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Abstract The aim of this work is to study the effect of non-uniform single and double
slot suction/injection into a steady mixed convection boundary layer flow over a vertical
cone, while the axis of the cone is inline with the flow. The governing boundary layer
equations are transformed into a non-dimensional form by a group of non-similar trans-
formations. The resulting coupled non-linear partial differential equations are solved nu-
merically by employing the quasi-linearization technique and an implicit finite-difference
scheme. Numerical computations are performed for different values of the dimensionless
parameters to display the velocity and temperature profiles graphically. Also, numerical
results are presented for the skin friction and heat transfer coefficients. Results indicate
that the skin friction and heat transfer coefficients increase with non-uniform slot suction,
but the effect of non-uniform slot injection is just opposite.
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1 Introduction

The combination of free and forced convection is called the mixed convection. Mixed con-
vection flow arises in many transport processes both natural and engineering applications.
Convective heat transfer flow over a stationary cone is important for the thermal design of var-
ious types of industrial equipments such as stationary heat exchangers, design of canisters for
nuclear waste disposal, nuclear reactor cooling system, and geothermal reservoirs. Moreover,
heat transfer problems of mixed convection boundary layer flow over cones are extensively used
by automobile and chemical industries.

Hering and Grosh!! analyzed the practical case of mixed convection from a vertical rotat-
ing cone for the Prandtl number Pr = 0.7. Later, Himasekhar et al.[!l studied the combined
convection flow over a vertical rotating cone for a wide range of Prandtl numbers. Mixed con-
vection flow over a stationary and rotating vertical cylinders was studied in detail, by Mahmood
and Merkin3!, Pop et al.l¥}, and Daskalakis®’. Kumari et al.[l and Yih!") examined the heat
transfer characteristics in mixed convection flow over a vertical cone without and with a porous
media, respectively. Further, the mixed convection flow along a vertical cone of constant wall
temperature was made by Pop et al.l8). Recently, Ravindran et al.[ obtained the non-similar
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solution to examine the effect of uniform mass transfer on a steady mixed convection flow over
a vertical cone.

Mass transfer from a wall slot into the boundary layer is of interest for various prospective
applications, including thermal protection, energizing the inner portion of the boundary layers
in adverse pressure gradients and skin friction reduction on high speed aircrafts. The finite
discontinuities arise at the leading and trailing edges of the uniform slot suction/injection, and
those can be removed by choosing appropriate non-uniform slot suction/injection, which was
discussed by Minkowycz et al.['9,

Different studies were reported the influence of non-uniform single slot on a steady incom-
pressible boundary layer flow over (i) a cylinder and (ii) a spherel'!); rotating sphere'?, yawed
cylinder™® and slender cylinder™!, respectively. Later, Roy and Saikrishnan!'® presented mul-
tiple slot in a diverging channel with exponentially decreasing free stream flow. Further, some
investigators!'® 18l studied the effect of non-uniform double slot into a steady incompressible
flow over a slender cylinder, sphere, and cylinder, respectively.

Since no attempt has been made to study the effect of non-uniform single and double slot
suction/injection into a steady mixed convection incompressible boundary layer flow over a
vertical cone, we investigate this in the present study. Cone shaped bodies are often encoun-
tered in many engineering applications and many heat transfer problems of mixed convection
flow. Moreover, heat transfer problems of mixed convection boundary layer flow over a station-
ary cone are extensively used by auto-mobile and chemical industries. Non-similar solutions
are obtained numerically by solving coupled non-linear partial differential equations using the
quasi-linearization technique and an implicit finite-difference scheme. Numerical results are ob-
tained for different values of the Prandtl number, buoyancy, and suction/injection parameter.
Some particular cases of the present results are compared with Kumari et al.[%l, which indicates
an excellent agreement.

2 Mathematical formulation

Consider the steady mixed convection laminar boundary layer flow of a viscous and incom-
pressible fluid over a vertical cone with a half angle ~y. It is assumed that the forced flow moves
parallel to the axis of the cone in the upward direction with the free stream velocity us and
uniform temperature of the ambient fluid T,,. The uniform wall temperature of the cone Ty, is
higher than T,. The z-axis is taken along the surface of the cone measured from the apex, and
the y-axis is normal to it, respectively. The physical model and coordinate system are shown
in Fig. 1. Here, we assume that all the flow properties are constant except the density variation
in the buoyancy force term. The buoyancy force arises due to the temperature differences in
the fluid. Under these assumptions along with the Boussinesq approximation'?), the equations
of conservation of mass, momentum, and energy governing the flow are listed as follows(20-21;

ou Ov
P 1
ox oy =0 (1)
2
WO 40 g Oy O + 9B(T — Two) cos, (2)

ox Ay e o + V@yz

LT | 0T v 0T 5
Ox dy  Pr oy’

where u and v are the velocity components along the x- and y-directions, respectively, g is the
gravitational acceleration, g is the coefficient of thermal expansion, T' is the temperature, v is
the kinematic viscosity, and Pr is the Prandtl number.
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Fig. 1 Physical model and coordinate system

The boundary conditions adequate to the problem are given by
u(z,0) =0, v(z,0)=wvy(zx), T(z,0)=T, = constant,
{u(a:, 00) = e = U(x) = uox™, T(x,00) = Ts = constant. )
Here, the subscripts w and oo denote the conditions at the wall and infinity, respectively. The

free stream velocity component is given by U(z) = usoz™, m is the exponent in the power law
variation of the free stream velocity, and the exponent m is related to cone half angle v by

™n o ol
= I m = .
K m+1 ™=y

The external solution is given by ue = U(x) = usoz™ which is related to the exponent m by

me © due or dU
T ue dz Udz’
Hence, the external solution wu, is related to the cone half-angle v by
¥ T due x dU
e or .
T™—" ue dx U dx

The following transformations reduce the system of partial differential equations (1)-(3) to a
non-dimensional form:

§:< 2 1/33)5, n:y(mg—lU)%’

m+1U vx
2 ) B
by = (7 val) fEm, u= (,;5, ="
T — T 5)

fn(fﬂ?) :F(fvn)7 u = UF(&?”)? G(fvn) = T _Too’

v==27( 2 T (o ) 4 (L= m)(Ee - ).

Here, £ and 7 are the transformed coordinates, ¥ and f are the dimensional and dimensionless
stream functions, respectively, and F' and G are the dimensionless velocity and temperature,
respectively.
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Equation (1) is automatically satisfied, and Egs. (2) and (3) after transformation take the
follwing forms:

2m 2 1—m
F F, 1—F? = FF: — F,
o fE =)+ TG = (T )EER - B, (6)
_ 1—-m
Pr 1Gnn+fGn = (m—i— 1)€(FGE — Gy fe), (7)
where
_ HCp . gﬁx3(TW — Two) cOS7y Uz B Gry
Pr = b Gry = 2 , Regz= L, )\_Rei'

Here, the subscripts & and 7 denote the partial derivatives with respect to these variables, p is

the dynamic viscosity, ¢, is the specific heat at constant pressure, k is the thermal conductivity,

Gr, is the local Grashof number, Re, is the Reynolds number, and A is the buoyancy parameter.
The transformed boundary conditions are

{F(f,O):O, G 0)=1 at n=0,

F(fanoo)zlv G(fvnm)zo at 1 = Moo,

(®)

n
where f = / Fdn+ fy, and fy is given by
0
fot (L7 eow =-(")e
e m+1 Gw = v/
From the above equation, one can easily obtain
1/ 1+my\,_14m [€ 14m
o= (Mt [aoeitae
14 1—m 0

Equations (6) and (7) with boundary conditions (8) can be solved numerically. In particular,
here we study the effect of non-uniform single and double slot suction/injection into boundary
layer flow over a vertical cone in subsections sections 2.1 and 2.2, respectively.
2.1 Single slot

In the case of single slot, the value f is given by

07 g < 507
fo={ AR, &), b <E<E, 9)

AETIRO(E, L), £ &,

where the function
C(&, &) =1 — cos(w™(§ — &o))-

Here, vy, (€) is taken as

07 g < 507
1 — 1+m
vw(§) =4 —v 1+Z)A€71*”"W* sin(w* (& —&)), & <&,
O’ § 2 557
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where w* is the slot length, and & is the starting point of slot position. The function vy (§)
is continuous for all the values of £, and it has a non-zero value only in the interval [y, &5].
This type of function allows the mass transfer to change slowly in the neighbourhood of the
leading and trailing edges of the slot. The mass transfer parameter A > 0 or A < 0 indicates
the suction or injection, respectively.

2.2 Double slot

In the case of double slot, the value fy, is given by

0, &<¢o,
EEROE &), &<ELE,
fo=4{ AETTRCE ), & <E<E, (10)
ETERCO(E, &) + AT, 6), & <ELE,
£ O &) + AT &), £ €

Here, vy, (€) is taken as

1—-m Ltm
1

AL =mw sin(w* (€ — &0)), &0 <&,

+
’UW(E) = 07 fé < 5 < 517

()M e st e - q), G <é<E,

07 52517

where w* is the slot length, and & and &; are the two free parameters which determine the
starting points of the first and second slot positions, respectively. Hence, the continuous function
vw () has a non-zero value only in the intervals [£o, £5] and [£1, &7

It may be remarked that the Egs. (6) and (7) with £ =0, A =0, m =0, and A = 0 coincide
with those of Kumari et al.lf.

The important physical quantities are given by the skin friction coefficient

2(n(5y)) m+1

K WZQ(R%)%( 2 )%(F”)W

and the heat transfer coefficient in terms of the Nusselt number

(@(5)). m+1

== (TW—TOO)__(RG””)é( 2 )%(G")W'

Here, p is the density. Thus,

(Rey)*Cr = 2(7”; 1)5(Fn)w, (11)
(Res) ™% Nu = —(m; 1)é(Fn)W (12)
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3 Method of solution

The coupled non-linear partial differential equations (6) and (7) with boundary conditions
(8) represent a two point boundary value problem for partial differential equations were solved
numerically by employing an implicit finite-difference scheme in combination with the quasi-
linearization techniquel2223,

Linearizing Egs. (6) and (7) by using quasi-linearization technique, the following set of linear
differential equations are obtained:

Firl + X 4+ X5F™ 4+ XEF 4+ X(G™ = X, (13)
Gﬁ;’,l + YfG%Jrl + Y;G? +YiFH =Y. (14)
The coefficient functions with iterative index ¢ are known, and the functions with iterative index

(1 + 1) are to be determined.
The boundary conditions (8) become

FHl =0, G*l=1 at n=0,
F“’lzl, Gl =0 at N = Moo,

where 7 is the edge of the boundary layer.
The coefficients in Egs. (13) and (14) are as follows:

e (e

%= =(g )= (g 1 )eFe

x=- (e

Xi - (mi— 1))\’

) 2m 1—-m
Xl:—( )1 F2—< )FF
5 ma1) )=, ST

]

1—-m

vi=—pr( )¢,

m+1
=L
Yi = —Pr(rln_:rlb)fFGg.

The finite-difference scheme is applied to Egs. (13) and (14). Central difference formulae are
used in the n-direction and the backward difference formulae in the stream-wise direction £ with
constant step sizes An and A€ in the n- and ¢-directions, respectively. The resulting system
of linear algebraic equations with a block tri-diagonal matrix which is solved by using Varga’s
algorithm(?4.

The step sizes in the n- and &-directions are chosen as An = 0.05 and A = 0.01, re-
spectively. A convergence criterion based on the relative difference between the current and
previous iterations is used. The iteration procedure is continued until the convergence criterion
max(|(F,)5 — (F)i | [(G)it — (Gy)i]) < 1074 is satisfied.

w w
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4 Results and discussion

In order to validate the accuracy of our numerical method, solutions are obtained for £ = 0,
A=0,m =0, and A = 0 to compare the velocity and temperature profiles (F' and Q)
with those of Kumari et al.l®! for different values of the Prandtl number, Pr = 0.733 and
6.7. The results are found to be in good agreement, and the comparison is shown in Fig. 2.
Computations are carried out for various values of Pr (0.7 < Pr < 7.0), A(—0.5 < A < 0.5),
and A (—1.605 < A < 5). In all numerical computations, m is taken as 0.5, and the edge of the
boundary layer 7., is taken as 7.0.

1.0

Pr=0.733
— — Present results
:« 051 +  Kumari et al.[%]

Pro6y Pr=0.733

0 : ,
1 2 3 4
n

Fig. 2 Comparison of velocity and temperature profiles with those of Kumari et al.l® when E=0,
A=0,m=0,and A=0

The effects of the buoyancy parameter A and the Prandtl number Pr on velocity and tem-
perature profiles (F', G) for m = 0.5, A = 0.5, and w* = 7 are shown in Figs.3 and 4. Both
buoyancy assisting (A > 0) and opposing (A < 0) forces are considered. It is observed from
Fig. 3 that the buoyancy assisting flow shows the overshoot in the velocity profiles near the wall
for lower Prandtl number fluid (Pr = 0.7, air), but for higher Prandtl number fluid (Pr = 7.0,
water), the velocity overshoot is not observed. The magnitude of the overshoot increases with
A (A > 0). The physical reason is that the buoyancy force A effect is larger in a lower Prandtl
number fluid (Pr = 0.7, air) due to low viscosity of the fluid, which enhances the velocity within
the boundary layer as the assisting buoyancy force acts like a favorable pressure gradient, and
the velocity overshoot occurs. For higher values of Pr (Pr = 7.0, water), the velocity overshoot
is not observed because the higher Prandtl number fluid means more viscous fluid which has
less impact on the buoyancy parameter. Higher Prandtl number (Pr = 0.7, air) fluid has a
lower thermal conductivity in a thinner thermal boundary layer as shown in Fig. 4.

The effects of the surface mass transfer parameter A and buoyancy parameter A on velocity
and temperature profiles (F, G) for Pr = 0.7, m = 0.5, w* = 7, and £ = 1.0 are shown in Figs. 5
and 6. It is observed from Fig. 5, for buoyancy assisting force (A > 0), the velocity overshoot is
observed for injection (A < 0), and the overshoot reduced by suction (A > 0), and for buoyancy
opposing force (A < 0), the reverse flow starts at A = —0.96 for Pr = 0.7 and at A = —1.6 for
Pr =7.0 when A = 0. The buoyancy opposing force acts as an adverse pressure gradient which
reduces the velocity near the wall within the boundary layer. Subsequently further decreases
in the value of A, the fluid flow backward within small region near the wall creating a back
flow region attached to wall can be seen in Fig. 5. It is noticed in Fig. 5, for buoyancy opposing
force, there is no reverse flow occurs when A = 0.5. This gives an idea to control the reverse
flow for negative values of buoyancy parameter through non-uniform slot suction. The physical
reason is that the lower energy fluid near the wall removes from the boundary layer through
non-uniform slot suction. Figure 6 shows that the thickness of the temperature boundary layer
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decreases by increasing of suction as the well as buoyancy force (A > 0).

1.50 1.0
0.8
1.00
0.6
I, %)
0.4
0.50
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0 0
Fig. 3 Effect of A and Pr on velocity profiles Fig. 4 Effect of A and Pr on temperature pro-
at*f = 1.0 whenm = 0.5, A = 0.5, and files at £ = 1.0 when m = 0.5, A = 0.5,
w =7 and w* =7
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Fig. 6 Effect of non-uniform slot suction and
injecti t t fil t
injection on velocity profiles at £ = 1.0 énJ:ecllgnwﬁgn ;Tfroa;r; ir% 5esa1?d
when Pr = 0.7, m = 05, and w” = w* = 7r at slot OsitiO.Il’[g =0 5 ’E* =
at slot position [y = 0.5,&5 = 1.0] 1.0] p 0 50

Fig. 5 Effect of non-uniform slot suction and

Figures 7 and 8 display the effect of non-uniform singe slot suction (A > 0) and injection
(A < 0) on skin friction and heat transfer coefficients (Ct(Rey)2, Nu(Rey) _21) for A = 1.0,
Pr =07, m = 0.5, w* = 2w, and {§ = 0.5. In the case of non-uniform slot suction, the
skin friction and heat transfer coeflicients increase as the slot starts and attain their maximum
values before the trailing edge of the slot. Finally, C¢(Re,)2 and Nu(Re,) 2 decrease from
their maximum values and reach a finite value. Non-uniform slot injection has the reverse
effect. It can be observed from Fig. 7, the upstream velocity gradient effect carries over beyond
the location at £ = 1.0, displaying the slight oscillation in skin friction profile but there is
no oscillation in heat transfer profiles as observed in Fig. 8. Suction thins the boundary layer
and greatly increases the wall slope (skin friction and heat transfer), but injection thickens the
boundary layer and reduces the skin friction and heat transfer coefficients. As an increase in
suction parameter, skin friction and heat transfer coefficients increase, while they decrease by
increasing of injection. In particular, for A = 1.0, Pr = 0.7, and £ = 0.75, the increase of
suction parameter from A = 0.2 to A = 0.5 results in increase of Cf(Re,)? and Nu(Rey) 2

are approximately 34% and 73.6%, respectively. On the other hand, C}(R%)% and Nu(Re,) B
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are decreased approximately 33% and 74%, respectively, by increasing the injection parameter
from A =—-0.2to A= —-0.5.

6.5 1.5
55 121
3 45T S o0of
& )
= 35 S 0.6
U 3-5 §
251 031
A=-0.5
1.5 0 : L L
0.0 2.0 0.5 1.0 15 2.0
3
Fig. 7 Effect of non-uniform single slot suc- Fig. 8 Effect of non-uniform single slot Slli—
tion and injection on Ct(Re,)2 when tion and injection on Nu(Res) 2
A=10, Pr=0.7, m=0.5, and w* = when A = 1.0, Pr = 0.7, m = 0.5,
27 at slot position [§y = 0.5, &5 = 1.0] and w* = 27 at slot position [ =
0.5,€; = 1.0]

The downstream movements of the single slot suction/injection at different stream-wise
locations [§p = 0.5,&F = 1.0] and [§p = 0.75,&; = 1.25] on skin friction and heat transfer
coefficients (Ct(Reg)2, Nu(Rey) 2 ) are shown in Figs.9 and 10, when A = 1.0, Pr = 0.7,
m = 0.5, and w* = 27. It is observed that, if we move the location of the slot downstream, the
skin friction and heat transfer coefficients decrease by suction. Non-uniform slot injection is
just opposite. In specific, when A = 1.0, Pr = 0.7, and A = 0.5, results in decrease of C}(R%)é
and Nu(Re,) 2 are approximately 18% and 34%, respectively, at the middle of the slots.

6.5

b
(o))
T

w
()
T

Cr(Re,)"?

2.0 2.5

Fig. 9 Effect of downstream movement of Fig. 10
non-uniform single slot suction and in-
jection on Cf(RegE)é when A = 1.0,

Effect of downstream movement of
non-uniform single slot suction and

injection on Nu(Rez)721 when \ =

Pr =0.7, m =05, and w* = 27 at 1.0, Pr =0.7, m = 0.5, and w* = 27
slot positions [§o = 0.5,£5 = 1.0] and at slot positions [, = 0.5,&; = 1.0]
[§0 = 0.75,& = 1.25] and [¢0 = 0.75, &5 = 1.25]

The effects of non-uniform double slot suction/injection on skin friction and heat transfer
—1

coefficients (C¢(Re,)2, Nu(Re,) 2 ) for A = 1.0, Pr = 0.7, m = 0.5, and w* = 27 are shown
in Figs.11 and 12. In the case of double slot suction, the skin friction and heat transfer
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coeflicients increase as the first slot begins and attain their maximum values before the trailing
edge of the first slot. Next, C¢(Re,)> and Nu(Re,) 2 decrease their maximum values at the
trailing edge of the first slot. Similar variations on C¢(Re,)2 and Nu(Re,) 2" are found in the
second slot. It is observed that the effect slot suction on Cf(Rem)é and Nu(Re) % s less in
the second slot when compared with the first slot. Non-uniform double slot injection is just
opposite. In specific, for A = 1.0, Pr = 0.7 due to the increase of suction parameter from 0.25
to 0.5, the percentages of increase in Cf(Rew)é and Nu(Re,) 2 are approximately 27% and
56%, respectively, at the middle of the first slot (¢ = 0.75) whereas the respective increase in
Ct(Rey)2 and Nu(Re,) 2" are approximately 5.6% and 10.2%, at the middle of the second slot
(€= 1.75).

Cr(Re,)"”
w
wt

25
1.5
0.0
Fig. 11  Effect of non-uniform double slot suc- Fig. 12 Effect of non-uniform double slot suc-
. . . . 1
tion and injection on C¢(Rez)2 when tion and injection on Nu(Re,) s
A =10, Pr =07, m = 0.5, and when A = 1.0, Pr = 0.7, m = 0.5,
w o= 2m at slot pos1t10ns* [0 = and w* = 27 at slot positions [ =
0.5,85 = 1.0] and [& = 1.5, &7 = 2.0] 0.5,6 = 1.0] and [& = 1.5,&F = 2.0]

5 Conclusions

We obtain the non-similar solution of a steady mixed convection flow over a vertical cone
through non-uniform single and double slot suction/injection. The main conclusions of this
study are as follows:

(i) The buoyancy assisting flow to cause overshoot in the velocity profiles for lower Prandtl
number fluids (Pr = 0.7, air) and the overshoot is not observed for higher Prandtl number
fluids (Pr = 7.0, water).

(ii) Higher Prandtl number fluid (Pr = 7.0, water) causes a thinner thermal boundary layer.

(iii) The velocity and thermal boundary layer thicknesses are reduced by the increase of
suction as well as the buoyancy parameter.

(iv) The increase of buoyancy parameter A and injection parameter (A < 0) tend to in-
crease the magnitude of the velocity overshoot, but the suction parameter (A > 0) reduces the
magnitude of the velocity overshoot.

(v) Non-uniform slot suction helps to control the back flow for negative values of buoyancy
parameter which confirms the importance of present study of the non-uniform slot.

(vi) Skin friction and heat transfer coefficients increase with the increase of mass transfer
rates, i.e., the value of A (4 > 0).

(vii) Non-uniform slot injection helps to reduce the skin friction and heat transfer coefficients
at a particular stream-wise location on the cone surface.
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(viii) When the slot moves along the downstream direction, the skin friction and heat trans-

fer coeflicients are decreased by suction, but it is opposite for injection.
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