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Abstract The nonstationary probability densities of system response of a single-degree-
of-freedom system with lightly nonlinear damping and strongly nonlinear stiffness subject
to modulated white noise excitation are studied. Using the stochastic averaging method
based on the generalized harmonic functions, the averaged Fokker-Planck-Kolmogorov
equation governing the nonstationary probability density of the amplitude is derived.
The solution of the equation is approximated by the series expansion in terms of a set
of properly selected basis functions with time-dependent coefficients. According to the
Galerkin method, the time-dependent coefficients can be solved from a set of first-order
linear differential equations. Then, the semi-analytical formulae of the nonstationary
probability density of the amplitude response as well as the nonstationary probability
density of the state response and the statistic moments of the amplitude response can be
obtained. A van der Pol-Duffing oscillator subject to modulated white noise is given as
an example to illustrate the proposed procedures. The effects of the system parameters,
such as the linear damping coefficient and the nonlinear stiffness coefficient, on the system
response are discussed.
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1 Introduction

Stochastic perturbations such as ground motions, gusty winds, and sea waves are ubiqui-
tous in nature, which are modeled as stationary or nonstationary random processes. In general,
nonstationary random processes are more realistic models of the physical processes. Among
them, the modulated random processes are extensively used to model the earthquake motions
and atmospheric turbulence[1–6].
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Analysis of the response of systems subject to modulated random excitations has been
conducted by many investigators[7–13]. Verdon[14] presented the expressions of the response
correlations of a linear single-degree-of-freedom (SDOF) system under modulated white noise.
To[15] obtained the expressions for the evolutionary cross-spectral density and spectral density
of the responses of linear time-invariant multi-degree-of-freedom systems subject to exponen-
tially decaying and uniformly modulated random excitations. Ahmadi[16], Iwan and Mason[17]

evaluated the statistics of the response of nonlinear systems subject to modulated white noise
excitation with the generalized method of equivalent linearization. Fang and Zhang[18] ob-
tained the nonstationary mean square response of a time-invariant linear system subjected to
uniformly amplitude modulated random excitations by the complex modal method. Neverthe-
less, only a few studies have been carried out about the nonstationary probability densities
of the response of nonlinear systems under nonstationary excitations. Spanos[19] presented a
method for analyzing the response of a class of weakly non-linear damping systems to a modu-
lated random excitation and the approximate nonstationary probability density function of the
response amplitude was obtained. Kougioumtzoglou and Spanos[20] presented a method based
on the concept of stochastic averaging and equivalent linearization for determining the response
of a lightly damped nonlinear SDOF oscillator to a evolutionary stochastic excitation. On the
other hand, it is well known that the stochastic averaging method based on the generalized har-
monic functions is a powerful tool and has been successfully applied to stochastic systems with
strongly nonlinear stiffness[21–22]. Based on the stochastic averaging method using generalized
harmonic function, the subject can be improved and this paper is written for this purpose.

In the present paper, the expressions of probability density of the state response and am-
plitude response, together with the statistic moments of the amplitude response, of an SDOF
system with lightly nonlinear damping and strongly nonlinear stiffness subject to modulated
white noise excitation are approximately obtained by using the stochastic averaging method
based on the generalized harmonic functions and the Galerkin method. A van der Pol-Duffing
oscillator subject to modulated white noise excitation is given as an example to illustrate the
proposed procedures. The effects of the system parameters on system response are discussed
as well.

2 Approximate nonstationary probability densities of system response

Consider a strongly nonlinear SDOF system subject to modulated white noise excitation.
The equation of motion in the dimensionless form is

Ẍ(t) + εc(X, Ẋ)Ẋ(t) + g(X) = ε1/2f(t)W (t), (1)

where ε is a small positive parameter, εc(X, Ẋ) is the damping coefficient of the generalized
displacement X and velocity Ẋ , g(X) is the nonlinear stiffness which is an odd function of
the generalized displacement X , i.e., g(−X) = −g(X), W (t) is a Gaussian white noise with
intensity 2D, and ε1/2f(t) � 0 is a deterministic modulating function. It should be noted
that all the variables in the present paper are dimensionless and it will not further specified
thereafter.
2.1 Application of stochastic averaging method based on generalized harmonic

functions
Assuming that there exists a family of periodic solutions surrounding the origin of the phase

plane, the following transformation can be introduced[22–23]:

{
X(t) = A cosΘ(t),

Ẋ(t) = −AΛ(A, Θ) sinΘ(t),
(2)
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where ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Θ(t) = Φ(t) + Γ(t),

Λ(A, Θ) =
dΦ
dt

=

√
2(U(A) − U(A cosΘ))

A2 sin2 Θ
= b0(A) +

∞∑
r=1

br(A) cos rΘ,

U(X) =
∫ X

0

g(u)du,

(3)

in which A(t), Θ(t), Φ(t), and Γ(t) are stochastic processes. Substituting (2) into (1) and
recalling the compatibility condition of (2), i.e., the derivative of the first equation of (2) with
respect to t equal to the second equation of (2), system (1) can be written by the stochastic
differential equations for the amplitude A and the phase Γ as follows:⎧⎪⎨

⎪⎩
dA

dt
= εF1(A, Γ) + ε1/2Z1(A, Γ, f)W (t),

dΓ
dt

= εF2(A, Γ) + ε1/2Z2(A, Γ, f)W (t),
(4)

where ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

F1 =
− (AΛ sin Θ)2

g(A)
(c(A cos Θ,−AΛ sinΘ)) ,

F2 =
−AΛ2 cosΘ sin Θ

g(A)
(c(A cosΘ,−AΛ sinΘ)) ,

Z1 = G1f, Z2 = G2f,

G1 =
−AΛ sinΘ

g(A)
,

G2 =
−Λ cosΘ

g(A)
.

(5)

It is assumed that f(t) is a slowly varying function of t. Then, based on the Stratonovich-
Khasminskii theorem[24], the slowly varying processes A(t) and Γ(t) converge weakly into a
two-dimensional diffusion Markov process as ε → 0, at a time interval 0 � t � T , where
T ∼ O(ε−1). The limit processes can be described by the averaged Itô stochastic differential
equations. Because the averaged Itô equation for A is independent of Γ, A(t) can be simplified
as a one-dimensional diffusion process governed by

dA = m(A, f)dt + σ(A, f)dB(t), (6)

where ⎧⎪⎨
⎪⎩

m(A, f) = ε 〈F1〉Θ + εDf2

〈
∂G1

∂A
G1 +

∂G1

∂Γ
G2

〉
Θ

,

σ2(A, f) = εf2 〈2DG1G1〉Θ ,

(7)

in which 〈·〉Θ = 1
2π

∫ 2π

0
〈·〉dΘ denotes the deterministic averaging with respect to Θ, and A and

f are treated as constants in the deterministic averaging.
The averaged Fokker-Planck-Kolmogorov (FPK) equation associated with (6) is

∂p(A, t)
∂t

= − ∂

∂A
(m(A, f)p(A, t)) +

1
2

∂2

∂A2

(
σ2(A, f)p(A, t)

)
. (8)
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For simplification, it is assumed that the system (1) is initially at rest. Then, the initial
condition of (8) is

p(A, 0) = δ̂(A), (9)

where δ̂(A) denotes the one-sided Dirac delta function.
2.2 Approximate solution of FPK equation

In this subsection, the general Galerkin method is applied to solving the averaged FPK
equation by selecting as basis functions the eigenfunctions which pertain to the amplitude of
the corresponding linear system. This method does not require any perturbation analysis and
is valid for large values of the nonlinearity parameter. Furthermore, the selected basis functions
possess notable properties that have substantial computational advantages[25–26]. The detailed
procedure is presented as follows. First, the nonstationary probability density of the amplitude
p(A, t) of (8) with the initial condition (9) can be approximated by

p(A, t) =
∞∑

r=0

sr(t)Jr(A), (10)

where sr(t) are functions of time to be determined, and the basis functions Jr(A) are chosen as

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Jr(A) =
1
r!

A

σ2
s

exp
(
− A2

2σ2
s

)
Lr

( A2

2σ2
s

)
,

σ2
s =

D

|εc(0, 0)| dg
dX

∣∣
X=0

,

r = 0, 1, · · · ,

(11)

in which Lr (·) is the Laguerre polynomial of order r. An analogous series expansion of the
solution of the FPK equation has been proposed in [19].

By using (10) and the properties of Laguerre polynomials, the initial condition (9) can be
rewritten as

sr(0) = 1, r = 0, 1, 2, · · · . (12)

Substituting (10) into (8) yields the following residual error:

R =
∞∑

r=0

ṡr(t)Jr(A) −
( ∞∑

r=0

sr(t)
(
− d

dA
(m1(A)Jr(A))

+ f2
(
− d

dA

(
m2(A)Jr(A)

)
+

1
2

d2

dA2

(
b(A)Jr(A)

))))
, (13)

where ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

m1(A) = ε 〈F1〉Θ ,

m2(A) = εD

〈
∂G1

∂A
G1 +

∂G1

∂Γ
G2

〉
Θ

,

b(A) = ε 〈2DG1G1〉Θ .

(14)

In numerical calculation, the series in (10) will be truncated. Herein N+1 terms are adopted.
According to the Galerkin method, the N + 1 unknown functions sr(t) can be evaluated by
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vanishing the projection of the residual error R on a proper set of independent functions. By
selecting Jr(A)

J0(A) as the weighting function, this condition can be expressed as∫ ∞

0

Jk(A)
J0(A)

R dA = 0, k = 0, 1, 2, · · · , N. (15)

Substituting (13) into (15) and rearranging the resulting equations with the properties of La-
guerre polynomials yield the following set of first-order linear differential equations:

ṡ =
(
B + f2(t)C

)
s(t), (16)

where s = [s0(t), s1(t), · · · , sN(t)]T, B and C are matrices of order (N +1)× (N +1), and their
elements are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Bkr =
∫ ∞

0

kJr(A)
(2m1(A)

A

)(
LLk

( A2

2σ2
s

)
− LLk−1

( A2

2σ2
s

))
dA

−
(
m1(A)Jr(A)LLk

( A2

2σ2
s

))∥∥∥∞

0
,

Ckr =
∫ ∞

0

kJr(A)
((2m2(A)

A
− b(A)

A2

)
LLk

( A2

2σ2
s

)
−

(2m2(A)
A

− b(A)
A2

+
1
σ2

s

b(A)
)
LLk−1

( A2

2σ2
s

))
dA +

(1
2

d
dA

(
b(A)Jr(A)

)
LLk

( A2

2σ2
s

)

− kb(A)Jr(A)
A

(
LLk

( A2

2σ2
s

)
− LLk−1

( A2

2σ2
s

))

− m2(A)Jr(A)LLk

( A2

2σ2
s

))∥∥∥∞

0
,

LLk(·) =
1
k!

Lk(·).

(17)

(16) can be numerically solved with the initial condition (12). Then, the approximate solution
p(A, t) can be obtained. The jth order moment of the amplitude A can be simply expressed as

mj(t) = E[Aj ] =
N∑

r=0

sr(t)Ij,r , (18)

where Ij,r =
∫ ∞
0

AjJr(A)dA, which have the following properties[26]:⎧⎪⎨
⎪⎩

In,r+1 =
r − n/2
r + 1

In,r,

Ik,r = 0, r > k/2,

(19)

where k is an even number. The joint nonstationary probability density of the generalized
displacement and velocity can be derived from the nonstationary probability density of the
amplitude as well,

p(X, Ẋ, t) =
p(A, t)ω(A)

2πg(A)

∣∣∣∣
A=U−1(Ẋ2/2+U(X))

, (20)

where U−1 (·) is the inverse function of U (·), and ω(A) = 2π
/∫ 2π

0
Λ−1(A, Θ)dΘ. The nonsta-

tionary marginal probability density of the generalized displacement p(X, t) can be obtained
by integrating (20) over Ẋ.
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3 Example

Consider a van der Pol-Duffing oscillator under modulated white noise excitation. The
equation of motion of the system is governed by

Ẍ(t) + (c1 + c2X
2)Ẋ(t) + ω2X + αX3 = f(t)W (t), (21)

where c1 and c2 represent linear and nonlinear damping coefficients, respectively, ω is the fre-
quency of the linearized system, α is the coefficient of nonlinear stiffness, W (t) is a Gaussian
white noise with intensity 2D, and f(t) = k1(exp(−d1t) − exp(−d2t)) (d1 < d2) is a determin-
istic modulating function.

Based on the procedures in Section 2, the averaged Itô equation for A(t) associated with the
system (21) is of the form of (6) with the averaged drift and diffusion coefficients as follows:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

m(A) = −c1A
(
ω2 + 5αA2

/
8
)

2 (ω2 + αA2)
− c2A

3
(
ω2 + 3αA2

/
4
)

8 (ω2 + αA2)
+ Df2 8ω4 + 3ω2αA2 + α2A4

16A (ω2 + αA2)3
,

σ2(A) = Df2 ω2 + 5αA2
/
8

(ω2 + αA2)2
.

(22)

The approximate expression of p(A, t) has the form of (10), where σ2
s = D

/(|c1|ω2
)

and sr(t)
satisfy the set of first-order linear differential equations in the form of (16). In this example,
the coefficient matrices in (17) can be numerically calculated by Gauss-Lagurre quadrature. If
α = 0, the coefficient matrices can be further reduced to⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Bkr = −c1k (δrk − δr,k−1) − c2kσ2
s

2
((3k + 1)δrk − (3k − 1)δr,k−1

+ (k − 1)δr,k−2 − (k + 1)δr,k+1),

Ckr = − D

ω2σ2
s

kδr,k−1.

(23)

Applying (18), the first- and second-order statistical moments of A are⎧⎪⎪⎨
⎪⎪⎩

m1(t) = E[A] =
N∑

r=0

sr(t)I1,r ,

m2(t) = E[A2] = 2σ2
s (1 − s1(t)) .

(24)

According to (20), the joint nonstationary probability density of the generalized displacement
and velocity can be obtained as

p(X, Ẋ, t) =
p(A, t)ω(A)

2π (ω2A + αA3)

∣∣∣∣
A=U−1(Ẋ2/2+U(X))

, (25)

where

ω(A) =
π
√

ω2 + αA2

2Elliptick
(√

αA2

ω2+2αA2

) , U(X) =
1
2
ω2X2 +

1
4
αX4.

In numerical calculation, the frequency of the linearized system and parameters on the
modulated white noise are set as: ω = 1, c2 = 0.08, k1 = 3.06, d1 = 0.04ω, d2 = 0.1ω, and
D = 0.02. The nonstationary probability densities of the amplitude p(A, t) at different time
instants with different linear damping coefficients and different nonlinear stiffness coefficients
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are shown in Fig. 1. Under corresponding conditions, the nonstationary marginal probability
densities of the generalized displacement p(X, t) and the time evolutions of the first- and second-
order statistical moments of the amplitude are shown in Figs. 2–3. Monte Carlo simulation is
implemented to validate the results, where the time step is 0.01, the number of samples is
100 000. In Figs. 1–2, the selections of number N vary for different time instants. It can be seen
from the insert in Fig.1(a) that negative values of p(A, 70) with N = 30 appear. Therefore, to
be concise and with reasonable precision, N = 30 when t = 10, 15, 20, 30, 40, 50 while N = 110
when t = 70. It is found from Figs. 1–2 that the larger number N is required if the nonstationary

Fig. 1 Nonstationary probability densities of amplitude p(A, t)



1396 Xiao-ling JIN, Zhi-long HUANG, and Y. T. LEUNG

Fig. 2 Marginal probability density of generalized displacement p(X, t)

probability density of amplitude response closes to delta distribution. And it can also be
observed in Fig. 3. It is known from the context that the nonstationary probability density is
close to delta distribution when t is small. Thus, for N = 30, it can be shown from Fig. 3(a) that
there is discrepancy when t is small. However, this discrepancy can be reduced by increasing
N . All in all, from Figs. 1–3, it can be clearly seen that the results obtained from the proposed
procedure agree well with those from Monte Carlo simulation of the original system (21). A
larger value of N will lead to more accurate results. With a similar level of accuracy, the larger
nonlinearity and the more complex behavior of the system result in a larger N . Moreover, under
the present type of the modulated white noise, the peak values of p(A, t) decrease with time at
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the beginning, and then increase again because the amplitude of modulation increases with time
at first and then decreases after a critical value. However, p(X, t) has this behavior only when
the coefficient c1 is positive. Also observed is that the effect of system parameters, especially
the linear damping coefficient, on system response is significant. Figure 3 further shows that
the first- and second-order statistical moments of the amplitude decrease as nonlinear stiffness
coefficient α increases.

Fig. 3 Time evolutions of first- and second-order statistical moments of amplitude with different
system parameter values

4 Conclusions

In this paper, the nonstationary probability densities of the state and amplitude response
of an SDOF system with lightly nonlinear damping and strongly nonlinear stiffness subject to
modulated white noise excitation are investigated. By using the stochastic averaging method
based on the generalized harmonic functions, the averaged FPK equation of the nonstationary
probability density of the amplitude is derived. The nonstationary probability density of the
system is approximated by the series expansion in terms of Laguerre polynomials type basis
functions. Applying the Galerkin method, the nonstationary probability densities and the
statistic moments of the amplitude response and the nonstationary probability densities of
the state response are obtained. The proposed procedure is applied to a van der Pol-Duffing
oscillator subject to modulated white noise excitation. The results obtained from the proposed
procedures agree well with those from the Monte Carlo simulation of the original system. The
effects of system parameters such as linear damping coefficient and nonlinear stiffness coefficient
on the system response are discussed.
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