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Abstract A fractional-order Maxwell model is used to describe the viscoelastic seabed
mud. The experimental data of the real mud well fit the results of the fractional-order
Maxwell model that has fewer parameters than the traditional model. The model is then
used to investigate the effect of the mud on the surface-wave damping. The damping rate
of a linear monochromatic wave is obtained. The elastic resonance of the mud layer is
observed, which leads to the peaks in the damping rate. The damping rate is a sum of
the modal damping rates, which indicates the wave damping induced by the mud motion
of particular modes. The analysis shows that near the resonance, the total damping rate
is dominated by the damping rate of the corresponding mode.
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1 Introduction

In coastal areas, the existence of a muddy seabed can significantly dissipate the energy of the
free-surface water waves[1]. Since the mud rheology varies with sites and environments, various
types of mud models have been proposed, among which the viscoelastic models are common[2].
These traditional linear viscoelastic models can be covered by a generalized viscoelastic model[3].

The traditional viscoelastic models have some defects in mud modeling. Jiang and Mehta[4]

used a Kevin-Voigt model to fit their experimental data. However, their parameters of the model
vary with the wave frequency. Krotov[3] expressed the results of Jiang and Mehta[4] in the form
of complex viscosities and fitted them with a generalized viscoelastic model. However, his model
has eight parameters, and the resulting constitutive equation has high-order derivatives, which
may increase the difficulty in the analysis of wave-mud interactions.

Compared with the traditional viscoelastic models, the fractional-order models provide a
higher level of adequacy[5] and may overcome the above defects. In the rheology of polymers,
a fractional-order Maxwell model is used, which relates with the stress tensor τ ′ and the strain
tensor ε by[5]

τ ′ + B′ ∂
(θ1−θ2)τ ′

∂t′(θ1−θ2)
= A′ ∂

θ1ε

∂t′θ1
, 0 � θ1, θ2 � 1, (1)
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in which the fractional derivative ∂θ

∂tθ is defined as[5]

∂θ

∂tθ
f(t) =

∂(θ−1)

∂t(θ−1)
ḟ(t) =

1
Γ(1 − θ)

∫ t

0

(t − t∗)−θḟ(t∗)dt∗, 0 < θ < 1. (2)

If the material is under the harmonic motion with the circular frequency ω′, (1) yields

τ ′ = μ′(ω′)
∂ε

∂t′
, μ′(ω′) =

A′(−iω′)θ1−1

1 + B′(−iω′)θ1−θ2
= |μ′(ω′)|eiθ′(ω′). (3)

The complex viscosity μ′(ω′) in (3) can then be used to fit the mud data of Jiang and Mehta[4].
Choosing the parameters in Table 1 yields that the fitting is quite good, as illustrated in Fig. 1.
Compared with the Kelvin-Voigt model[4], the parameters of the fractional-order Maxwell model
are fixed. In comparison with Krotov’s eight-parameter model with derivatives up to fourth
order[3], the fractional-order Maxwell model has fewer parameters, and the high-order deriva-
tives are avoided.

Since the fractional-order Maxwell model has some benefits in mud rheology, we use this
model to investigate the interaction between the mud and the sinusoidal waves.

Table 1 Parameters of fractional-order Maxwell model defined by (1)

Mud type θ1 θ2 B′ A′

KI∗, φ = 0.12 0.040 0.585 0.300 1.55×104

OK∗, φ = 0.11 0.060 0.450 0.450 6.00×102

MB∗, φ = 0.07 0.030 0.380 0.600 1.35×102

MB∗, φ = 0.11 0.015 0.295 0.450 1.50×103

MB∗, φ = 0.17 0.025 0.375 0.450 9.50×103

AK∗, φ = 0.12 0.020 0.586 0.410 7.00×103

∗KI: Kerala, India mud, OK: Okeechobee mud, MB: Mobile Bay mud, and AK: mud mainly composed

of attapulgite and kaolinite

Fig. 1 Fitting of complex viscosities of fractional-order Maxwell model (solid lines) to complex vis-

cosities calculated from mud data of Jiang and Mehta[4] (separated points), where the mud
data are obtained under monochromatic wave with circular frequencies ω = 0.13, 0.25, 0.57,
1.26, 2.51, 5.65, 12.6, 25.1 rad/s
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2 Mathematical formulation

The physical problem of the wave-mud interaction is investigated in a two-layered water-
mud system, as illustrated in Fig. 2. The Cartesian coordinates are set on the surface of the still
water with the x′-axis pointing to the right and the z′-axis pointing upwards. The thickness
of the water layer and the thickness of the mud layer are h′ and d′, respectively. The wave
height is a′

0, and the wave length is l′0. The free surface displacement ζ′ is a function of the
horizontal coordinate x′ and the time t′. The water density and the mud density are ρ′w and ρ′m,
respectively. The water is assumed to be inviscid. Furthermore, the water motion is assumed to
be irrotational, and the interfacial mixing is ignored. The viscoelastic mud is described by the
fractional-order Maxwell model defined by (1), whose complex viscosity under the sinusoidal
waves is given by (3). The primes are used to distinguish all the dimensional variables from
their dimensionless counterparts.

Fig. 2 Sketch of two-layered water-mud system

In the water layer, the nondimensionalization takes the form⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x =
x′

l′0
, z =

z′

h′ , ζ =
ζ′

a′
0

, t =
t′
√

gh′

l′0
,

u =
u′

w

ε
√

gh′ , ww =
μw′

w

ε
√

gh′ , pw =
p′w

ρ′wga′
0

,

μ =
h′

l′0
, ε =

a′
0

h′ ,

(4)

where uw and ww are the dimensionless water velocities in the horizontal direction and the
vertical direction, respectively. The variable pw is the dimensionless dynamic pressure of the
water. The two dimensionless numbers μ and ε denote the strength of the frequency dispersion
and the nonlinear effect, respectively.

In the mud layer, the nondimensionalization takes the form⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

η =
μ(z′ + h′)

αh′ , d =
d′

αl′0
, τm,xz =

τ ′
m,xz

αρ′mga′
0

,

um =
u′

m

ε
√

gh′ , wm =
w′

m

αε
√

gh′ , pm =
p′m

ρ′wga′
0

,

α2 =
A′

(√
gh′
l′0

)θ1−1

ρ′ml′0
√

gh′ , λ = B′
(√

gh′

l′0

)θ1−θ2

, γ =
ρ′w
ρ′m

,

(5)
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where η is a new vertical coordinate within the mud layer, and τm,xz is a component of the
dimensionless mud stress tensor. The variables um and wm denote the dimensionless mud
velocities on the horizontal direction and the vertical direction, respectively. α, λ, θ1, and θ2

are the dimensionless parameters of the fractional-order Maxwell model. Since A′
m(

√
gh′/l′0)

θ1−1

has a dimension of the dynamic viscosity, the dimensionless number α2 is similar to the inverse
of the Reynolds number.

As compared with the traditional Maxwell model, a similar assumption to that of Xia and
Zhu[6] is required as follows:

O(α) ∼ O(ε2) ∼ O(μ4), d ∼ O(1), (6)

where the assumption O(ε) ∼ O(μ2) is the Boussinesq approximation, and the assumption
O(α) ∼ O(ε2) indicates that the influence of the viscous mud is weak, as compared with the
wave nonlinearity. The perturbation analysis then leads to a set of Boussinesq equations[6–7] as
follows:

1
ε

∂H

∂t
+

∂

∂x
(Hū) =

α

μ
wmi + O(μ4), (7)

∂ū

∂t
+ εū

∂ū

∂x
+

1
ε

∂H

∂x
− μ2

3
∂2

∂x2

∂ū

∂t
= O(μ4), (8)

where H(x, t) ≡ 1+εζ(x, t) is the transient water layer thickness. The depth-averaged horizontal
velocity of the water layer ū(x, t) is defined as

ū ≡ 1
H

∫ εζ

−1

uwdz = ub − μ2

6
H2 ∂2ub

∂x2
+ O(μ4), (9)

where ub is the horizontal water velocity on the water-mud interface. The source term wmi

appearing in the continuity equation (7) is the vertical mud velocity on the water-mud interface.
For the linear waves, ε tends to zero, and the linearlized (7) and (8) can yield

(
1 − μ2

3
∂2

∂x2

)∂2ζ

∂t2
− ∂2ζ

∂x2
=

α

μ

∂wmi

∂t
+ O(μ4), (10)

in which the influence of the mud layer is O(α/μ). This term should be solved from the mud
dynamics equation. The leading-order equations of the mud layer are

∂um

∂x
+

∂wm

∂η
= 0, −d � η � 0, (11)

γ
∂ub

∂t
+

∂τm,xz

∂η
=

∂um

∂t
, −d � η � 0, (12)

τm,xz + λ
∂(θ1−θ2)τm,xz

∂t(θ1−θ2)
=

∂(θ1−1)

∂t(θ1−1)

∂um

∂η
, −d � η � 0. (13)

The boundary conditions are

um = 0, wm = 0 at η = −d, (14)

and the matching conditions are

wmi ≡ wm, τm,xz = 0 at η = 0. (15)
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Substituting (8), (9), and (13) into (12) yields

∂um

∂t
= −γ

∂ζ

∂x
+ L∂t

∂2um

∂η2
, −d � η � 0, (16)

where the linear operator L∂t is defined as

L∂t =
∂(θ1−1)

∂t(θ1−1)

1 + λ∂(θ1−θ2)

∂t(θ1−θ2)

. (17)

By the boundary conditions (14) and the interfacial conditions (15), the horizontal velocity um

can be expressed by the Fourier expanding as follows:

um(x, η, t) =
2
d

∞∑
n=1

(−1)n−1 cos(bnη)
bn

um,n(x, t), bn =

(
n − 1

2

)
π

d
, (18)

where cos(bnη) indicates the velocity profile of the nth mode. Substituting (18) into (16) yields

( ∂

∂t
+ b2

nL∂t

)
um,n = −γ

∂ζ

∂x
. (19)

According to (11), the vertical velocity wmi can be integrated from the mud bottom as

wmi = −2
d

∞∑
n=1

1
b2
n

∂um,n

∂x
. (20)

Introduce a moving coordinate σ and a slow-varying time-scale ξ by

σ = t − (x − x0), ξ =
α

μ
t. (21)

Then, (10) becomes

2
α

μ

∂ζ

∂ξ
− μ2

3
∂3ζ

∂σ3
=

α

μ
wmi + O(μ4), (22)

in which the term “−μ2 ∂3ζ
3∂σ3 ” denotes the dispersion induced by the water layer thickness. The

leading-order equations (19) and (20) for wmi become
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

wmi =
2
d

∞∑
n=1

1
b2
n

∂um,n

∂σ
,

( ∂

∂σ
+ b2

nL∂σ

)
um,n = γ

∂ζ

∂σ
.

(23)

For the linear progressive waves, the variables can be represented in the form of

(ζ(σ, ξ), wmi(σ, ξ), um,n(σ, ξ)) = (ζ̃(ξ), w̃mi(ξ), ũm,n(ξ))eiσ. (24)

Substituting (24) into (23) yields

w̃mi = ζ̃
2γ

d

∞∑
n=1

i
b2
n

1 + λiθ1−θ2

1 − b2
niθ1 + λiθ1−θ2

. (25)
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Substituting (24) and (25) into (22) yields

dζ̃(ξ)
dξ

= i
( μ3

6α
+

γ

d

∞∑
n=1

1
b2
n

1 + λiθ1−θ2

1 − b2
niθ1 + λiθ1−θ2

)
ζ̃(ξ). (26)

We can express ζ̃(ξ) in the following form:

ζ̃(ξ) = a0eiβξ, β =
μ3

6α
+ βr + iβi, (27)

where the term “μ3/(6α)” is the dispersion rate of the water layer. βr and βi denote the
dispersion rate and the damping rate of the mud layer, respectively. Substituting (27) into (26)
yields

βr =
γ

d

∞∑
n=1

1
b2
n

Re
( 1 + λiθ1−θ2

1 − b2
niθ1 + λiθ1−θ2

)
, (28)

βi =
γ

d

∞∑
n=1

1
b2
n

Im
( 1 + λiθ1−θ2

1 − b2
niθ1 + λiθ1−θ2

)
. (29)

If θ1 = 1 and θ2 = 0, the fractional-order Maxwell model degenerates into the traditional
Maxwell model, and (29) becomes

βi =
γ

d

∞∑
n=1

1
b4
n − λb2

n + λ2 + 1
, (30)

which agrees the equation 3.11 of Xia and Zhu[6].

3 Results and discussion

The damping rate βi is a function of the dimensionless parameters γ, d, λ, θ1, and θ2. In
the following, we study the influence of the parameters d and θ2 first and fix other parameters
to simplify the analysis. We fix the density ratio γ to be 0.85, which is commonly used in [6–7].
We choose θ1 to be 0.04, which is a moderate value in Table 1. In Fig. 1, the moderate wave
frequency is O(1) Hz, and in Table 1, the parameter B′ is around 0.5. Therefore, we fix the
value of λ to be 0.5 according to (5).

Figure 3 illustrates the damping rate as a function of d or θ2. In Fig. 3(a), the curves of
the damping rate always have peaks for any given θ2. The strong damping around d = 1.5
indicates the existence of the elastic resonance. It is interesting that changing θ2 does not
significantly affect the position of the first peak, while the peak value does decrease with θ2.
An explanation is that θ1 is very small, which indicates the strong elasticity and determines the
mud depth d of the resonance. Larger θ2 indicates the stronger viscosity, which may weaken the
mud motion near the resonance and lead to a smaller peak value of the damping rate. While
far away from the resonance, the stronger viscosity (larger θ2) strengthens the mud damping.
The βi-θ2 curves in Fig. 3(b) also indicate that for the mud depth far away from the resonance,
the stronger viscosity leads to the stronger damping, since the damping rate βi increases with
θ2 monotonously for d = 0.5 and d = 2.5.

To consider the influence of the parameters θ1 and λ on βi, we illustrate the contours of
βi on the (d, θ2) plane in Fig. 4. According to Table 1, we know that θ1 varies from 0.03 to
0.06. Figure 4(a) shows that changing θ1 in this range does not significantly affect the structure
of the contours. Since the wave frequency varies from 0.1 Hz to 20 Hz, the parameter λ will



Fractional-order Maxwell model of seabed mud and its effect on surface-wave damping 1363

Fig. 3 Influence of parameters d and θ2 on damping rate βi with other fixed parameters θ1 = 0.04,
λ = 0.5, and γ = 0.85

Fig. 4 Sensitivity of damping rate βi to parameters θ1 and λ

vary from 0.05 to 2, which significantly affect the damping rate, as shown in Fig. 4(b). The
discussion for the influence is then discussed below.

Figure 5 shows the influence of the parameter λ on the damping rate βi. In most cases,
βi varies with λ moderately, as illustrated in Fig. 5(a). Only for d = 1.5, an evident peak is
observed, indicating the strong resonance. It is interesting that the corresponding value of λ is
very small when the resonance occurs. According to (13), λ reflects the strength of the θ2-order
derivative compared with the θ1-order derivative. Hence, small λ corresponds to the strong
influence of the θ1-order derivative. According to Table 1, θ1 is very close to 0. Thus, the
fractional-order Maxwell model of small λ is very close to a elastic body, and that is why the
strong resonance is observed. Figure 5(b) also indicates that for d = 1.0, which is far from
the resonance depth, the damping rate βi varies moderately in the parameter plane. When βi

reaches its peak, the corresponding λ is larger in the case of d = 1.0, as compared with the case
of d = 1.5.
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The modal analysis can be used to simplify the discussion. We can expand βi into

βi =
∞∑

n=1

βin, where βin =
γ

db2
n

Im
( 1 + λiθ1−θ2

1 − b2
niθ1 + λiθ1−θ2

)
. (31)

Then, βin hereinafter is referred to as the modal damping rate. The modal damping rate βin

indicates the damping induced by the mud motion of the nth mode. Figure 6 illustrates the
modal damping rates βin as the functions of d. Similar to the results of the traditional Maxwell
model[6], each peak of the damping rate curve corresponds to the resonance of a particular
mode. For d < 2.5, the mud damping is dominated by the motion of the first mode. Hence, for
d < 2.5, we can use βi1 to study the property of the total damping rate βi.

Fig. 5 Influence of parameter λ on damping rate βi

Fig. 6 Contributions of modal damping rates βin to total damping rates βin
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According to (31), we have

βin =
γ

d

sin
(
θ1

π
2

)
+ λ sin

(
θ2

π
2

)
1 + λ2 + b4

n − 2b2
nλ cos

(
θ2

π
2

) − 2b2
n cos

(
θ1

π
2

)
+ 2λ cos

(
(θ1 − θ2)π

2

) . (32)

According to Table 1, where θ1 ≈ 0, (32) is further simplified to

βin =
γ

d

λ sin
(
θ2

π
2

)
1 + 2λ cos

(
θ2

π
2

)
+ λ2 − 2

(
λ cos

(
θ2

π
2

)
+ 1

)
b2
n + b4

n

. (33)

According to (33), if θ1 and λ are given, βin reaches its peak at

b2
n,peak =

1
3

(
1 + λ cos

(
θ2

π

2

)

+
√

4 + 8λ cos
(
θ2

π

2

)
+ λ2

(
3 + cos2

(
θ2

π

2

)))
, (34)

which increases with λ. Since bn is inversely proportional to d (see (18)), the resonance mud
depth dpeak decreases with λ. That is why in Fig. 5(b), the contours move to the right (to larger
λ) when d changes from 1.5 to 1.0. According to (34), we can draw the approximate crest lines
of the contours of βi for n = 1, 2 on the (d, λ) plane, as illustrated in Fig. 6(b). For

n = 1, θ2 = 0.3 ∼ 0.7, λ = 0 ∼ 0.5,

we find
dpeak = 1.30 ∼ 1.57

according to (34). That is why the resonance depth dpeak is always around 1.5 in Figs. 3 and 4.

4 Conclusions

A fractional-order Maxwell model is used to describe the viscoelastic seabed mud. The
experimental data of the real mud[4] well fit the results of the fractional-order Maxwell model
that has fewer parameters than the traditional model. The model is then used to investigate the
effect of the mud on the surface-wave damping. The damping rate of a linear monochromatic
wave is obtained. The elastic resonance of the mud layer is observed, which leads to the peaks
in the damping rate. Near the resonance, the viscosity weakens the mud motion and hence
weakens the wave damping. Far from the resonance, the higher viscosity leads to the stronger
wave damping. At the resonance point, the larger parameter λ corresponds to the smaller mud
depth d.

The damping rate is a sum of the modal damping rates, which indicates the wave damping
induced by the mud motion of particular modes. The analysis shows that near the resonance,
the total damping rate is dominated by the damping rate of the corresponding mode. This
can be used to find the approximate crest lines of the total damping rate and determine the
resonance point on the parameter plane.
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