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Abstract The problem of steady laminar magnetohydrodynamic (MHD) mixed con-
vection stagnation-point flow of an incompressible viscous fluid over a vertical stretch-
ing sheet is studied. The effect of an externally magnetic field is taken into account.
The transformed boundary layer equations are solved numerically by using an implicit
finite-difference scheme. Numerical results are obtained for various values of the mixed
convection parameter, Hartmann number, and Prandtl number. The effects of an exter-
nally magnetic field on the skin friction coefficient, local Nusselt number, velocity, and
temperature profiles for both A > 1 and A < 1, where A is the velocity ratio parameter,
are presented graphically and discussed in detail. Both assisting and opposing flows are
considered, and it is found that dual solutions exist for the opposing flow.
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1 Introduction

Study of boundary layer flow and heat transfer over stretching sheet has attracted many
researchers. Ahmad et al.l') investigated the heat transfer problem with variable thermal con-
ductivity in the case of prescribed surface temperature and prescribed heat flux. Further,
Kumari and Nath[? considered the unsteady magnetohydrodynamic (MHD) mixed convection
flow over an impulsively stretched permeable vertical surface in the presence of a transverse
uniform magnetic field. Prasad et al.l¥! studied the mixed convection boundary layer flow over
a vertical heated sheet with variable fluid properties, while Ali et al.l* investigated the MHD
boundary layer flow over a stretching sheet with the effect of induced magnetic field.
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On the other hand, the fluid flow near a stagnation-point has many practical applications
in engineering such as the cooling of nuclear reactors and hydrodynamic processes. It is worth
mentioning that Hiemenz![®! obtained an exact similarity solution of the Navier-Stokes equations
for two-dimensional stagnation-point flow. Later, Eckert[® extended this idea by considering the
energy equation in his study. Further, Mahapatra and Guptal” investigated the heat transfer in
the stagnation-point flow towards a stretching sheet without consideration of MHD and found
that the boundary layer structure depends on the ratio of the velocity of the stretching surface
to that of the frictionless potential flow near the stagnation-point. In non-Newtonian fluids,
Andersson!®! obtained an exact solution for MHD flow past a stretching sheet in the presence
of a transverse magnetic field in a viscoelastic fluid. Ishak et al.[% considered the MHD flow of
a micropolar fluid towards a stagnation point on a vertical surface, while Mahapatra et al.[!]
studied the MHD stagnation-point flow of a power-law fluid towards a stretching sheet. The
MHD boundary layer flow and heat transfer over a stretching sheet with Hall effects has also
been investigated by Gupta et al.l''] and Ali et al.'?], while Ishak et al.'3 considered the
hydromagnetic flow and heat transfer adjacent to a vertical stretching sheet. On the other
hand, papers by Pop et al.l'¥ and Pal'® included the thermal radiation effects, while paper by
Hayat et al.['0] considered the case of micropolar fluid for a nonlinear stretching surface. No
dual solutions have been reported in all the papers!” 16!,

The flow and heat transfer characteristics in the boundary layer induced by a continuous
surface moving with a uniform or non-uniform velocity in a quiescent fluid are important in
several manufacturing processes in industry such as the extrusion of a plastic sheet, the cooling
of a metallic plate in a cooling bath, wire drawing, and hot rolling. Glass blowing, fibre produc-
tion, crystal growing, and paper production also involve the flow due to a stretching surface.
This problem differs from the classical boundary layer flow over a stationary surface due to the
entrainment of the fluid®?!. A moving surface delays or prevents the separation of boundary
layer from the wall by importing momentum into the boundary layer!™. The buoyancy force,
suction or injection, and the magnetic field significantly influence the skin friction and heat
transfer. In recent years, MHD problems have become important industrially. Many metal-
lurgical processes, such as drawing, annealing, and tinning of copper wires involve the cooling
of continuous strip or filaments by drawing them through a quiescent fluid. By drawing such
strips in an electrically conducting fluid subjected to a magnetic field, the rate of cooling can
be controlled and a final product of desired quality can be obtained. Another important appli-
cation of hydromagnetics to metallurgy is the purification of molten metals from non-metallic
inclusions by the application of a magnetic field. Therefore, the MHD mixed convection flow
over a vertical stretched surface in the presence of a magnetic field is an important problem!(?!.

Convective heat transfer in an electrically conducting fluid at a stretching surface with
uniform free stream has been considered by Vajravelu and Hadijinicolaoul'®!, while the explicit
analytic solution for the problem has been considered by Xul'?l. On the other hand, Ishak
et al.2% considered the steady MHD stagnation-point flow towards a stretching sheet with
variable surface temperature, and Bachok et al.?! studied the anisotropy effect in a porous
medium. The present paper aims to study the problem of MHD mixed convection stagnation-
point flow and heat transfer towards a stretching vertical sheet with externally magnetic field.
The transformed equations are solved numerically by using an efficient implicit finite-difference
method. To the best of our knowledge, this specific problem has not been considered before.
Therefore, the reported results are original and new.

2 Basic equations

Consider the steady two-dimensional flow of a viscous fluid near the stagnation-point on
a vertical stretching flat plate coinciding with the plane y =0, as shown in Fig.1. Cartesian
coordinates (z,y) are taken such that the z-axis is measured along the sheet oriented in the
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upward direction, and the y-axis is normal to it. It is assumed that the velocity of the far-flow
(inviscid flow) impinges on the stretching surface with the velocity ue(z) = ax and that the flat
surface is stretched with the velocity uyw (z) = cx, where a and ¢ are positive constants. It is also
assumed that the temperature of the plate is Ty (z) = T + bz, where T, is the temperature of
the ambient fluid, while b is a constant with b > 0 for a heated surface Ty (x) > Too (assisting
flow) and b < 0 for a cooled surface Ty (z) < T (opposing flow). The assisting flow occurs if
the upper half of the sheet is heated while the lower half of the sheet is cooled. In this case,
the flow near the heated sheet tends to move upward and the flow near the cooled sheet tends
to move downward. Therefore, this behavior acts to assist the flow field. The opposing flow
occurs if the upper part of the sheet is cooled while the lower part of the sheet is heated. These
flows are illustrated in Fig. 1(a) for the assisting flow and in Fig. 1(b) for the opposing flow.
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Fig. 1 Physical model and coordinate system

The effect of an external magnetic field of constant strength Hy, which is applied normal
to the stretching surface, is also taken into account. Under these assumptions, together with
the Boussinesq approximations and neglecting the viscous dissipation effect, the steady two-
dimensional flow of a viscous and electrically conducting fluid is described by the following
equations:

Oou Ov

9 T oy~ 0, (1)
ou Ou  1dp 0?u  oouiH?

u8T+vaT _aa2T 3)
Ox oy oy’

where v and v are the velocity components along the z- and y-axes, respectively, p is the
pressure, T' is the fluid temperature, g is the acceleration due to gravity, and «, v, p, 8, 0., and
te are the thermal diffusivity, kinematic viscosity, fluid density, thermal expansion coefficient,
electrical conductivity, and magnetic permeability, respectively. The boundary conditions of
Egs. (1)—(3) are

v=0, u=uy(@)=cx, T=Ty(x)=Tx+bxr at y=0,
u=1ue(r) =ax, T=Tsx as y— oo.

(4)

In this study, the induced magnetic field has been ignored. For the most general model of
practical importance, the forces due to the hydrostatic and magnetic pressure gradient would
be in equilibrium (see Sutton and Sherman??), namely,

1dp due oplH?
— = U

_|_

= Ue e 5
pdz e qu P (5)
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because T' = T4 in the inviscid (outer boundary layer) flow. By substituting Eq. (5) into
Eq. (2), we obtain the following boundary layer equation:

2 27172
ugt 4ot = u ey ugyZ - "ef‘;HO (u—ue) + 9B(T — Two). (6)

We apply the following transformation:
Y =avarf(n), 0n) = (T —Tx)/(Tw—Tw), n=+a/vy (7)

to Egs. (1), (3), and (6), where 1 is the stream function, which is defined in the usual way as
u = g?j and v = —gi’. Therefore, the continuity equation (1) is satisfied, and Egs. (6) and (3)
are reduced to the following nonlinear ordinary differential equations:

" F = () + 1+ Ha(1— ') + 20 =0, (8)
1 /7 / In
p, 010 = [0 =0, (9)

and the boundary conditions (4) become
f(0)=0, f(0)=4, 00)=1, f(oo)=1, 6(c0)=0. (10)

Here, primes denote differentiation with respect to n, A = ¢/a is the velocity ratio parameter,
Ha = p.Hy \/ae/pa is the Hartmann number, Pr = v/« is the Prandtl number, and A is the
constant mixed convection or buoyancy parameter, which is defined as

_ Gry

A
Re?’

(11)

where Gr,, = gB(Ty — Two)x3 /12 is the local Grashof number, and Re, = uc(x)z/v is the local
Reynolds number. It would be mentioned that A > 0 corresponds to the assisting flow, A < 0
corresponds to the opposing flow, and A = 0 corresponds to the forced convection flow. Further,
it would be noticed that for a static surface (A = 0) and without a magnetic field (Ha= 0), the
present problem reduces to that first studied by Ramachandran et al.[?3l. Thus, we can also
compare our results with those reported by Ramachandran et al.[23],
The physical quantities of interest are the skin friction coefficient Ct and the local Nusselt
number Nu,, which are defined as
Cf = 1Tw Nuz =

27
2 PU

Lqw

k(TW _Too)7 (12)

where the surface shear stress 7, and the surface heat flux gy, are given by

n=i(oy)yar 0= H(5,), 1)

where k is the thermal conductivity, and p is the dynamic viscosity. Using variables in (12),
we obtain

Rel2Cr = f(0), Re;Y*Nu, = —0'(0). (14)
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3 Results and discussion

Equations (8) and (9) subjected to the boundary conditions (10) have been solved numer-
ically by an implicit finite-difference scheme known as the Keller-box method as described
by Cebeci and Bradshaw!?¥ and Cebeci and Cousteix!??l. In order to check the validity of
the obtained numerical results, the values of the skin friction coefficient f”(0) and the local
Nusselt number —6'(0) for the static case (A = 0) when the Hartmann number is absent
(Ha = 0) and the mixed convection parameter A = 1, are compared with the previously pub-
lished results(?3:26-28] a5 shown in Tables 1 and 2. The agreement is found to be very good.
Further, Tables 3 and 4 show the comparison values of the skin friction coefficient f”(0) and the
local Nusselt number —6'(0) for various Prandtl number Pr and both assisting and opposing
flows are considered. The agreement with previously published results(?! is also found to be
excellent. The effects of Ha on the skin friction coefficient f”/(0) for the assisting and opposing
flows when A = 2 and Pr=0.7 are shown in Table5. It is observed that all values of f(0)
and —6'(0) decrease when Ha increases for both assisting (A = 2) and opposing (A = —2) flows.
The case of A < 1 (A = 0.5) is displayed in Table 6, where the opposite phenomenon can be
observed. From both tables, it can be seen that all values for the assisting flow are always larger
than those for the opposing flow case. This occurs due to the buoyancy parameter that assists
the flow.

Table 1 Skin friction coefficient f(0) for different values of Pr when A = 1, A = 0, and Ha = 0
(values in () are second solutions)

Ramachandran Hassanien and Lok Ishak
Pr et al.[23] Gorlal26] et al.[27] et al.[28] Present
0.7 1.706 3 1.706 3 1.706 4 1.706 3 (1.2387) 1.706 3 (1.238 8)
1 — — — 1.6754 (1.1332) 1.6754(1.1332)
7 1.5179 — 1.5180 1.5179(0.582 4) 1.5179(0.5824)
10 — 1.4928 — 1.492 8 (0.495 8) 1.4929(0.495 8)
20 1.4485 — 1.4486 1.4450(0.343 6) 1.448 5 (0.343 6)
40 1.4101 — 1.4102 1.4101(0.2111) 1.4101(0.2111)
50 — 1.4069 — 1.3989(0.1720) 1.3989(0.1721)
60 1.3903 — 1.3903 1.3903 (0.141 3) 1.390 3 (0.141 3)
80 1.3774 — 1.3773 1.3774(0.0947) 1.3774(0.0947)
100 1.3680 1.3847 1.3677 1.3680(0.0601) 1.3680(0.060 1)

Table 2 Local Nusselt number —6'(0) for different values of Pr when A = 1, A = 0, and Ha = 0
(values in () are second solutions)

Ramachandran Hassanien and Lok Ishak
Pr et al.[23] Gorlal26] et al.[27] et al.[28] Present
0.7 0.7641 1.764 1 0.7641 0.7641(1.0226) 0.7641(1.0226)
1 — — — 0.8708(1.1691) 0.8708(1.1691)
7 1.7224 — 1.7226 1.7224(2.2192) 1.7225(2.2191)
10 — 1.9446 — 1.944 6 (2.4940) 1.944 8 (2.494 0)
20 2.4576 — 2.4577 2.4576(3.1646) 2.4579(3.1644)
40 3.1011 — 3.1023 3.1011(4.1080) 3.1017(4.1076)
50 — 3.3488 — 3.3415(4.4976) 3.3423(4.4970)
60 3.5514 — 3.5560 3.5514 (4.8572) 3.5524 (4.856 4)
80 3.9095 — 3.9195 3.9095 (5.516 6) 3.9108(5.5155)
100 4.2116 4.2337 4.2289 4.2116(6.1230) 4.2133(6.1215)
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Table 3 Skin friction coefficient f/(0) and local Nusselt number —6’(0) for different values of Pr
when A =1, Ha =0, and A = 1 (assisting flow)

P Ishak et al.[29] Present
r

1"(0) —6(0) 1"(0) —6(0)
0.72 0.364 5 1.093 1 0.364 5 1.093 1
6.8 0.1804 3.2902 0.1804 3.2897
20 0.1175 5.6230 0.1175 5.6208
40 0.0873 7.946 3 0.0873 7.9403
60 0.0729 9.7327 0.0729 9.7217
80 0.064 0 11.2413 0.064 0 11.2244
100 0.0578 12.5726 0.0578 12.5490

Table 4 Skin friction coefficient f/(0) and local Nusselt number —6'(0) for different values of Pr
when A =1, Ha =0, and A = —1 (opposing flow)

P Ishak et al.[29] Present
r

1"(0) —6(0) f(0) —6(0)
0.72 —0.3852 1.0293 —0.3852 1.029 3
6.8 —0.1832 3.246 6 —0.1832 3.246 2
20 —0.1183 5.5923 —0.1183 5.590 3
40 —0.0876 7.9227 —0.0876 7.9169
60 —0.0731 9.7126 —0.0731 9.7018
80 —0.064 2 11.2235 —0.064 1 11.206 8
100 —0.0579 12.556 4 —0.0579 12.5329

Table 5 Skin friction coefficient f/(0) and local Nusselt number —6'(0) for different values of Ha
when A =2 and Pr=0.7 for assisting (A = 2) and opposing (A = —2) flows

I Assisting flow Opposing flow
a

f"(0) —0'(0) f"(0) —0'(0)
0 —1.2746 1.346 6 —2.5417 1.264 2
1 —1.5551 1.3309 —2.7407 1.256 0
2 —2.2435 1.296 8 —3.2593 1.2375
5 —5.0306 1.208 5 —5.6497 1.1824
10 —9.996 1 1.1432 —10.3514 1.1332

Table 6 Skin friction coefficient f/(0) and local Nusselt number —6'(0) for different values of Ha
when A = 0.5 and Pr=0.7 for assisting (A = 2) and opposing (A = —2) flows

I Assisting flow Opposing flow
a

f"(0) —0'(0) f"(0) —0'(0)
0 1.5096 0.965 3 —0.2340 0.7812
1 1.5842 0.965 8 0.0752 0.8246
2 1.8005 0.969 4 0.6249 0.8792
5 2.9202 0.9878 2.2741 0.9576
10 5.229 6 1.008 1 4.869 8 0.998 3

In this study, dual solutions are obtained for the opposing flow regime, while a unique
solution is obtained for the assisting flow regime. This can be seen clearly from Figs.2 and 3
for different values of Hartmann number when Pr= 0.7 and A= 2. It is observed that f(0)
and —6’(0) have no solution when A < |A.| (critical value). Therefore, the boundary layer
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starts to separate from the surface at A = A.. Beyond this critical point, boundary layer
approximations are no longer valid and full Navier-Stokes equations have to be considered.
Both figures show that the critical value A\, increases as the parameter Ha increases. Thus,
larger values of Hartmann number delay the boundary layer separation. The coordinates of the
critical (turning) points are shown in Table 7.

-1 1.4 - -
) . First solution
First solution -~ S d soluti
—2r . Second solution L2F econd solutlo
Ha=0,1,2
-3t 1.0+
o 4f 5 08[ ¢ N
< 5t T o06F RSN
-6t 04t A
s 0.2} LN
_8 1 1 1 1 1 1 0.0 1 1 1 1 A} 1 ‘I Al 1
-14 -12 -10 -8 -6 -4 -2 -14 -12 -10 -8 -6 -4 -2 0 2
A A
Fig. 2 Skin friction coefficient f(0) as func- Fig. 3 Local Nusselt number —6'(0) as func-
tion of A for different values of Ha tion of A for different values of Ha when
when Pr=0.7 and A =2 Pr=0.7and A =2
Table 7 Coordinates of critical (turning) points in Fig.2 for Ha = 0, 1, and 2
Ha 0 1 2
(A, £7(0)) (—6.885, —4.7928) (—8.475, —5.495 3) (—13.295, —7.0239)
(\, —0(0)) (—6.885, 0.997 6) (—8.475, 0.9241) (—13.295, 0.8151)

Figures 4 and 5 show the dual velocity and temperature profiles (first and second branch
solutions), respectively, for a fixed Hartmann number, namely, Ha = 2, Pr=0.7, and A = 2
for different values of A. These first and second branch profiles prove the existence of the dual
nature of solutions as they satisfy the boundary conditions (10). Between the two solutions,
which solution is physically relevant depends essentially on the stability of the solutions. As
in similar physical situations, we expect that one solution is physically stable, while the other
is not. However, the problem of determining the physically realizable solution of the multiple
(dual) solutions implies a separate study by considering the unsteady form of Egs. (1) to (3).
Such stability analysis can also be found in a very recently published paper by Rosca and
Popl3Y. Therefore, it can be easily concluded from this paper that the lower branch solutions
are unstable (not realizable physically), while the upper branch solutions are stable (physically
realizable). It seems that the existence of dual solutions in the mixed convection boundary layer
flow was first pointed out by Merkin[® 3% for the steady mixed convection boundary layer flow
over a vertical flat plate embedded in a porous medium. Dual solutions in the mixed convection
boundary layer flow were further studied by Hoog et al.l33! Afzal and Hussain[*¥, and Harris et
al.13%!. As discussed by Afzal and Hussain[®¥, it seems plausible that depending on the manner
in which the temperature field is imposed, one or the other dual solutions could be approached
after different adjustment phases, causing the solution in the neighborhood of the separation
region to be dual. Such dual solutions for MHD two-dimensional stagnation-point flow past a
vertical stretching surface have not been reported in the literature.

Figure 6 shows the velocity profiles for different values of A for fixed A = 1, Ha = 1, and
Pr=0.7. In the case of A < 1, the flow shows a boundary layer structure, while when A > 1,
the flow displays an inverted boundary layer structure as a result of the stretching velocity
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Fig. 4 Velocity profiles for different values Fig. 5 Temperature profiles for different values
of A when Ha = 2, Pr=0.7, and A=2 of A when Ha = 2, Pr=0.7, and A=2

of the surface exceeds the velocity of the free stream. It is also seen that as A increases, the
boundary layer thickness decreases as illustrated in Fig.6. The effects of Ha on the velocity
profiles are displayed in Fig.7. Larger values of Ha are found to decrease the velocity profiles
when A > 1, hence thinning the boundary layer thickness for both assisting and opposing flows.
The velocity gradient becomes smaller, which decreases the skin friction coefficient, as shown
in Table5. When A < 1, the velocity profiles increase with Ha for the assisting and opposing
flows, and the velocity gradient becomes larger. The effects of Pr and A on the velocity profiles
are shown in Figs.8 and 9, respectively. The effects are more pronounced for lower Pr and
larger A. Larger values of A will produce larger buoyancy force, which produce larger kinetic
energy, which helps to reduce resistant of the fluid flow. Both figures show that the profiles are
prominent when A < 1 is considered. Figure 8 shows that as Pr increases, the velocity profiles
decrease when both A > 1 and A < 1 are considered for the assisting flow. On the other hand,
opposite trend is found in the opposing flow. Reversed phenomenon occurs for the buoyancy
parameter, as shown in Fig. 9. Boundary layer structure and inverted boundary layer structure
can be seen in Figs. 6-9, where the boundary layer thickness when A < 1 is always larger than
the thickness when A > 1, and also larger for the opposing flow.

3.0 2.0 —
— Assisting flow Assisting flow
25k 0= Opposing flow N 0 T Opposing flow
. \ 0
W Ha=0,1,34=2.0)
2.0 \ A=3.0,2.0 15|\ o
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0.5 1.0 1.5 2.0 2.5 .0.0 0.5 1.0 1.5 2.0 2.5 3.0
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Fig. 6 Velocity profiles for different values Fig. 7 Velocity profiles for different values of Ha
of A when Pr=0.7 and Ha = 1 for when Pr=0.7, A = 0.5, and A = 2 for
A = 1 (assisting flow) and A = —1 A = 1 (assisting flow) and A = —1 (op-

(opposing flow) posing flow)
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Figure 10 shows the influence of A on the temperature profiles. The temperature profiles
are observed to reduce as A increases, as well as the thermal boundary layer thickness for both
assisting and opposing flows. Figures 11 and 12 show the effects of Ha on the temperature
profiles. The effects of Ha on the temperature profiles are not prominent for both A < 1 and
A > 1. The temperature profiles increase with Ha when A > 1 and A < 1, for both assisting
and opposing flows.

L0 — Assisting flow

0.9 . T Opposing flow
0.8 W

0.7F W
~ 0.6} .
s
g 05 .
04 B \\
0.3 NN
0.2 NN

0 L L L = |
05 1.0 15 20 25 3.0 35 40

n
Fig. 10 Temperature profiles for different values of A when Ha = 1 and Pr=0.7 for A = 1 (assisting
flow) and A = —1 (opposing flow)

The temperature profiles are found to decrease with Pr for both A < 1 and A > 1, as shown
in Figs. 13 and 14, respectively. This illustrates that for larger Pr, it leads to the decrease
of the temperature profiles and the thermal boundary layer thickness becomes smaller. This
phenomenon occurs because when Pr increases and the thermal diffusivity decreases, thus it
leads to the decrease of energy transfer ability that decreases the thermal boundary layer. The
effects of the buoyancy parameter on the temperature profiles can be seen from Figs. 15-16.
In the assisting flow, larger values of A\ reduce the profiles for both A > 1 and A < 1. An
opposite phenomenon occurs in the opposing flow. The effect of A is not pronounced when
A > 1 is considered. The thermal boundary layer thickness for the opposing flow is always
greater as compared with the assisting flow for both A > 1 and A < 1. This can be observed
from Figs. 10-16.
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4 Conclusions

A numerical study is performed for the problem of MHD mixed convection stagnation-point
flow of an incompressible viscous fluid over a vertical stretching sheet in the presence of an
externally magnetic field. The results obtained are compared with previous well-known results
for special cases, and the agreement is excellent. It is observed that when A > 1, all the skin
friction coefficient and the local Nusselt number decrease as Ha increases for both assisting
and opposing flows, while opposite trend can be observed for A < 1. For the assisting flow,
it is observed that when A < 1, the flow has a boundary layer structure and when A > 1, an
inverted boundary layer structure is observed. The boundary layer thickness when A < 1 is
always larger than that when A > 1. This is also applied to a larger values of the opposing flow.
The thermal boundary layer thickness for the opposing flow is always greater compared with
the assisting flow for both A > 1 and A < 1. The effects are more pronounced for higher values
of A and Ha for the velocity profile. However, for the temperature profile, the effects of these
parameters are not prominent. On the other hand, lower values of Pr are more pronounced for
the velocity and temperature profiles. In this study, it is also found that the thermal boundary
layer thickness reduces when Pr increases for both cases. Dual solutions exist for the opposing
flow only for a certain region. There is only a unique solution existed for the assisting flow. It
is concluded that the Hartmann number delays the separation of the boundary layer.
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