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Abstract A problem motivated by the investigation of the heat and mass transfer
in the unsteady magnetohydrodynamic (MHD) flow of blood through a vessel is solved
numerically when the lumen of the vessel has turned into the porous structure. The
time-dependent permeability and the oscillatory suction velocity are considered. The
computational results are presented graphically for the velocity, the temperature, and
the concentration fields for various values of skin friction coefficients, Nusselt numbers,
and Sherwood numbers. The study reveals that the flow is appreciably influenced by the
presence of a magnetic field and also by the value of the Grashof number.
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Nomenclature
u, dimensionless velocity; Coo, concentration of the ambient fluid;
g, acceleration due to gravity; D, thermal molecular diffusivity;
0, coefficient of thermal expansion; €, small positive constant (< 1);
8, coefficient of thermal expansion with con- ¢y, radiative heat flux;
centration; Cp, specific heat at constant pressure;
Bo, applied magnetic field; o, Stefan-Boltzmann constant;
Vo, scale of suction velocity (non-zero con- k¥, mean absorption coefficient;
stant); k1, thermal conductivity;
v, kinematic coefficient of viscosity; Ko, constant permeability of the medium;
o, electrical conductivity; n, frequency of oscillation;
0, density of fluid; M, Hartmann number;
T, temperature; Gr, Grashof number;
C, concentration; Gm,  solute Grashof number;
Tw, surface temperature; Pr, Prandtl number;
Cyw, concentration of fluid at the sheet; Nr, radiation parameter;
Too, temperature of the ambient fluid; Se, Schmidt number.
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1 Introduction

Flow of blood through arteries is an important physiological problem, and is of considerable
interest for biomedical researchers, physiologists, and clinicians. One of the important aspects
of this problem that requires special attention is the deviation in the flow characteristics of
blood when the artery is exposed to an externally applied magnetic field, which has been the
subject of vigorous researches in recent years. Various important aspects of blood flow in
arteries and capillaries have been studied quite extensively by Misra and his co-workers!* 13,
Very recently, the electro-osmotic flow of blood was investigated by Misra et al.'4). When the
human body is subjected to a vibration environment, the flow behaviour of blood also suffers
from the considerable changes both qualitatively and quantitatively. Although human body has
remarkable adaptability to changes, there can be oscillatory flow of blood due to the prolonged
exposure of the body to vibration. This may lead to many health problems, like headache,
abdominal pain, losing vision, venous pooling of blood in the extremities, and increased pulse
rate on account of disturbances in blood flow. The human body is also quite often subjected
to acceleration. As we know, in many situations, like travelling, driving, jogging, and using
lathe machines, the human body is subjected to vibrations (body acceleration). For athelets,
vibration occurs quite frequently due to their sudden movement. Several successful attempts
have been made recently by Misra and Chakravarty!® and Misra and Singh!*® towards the
mathematical modelling of different vascular components of the body subjected to vibration
excitation and other types of forces experienced by these components in the normal physiological
state.

Several studies on the magnetohydrodynamic (MHD) effects on blood flow and some other
related problems were performed by some investigators!!”2% when the flow takes place through
porous media. Vardanyan[?'! explored the potential use of MHD principles in prevention
and rational therapies of arterial hypertension. According to the investigation reported by
Barnothy(?2, the heat rate decreases when a biological system is exposed to an external mag-
netic field. The electrocardiographic (ECG) pattern taken in the presence of a magnetic field
can not only provide information on blood flow, but also offer a new non-invasive method for
studying the cardiac performance.

In case of some arterial diseases, e.g., in the lumen of an artery, a porous structure is
formed by fatty substances, cholesterol, and blood clots. Coronary arteries are more prone to
such pathological states?3l. In such an arterial segment, blood has to flow through a porous
structure?¥. Several researchers(2° 26 have studied some problems of free convection and mass
transfer in the flow of a viscous fluid through a porous medium. In these studies, the perme-
ability of the porous medium is assumed to be constant. However, a porous material containing
the fluid is a non-homogeneous medium and the porosity of the medium may not necessarily
be constant. In the light of this fact, Singh et al.2) investigated the effects of the permeability
variation on viscous flow past a vertical porous wall in a porous medium when the permeability
varies with time.

Leitao et al.?8! have shown that mass transfer resistance is substantially reduced by intra-
particle convection. They performed a mathematical analysis and an experimental study on
the separation of two protein molecules in a porous medium. Earlier studies on flow through
porous media are mainly based on the use of Darcy’s law?), which gives a linear relationship
between the flow velocity and the pressure gradient across the porous medium. Preziosi and
Farinal®® analyzed the flow of a Newtonian fluid in a porous medium in the presence of mass
exchanges between the constituents. Dash et al.3! employed the Brinkman equation to model
the pathological blood flow when the accumulation of the fatty plaques of cholesterol took place
in the lumen of an arterial segment. Acharya et al.3? discussed the magnetic field effects on
the free convection and mass transfer flow through porous media with constant suction and
constant heat flux. Kumar et al.[®3 studied the unsteady laminar free convection flow of an
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electrically conducting fluid through a porous medium along a hot porous plate, where the
suction velocity is time-dependent. However, none of these studies considered the oscillatory
suction velocity of the fluid under the action of a magnetic field.

Takhar et al.?¥ studied the unsteady laminar MHD flow and heat transfer in the stagnation
region of an impulsively spinning and translating sphere in the presence of buoyancy forces.
The hydromagnetic laminar boundary layer flow and heat transfer in a power law fluid over
a stretching surface was investigated by Prasad and Vajravelu®®. Ganesan and Palanil3¢l
studied a problem of transient free convection MHD flow as well as heat and mass transfer for
an incompressible viscous fluid.

Pal et al.37] investigated the steady MHD flow of an electrically conducting fluid in a slowly
varying channel in the presence of a uniform transverse magnetic field. The oscillatory entry
flow in a plane channel with pulsating walls was studied by Misra et al.[®8l. They discussed the
influence of the pulsating motion of the channel walls on the oscillatory entry flow. Misra and
Shit®9 developed a numerical method to investigate the influence of an external magnetic field
on blood flow in arteries in the normal physiological state. These studies bear the promise of
multi-fold applications in hemodynamic.

The motivation of this paper is to study the unsteady hydromagnetic flow as well as the
associated heat and mass transfer problem in the case of blood flow through a porous vessel in a
pathological state, where the lumen of the vessel segment is turned into porous structure due to
the accumulation of fats, cholesterol, and blood clots. The analysis presented here pertains to
a situation when the artery is subjected to a time-dependent suction velocity and is under the
influence of an externally applied magnetic field. The rationale behind the present study is that
the porous material within the lumen of the vessel is a non-homogeneous medium for which the
permeability is likely to vary with time. Correspondingly, the suction velocity will also vary with
time. These aspects are paid due attention in this study. Moreover, the unsteady oscillatory
behaviour of the fluid flow is studied here because of the reason that, due to the unsteady
motion of the vessel wall/wall temperature, the flow of the fluid becomes unsteady. In addition,
the oscillatory free stream velocity or temperature may also contribute to the unsteadiness of
the flow. This important point is also considered in modelling the flow. The problem is solved
numerically by an appropriate finite difference method. Considering an illustrative example,
the numerical computation is performed in order to estimate the flow, temperature, and mass
concentration for various values of Hartmann numbers, Prandt]l numbers, radiation parameters,
Grashof numbers, and Schmidt numbers. The study has the promise of significant application
in electromagnetic therapy, which has gained much popularity in recent years in the treatment
of cancer.

2 Flow model and its analysis

Although the modelling of blood flow in arteries may appear to be more intuitive by consid-
ering tube flow, it is worthwhile mentioning that the flow in a tube resembles the flow behavior
in a channel in many respects. This is the opinion of several previous investigators[*042. With
this rationale, the present problem is formulated by considering channel flow. Blood is treated
here as a viscous incompressible electrically conducting fluid. We study the unsteady hydro-
magnetic flow of a viscous electrically conducting fluid past an infinite horizontal porous plate
through a porous medium having time-dependent permeability. The suction velocity is con-
sidered oscillatory. We also incorporate the radiation effect of the heat transfer in the fluid.
The permeability of the porous medium is considered to be K'(t') = Ky(1 + esin(n't’)) (see
Ref. [27]), and the suction velocity is assumed to be v'(t') = vo(1 + esin(n’t’)) (see Ref. [43]),
where Ky is the constant permeability of the medium, € (<« 1) is a small positive constant, n’
is the frequency of oscillation, and vy (> 0) is the scale of the suction velocity. In the Cartesian
coordinate system, the z’-axis is assumed to be along the plate in the direction of flow, and
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the y/-axis is normal to it. A uniform magnetic field is applied normal to that of the flow (see
Fig.1). In the analysis, it is assumed that the magnetic Reynolds number is much less than
unity so that the induced magnetic field is negligible in comparison with the applied magnetic
field. Furthermore, all the fluid properties are assumed to be constant except for the influence
of density variation with temperature. The basic flow in the medium is entirely due to the
buoyancy force caused by the temperature difference between the wall and the inside medium.
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Fig. 1 Physical sketch of problem

The soret effect, also called thermophoresis, is a phenomenon observed when a mixture of
different type particles is under the action of a temperature gradient, and the responses of
the particles are different, while the Dufour effect refers to the changes in enthalpy due to the
diffusion of molecules!'”). At # < 0, the plate and the fluid are assumed to be at the same
temperature, and the concentration of the species is very low so that the Soret and Dufour
effects are negligibly small when ¢’ > 0, the temperature of the plate is instantaneously raised
(or lowered) to the surface temperature (Ty), and the concentration of species is raised (or
lowered) to the concentration of the fluid at the sheet (Cy).

With all the above-mentioned consideration, taking the usual Boussinesq approximation into
account, the equations that govern the motion of the fluid may be listed as

o'
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where v is the kinematic coefficient of viscosity, (3 is the coefficient of thermal expansion, 5* is the

coefficient of thermal expansion with concentration, T is the temperature, T, is the temperature

of the ambient fluid, C is the concentration, C, is the concentration of the ambient fluid, By is
the strength of the applied magnetic field, ¢, is the specific heat at constant pressure, ¢, is the
radiative heat flux, D is the thermal molecular diffusivity, and k; is the thermal conductivity.

The first term of the left-hand side of each equations of (2)—(4) depicts the transient state. The

vu’ in the right-hand side of (2) represents the contribution due to the permeability of

term K
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the capillary wall. The sum of the terms g3(T — Two) and gf*(C — Cx) in the same equation
represents the body force in terms of temperature and concentration, respectively, while the
last term represents the contribution of the external magnetic field. The last term involving
ggi in the right-hand side of (3) represents the contribution due to thermal radiation.

The relevant boundary conditions are

u =0, T=Ty+esin(nt'")(Tw—Tw), (5)

C =0y +esin(n't')(Cy —Cs) at 3y =0, (6)
and

W —0 T—Ty C—Csx as y — oo. (7)

By using the Rosseland approximation[*¥), the relative heat flux is taken in the form

40* OT*
qr = _3k* 8y/ ) (8)

where o* is the Stefan-Boltzmann costant. We assume that the temperature difference within
the fluid is sufficiently small so that 7% can be expressed as a linear function. Using the Taylor
series to expand T about the temperature T, and neglecting the terms of higher powers, we
can write

T =4T3T - 3T%. (9)
Using (8) and (9), we obtain

0qr 160*T3, 92T

= . 10
ay/ 3k* 8y’2 ( )
Let us now introduce the following non-dimensional variables:
ul
= 11
u=". (11)
T-T
0= > 12
Tw _ Too ) ( )
C—-Cx
= 13
$=c _c (13)
the following non-dimensional coordinates:
y'vo
= 14
", (14)
t'v}
t= 1
4v”’ (15)
and the following non-dimensional parameters:
K, 2
K="00 (16)

2
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4dn'v
n= . (17)
v
Substituting (11)—(17) into (2)—(4), we get the following set of equations:
10u ou  0%u U
1 i = — - M? 1
dor T (1 + esin(nt)) oy~ 02 K(1+ esin(nt)) + Gro + Gm¢ u, (18)
100 . o0  (1+Nr)d%0
1 = 1
10t +(1+ esm(nt))ay Pr oy (19)
190¢ , dp 1 0%
1 t = . 2
40t + (1 + esin(n ))8y Se 0y (20)
Also, the boundary conditions (5)—(7) give rise to
u=0, 0=1+esin(nt), ¢=1+esin(nt) at y=0, (21)
u—0, 0§—-0, ¢—0 at y— oc. (22)

The other non-dimensional parameters that appear in the transformed equations presented
above are defined as

M = \/UVQBO, Gr = gﬂs”(Tw—Too), Gm = 953”(CW — ),
UG O O
Hep 160*T3, v
Pr= Nr = =7,
= VT s, T

3 Numerical method

Equations (18)—(20) subjected to the boundary conditions (21) and (22) are solved numer-
ically by a suitable finite difference technique. The central difference scheme is employed to
discretize the derivatives with respect to y in (18)—(20) as

OF  Fyy1— F

1 2
oy aay  TOW) (23)

and
O*F  Fi1 —2F, + Fi,
oy dy?

in which F' stands for u, 8, and ¢.

The values of u, 6, and ¢ at the mesh point y; are denoted by u;, 0;, and ¢;, respectively,
and at the jth time-step, the same variables are denoted by u!, #/, and ¢!, where

+0(dy?), (24)

yl:Zdy7 i:1727"'7m7
tyj=gdt, j=0,1,---.
Now, applying the Crank-Nicolson formula for (18)—(20), we have

Ayt + Bl + Oyl = D, (25)

Aot + BoblT + o0l = D), (26)
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Asglt + Bsgl Tt + Caglf] = DY,
with
A1 =—-r1—r9, Bi=14mr, Ci=1r—r9

J

(27)

D{i :u{ +r1(ug+1 —2u{+u{_1)+4dt(— Ui + Gr 9{ +Gm gb{ —M2u{>,

Kf
1+N 1+N
A2:_r1_7"2( + ’I")’ 32:1+2r2( + T)7 02:7"1—
Pr Pr
. 1+ N . . )
Dy, =" N gl g e ),
1 2 1
Az = —r) — By =1 Cs =11 —
3 r1 SCTQ, 3 + Scm’ 3="T1 SCTQ,
) 2dt

; ; ; ; dt
Ds; = Sc( i~ 200+ i), 1= 2fdy’ r2 = dy?’

where dy and dt are the mesh sizes along the space and the time directions.
The system of linear equations (25)—(27) is expressed as a tri-diagonal system of equations

solved by the Thomas algorithm.
For j = 0, the system of (25) may be written as

1 1 1 .
a;u;_q + bl“@ + Cilli 1 = d? for i=1,2,---,m,

where

a;=A, for i=23,---,m, bj=By for i=1,2,---,m,

ro(1+ N7)
Pr ’

f =1+ esin(nt),

(28)

;=0 for i=1,2,--- . m—1, d=DY for i=23,-- m-—1,

a1 =0, c¢pn=0, d(l) = D(l)l — Alug, d% = D(l)m -yl
We further write
u%:piub_l—i—qi for i=1,2,---,m,

1 1 .
U;_q =Pi—1u; +¢i—1 for i=1,2,--- m.

For i = 1, from (28), we obtain

- C1 - dtl)
b1 = b17 q1 = b1~

Now, eliminating u}_; from (28), we get

0
1 Ci 1 di — aiq;i—1 .
u;, = — U1+ for 1=1,2,
! bi+aipicr H T b+ aipioa
where
Ci .
Pi = — 5 Z:172a"'ama
’ b; +a;pi—1
d? —a;q;—
=1 MEL 10 m,

bt aipio1’

m:*

(31)
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Let us take

u71n+1 =0. (32)
Using (32), from (29), we get

Uy, = G- (33)
Now, using (29), we can compute u} (i =m —1,m —2,---,3,2,1) in succession.

The same procedure can be adopted for any other value of j, i.e., for any instant of time.
Proceeding in a similar manner, we can solve (26) and (27) for temperature and concentration.
In the next section, we present the computational results for the major physical quantities, such
as the skin-friction (7), the heat transfer coefficient (Nu), and the mass transfer coefficient (Sb)

defined by
T (?yL)y:o’ Nu= _<gz>y:0’ b= _(gj%:o'

4 Results and discussion

In order to study the unsteady hydromagnetic heat and mass transfer in the MHD flow of
blood through a porous medium inside an artery in a pathological state, with the oscillatory
suction velocity, the numerical technique described above was employed to solve the system of
equations (18)—(20) subjected to the appropriate boundary conditions (21) and (22).

In order to achieve the numerical solution, it is necessary to assign values of the dimensionless
parameters involved in the analysis of the problem under consideration. Computational study
has been carried out with an aim to investigate the variation of different quantities of interest
involving the following values (see Refs. [45-46]) of the parameters:

M?*=10.5,0.8,1.0,1.5,2.0,

Gr = —25,-13.8,-10, 5, 10, 20,

Gm = 4,5,8,10,15, 20,

Pr =10.025,0.1,0.2,0.4,0.7,0.71,1.5, 7.0, 10.0,
Nr =0.0,1.0,1.5,2.0,2.5,4.0,6.0,
Sc=0.1,0.2,0.22,0.15,0.3,0.5,0.9,1.0,1.2,
K =100, n=20.

The amplitude parameter e varies between 0.005 to 0.3. The computational work has been
performed by dy = 0.025 and dt = 0.01 with 201 grid points. The computed results are
presented in Figs. 2-14.

Figures 2-8 focus on the axial velocity u for different values of M2, Nr, Pr, Sc, Gr, Gm,
and € at time ;7 . Figure 2 reveals that initially the velocity in the axial direction increases
upto a certain height of the channel, after which it begins to decrease. One can also note that
as the Hartmann number increases, the axial velocity diminishes. However, for low Hartmann
numbers, the pick value of the axial velocity is very high. This observation agrees with the
theory because with the increase in M, the Lorentz force increases. It is known that the
Lorentz force opposes the flow. This implies that if we increase the strength of the magnetic
field, the flow of blood will be impeded. It is observed from Fig.3 that the axial velocity is
enhanced with the increase in the radiation. As the value of the radiation parameter reduces,
the point at which the axial velocity attains its maximum is shifted nearer and nearer to the
lower wall.
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Fig. 2 Velocity distribution for different val- Fig. 3 Velocity distribution for different values
ues of M? when K = 10.0, Pr = of Nr when K = 10.0, Pr = 0.71, M? =
0.71, Nr = 1.0, Sc = 0.22, Gr = 0.8, Sc = 0.22, Gr = 10.0, Gm = 10.0,
10.0, Gm = 10.0, ¢ = 0.005, and € =0.005, and nt = 3

T
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Figure 4 gives the distribution of the axial velocity for different Prandtl numbers. It is seen
from this figure that the axial velocity decreases as the Prandtl number increases and also that
with the increase in Prandtl number, the point at which the axial velocity attains its maximum
is shifted towards the lower wall. Figure 5 shows that as the thermal molecular diffusivity
increases (that is, the Schmidt number decreases), the velocity increases up to a certain height
of the channel after which it starts decreasing.
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Fig. 4 Velocity distribution for different val- Fig. 5 Velocity distribution for different values
ues of Pr when K = 10.0, M? = 0.8, of Sc when K = 10.0, Pr = 0.71, Nr =
Nr = 1.0, Sc = 0.22, Gr = 10.0, 1.0, M? = 0.8, Gr = 10.0, Gm = 10.0,
Gm = 10.0, € = 0.005, and nt = € =0.005, and nt = 3

One can have an idea of the velocity distribution for both cooling of the wall (Gr > 0) and
heating of the wall (Gr < 0) from Fig.6. It may be noted that in the case of cooling, the
velocity decreases as the Grashof number decreases, while in the case of heating, as the Grashof
number decreases, the velocity increases. Figure 7 shows that in the case of cooling, the axial
velocity decreases as the solute Grashof number decreases. It may be observed from Fig. 8 that
the velocity increases with the increase in the value of the amplitude parameter.

Figures 9 and 10 give some characteristic temperature profiles 6 for different values of Nr
and Pr. It may be observed from these figures that temperature increases with the increase
in the radiation parameter/Prandtl number. The plots presented in Fig. 11 indicate that the
mass concentration decreases as the Schmidt number increases in the case of cooling of the
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channel walls. Figures 12-14 exhibit the distributions of the velocity, temperature, and mass
concentration at different instants of time. It is noted that in some time intervals, the velocity,
temperature, and mass concentration increase, but in a subsequent interval, they all decrease.
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10.0, Nr = 1.0, K = 10.0, and nt = ]
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Fig. 14 Variation of concentration profile ¢ at different instants of time ¢t when K = 10.0, Pr = 0.2,
Nr =1.0, Sc=0.1, Gr = 10.0, Gm = 10.0, ¢ = 0.005, and M? = 0.8

In Table 1, the numerical values of the skin-friction coefficient for different values of Gr, Gm,
M, Sc, Pr, and Nr are presented. With the increases in Gr, Gm, Nr, and Sc, the skin-friction
increases, while the increase in M/ Pr gives rise to the reduction in the skin-friction. In Table 2,
the computed values of Nu for different values of Pr and Nr are displayed. It may be noted
that an increase in Pr leads to the increase in the heat transfer, but an increase in Nr brings
about a reduction in the heat transfer. Table 3 shows that mass transfer enhances with the
increase in the thermal molecular diffusion.

Table 1  Skin-friction coefficients (7) for cooling of channel walls

Gr Gm M? Sc Pr Nr T

10.0 4.0 0.5 0.10 0.4 1.0 8.07257175
10.0 8.0 0.5 0.10 0.4 1.0 10.711 718 60
20.0 4.0 0.5 0.10 0.4 1.0 13.503 839 50
10.0 4.0 1.0 0.10 0.4 1.0 7.508 381 37
10.0 4.0 0.5 0.15 0.4 1.0 7.797 169 21
10.0 4.0 0.5 0.10 0.7 1.0 7.197 37005
10.0 4.0 0.5 0.10 0.4 1.5 8.881 554 60
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Table 2 Heat transfer coefficients (Nu) for various Pr and Nr

Pr Nr Nu

0.1 1.5 1.700 806 62
0.2 1.5 2.378 27301
0.1 2.5 1.136 15513
0.2 2.5 1.613 264 08

Table 3 Mass transfer coefficients (Sb) for different values of Schmidt numbers (Sc)
Sc 0.1 0.2 0.3 0.5 1.0

Sb 2.98963547 4.160237 31 5.018 615 72 6.306 252 48 8.546 87214

5 Summary and conclusions

The effect of thermal radiation is studied on flow and mass transfer of a viscous, incompress-
ible, and electrically conducting fluid on a studied porous channel with porous boundaries when
the suction velocity is of oscillatory nature. The investigation is of significant importance in
the study of blood flow through arteries in pathological states, in the situation when the lumen
of the artery along with its wall turns porous. The study is quite suitable for the application
to the hydrodynamical flow of blood in a coronary artery when it is subjected to the influence
of an externally applied magnetic field. The reason is that the porosity of the wall of coronary
arteries is quite prominent. The porous matrix in the lumen of the artery is supposed to be
formed on account of some particular type of pathology of the artery.

The problem is formulated in terms of a non-linear boundary value problem that has been
solved numerically by developing an appropriate finite difference scheme and using the Crank-
Nicolson formula.

The results presented here are useful to clinicians, hematologists, and biomedical engineers
because they serve as useful estimates, which are capable of throwing some light towards the
understanding of genesis of pathological states, like arteriosclerosis as well as the mechanism of
gaseous exchanges that take place within tissues and blood vessels. The study may also find
applicability in kidney dialysis.

The study has relevance to the physiological flow of blood through coronary arteries whose
porosity is quite prominent. The porous matrix formed in the arterial lumen is due to some
particular type of pathology of the artery.

The present investigation reveals that blood flow can be controlled by regulating the in-
tensity of the external magnetic field and the temperature of the blood can be controlled by
increasing/reducing its thermal conductivity.
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