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Abstract The triple-diffusive convection in a micropolar ferromagnetic fluid layer heated
and soluted from below is considered in the presence of a transverse uniform magnetic
field. An exact solution is obtained for a flat fluid layer contained between two free
boundaries. A linear stability analysis and a normal mode analysis method are carried
out to study the onset convection. For stationary convection, various parameters such
as the medium permeability, the solute gradients, the non-buoyancy magnetization, and
the micropolar parameters (i.e., the coupling parameter, the spin diffusion parameter,
and the micropolar heat conduction parameter) are analyzed. The critical magnetic
thermal Rayleigh number for the onset of instability is determined numerically for a
sufficiently large value of the buoyancy magnetization parameter M;. The principle of
exchange of stabilities is found to be true for the micropolar fluid heated from below in the
absence of the micropolar viscous effect, the microinertia, and the solute gradients. The
micropolar viscous effect, the microinertia, and the solute gradient introduce oscillatory
modes, which are non-existent in their absence. Sufficient conditions for the non-existence
of overstability are also obtained.
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1 Introduction

Micropolar fluids include polymeric fluids and colloidal suspensions that take into account
the microscopic effects arising from the local structures and micromotion of the fluid elements.
They represent fluids consisting of rigid and randomly oriented or spherical particles suspended
in the viscous medium, where the deformation of fluid particles is ignored. Eringen!! intro-
duced the micropolar fluid theory to describe some physical systems, which do not satisfy the
Navier-Stokes equation. The equations governing the micropolar fluid involve the microinertia
tensor and a spin vector in addition to the velocity vector. This theory can be used to ex-
plain the flow of colloidal fluids, liquid crystals, animal blood, etc. The generalization of the
theory including thermal effects has been developed by Kazakia and Ariman!?! and Eringen!3!.
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Datta and Sastry!¥ initiated the theory of thermomicropolar convection, which was continued
by Ahmadil®!, Lebon and Perez-Garcial), Bhattachayya and Jenal”, Payne and Straughan!®!,
Sharma and Kumar®'% Sharma and Guptal'!!, and Rosenweig!'? for the better understanding
of the thermal convection in micropolar fluids.

An interesting possibility in a planer micropolar ferromagnetic fluid flow with an alternation
current (AC) magnetic field was studied by Zahn and Greer®l. They examined a simpler case
where the applied magnetic fields along and transverse to the duct axis were spatially uniform
and varied sinusoidally with time. In a uniform magnetic field, the magnetization characteristic
depends on the particle spin instead of the fluid velocity. Micropolar ferromagnetic fluid sta-
bilities have become an important field of research these days. A particular stability problem
is the Rayleigh-Bénard instability in a horizontal thin layer of the fluid heated from below.
Chandrasekhar'¥ gave a detailed account of thermal convection in a horizontal thin layer of
the Newtonian fluid heated from below. A thermo-mechanical interaction for a ferromagnetic
fluid was predicted by Finlayson[!! in the presence of a uniform vertical magnetic field. He
provided that the magnetization is a function of the temperature and magnetic field and estab-
lished a temperature gradient across the fluid layer. The thermal convection in the Newtonian
ferromagnetic fluid has been studied by many authors'®2%, The Rayleigh-Bénard convection
in a micropolar ferromagnetic fluid layer permeated by a uniform vertical magnetic field with
free-free, isothermal, spin-vanishing, and magnetic boundaries was examined by Abraham!?¢!,
who observed that the micropolar ferromagnetic fluid layer heated from below is more stable
as compared with the classical Newtonian ferromagnetic fluid. Sunil et al.[?”] studied the linear
stability of double-diffusive convection in a micropolar ferromagnetic fluid saturating a porous
medium.

In the standard Bénard problem, the instability is driven by a density difference caused
by a temperature difference between the upper and lower planes bounding the fluid. If salt is
dissolved in the fluid, there are potentially two destabilizing sources for the density difference,
the temperature field, and the salt field. The behavior of the solution in the double-diffusive
convection problem is more interesting than that of the standard Bénard problem as the new
instability phenomena may occur which has not been presented before. When the temperature
and two or more salts or three different salts are presented, the physical and mathematical
situations become richer. Pearlstein et al.[?8] studied the triple-diffusive convection. They
demonstrated that linear instability can occur in discrete sections of the Rayleigh number
domain with the fluid being linearly stable in a region between the linear instability ones. This
happened because that, for certain parameters, the neutral curve had a finite isolated oscillatory
instability curve lying below the usual unbounded stationary convection one. Straughan and
Walker2) derived the equations for the non-Boussinesq convection in a multi-component fluid
and investigated the situation analogous to that of Pearlstein et al.?8! but allowing for a
density nonlinear in the temperature field. Lopez et al.3 studied the same problem but with
fixed boundary conditions and showed that the effect of the boundary conditions breaks the
perfect symmetry. The density of a fluid in reality is never a linear function of temperature.
Therefore, the work of Straughan and Walker??! can be used to the situation where the density
is quadratic in temperature. They found that the departure from the linear Boussinesq equation
of state changes the perfect symmetry of the heart shaped neutral curve of Pearlstein et al.[28,
O’Sullivan et al.3! reviewed the numerical techniques and their applications to multi component
fluids. Oldenburg and Pruess®? studied a model for the convection in Darcy’s porous medium,
where the mechanism involves the temperature and different salts like NaCl, CaCls, and KCI. A
detailed study concerning the convection in a porous medium can be found in the book by Nield
and Bejan[®?). Sunil et al.l3* 3% studied the thermosolutal convection problem in a ferromagnetic
fluid and the thermosolutal convection problem in a ferromagnetic fluid saturating a porous
medium. Recently, Chand[®® studied the effect of rotation on the triple-diffusive convection in
a magnetized ferrofluid with the internal angular momentum saturating a porous medium.
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This paper aims to study the problem of linear stability for the triple-diffusive convection
in a micropolar ferromagnetic fluid saturating a porous medium because of the increase in the
number of non-isothermal situations wherein the magnetic fluids are used in places of classical
fluids.

2 Mathematical formulation of problem

Let us consider an infinite horizontal layer with the thickness d of an electrically non-
conducting incompressible thin micropolar ferromagnetic fluid heated and salted from below.
The temperature T and the solute concentrations C' and C? at the bottom and top surfaces
z = :F%d are Ty and Ty, C} and C}, and C2 and C?%, respectively. A uniform temperature

gradient § = |£| and the uniform solute gradients 3’ = |ddCZ1 | and 3" = |ddC; | are maintained.
Due to thermal expansion, the fluid at the bottom is lighter than the fluid at the top. This is
in the top heavy arrangement, which is potentially unstable. Moreover, the heavier salt at the
lower part of the layer has exactly the opposite effect. These two arrangements thus compete
against each other. Here, both the boundaries are taken to be free and perfect conductors
of heat. The gravity field g = (0,0, —g) and the uniform vertical magnetic field intensity
H = (0,0, H) pervade the system.

The mathematical equations governing the motion of micropolar ferromagnetic for the above
model are as follows.

The continuity equation for an incompressible fluid is

V-q=0. (1)
The momentum and internal angular momentum equations are

P Uy g+ V- (HB) = (CHi)a+20(V %), -

”O(aat * i(q'w)“’ = 2<(1V X q=20) + po(M x H)+ (N +1)9(V-w) +7/V2w.  (3)

The equations of temperature and solute concentrations for an incompressible micropolar fer-
romagnetic fluid are

(vt (%), )+ amsly ca(P80), 1

=K V2T 4 6(V x w) - VT, "
(- (), )+ 1-omesls, < (00),,

=K{V*C!, )
vt () )5 a5 e (G2,

= K!'V2(C?, ©)

where the subscript S denotes the solid material.
In terms of the temperature 7" and the concentrations C' and C2, we suppose that the
density of the mixture is given by (known as the density equation of state)

p=po(l =T =Ty) +(C' = Cy) +a"(C* = 7)), (7)
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where p, po, q,w,t,p,n,, N0, 0,1, uo, B,Cy ., M, K1, K1, K{, o, &, and o are the fluid den-
sity, the reference density, the velocity, the microrotation, the time, the pressure, the shear
kinematic viscosity coefficient, the coupling viscosity coefficient or vortex viscosity, the bulk
spin viscosity coefficient, the shear spin viscosity coefficient, the micropolar heat conduction
coefficient, the moment of inertia (microinertia constant), the magnetic permeability, the mag-
netic induction, the heat capacity at a constant volume and magnetic field, the magnetization,
the thermal conductivity, the solute conductivity, the thermal expansion coefficient, and the
concentration expansion coefficient analogous to the thermal expansion coefficient, respectively.
T, is the average temperature given by T, = TO;Tl , where Ty and T} are the constant average
temperatures of the lower and upper surfaces of the layer, and C! and C? are the average
concentrations given by C} = cé-;cll and C? = 0342-0127 where C§, Ct and CZ, C% are the
constant average concentrations of the lower and upper surfaces of the layer. The additional
term in Eq. (2) pertinent to a ferromagnetic fluid is the magnetic stress, which has been derived
by different authors$-38, There are many situations in which the basic equations can be sim-
plified considerably. These situations occur when the variability in the density and in the other
coeflicients is due to moderate amounts of variations in the temperature. There is an exception
that the variability of p in the gravitational body force term in the equation of motion occurs.
Therefore, we may treat p as a constant in all terms in the equation of motion except the one
in the external force. In Eq.(2), we use the Boussinesq approximation by allowing the den-
sity to change only in the gravitational body force term. The inertial force becomes relatively
insignificant as compared with the viscous drag when the permeability of the porous material
is low. The term 512 (g - V)q is generally small. Thus, it is better to drop it in the numerical
calculation.

Darcy’s model is used for a porous medium of very low permeability. For a medium of very
large stable particle suspension, the permeability tends to be small and hence justifies the use of
Darcy’s model. This is because of the viscous drag force which is negligibly small in comparison
with Darcy’s resistance due to the large particle suspension. Darcy’s law governs the flow of
the ferromagnetic fluid through an isotropic and homogeneous porous medium. Brinkman!3%
proposed the introduction of the term ZVQq (now known as the Brinkman term) in addition
to the Darcian term — I?l g to be mathematically compatible and physically consistent with the
Navier-Stokes equations. However, the Brinkman term contributes to very little effect for the
flow through a porous medium, whereas the main effect is due to the Darcian term. Therefore,
Darcy’s law is proposed heuristically to govern the flow of this micropolar ferromagnetic fluid
saturating a porous medium.

Maxwell’s equation simplified for a non-conducting fluid with no displacement current is

V-B=0, (8a)
V-H=0. (8b)
Here, the magnetic induction is given by
B = puy(H + M).
The presence of the ferromagnetic fluid in general can distort an external field if the magnetic
interaction (dipole-dipole) takes place. However, it is negligible for the small particle concen-

tration as is assumed here. The magnetization is aligned with the magnetic field, but allows a
dependence on the magnitude of the magnetic field, temperature, and salinity so that

H
M = HM(H, T,C', C?). (9)
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The magnetic equation of state is linearized about the magnetic field Hy, the average temper-
ature T}, and the average concentrations C! and C? to
M = Mo+ x(H — Hy) = Ka(T —Ta) + K3(C' = C}) + Kua(C* = C7), (10)

where the magnetic susceptibility, the pyromagnetic coefficient, and the salinity magnetic coef-
ficients are defined by

= (ZA;)HO,Ta’ 2= _(%AT/[)HO’T"" (11)
K?’E(g(];/{)HOCl’ 45(2%)}1002'

Here, Hy is the uniform magnetic field of the fluid layer when placed in an external magnetic
field H = HS’“k where k is a unit vector in the z-direction, H = |H|, M = |M]|, and
My = M (Hy, Ta, C},C?). The basic state is assumed to be quiescent and is given by
a=q,=1(0,0,0), w=wy,=1(0,0,0), p=pn(z),
p=pp(2), T=Tu(z)=-Bz+T,,
C'=Cy(z)=—B2+C,, C*=Ci(z)=—Bz+C]
To—Th 6,_011—05
d =’ N d ’
2 _ 2 K. K-35 KA4B8" 2\ ~
Ch Co, Hb=<H0— 2Pz | Kafz | Kafs Z)k:,
d 1+ x 14+ x 1+x

B = (12)

ﬁ” —

K K / K /! R
Mb:<M0+ 20z _ Ksfiz _ Kaf Z)k:, Hy + My = HE,
1+x 14+ x 1+ x

where the subscript b denotes the basic state.

3 Perturbation equations and normal mode analysis method

We now examine the stability of the basic state and assume that the perturbation quantities
are small. We can write

g=q+4q, w=w,+w, p=p,+/p,
p=pp(z)+p, T=T(2)+0, C'=Ch(2)+7, (13)
C? =C2(2)+, H=Hy(2)+H, M=M,>z) +M,
where ¢’ = (u,v,w), w = (w1,ws,ws), and p’, 0, v, 7', H', and M’ are the perturbations in the
velocity g, the spin w, the pressure p, the temperature T, the concentrations C* and C?, the
magnetic field intensity H, and the magnetization M, respectively. The change in the density
p’ caused mainly by the perturbation 6, v, and 7’ in the temperature and concentrations,
respectively, is given by
p'=—po(ad — o'y —a"y). (14)
Then, the linearized perturbation equations (by neglecting the second-order small quantities)
of the micropolar ferromagnetic fluid become

poOu _8p’ OH{ 1 ,
c ot = o + po(Mo + Ho) 02  ky (€ + nu + 2¢80, (15)
podv _8p’ OH), 1 /
¢ o = 8y ‘|‘,U0(MO +H0) 9 kl (C+n)v + 24927 (16)
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poOw _  Opf OH; 1
c ot T ay + po(Mo + Ho) 9: "k (C+mw +2¢Qs
K K33
~Ho 2p (H3(1+ x) — K28) + po 3f (H3(1 4 x) + K37)
+x 1+
ﬂ// K
+M01+ (H3(14x) + Ks') — (594—5)
K3K4 /1 2 4 /1
0
+N01+ By +8y) - 1+x(6 + Bv)
+ pog(abd — o'y —a"y'), (17)
du Ov Ow
p— 1
Ox + Oy 0Oz 0, (18)
Rl 8 (0N . o, (PC2B— moToK3p
pC1y = 0T0K268t< s ) Y 9+( . ) — 580, (19)
0y ol pCy3" — poCy K30
/ 2\ _ o2 2 oft3
pCy ot uoCOnga ( 92 ) = K|Vy+ ( 1+ )w, (20)
8’)/ 8¢)3 9 pc// !/ MOCOK /8//
" g ’
pC1 ot —uoCngea(az)—K1V7+( 1ty ) w, (21)
where

pC1 = €poCv,g + (1 — €)psCs + epoKoHy, pCa = poCv,m + poK2Ho,

pC{ =¢epoCv,a + (1 — €)psCs — poKsHo, pCé = poCv,z — poKs3Hop,
CY =epoCv,m + (1 — €)psCs — woKsHo, C5 = poCv,m — poK4Ho.

Equations (9) and (10) yield

Here, we assume

H, 4+ M, = (1+ ) H, (22)
HY+ M, = (14 ) H, + K37, (23
Hy+ Mg = (1+ x)H; + Ko/, (24)
H+ M. = (1+ ) i=1,2,3. (25)

Ky(T, —To) < (14 ¢)Hy, K3f'd< (1+¢)Ho,
Kif'd < (14O Hyy, Q=Q00, =V x .

Thus, the analysis is restricted to the physical situation in which the magnetization induced
by the temperature and concentration variations is small compared with that induced by the
external magnetic field. Equation (8b) means that we can write H' = V(¢] — ¢ — ¢%), where
@} is the perturbed magnetic potential, and ¢4 and ¢4 are the perturbed magnetic potentials

analogous to solute.

Eliminating u, v, and p’ between Eqs. (15)—(17), using Eq. (18), taking curl once on Eq. (3),
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and considering only the kth component, we obtain
po 0 1 2
( ot + (C+n))V v
K
= — o 2ﬂV<1+x — 6 — ¢%) — K20
oy i+ — 6 — &%) — Ky7)
i
R o) K
— VQ(ﬂ9+ﬂv)+uK SVIE"y + )
01 + "14x
_ KK, v2(3"0 / V2(al — o'y — o'~ 202 2
oy yy 1(B70 + ') + pogVi(ab — o'y — a”y') + 20V, (26)
o0 1
0y = —zg(ev% n 29’3) + V2. (27)
From Eq. (20), we have
0% Mo\ s , 00
1 1 - K = 2
(00 + (1) Ve - Ky =0, (28)
82¢/2 Moy 2 4 oy
(40 G0+ (1)) Ve - Ksy) =0, (29)
0% ¢4 Mo\ 2 '
1 1 — =0.
T B (R o o
Analyzing the disturbances into normal modes, we assume
F(x,y,2,t) = f(z, )t (31)
where f(z,t) represents W (z,t), ©(z,t), T'(z,t), U(z,t), ¢1(z,1), ¢2(2,1), ¢p3(2,1)%, or Q3(2,1),
k. and k, are the wave numbers along the x- and y-directions, respectively, and k = \/ (k2 + kg)
is the resultant wave number.
With Eq. (31), Egs. (19)-(21) and (28)—(30) become
C+n 20 C+n 2 1007 2
(" €y =0 (82’ ~8))( (52 =))W
B 25 _ 2
—M01+X((1+X)8Z(¢1 b2 — ¢3) — )’f
ks’ 0 5
+M01+ ((1+X)az(¢1 — ¢2 — ¢3) —K3F>k
6// a 9
taoy 0 (1405, (01 = 62— 69) = Kaw )
kg 2 2 k3k4 /71 / 2 k2k4 1" 2
(C] )k + '+ 60k + C] )k
+p Hop 4y (8'© + A1) Oy 4y (B B) M01+X(ﬁ + /Y)
~ pogk?(a® — a'T — "W) + 2((822 - k2)(23, (32)
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Qs 1,0% 9 (0 9
00 =2 (g =12+ 2) +07 (5, = 17)0s, (33)
00 0 0? ToK3p3
— o To KK =K — K - 2 — 6439 4
pCh g — HoTokze 5 1 1(822 >@+ (Pclﬂ Ho 1L )W B3, (34)
ar 9o 9 CoK3p'
/ _ 1 . _ 1.2 - 3
e ot HoCo Kye 0z K1<822 K )F + (pClﬂ Ho1 4 X )VV’ (35)
ov O3 0? ToK33"
" _ 2 el _ 1.2 "l 4
PeL ot HoCo Kae 0z Ky (822 K )\I’ + (pCl Foq 4 X ) ’ (36)
0% Mo\, 5 00
1+ —<1+H0)k b~ K2 =0, (37)
02 ¢y Mo\, 5 or
1+ —<1+H0)k ¢2— Ky =0, (38)
0% p3 Mo\, 5 ov
1+ —<1+H0)k by — Ky =0, (39)
Equations (32)—(39) give the following dimensionless equations:
Lo 14N 5 2 2\p*
D* — D* —
(con* gy (" =ah)@D*—atw
= aVR((My — My)D¢} — (1 + My — M,)T™)
+ay/Si((M] = My)Dgs + (1= M + M;)C™) + ay/Sa(M{ — M) Do
+ (1 — My + M{)C**) + 2N (D? — a®)Q3, (40)
0% _ —2N1(1 (D? = ®)W* +2003) + Ny(D? — a?)9;, (41)
ot* €
T+ D¢3
Py %t* - ePrMQ(a(atfl) = (D? - a>)T* + aVR(1 — My)W* — aVRN:Q5,  (42)
v D’ .
Ps, aa(,;* - ePslMéa(ath) = (D* = a®)C" +a\/S1(1 — My)W*, (43)
z D .
S, a{;’;* - ePSQMé'a(atf?’) = (D? = a®)0? +ay/Sa(1 — My YW™, (44)
D2¢7 — a®*M3¢; — DT* =0, (45)
D?¢% — a*Ms¢s — DCY =0, (46)
D*¢% — a®> Mg — DC?" =0, (47)
where the following non-dimensional quantities and non-dimensional parameters are introduced:
d2’ v’ ! KopC1Bvd? b2 KspCiB'vd? >
. (+x)K{aV/S, gafd*pCh ga'B'd* pCy ga' 3" d*pCY
¢3 = 7 ¢37 R= y Sl = ’ ) SQ = 7 )
K4pCY B"vd? vK; vK] vK]
K . K/ N K/I
* _ 161\/397 ol = 1?\{SIF, 2 — 1;1%52\1,7 a = kd, Z/:Z7 D= 8*)
pC1Bud pC1B'vd pCY 8" vd d 0z
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v v v wo K28
P, = C Pg, = C! Ps, = cl’. M=
Klp 1 S1 K{ Pl Sa K{/p 1> 1 (1 + X)apogv
I NOK??ﬂ/ " _ MOKZﬁH Y = /J'OTOK-Q2 ’ NOC&K??
Y+ x)apeg’ Y T+ X)) pog’ 1+x)pCi" 2 (1+x)pCy’
M,
n_ poCEK3 L= L+ = po K2 K33 r_ poK3K43"
2T L+ x)pCy’ 14x 1+ X)apog’ 1 (L+x)/pog’
"_ /,LQKQKALﬂ M5 _ M4 _ M{ _ K3ﬂ/ _ M{/ _ K4ﬂ// Nl _ C
Y (4 x)a"pog’ My M KB My KB’ n
77’ ) , I % Q3d3
N3 = Ny = I' = QO = .
3 ndQ ’ 5 p02d2 ’ 2 ’ 3 v

4 Exact solution for free boundaries

The simplest boundary conditions are chosen here, namely, free-free, no-spin, and isothermal
with the infinite magnetic susceptibility y in the perturbed field to keep the problem analytically
tractable, and serve the purpose of providing a qualitative insight in to the problem. The case
of two free boundaries is of little physical interest. However, it is mathematically important
because one can derive an exact solution, whose properties guide our analysis. The exact
solutions to Egs. (40)—(47) subjected to the boundary conditions are

W*=D*W =T*=C" =C? = = D¢} = D¢y = D¢ =0 at z:j:; (48)

which are written in the forms of

W* = A1e? cos(nz*), T* = B1e cos(nz*), D¢t = Cre?t cos(nz*),
- - C .
O = D1e%" cos(mz*), D¢y = FEre’" cos(mz*), ¢ = 't sin(mz™),
™
* Ey o * 1* at* * 2% ot* *
= wz"), = Tz ), =01 TZ )y
o e’ sin(rz*), C Fie? cos(mz*), C G1€7" cos(mz™)
™

D¢l = Hye% cos(nz®), ¢f = Ijrl et sin(mz*). (49)
Here, Ay, B1, Cy, D1, F1, Fy, G1, and H; are constants, and o is the growth rate which,
in general, is a complex constant. Substituting these values in the linearized perturbation
dimensionless equations and dropping asterisks for convenience, we get the equation involving
the coefficients A1, By, C1, D1, Eq, F1, G1, and H;. For the existence of non-trivial solutions,
the determinant of the coefficients Ay, By, C1, Dy, Ey, F1, G1, and H; must vanish. This
determinant on simplification yields

iTso? + Tyoi — T30} — Tho? +iTyo; + Ty = 0. (50)
Here,
b
Ts = 6L;LQ)L;LQ, (51a)
b I 4N1 4 Njb
T, = b(e(Lng(Lg LY + LLLO)I + ((1 + N+ ( lj 3 ))LQLQLQ), (51b)
1

I
Ty = b* ((E4La (L) + L) + L4 L5)(1 + N+ DL + Ly + Ly)n)
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4Ny + Nib
+ (4L + T + 15Ty T TS

1+ N
Py

+ (= LYL5Ly(1 — My)(xRy) + Ly(1 — M) (2Sh)

+ L;LgL;( (4N, + Njb) — ‘”Z 12))

+ (LsLs + LIL} — LYL1) L) (2S1)(2S2)) 11, (51c)

4Ny + Nib

I
Ty = bY(L,L2 + LYLy) (1 + Nl)Pl1 b ((Lng + L)L

1+ N 4N?
TN N Ny - P
P €

AN, + N 14N AN?
1t 3b+LgL;( ; LNy + N - )
] €

I
) + L5L1(1+ Ny) 1)

+ LiLa(Ly + L) ( P
1

+ b2 (L;,L1

+b((LhLs(1 = Mj)(@S1) = (1 = Ma)(L4Ly + L) La(wRa)) s

2N, N/

+ (LsLaL? — Ly (1 — MY)(Ly — 1))(2S1)(@S2) Iy + L)L Lo (le))

+ (L1 LaLy + (LsLaLy(Ly — 1)) (4N1 + N3b)(251)(2S2)
— LyLyLo(1 — Ma)(4Ny + N3b)(2R1)
+ (1 — M3) Ly L3(Ly(4N1 + N3b) + I1)(251)), (51d)

ANy + N4b
€

1+ N

aChe + Nib) — 4]2[12))

Ty = b (Lf + (LYLY + LyLy + Lng)(

+02(((1 = ML L1 Ly = (1 = MY)LLaLi (Ly = 1)) (@S1)

2N, N
+ (T (AL + i Ls) - LaLa(1 - Mo)Ey )aR )

+b((LsLsL? — (1 — MY)LyL' (L1 — 1))(4Ny + N4b)(2:51)(xS5)
+ (LyLs + LyL1Ls)((1 — M3)(4N1 + N3b)(x51))
— (1= M3z)La Ly (L) + L5)(4N1 + N3b)(zRy)), (5le)

To =1 (L%<1 —EDINI (4N1 + N3b) — 4]}2)) +b° (L1 2N2Né (le))

+ bz(((l - Mé)Lng,xSl - (1 - Mé’)L1L4(L1 - 1)(%51)(%52))(4]\[1 + Néb)

- (1 - MQ)L1L2(4N1 + Néb)JZRl), (51f)
where
R S1 So a? . 2 o 2
R1=ﬂ_4, Sl:7T4’ 5227_‘_4, ;C=7T2, 11=I7TI, O'iZTrQ, Né=7TN3,

Ni=72Ns, b=1+x, P =n%k, L =1+xMs, L}=PSi(1+zMs),
Ly = 1+£CM3+{EM3M1(1 —M5)7 L/Q = (P/—ePng)—i—xPr/Mg,

r
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1

L3:1+ng+a:M3M{( -
M5

1), Ly = (P}, — ePs, M}) + xPy M,

1
Ly=1+aMy+aMaM(,, —1), Lj= (P, —ePs,Mg) +aPg, My,
5

Ls = P.(1 — MY).
5 Results and discussion

5.1 Case of stationary convection

When the instability sets in as the stationary convection in the case of My 2 0 and M} 0,
the marginal state will be characterized by ¢; = 0['4. Then, the Rayleigh number R; is given
by

1+ M

Ry = (b3(1 + {,CMg)( -

(ANy + Njb) — 4]}2) +((1+en+ :cM{Mg,(AZ —1))as:

1

1+ 2M. M”M( .
+(+{L‘ 3 + M 3M5

1))S5 ) (4N + N5b))

/(04 @My 4+ 2Dy M(1— M) (4N (N QNENé))) (52)

which expresses the modified Rayleigh number R; as a function of the dimensionless wave num-
ber x, the buoyancy magnetization parameter M7, the non-buoyancy magnetization parameter
Ms, the medium permeability P, the solute gradient parameters S; and Ss, the ratio of the
salinity effect on the magnetic field to the pyromagnetic coefficient M5, the coupling parame-
ter N1 (coupling between vorticity and spin effects), the spin diffusion parameter N4, and the
micropolar heat conduction parameter N! (coupling between spin and heat fluxes). The pa-
rameters Ny and N} measure the micropolar viscous effect and the micropolar diffusion effect,
respectively.

The classical results with respect to Newtonian fluids can be obtained as the limiting case
of the present study. Setting N; = 0 and S; = 0 and keeping N} arbitrary in Eq. (52), we get

(14 2)3(1 + xM3)

— , 53
"7 2Pl + zMs(1 + My)) (53)
which is the expression for the Rayleigh number of ferromagnetic fluids (see Finlayson['®).
Setting M3 = 0 in Eq. (53), we get
(1+4z)3
Ry = 54
1 CCP1 ) ( )

which is the classical Rayleigh Bénard result!'¥ for the Newtonian fluid case.

Before we investigate the effects of various parameters, we first make some comments on
the parameters Ny, N4, and N} arising due to suspended particles. Assuming the Clausius-
Duhem inequality, Eringen® presented certain thermodynamic restrictions which lead to non-
negativeness of Ny, Ni, and N.. It is obvious that the couple stress comes into play at small
values of Ni. This supports the condition that 0 < Ny < 1 and that N} is a small positive real
number. The parameter N/ has to be finite because the increase in the concentration has to be
practically stopped somewhere and hence it has to be a positive finite real number. The range
of the values for the other parameters is the same as those in classical ferroconvection problems
involving Newtonian ferromagnetic fluidst®*31. M/ and M!" are the effects of magnetization
due to salinity. They are allowed to vary from 0.1 to 0.5 and take the values less than the
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magnetization parameter Mj3. M5 represents the ratio of the salinity effects on the magnetic
field to the pyromagnetic coefficient, which varies from 0.1 to 0.5. The salinity Rayleigh numbers
S1 and Sy vary from 0 to 500.

To investigate the effect of the solute gradients, the non-buoyancy magnetization coefficient,
the coupling parameter, the spin parameter, and the micropolar heat conduction parameter,

: : de de de de de de de : :
we examine the behavior of AP’ dSi dSa® dMs® dNy? AN, and an? analytically. Equation
(52) yields

ARy B2Li(1+ Ny)(4Ny + Njb)

AP gP2Ly (4N, + b(Ng — 2NNs))

AR, (1+2Ms +xM{Ms(,} —1))(4N; + N4b)
= ’ 2NN} ’ (55)
451 Ly (4N +b(Ny = 77.77))

€

dR; (1+$M3+$M{/M3(1V1[ —1))(4N1+Néb)
= ’ 2NN ’ (56)
Sy Lo (4Ny + b(N} — 2710%))

€

This shows that, for the stationary convection, the stable solute gradients have a stabilizing
effect if

N} > 2N, N

In the absence of the micropolar viscous effect coupling parameter Ny, the stable solute gradients
always have a stabilizing effect on the system. Equation (52) also yields

dR; s 1 , /1 b
= ((1 - M5)(b Ml(Pl((l + N1)Njb + 4N7) + AN (R - 6)))
Mi{(1 + xMs) M{ (14 xMs3) ,
+ (:CSl (Ml - M ) + 255 (Ml - M ))(4N1 + N3b))
2N, N
/((1+xM3+xM1M3(1—M5))2(4N1+b(N§— ! 5))) (57)
which is negative if
ONIN, 1
Ny > T P> Ma>M{(ItaMy), Ma> M{(1+xMs). (58)
1

When conditions (58) are satisfied, the non-buoyancy magnetization has a destabilizing effect.

In the absence of magnetization due to salinity (M = 0 and M} = 0) and micropolar viscous

effect (N{ = 0), the non-buoyancy magnetization always has a destabilizing effect on the system.
It follows from Eq. (52) that

v = (N (7Y ) s = ) (oo (- )

£ (v 2N§Né) (51 (1 w0+ a2t AZ ~1))

+x52(1 + aMs +xM{’M3(]\25 - 1))))

/(a:LQ (4N1 + b(N§ _ QNiNé))Q), (59)
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which is always positive if

2NNy 1 b

Ni > .
3 P, ¢

(60)
It shows that the coupling parameter has a stabilizing effect, when conditions (60) hold. In a
non-porous medium, Eq. (59) yields that gf,i is always positive, implying the stabilizing effect
of the coupling parameter. Thus, the medium permeability and porosity play a significant role
in the developing condition for the stabilizing behavior of the coupling parameter.

It follows from Eq. (52) that

dR, _ 2b5L1N1(Ng + Nl(Ng —2P))
- 2

- ’ ) 61
AN exLy (4N) + b(Ng — 217EY) (o1

which is negative if Nf > 2P,.
This shows that the spin diffusion has a stabilizing effect when the condition (61) holds.
Equation (52) also gives

dR;

ani = (2201, (bf”Ml(;l (@ + NONgb+ ) +anz (=)

P e

+ 2b(4Ny + bNZ) (x.5’1 (1 + &M + oM Ms (J\Z - 1))

+xs2(1 +xM; +xM{’M3< .- 1))))

M
/ (eng (4N1 + b(Ng - 2N2N‘é ))2) (62)
which is always positive if
;1 > IZ (63)

Equation (63) shows that the micropoalr heat conduction always has a stabilizing effect. It is

observed that in a non-porous medium, gffl, is always positive, implying the stabilizing effect
5
of the micropolar heat conduction.

When M; is sufficiently large, we have

Ry = R M,y

1+N
B

= (v (1 + ants) (4Ny + Nib) — 41512))

+ (4N, +bNY) (x51 (1 + &M + oM M (]\25 - 1))

+x52(1+a:M3+a:M{'M3<]\;5 - 1))))

/(x2M3(1—M5)(4N1+b(N§— 2N2N5))), (64)

where Ry, is the magnetic thermal Rayleigh number.
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As a function of x, R, given by Eq. (64) attains its maximum when
Psab + Psa® + Pyz* + Pya® + Pya® + Pio + Py = 0. (65)

The coefficients Py, P, P>, P53, Py, P5s, and Py are quite lengthy. Thus, they are not written
here and are evaluated by the numerical calculation.

The values of the critical wave number for the onset of instability are determined numerically
by using the Newtonian Raphson method with the condition dfr"‘ = 0. With z; determined as
a solution to Eq. (65), Eq. (64) gives the required critical magnetic thermal Rayleigh number
N, which depends upon M3, P S1, Sz, and the micropolar parameters Ny, N3, and NY.

5.2 Principle of exchange of stabilities
We shall examine the possibility of oscillatory modes, if any, on stability problems due to

the presence of micropolar parameters and solute gradients. Equating the imaginary parts of
Eq. (50), we obtain

b I
oi ([ 14raLs ot — (b° ((EALA(Eh + L) + L5 T4) (1 + M)+ DL + I + ,)n)

(s () s (" - )

AN, + N§b
L1 = M)y + (Ls Ly + LELL — Ly L) L (wSy) (wS2) 1 )o? + 04 (23 (107097
1+N

I ) (AN + Njp) - 41512)) + 5 (((1 = My Ly L

+ (LAL3 + LyLa + L) (
2N, N}
— (L= ML LiLa(Ly = D)y + (77 (L4Ly + LiLa) = LiLo(1 = Mo)y ) 2Ry

+ b((L5L4L% — (1 — Mé/)L4L/1 (L1 — 1))(4N1 + Néb)(xSl)(ng) + (L/2L3 + LZLng)
(1 = M)Y(AN, + Nib)xS1) — (1 — Ma)LoLy (L, + LL)(AN, + Ngb)a:Rl) —0. (66)

It is evident from Eq. (66) that o; may be either zero or non-zero, meaning that the modes may
be either oscillatory or non-oscillatory. In the absence of the micropolar viscous effect (N7 = 0),
the microinertia (I; = 0), and the solute gradients (57 = 0, S; = 0, L = 0, and L) = 0), we
obtain the result as

ai(iLl n If) —0. (67)

Here, the quantity inside the bracket is positive definite because the typical values of Ms are
+107015], Hence,

o =0, (68)

which implies that the oscillatory modes are not allowed and the principle of exchange of
stabilities is satisfied for the micropolar ferromagnetic fluid heated from below in the absence of
the micropolar viscous effect, the microinertia, and the solute gradients. Thus, from Eq. (67),
we conclude that the oscillatory modes are introduced due to the presence of the micropolar
viscous effect, the microinertia, and the solute gradient, which are non-existent in their absence.
5.3 Case of overstability

The present section is devoted to find the possibility that the observed instability may really
be overstable. Since we wish to determine the Rayleigh number for the onset of the instability
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through the state of pure oscillations, it is sufficient to find the conditions for which Eq. (50)
will admit of the solutions with ¢; being real.

Equating the real and imaginary parts of Eq. (50) and eliminating R; between them, we
obtain

Agci’ =+ AQC% + Aicr + Ag =0, (69)

2
i

where ¢; = 0?. Since o; is real for overstability, the three values of ¢; = o

product of roots of Eq. (69) is —ﬁg, where

are positive. The

Az = —bLFLZLY L ((Ly + (14 N1)Ly) (1 — Ma) + (2N1N3) L), (70)

L% 4Ny + Néb

2N, N!
Ay = (b3L1 2 5

“b2(1 — Mo)L1 La(4N; + Ngb)) (b4(

1+ M

4N?
+(LAL3 + Ly Ly + I L) (4N + Ngh) = = 1)) +63((1 = M3) B L L

— (1= M3)[L Ly La(Ly = 1))(251)) + b((Ls LaLT — (1 = My ) LaL) (L1 — 1))
(4N} + NLb)(2S1)(wSs) + (LyLs + Ly Ly Ls) (1 — ML) (ANy + Néb)(xSQ)
(MY am g - ) e - s es:)

2NN/
€

— (1= M§)LaLa(Ly = 1)(@S1) (052)) (4N + N3b) ) (b (L4Ly + L4 Ls)

— L1Lo(1 — My)Iy) — b(1 — My)LoLy (L) + L5) (4N, + Ngb)). (71)

The coefficients A; and A; are quite lengthy and are not needed in the discussion of overstability.

Thus, they are not written here.

Since o; is real for overstability, the three values of ¢; = o2 are positive. The product of

roots of Eq. (69) is — ﬁg. If it is to be negative, then A3 and Ag are of the same sign. Now, the
product is negative if

Ni(1 = My) > 4N2N5, NiLhy > LLy, Ly > NiLh,
s ). (),
if
>0y N
P >Pé1(1+ nr’llli’) PPl (1+ 777’71;!> +ePMy, P> Pl (1+ 775!)

as

P,
P> P (1+ "nIr) + P My,
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which implies that

) 1

N/
3 > max (6(1 M) Pl —ePIMy) B

Ep.ngK% EIJ,OTOKS

pCy — pCr —
Ko< ki(C0 U ) k< kY (D ).
pCl(1+ nIr) pCl(1+ nIr)
However, P! > P{ (1+ n%l;’{) and P/ > P{ (1+ n%l;’{) are already satisfied in the above condition

because the typical values of My are +10~6[15],

Thus, for
4N1N/ Il(l"-{L'Mg) 1

Nj > ( 5 ), > Ny,
87— M) P —eBMy ) P T

epoTo K2 epoTo K2

- K, pcl _ #(i+0X 2 " K// l)Cl _ #({+0X 2

1<y C (1 n' P/ ’ 1< A C' (1 n'Py )’
P 1( + nI) P 1( + nl)

overstability cannot occur, and the principle of the exchange of stabilities is valid. The above
conditions are the sufficient conditions for the non-existence of overstability, the violation of
which does not necessarily imply the occurrence of overstability. In the absence of the magnetic
parameters and the micropolar parameters in the non-porous medium, the above conditions
reduce to K7 < K{ and K; < K{, i.e., the thermal conductivity is less than the solute conduc-
tivity.

6 Conclusions

In this paper, the linear stability of the triple-diffusive convection in a micropolar ferromag-
netic fluid saturating a porous medium is investigated. Here, the simplest boundary conditions,
namely, free-free, no-spin, and isothermal with the infinite magnetic susceptibility y in the
perturbed field, keep the problem analytically tractable and serve the purpose of providing a
qualitative insight into the problem. The case of two free boundaries is of little physical inter-
est. However, it is mathematically important because one can derive an exact solution whose
properties guide our analysis. In conclusion, we see that convection can be encouraged in a
micropolar ferromagnetic fluid by means of the spatial variation in magnetization, which can
be induced when the magnetization of the fluid depends on the temperature and solute con-
centrations, and a uniform temperature gradient and a uniform solute gradient are established
across the layer. This problem represents the thermal-salinity-micro rotational-mechanical in-
teraction in the porous medium arising through the stress tensor, salinity, and micro rotation.
The behaviors of various parameters such as the medium permeability, the solute gradients,
the non-buoyancy magnetization, the coupling parameter, the spin diffusive parameter, and
the micropolar heat conduction on the onset of convection are analyzed analytically and nu-
merically. The destabilizing behavior of the medium permeability and the stabilizing behavior
of the solute gradient are virtually unaffected by the magnetic parameters, while are signifi-
cantly affected by the micropolar parameters. The presence of coupling between the vorticity
and spin effects (micropolar viscous effect), the microinrtia, and the solute gradient may bring
overstability in the system. The principle of exchange of stabilities is found to be true for the
micropolar ferromagnetic fluid heated from below in the absence of the micropolar viscous ef-
fect, the microinertia, and the solute gradients. Thus, oscillatory modes are introduced due to
the presence of the micropolar viscous effect, the microinertia, and the solute gradients, which
are non-exitent in their absence. We conclude that the micropolar parameters and the solute
gradient have a profound influence on the onset of convection in the porous medium.
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