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Abstract The exact thermoelastic analysis of a functionally graded piezoelectrical
(FGP) rotating cylinder is investigated analytically. The cylinder is subjected to a com-
bination of electrical, thermal, and mechanical loads simultaneously. The structure is
a simplified model of a rotational sensor or actuator. The basic governing differential
equation of the system is obtained by using the energy method. A novel term, named
as the additional energy, is introduced to exact the evaluation of the energy functional.
The solution to the governing differential equation is presented for two types of boundary
conditions including free rotating and rotating cylinders exposed to the inner pressure.
The effect of the angular velocity is investigated on the radial distribution of various
components. The mentioned structure can be considered as a sensor for measuring the
angular velocity of the cylinder subjected to the pressure and temperature. The obtained
results indicate that the electrical potential is proportional to the angular velocity.
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Nomenclature

C, elastic stiffness;
D, electrical displacement;
e, piezoelectric coefficient;
k, heat conductivity coefficient;
p, pyroelectric coefficient;
Pi, inner pressure;
r, radius;
Er, electrical field;
T , temperature;

u, displacement;
Wb, body force energy;
QT, additional energy;
J , Jacobin;
α, heat expansion coefficient;
ϕ, electrical potential;
η, dielectric coefficient;
σ, stress;
ε, strain.

1 Introduction

Piezoelectric material can be used in electromechanical systems, such as sensors and actu-
ators. It has the ability to produce electricity when it subjected to mechanical stress. The
application of functionally graded piezoelectric materials (FGPMs) can control the distribution
of the mechanical and electrical components with appropriate precision.
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The effects of the rotational load on the mechanical and electrical components for an in-
homogenous structure and application of the energy method have been widely studied with the
thermoelastic analysis of an inhomogenous structure. Liu et al.[1] presented an analytical model
for free vibration analysis of the piezoelectric coupled moderately thick circular plate based on
Mindlin’s plate theory, and extracted four differential equations for four unknown components,
i.e., the displacement, two rotations, and the electrical potential field. Hou and Leung[2] inves-
tigated the dynamic analysis of a magneto-piezoelectric hollow cylinder, and offered a simple
and accurate tool for the prediction, identification, and study of the complex dynamic charac-
teristics of coupling mechanical and electromagnetic fields. Kollias and Avaritsiotis[3] proposed
the method of eigenfunction expansion for an analytical expression for the frequency response
of a bending mode piezoelectric accelerometer system, and showed that the used approximate
relation were validated with experimental responses. Dai and Wang[4] presented an analytical
solution for the stress wave propagation in piezoelectric fiber reinforced laminated composites
subjected to thermal shock loading by means of finite Hankel transforms and Laplace trans-
forms. Pietrzakowski[5] investigated the vibration analysis of active rectangular plates. Babaei
and Chen[6] presented the exact solution of an infinitely long magnetoelastic hollow cylinder and
a solid rotating cylinder polarized and magnetized radially. Khoshgoftar et al.[7] investigated
the thermoelastic analysis of a thick walled cylinder made of the FGPM. They supposed that
all mechanical and electrical properties varied functionally. However, there is no experimental
report for various structures on the production and manufacturing of the FGPMs. Therefore,
the theoretical method may be evaluated as a novel method for the analysis.

The present paper aims to investigate the application and analysis of a functionally graded
piezoelectric (FGP) cylinder as a sensor or an actuator in electromechanical systems. The
thermoelastics is analyzed by using the energy method. A novel term, defined as the additional
energy, is proposed for the prediction of the behaviors of piezoelectric structures, especially
exposed to thermal loads. An FGP hollow cylinder fixed on the rotary devices is introduced to
measure the angular velocity. The results show that the present study can be used to predict
the behavior of an FGP rotating cylinder subjected to various angular velocities.

2 Solution to heat conduction equation

In this section, the symmetric and steady-state heat transfer equation in the cylindrical coor-
dinate system is solved with the assumed boundary conditions. The symmetric and steady-state
heat transfer equation in the cylindrical coordinate system can be represented as follows[8–9]:

1
r
(rkT(r)T ′(r))′ = 0, a � r � b, (1)

where a and b are the inner and outer radii, respectively. kT(r) is the thermal conductivity
which is assumed to be a function of the radius r. General boundary conditions for Eq. (1)
are[8,10]

{
C11T (a) + C12T

′(a) = f1,

C21T (b) + C22T
′(b) = f2,

(2)

where Cij (i, j = 1, 2) are the constants depending on the thermal conductivity and the thermal
convection. f1 and f2 are the constants evaluated at the inner and outer radii, respectively.

Based on the inhomogenous distribution of the material properties, the heat conduction
coefficient can be assumed as follows:

kT(r) = k0r
k, (3)
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where k is an inhomogenous index. The general solution to the temperature distribution can
be obtained by

T (r) =
−A1

k
r−k + A2, k �= 0, (4)

where A1 and A2 are the constants of the integration given by⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

A1 =
C21f1 − C11f2

C21

(
C12r

−(k+1)
a − C11

r−k
a

k

) − C11

(
C22r

−(k+1)
b − C21

r−k
b

k

) ,

A2 =

(
C12r

−(k+1)
a − C11

r−k
a

k

)
f2 − f1

(
C22r

−(k+1)
b − C21

r−k
b

k

)
C21

(
C12r

−(k+1)
a − C11

r−k
a

k

) − C11

(
C22r

−(k+1)
b − C21

r−k
b

k

) .

(5)

3 Piezothermoelastic analysis

In this section, the necessary equations for an FGP rotating cylinder are derived. Due to
the symmetric boundary conditions and the applied loads, the strain-displacement relations for
only one nonzero displacement component (radial displacement) are as follows[11–12]:

εrr =
∂u

∂r
, εθθ =

u

r
, u = u(r). (6)

The schematic figure of an FGP rotating cylinder is shown in Fig. 1. The cylinder is assumed
to be uniform in the axial direction. The present condition is actually the model of an infinite
cylinder valid for many applied problems.

Fig. 1 Schematic figure of FGP rotating cylinder

For an electromechanical structure, due to the exposed electrical potential on the boundaries
of the structure, an electrical field can be expected as follows[6–7]:⎧⎪⎨

⎪⎩
ϕ = ϕ(r), E = −∇ϕ,

Er = −∂ϕ

∂r
, Eθ = Ez = 0.

(7)
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Considering the coupled equations between the mechanical, thermal, and electrical compo-
nents, two nonzero components of the stress are[7]{

σrr = Crrεrr + Crθεθθ − errEr − βrT,

σθθ = Crθεrr + Cθθεθθ − erθEr − βθT,
(8)

where σrθ is zero due to the symmetry. σij and εij (i, j = r, θ) are the components of the
stress and strain tensors. T (r) is the temperature distribution. E(r) is the electrical field.
Cij (i, j = r, θ) are the elastic stiffness, and eij (i, j = r, θ) are the piezoelectric coefficients. β
can be obtained from[7] {

βr = Crrαr + Crθαθ,

βθ = Crθαr + Cθθαθ,
(9)

where αi (i = r, θ) are the coefficients of the thermal expansion.
The electrical displacement, including the strain, electrical field, and temperature, can be

written as follows[7]:

Dr = errεrr + erθεθθ + ηEr − pT, (10)

where η is the dielectric constant, and p is the pyroelectric constant. Due to the symmetric
condition, the circumferential component of the electrical displacement Dθ is zero.

Before substituting the component of the electrical field in the energy equation, the appro-
priate functions for all properties are assumed by using the power function to be[7]⎧⎨

⎩
ρ = ρ0r

lη = η0r
l, eri = eri0r

l, Cij = Cij0r
l,

p = p0r
b+l, β = β0r

b+l, α = α0r
b,

(11)

where l and b are the inhomogenous parameters of the material properties. The energy per unit
volume of a rotating cylinder is

u =
1
2
(
εTσ − DTE − QTT

) − Wb, (12)

where

QT =
3∑

i=1

(βiεii − pEi). (13)

The appropriate functional F (u, ϕ, r) for the assumed structure in the cylindrical coordinate
system is

F (u, ϕ, r) = |J | u = ru, (14)

where J is the Jacobin of each arbitrary coordinate system. For this problem, we have

F (u, ϕ, r) =π
(
r
(
Crr0r

l ∂u

∂r
+ Crθ0r

l u

r
+ err0r

l ∂ϕ

∂r
− βr0r

b+lT
)∂u

∂r

+ r
(
Crθ0r

l ∂u

∂r
+ Cθθ0r

l u

r
+ erθ0r

l ∂ϕ

∂r
− βr0r

b+lT
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r

+ r
(
err0r

l ∂u

∂r
+ erθ0r

l u

r
− η0r

l ∂ϕ

∂r
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b+lT
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T

− 2πρ0r
lr2ω2u. (15)
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Imposing the Euler equations

∂F

∂qi
− ∂

∂r

∂F

∂(∂qi

∂r )
= 0, qi = u, ϕ

to the above functional, the system of the differential equation can be obtained as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(Crr0)r2 ∂2u

∂r2
+ (Crr0(l + 1))r

∂u

∂r
+ (Crθ0l − Cθθ0)u

+ (err0)r2 ∂2ϕ

∂r2
+ (err0(l + 1) − erθ0)r

∂ϕ

∂r

= − A1

(
βr0

(
1 − 1

k
(b + l + 1)

)
+

1
k

βθ0

)
rb−k+1

− A2(−βr0(b + l + 1) + βθ0)rb+1 − ρ0r
3ω2,

(err0)r2 ∂2u

∂r2
+ (err0(l + 1) + erθ0)r

∂u

∂r
+ (erθ0l)u

− (η0)r2 ∂2ϕ

∂r2
− (η0(l + 1))r

∂ϕ

∂r

= − p0A1

(1
k

(b + l + 1) − 1
)
rb−k+1 + p0A2(b + l + 1)rb+1.

(16)

It indicates that when ω = 0, Eq. (16) is exactly the same as Eqs. (15-a) and (15-b) in
Ref. [7].

The solutions to Eq. (16) include homogenous and particular solutions. The homogenous
solution to Eq. (16) can be obtained with composing the characteristic equation of the gov-
erning differential equation and evaluating the roots. Primarily, it is appropriate to convert
the Cauchy-Euler equation (see Eq. (16)) into a solvable differential equation with the trans-
formation r = es. With the definition of λ = d

ds , the homogenized differential equation can be
expressed as follows:⎧⎨

⎩
(Crr0λ

2 + Crr0lλ + Crθ0l − Cθθ0)u + (err0λ
2 + (err0l − erθ0)λ)ϕ = 0,

(err0λ
2 + (err0l + erθ0)λ + lerθ0)u + (−η0λ

2 − η0lλ)ϕ = 0.
(17)

The nontrivial solution to Eq. (17) can be obtained with evaluating the determinant of this
equation and evaluating the roots by

λ4 + 2lλ3 + (l2 + γ)λ2 + lγλ = 0. (18)

After evaluating the roots, the homogenous solution to the problem (uh and ϕh) can be
obtained by using the following method:⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

uh =
4∑

i=1

uhir
λi , ϕh =

4∑
i=1

Miuhir
λi ,

Mi = −Crr0λ
2
i + Crr0lλi + Crθ0l − Cθθ0

err0λ2
i + (err0l − erθ0)λi

,

(19)

where uhi (i = 1, 2, 3, 4) are the constants of the problem which can be obtained by imposing
the four mechanical and electrical boundary conditions.
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The fourth-order characteristic equation can be solved to evaluate the roots of the charac-
teristic equation. The values of the roots can define the homogenous solution directly.

The particular solution to the system depends on the right-hand of the differential equation
of the system. At the right-hand side of Eq. (16), three types of terms exist, i.e., rb−k+1, rb+1,
and r3. Considering the mentioned sentences, the particular solutions to Eq. (16) are{

up = X1r
b−k+1 + X2r

b+1 + X3r
3,

ϕp = X4r
b−k+1 + X5r

b+1 + X6r
3,

(20)

where Xi (i = 1, 2, · · · , 6) are unknown coefficients. These coefficients can be obtained by
substituting Eq. (20) into Eq. (16) and equaling the same terms at two sides of the differential
equations. Therefore, the solution to the system of the differential equation is

u = uh + up, ϕ = ϕh + ϕp. (21)

The final solution includes four constants of integration uhi (i = 1, 2, 3, 4). These constants
may be obtained with imposing the appropriate mechanical and electrical boundary conditions.

4 Numerical results for two types of boundary conditions

4.1 Rotating cylinder with free-free boundary condition
The final solution can be obtained by devoting the numerical values to the parameters

and applying the boundary conditions to the problem. The numerical parameters for the
presentation of the results can be considered as follows:⎧⎪⎪⎨

⎪⎪⎩
αr0 = 2.458× 10−6 K−1, αθ0 = 4.396× 10−6 K−1, Crr0 = 83.6 GPa,

Cθθ0 = 74.1 GPa, Crθ0 = 39.3 GPa, err0 = 0.347 C · m−2, erθ0 = 0.16 C · m−2,

η0 = 9.03 × 10−11 C2 · N−1 · m−2, p0 = 2.94 × 10−6 C · m−2 · K−1.

(22)

In our analyses, the thermal loading is considered as a permanent loading. Therefore, the
present model can be considered as a mechanical sensor for measuring the angular velocity
subjected to the thermal loading. The inner and outer temperatures are considered to be 50◦C
and 0◦C, respectively.

There are two mechanical boundary conditions and two electrical boundary conditions in
this problem. The mechanical boundary conditions for the free rotation of the cylinder are

u(r = a) = 0, u(r = b) = 0. (23)

The electrical boundary conditions for this type of boundary conditions of the cylinder are

ϕ(r = a) = 0, ϕ(r = b) = 0. (24)

The nondimensional parameters and angular velocity can be, respectively, selected by the
following equations:⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

σ̄ =
σ

α0Y0T0
, ε̄ =

ε

α0T0
, ūr =

ur

α0T0rb
, ē =

e

Y0 |d0| ,

η̄ =
η

Y0 |d0|2
, p̄ =

p

α0Y0 |d0| , Dr =
Dr

α0Y0T0 |d0| , ϕ =
ϕ |d0|
α0T0rb

,

Er =
Er |d0|
α0T0

, T =
T

T0
, r̄ =

r

rb
, ᾱ =

α

α0
, Cij =

Cij

Y0
,

(25)

Ω =
ω

ω0
→ ω0 =

α0Y0T

ρ0r2
b

, (26)
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In Eq. (11), three inhomogenous indexes are selected, i.e., l, b, and k. To evaluate the effect
of the inhomogenous index, only l is selected to be a variable[7], the other variables are selected
to be constants, i.e., b = 0 and k = 0.01. For evaluating the effect of the angular velocity
on the mechanical and electrical components, four figures for each mechanical and electrical
component are considered, which devote to four dimensionless angular velocities Ω, as shown
in Figs. 2–4.

Figure 2 shows the distribution of the electrical potential along the thickness for four angular
velocities. It indicates that the maximum value of the electrical potential is proportional to the
dimensionless angular velocity Ω. The result can be applied to a mechanical sensor.

Fig. 2 Distribution of electrical potential with various Ω for five l under free rotation

Figure 3 shows the distribution of the radial displacement along the thickness for four angular
velocities. It indicates that the value of the radial displacement is not proportional to Ω. The
trend in Fig. 3 is the same for various Ω.

Figure 4 shows the distribution of the radial stress along the thickness for four angular
velocities. It shows that the distributions have an intersection point for all inhomogenous
indexes in which the radial stress is identical for all curves. This intersection point is an
identical radial position for all angular velocities.
4.2 Rotating cylinder subjected to inner pressure

In this section, a pressurized rotating FGP cylinder subjected to the inner pressure is con-
sidered. The homogenous boundary condition is applied for the electrical potential. The me-
chanical boundary conditions for a rotating cylinder subjected to the inner pressure are

σrr(r = a) = −Pi, σrr(r = b) = 0, (27)
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Fig. 3 Distribution of radial displacement with various Ω for five l under free rotation

Fig. 4 Distribution of radial stress with various Ω for five l under free rotation
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where Pi is the pressure at the inner radius of the cylinder. This boundary condition is the
physical model of a hollow cylinder shrinking fit to a shaft. The homogenous electrical boundary
conditions for the mentioned cylinder are

ϕ(r = a) = 0, ϕ(r = b) = 0. (28)

Imposing the appropriate boundary conditions, the distribution of the mechanical and elec-
trical components can be evaluated analytically. For better understanding the effect of the
angular velocity on the response of a pressurized FGP rotating cylinder, three electrical and
mechanical components are selected, i.e., the radial stress, the radial displacement, and the
electrical potential.

Figure 5 shows the distribution of the electrical potential along the thickness direction for
four angular velocities. This figure indicates that the maximum value of the electrical potential
is proportional to the dimensionless angular velocity Ω. This result has been obtained in the
previous section for free rotation of the FGP cylinder.

Fig. 5 Distribution of electrical potential with various Ω for five l under pressurized rotational cylin-
der

Figure 6 shows the distribution of the radial displacement along the thickness direction for
four angular velocities. This figure indicates that the value of the radial displacement is not
proportional to Ω. The trend in Fig. 6 is the same for different Ω. This result has been obtained
in the previous section for the free rotation of the FGP cylinder.

Figure 7 shows the distribution of the radial stress along the thickness for four angular
velocities. The same behavior shown in Fig. 4 can be understood for the free rotation of the
FGP cylinder. An intersection point is located in an identical radial position for all angular
velocities.
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Fig. 6 Distribution of radial displacement with various Ω for five l under pressurized rotational
cylinder

Fig. 7 Distribution of radial stress with various Ω for five l under pressurized rotational cylinder
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4.3 Comparison between results of two types of studied cylinders
For better understanding the effect of an inner pressure on the response of an FGP rotating

cylinder, the radial stress of an FGP rotating cylinder is investigated for two types of mentioned
cylinders.

Comparison between Figs. 4 and 7 can present the effect of an inner pressure on the response
of an FGP cylinder. It indicates that an inner pressure diminishes the maximum value of the
radial stress. The decrease is the most for a static cylinder. The radial stress decreases with
the increase in the angular velocity.

The same behavior presented above can be expressed for the electrical potential distribution
of an FGP rotating cylinder. Comparison between Figs. 2 and 5 indicates that an inner pressure
diminishes the maximum value of the radial stress. The decrease is the most for the static
cylinder. The electrical potential decreases with the increase in the angular velocity.

5 Conclusions

Comprehensive investigations of the effect of the angular velocity on the mechanical and
electrical responses of a rotating FGP cylinder are performed in the present paper. Some
related conclusions can be expresses as follows:

(i) The proposed term, named as the additional energy, is defined in the general form,
and can be considered in each coordinate system such as the Cartesian system, the cylindrical
system, and the spherical system.

(ii) The maximum value of the electrical potential is proportional to the dimensionless
angular velocity. This proportionality is not valid for other parameters such as the radial dis-
placement and the radial and circumferential stresses. This relation can be considered in mea-
surement devices for evaluating the angular velocity of the rotating component. Furthermore,
the relation can be used in micro-positioning as an actuator. The maximum electrical potential
locates near the outer radius. Therefore, two electrodes must be located at the positions of the
maximum potential and the inner or outer radius.

(iii) An inner pressure diminishes the maximum value of the radial stress. This decreasing
is valid for four angular velocities. Furthermore, the values of the radial stress at a point near
the outer radius are identical for five inhomogenous indexes.

(iv) An inner pressure decreases the maximum value of the electrical potential. The applied
pressure can also increase the absolute minimum value of the electrical potential.
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