dz̄ − ω2

∫ 1

0

Wi (z̄) dz̄

+ μω2
M∑

s=1

(
fs +

N∑
n=1

ksDnMns

)
Mis = 0, i = 1, 2, · · · , N. (19)

4 Coupled vibrations of QCR over-coated by micro-beams immersed in
liquid

When the coupled beams-liquid structure appears on the upper-surface of QCR, the bound-
ary conditions (4) become

{
T21|x2=h = −NQ (0) , u1 (h) = Y (0) ,
ϕ|x2=−h = ϕ|x2=h , T21|x2=−h = 0,

(20)

where N is the number density of beams per unit area of crystal surface, and Q(0) denotes
the shear force at the beam bottom cross-section. It is important to point out that for sparse
beam arrays, the interaction of adjacent beams has been ignored. Substituting (24) into (2),
we obtain the frequency equation of the compound QCR system consisting of liquid-beams and
QCR as follows:

e2
26

cQε22
− kQh

tan(kQh)
= −ϑ(kQh)2

(
1 +

e2
26

cQε22

cot(kQh)
kQh

− cot2(kQh)
)
, (21)

in which

ϑ = νς, ν = NπR2
( ρb

ρQ

L

2h

)
, ς = 2

N∑
n=1

Dn

αn

(ωn

ω

)2

, (22)

which is similar to the result obtained by Hu et al.[1]

It follows from (21) and (22) that ϑ may be called the effective mass ratio of the beam-array
immersed in liquid to QCR[8]. ν is the actual mass ratio between the beams and the elastic
plate. Therefore, ς can be called the proportional coefficient between the effective mass ratio
ϑ and the actual mass ratio ν. Obviously, ς will be affected by many factors related to micro-
beams and liquid, e.g., beam elastic modulus, aspect ratio, deflection modes, liquid density, and
depth h1. It is readily found that the effective mass ratio may be either positive or negative,
depending on the positive/negative definiteness of the proportional coefficient ς, which implies
that the effective mass ratio ϑ is frequency-dependent.

5 Results and discussion

We consider an AT-cut quartz crystal plate with c66=29.01×109 N·m2, e26 = −0.095 C/m2,
ε22=39.82×10−12 C/Vm, ρQ=2649 kg/m3[14], and h=0.165 mm. For the micro-beam array, ρb=
2 500 kg/m3, D=2R=0.1 μm, L=2 μm, and N=1×1012 m−2, unless otherwise stated. For
liquid, ρl=1000 kg/m3. It is readily obtained that the fundamental frequency of QCR is f0=
5MHz.



230 Xuan XIE, Lingcheng KONG, Yuxi WANG, Jun ZHANG, and Yuantai HU

Figure 3 shows dependence of frequency shift versus the normalized elastic modulus log
(E/E0) from 0.0 to 3.0 for h1/L=0.0, 0.5, 0.8, 1.0, respectively, where E0 =1×107 Pa. The
picture exhibits a series cycles, and the frequency shift varies from minimum to maximum inside
each cycle, which is easily understood because micro-beams with larger elastic modulus produce
stronger constraint on QCR for fixed density and fixed vibration mode (i.e., the node number of
vibration mode keeps invariant). Further modal analysis shows that the right, middle, and the
left jump points in Fig. 3, respectively, correspond to the first-, the second-, and the third-order
natural frequencies of micro-beams. We can also find from Fig. 3 that the effect of liquid on
frequency shift of the compound QCR system gradually becomes evident with the increase in
liquid depth as expected. At those points where frequency shift appears jump, for example
at point M , log(E/E0)=1.117 for no-liquid case, the natural frequency of micro-beams is just
equal to 5 MHz, which results in resonance.

Fig. 3 Dependence of frequency shift upon normalized elastic modulus log(E/E0)

Figure 4 shows the displacement distributions of micro-beams at two sides of point M for
h1/L=0.0, 0.5, 0.8, 1.0, respectively. At the left of point M , log(E/E0)=1.083, the node
numbers of beam deflections are totally the same for the four cases (see Fig. 4(a)). However,
the appearance of liquid makes successive decrease in the vibration amplitude with increasing
liquid depth. This is easily understood that the effect of liquid on the vibrations is equivalent
to some added mass to the beam. Thus, the rise in system mass (or inertia effect) will result in
the decrease of frequency shift for fixed beam-stiffness. On the other hand, at the right of point
M , log(E/E0)=1.152, only one node exists for the beam deflection without liquid, while the
other three cases are still with two nodes (see Fig. 4(b)). Calculating on Q(0)=EIY ′′′(0), we
find that the shear force acted on the QCR upper surface has become negative for null liquid,
but the others still remain positive due to the liquid drag. A positive shear force Q(0) produces
constraint on QCR vibrations to induce the rise in resonant frequency, while a negative shear
force Q(0) increases system inertia effect.

Figure 5 shows dependence of frequency shift upon aspect ratio of beams under E=5×106 Pa
and L=2 μm. The dependence exhibits a series of cycles. Likewise, the appearance of liquid
leads to some left-shift of the picture as expected.

6 Conclusions

A coupled dynamic model of a micro-beam array immersed in liquid and a QCR vibrating
in thickness-shear modes is established. Effect of liquid on dynamic performance of the com-
pound QCR system is analyzed in detail. Dependence of frequency shift on the normalized
elastic modulus/aspect ratio of micro-beams is calculated and the cyclical feature is revealed.
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Fig. 4 Beam displacement distributions at two sides of point M : (a) at left; (b) at right

Fig. 5 Dependence of frequency shift upon aspect ratio of beams

Comparison between with liquid and without liquid shows that the frequency picture has been
transferred a little as expected due to the liquid drag. The results obtained are useful to QCR
design and applications.
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Appendix A
For flexural motions of beams, we use the Euler-Bernoulli theory of bending[15–16]. The time-

harmonic factor, exp(iωt), will be dropped as before in the following discussion.
The normalized governing equation of free-vibration beams is

d4W

dz̄4
− α4W = 0 (A1)

with z̄ = z/L, W = w/R, and α=(ρbAω2L4/EI )1/4. E is Young’s modulus of beams, ρb stands for the
mass density, L is the beam length, and I is the moment of inertia. The beam cross-section is assumed
circular with R as radius and A as area.

When the cantilever beam is under free flexural vibrations, the boundary conditions are

W (0) = W ′ (0) = W ′′ (1) = W ′′′ (1) = 0. (A2)

It can be obtained from (A1) and (A2) that the natural frequencies and the corresponding natural modes
of beams, respectively, are8>><

>>:
ωn =

“αn

L

”2
r

EI

ρbA
, n = 1, 2, 3, · · · ,

Wn (z̄) = λn (cos (αnz̄) − ch (αnz̄)) + sin (αnz̄) − sh (αnz̄),

λn = −(sinαn + sh αn)/(cos αn + chαn),

(A3)

where αn are the real positive roots of the following equation:

cos αnch αn + 1 = 0. (A4)

Through the modal expansion, we can express the normalized deflection W of a cantilever beam as

W =

NX
n=1

DnWn (z̄), (A5)

where Dn are the expansion constants to be determined, and N denotes a truncation order.
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