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Abstract The theory of poroelasticity is introduced to study the hydraulic properties
of the steady uniform turbulent flow in a partially vegetated rectangular channel. Plants
are assumed as immovable media. The resistance caused by vegetation is expressed by the
theory of poroelasticity. Considering the influence of a secondary flow, the momentum
equation can be simplified. The momentum equation is nondimensionalized to obtain a
smooth solution for the lateral distribution of the longitudinal velocity. To verify the
model, an acoustic Doppler velocimeter (ADV) is used to measure the velocity field in a
rectangular open channel partially with emergent artificial rigid vegetation. Comparisons
between the measured data and the computed results show that the method can predict
the transverse distributions of stream-wise velocities in turbulent flows in a rectangular
channel with partial vegetation.

Key words theory of poroelasticity, open channel flow, vegetation, secondary current,
depth-averaged velocity distribution

Chinese Library Classification TV131.2
2010 Mathematics Subject Classification 76F99

1 Introduction

Vegetation, such as trees, grass, and bushes, always grows in channels, rivers, and wetlands.
Vegetation can increase the resistance and reduce the velocity in flows, which has a negative
influence on the flood control. However, the vegetation in flows can promote the sediment
deposition, reduce the river bed erosion, improve the environment of water, and restore the
river ecological systems. Therefore, it is important to study the influences of vegetation on
flows.

During the past decades, researchers have focused on the resistance of vegetation to flows
and established some empirical relationships between vegetation and flows[1–2]. With the de-
velopment of measure equipments, many researchers, e.g., Bennett et al.[3], Liu and Shen[4],
Shimizu et al.[5], Stone and Shen[6], Tsujimoto and Kitamura[7], Wang et al.[8], Wu et al.[9], and
Yang et al.[10], were more interested in the distributions of the velocity and the Reynolds stress.
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At the same time, researchers became interested in the flows in partially vegetated channels,
and obtained numerous experiment results about the vegetated channel flows. Based on the
Shiono and Knight model (SKM)[11], Huai et al.[12], Rameshwaran and Shiono[13], and Tang
and Knight[14] provided a 2-D analytical solution of a depth averaged stream-wise velocity for
straight over bank flows in the compound channels with vegetation floodplains.

Recently, Hsieh and Shiu[15] introduced the theory of poroelasticity to the study of water
flows passing over a vegetal area, mainly for getting the 2-D analytical solutions in the vertical
velocity profile for the water flow passing over a vegetal area. The advantages of this method
are that the vegetation area is regarded as homogeneous and isotropic porous media, and the
results are accurate. The momentum equations of the flow in a vegetation area are given based
on Biot’s theory of poroelasticity[16].

We introduce the theory of poroelasticity to analysis the hydraulic properties of the turbulent
flow in partially vegetated rectangular channels, which will provide a new type of expressions of
the vegetation drag force. The Reynolds averaged Navier-Stokes (RANS) equation is integrated
over the depth so as to solve the stream-wise velocity. To avoid the disadvantages of the
dimensional express, e.g., the parameters appeared in the solutions are too large, this paper
introduces a dimensionless control equation. By integrating and solving the equation, we acquire
a new method to predict the depth-averaged velocity. Comparisons between our experimental
data and the related data from Tsujimoto and Kitamura[7] show that our solutions behave
effectively in predicting the transverse distributions of the depth averaged velocity.

2 Mathematical models

The turbulent flow in partially vegetated rectangular channels can be divided into two sub-
regions along the transverse direction, i.e., the vegetated region and the non-vegetated region.
According to Hsieh and Shiu[15], the momentum equation of the flow passing over a vegetal
area is

αρ
∂ui

∂t
+ αρ

∂(uiuj)
∂xj

= − μα2

k
ui + ρgi − α

∂p

∂xi
+ μ

∂2ui

∂x2
j

+ α
∂

∂xj
(−ρu′

iu
′
j), (1)

where xi = (x, y, z) is the direction tensor, in which x, y, and z are the longitudinal, transverse,
and vertical directions as shown in Fig. 1. ui = (ux, uy, uz) is the velocity tensor, ux, uy, and
uz are the temporal mean velocities along the x-, y-, and z-directions, respectively. gi is the

Fig. 1 Sketch of partially vegetated channel
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gravitational acceleration tensor. u′
i = (u′

x, u′
y, u′

z) is the velocity fluctuation tensor, u′
x, u′

y, and
u′

z are the velocity fluctuations along the x-, y-, and z-directions, respectively. The porosity α
is defined as

α = 1 − NvAv,

where Av = 1
4πD2 is the cross-sectional area of a single stick[13]. Nv is the number of the

sticks in a unit area. D is the diameter of a single stick. ρ is the water density. −μα2

k ui is the
expression of the vegetation resistance according to the theory of poroelasticity. μ is the water
viscosity. k is the special permeability of the porous media.

From Eq. (1), we obtain the momentum equation along the x-direction in the steady uniform
turbulence flow,

αρ
(∂(uxuy)

∂y
+

∂(uxuz)
∂z

)

= αρgS0 + α
∂τyx

∂y
+ α

∂τ zx

∂z
− μα2

k
ux, (2)

where g is the gravitational acceleration. S0 is the energy slope, which is equal to the bottom
slope in the uniform flow. Since μ∂2ui

∂x2
j

can be ignored in turbulence flows, the Reynolds stresses
are as follows:

⎧⎨
⎩

τyx = −ρu′
yu

′
x,

τzx = −ρu′
zu

′
x.

Ervine et al.[17] assumed that the secondary flows were related to inertia as they did in their
quasi-2D models,

uxuy = LU2, (3)

where U was the depth averaged stream-wise velocity, i.e.,

U =
1
H

∫ H

0

uxdz,

and L was the secondary current intensity coefficient, which was assumed to be constant in a
specific case. The value of L will increase when the secondary current becomes more intense.
Integrating Eq. (2) over the flow depth, we obtain the depth-averaged equation

αρHL
∂U2

∂y
+ αρ

∫ H

0

d(uxuz)

= αρgHS0 + α

∫ H

0

∂τyx

∂y
dz

+ α

∫ H

0

dτzx −
∫ H

0

μα2

k
uxdz. (4)

The vertical velocity is usually zero at both the bed and the water surfaces, i.e.,

uz = 0 when z = 0 and z = H.
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Thus, the second term in Eq. (4) is zero, i.e.,

αρ

∫ H

0

d(uxuz) = 0.

The Reynolds stress can be dealt with as follows:

τyx = ρυt
dU

dy
, (5)

where υt is the depth-averaged eddy viscosity,

υt = ξHU∗ = ξHU

√
f

8

with the eddy viscosity coefficient ξ and the Darcy-Weisbach friction factor f . Therefore,
∫ H

0

∂τyx

∂y
dz = ρξH2

√
f

8
d
dy

(
U

dU

dy

)
. (6)

Meanwhile, assuming that τzx at the water surface is zero, we have
∫ H

0

dτzx = −τb, (7)

where τb is the bed shear stress decided by

τb =
ρfU2

8
.

Thus, Eq. (4) becomes

ρgHS0 +
d
dy

(
ρξH2

√
f

8
U

dU

dy
− ρHLU2

)

− 1
8
ρfU2 − μα

k
U = 0. (8)

It is very hard to get the analytical solution to Eq. (8). Thus, to get the analytical solution,
we assume

μα

k
U =

μα

kU
U2,

where U is the average velocity over the cross section of the vegetated area. Then, Eq. (8) is
changed to

ρgHS0 +
d
dy

(
ρξH2

√
f

8
U

dU

dy
− ρHLU2

)

− 1
8
ρfU2 − μα

kU
U2 = 0. (9)

Since there is no vegetation in the non-vegetated region, the control equation in this area is

ρgHS0 +
d
dy

(
ρξH2

√
f

8
U

dU

dy
− ρHLU2

)

− 1
8
ρfU2 = 0. (10)
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Some researchers, e.g., Abril and Knight[18], Ervine et al.[17], and Huai et al.[12], have pre-
sented analytical solutions for predicting the transverse distribution of velocities. However,
since the unknown constants in the solution are dimensional, the physical meaning of the solu-
tion is not clear. The relative parameters sometimes are too large, which makes the calculating
results inaccurate. To overcome this shortage, this paper converts Eqs. (9) and (10) into the
dimensionless form with the parameters as follows:

Y =
y

B
, (11)

η =
8U2

αgHS0

√
8f

. (12)

Dividing Eqs. (9) and (10) by
αgHS0f

8B2
,

we have

d2η

dY 2
+ Av

dη

dY
+ Cvη + Dv = 0 (in the vegetated region), (13)

d2η

dY 2
+ Anv

dη

dY
+ Cnvη + Dnv = 0 (in the non-vegetated region), (14)

where the subscripts v and nv represent the vegetated region and the non-vegetated region,
respectively, and

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Av = − 2BK

ξvH

√
fv

8

, Cv = − 2B2

ξvH2

√
fv

8

(fv

8
+

μα

kUρ

)
,

Dv =
16B2

fvH2ξv
, Anv = − 2BK

ξnvH

√
fnv

8

,

Cnv = − 2B2

ξnvH2

√
fnv

8
, Dnv =

16B2

fnvH2ξnv
.

Then, the dimensionless parameter η can be solved from Eqs. (13) and (14), i.e.,

η = I1er1Y + I2er2Y + δv (in the vegetated region), (15)

η = I3er3Y + I4er4Y + δnv (in the non-vegetated region), (16)

where Ii (i = 1, 2, 3, 4) are the dimensionless unknown constants. How to decide Ii with the
boundary conditions will be introduced in the next section. Other parameters in Eqs. (15) and
(16) are

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

δv = −Dv

Cv
, r1,2 =

−Av ±√
Av − 4Cv

2
,

δnv = −Dnv

Cnv
, r3,4 =

−Anv ±√
Anv − 4Cnv

2
.
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From Eqs. (15) and (16), we can acquire the analytic solutions to Eqs. (9) and (10), i.e.,

U =
(
α

√
fv

8
gHS0(I1er1Y + I2er2Y + δv)

) 1
2

(in the vegetated region), (17)

U =
(
α

√
fnv

8
gHS0(I3er3Y + I4er4Y + δnv)

) 1
2

(in the non-vegetated region). (18)

3 Estimation of parameters and progress of obtaining accurate results

The special permeability of the porous media is calculated by the Kozeny-Carman formula

k =
c0Tα3

(1 − α)2M2
,

where c0 is the Kozeny constant, which is 0.5 in a circular section and 0.667 in a long strip
section, respectively. We adopt c0 = 0.667 in this study. T is the tortuosity of porous media,
whose value is 0.5 as suggested by Carman. M is the specific surface area, which is defined as
the ratio of the surface area to the solid volume. The stronger the plants system is, the greater
the value of M is. Here, M = 5.0 × 103 is adopted.

The boundary conditions to determine the unknown constants I1, I2, I3, and I4 are as
follows:

(a) The velocity is zero at the edges of the channel, i.e.,

{
U(Y = 0) = 0,

U(Y = 1) = 0.

(b) The velocity and its gradient are continuous at the interface of the two regions, i.e.,

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

U
(
Y =

B−
v

B

)
= U

(
Y =

B+
v

B

)
,

dU

dY

∣∣∣
Y =

B
−
v

B

=
dU

dY

∣∣∣
Y =

B
+
v

B

,

where Bv is the width of the vegetated region.
As a result, the unknown constants can be solved from the following matrix:

⎛
⎜⎜⎜⎜⎝

1 1 0 0
0 0 er3 er4

√
fver1

Bv
B

√
fver2

Bv
B −√

fnv2e
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B −√
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Bv
B

√
fvr1er1

Bv
B

√
fvr2er2
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B −√

fnvr3er3
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B −√
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B

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

I1

I2

I3

I4

⎞
⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎝

−δv

−δnv√
fnvδnv −√

fvδv

0

⎞
⎟⎟⎟⎟⎠

.
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The expressions of I1, I2, I3, and I4 are
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

I1 = −δv − I2, I3 = −δnv + er4I4

er3
,

I2 =
G +

√
fnver3

Bv
B I3 +

√
fnver4

Bv
B I4√

fv(er4
Bv
B − er3

Bv
B )

,

I4 =
mG − Nδnv −√

fvr1er1
Bv
B δv√

fnvr4er4
Bv
B − m

√
fnver4

Bv
B + Ner4

,

where ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

G =
√

fnvδnv +
√

fver1
Bv
B δv −

√
fvδv,

m =
r4er4

Bv
B − r3er3

Bv
B

er4
Bv
B − er3

Bv
B

,

N =
m
√

fnvr3er3
Bv
B −√

fnvr3er3
Bv
B

er3
.

The Darcy-Weisbach friction factors fv and fnv in the matrix above are decided by the
Manning equation in the rectangle channel, i.e.,

fv = 8
gn2

v

R
1
3
v

, (19)

fnv = 8
gn2

nv

R
1
3
nv

, (20)

where nv is the Manning coefficient in the vegetated region, while nnv is the Manning coefficient
in the non-vegetated region. Rv and Rnv are the hydraulic radii in the vegetated and non-
vegetated regions, respectively. The detailed method to decide the friction factors can be found
in [12].

The eddy viscosity coefficient in the non-vegetated region ξnv is supposed to be constant,
i.e., ξnv = 0.07[18]. We suppose that the Reynolds stress is continuous at the interface of the
regions as follows:

τyx

(B−
v

B

)
= τyx

(B+
v

B

)
, (21)

τyx = ρυt
dU

dy

=
ρfv

16
αξvgHS0(I1r1er1Y + I2r2er2Y )

H

B
(in the vegetated region), (22)

τyx = ρυt
dU

dy

=
ρfnv

16
αξnvgHS0(I3r3er3Y + I4r4er4Y )

H

B
(in the non-vegetated region). (23)

Then, the eddy viscosity coefficient in the vegetated region ξv can be estimated by

ξv =

√
fnv

fv
ξnv. (24)



466 Wen-xin HUAI, Chuan GENG, Yu-hong ZENG, and Zhong-hua YANG

Though the secondary flow will decrease in the vegetated region owing to the resistance of
vegetation, the second current intensity coefficient L is still considered. L is related to a variety
of factors such as the channel shape, the roughness coefficient, the flow depth, the vegetation
density, etc. Referring to the value range suggested by Ervine et al.[17] (L is about 0.5% for
straight channels), the try-out method is used to estimate the value of L.

With the relative parameters given above, we can get the first-step calculated depth-averaged
velocities U . However, the results are not accurate because of the assumption that

μα

k
U =

μα

kU
U2.

To improve the results, we use the first-step results to get the value of Cv2 calculated by

Cv2 = − 2B2

ξvH2

√
fv

8

(fv

8
+

μα

kUρ

)
.

Then, the obtained Cv2 is substituted for Cv in the expression of

δv = −Dv

Cv
.

Therefore, δv, r1, and r2 become variable. The expressions of the boundary conditions and the
equation-solved matrix are the same as before except that the values of δv, r1, and r2 should
be the values at the place of

Y =
Bv

B
.

Then, we can get a new series of U by solving the equation-solved matrix so as to get the
respective parameters.

We circulate the progress above until the results of two continuous steps are almost the
same, and the accurate convergency (the difference of the results between the final two steps is
less than 0.1%) is reached.

4 Experiments and results

The experiments are conducted in a straight rectangular glass flume with the length of 20 m,
the width of 0.5 m, and the depth of 0.44 m. The bed slope S0 is set to be 0.04%. The steel
bars are used to simulate the rigid vegetation, and the mean velocities are measured by an ADV
system. The flow discharge is controlled by an electric magnetic valve, and the water surface is
adjusted to be about 0.04% by the gate installing at the end of the flume. All experiments are
carried out under the uniform conditions. The vegetation is emergent in the two cases shown
in Table 1. To validate the applicability of the calculated results, the experimental parameters
of other researchers are also listed in Table 1.

Table 1 Parameters of laboratory experiments

Source Case
Flumewidth Vegetated area Water depth width Porosity Energy slope

B/m Bv/m H/m α/m S0/%

Our experiments
1 0.5 0.250 0.110 0 0.992 1 0.040

2 0.5 0.250 0.180 0 0.996 1 0.040

Tsujimoto and Kitamura[7]
A 0.4 0.120 0.050 0 0.992 0 0.165

B 0.4 0.120 0.045 7 0.991 6 0.170
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Figures 2–5 show the comparisons between the experimental data and the calculated re-
sults. From the figures, we can see that the predicted depth-averaged velocities agree well with
the measured data when the secondary current intensity coefficient L has an optimum value.
Moreover, the values of L have the same order as the magnitude.

Fig. 2 Comparison of our predicted U with
our experimental data in Case 1

Fig. 3 Comparison of our predicted U with
our experimental data in Case 2

Fig. 4 Comparison of our predicted U with
Tsujimoto and Kitamura’s experi-
mental data[7] in Case A

Fig. 5 Comparison of our predicted U with
Tsujimoto and Kitamura’s experi-
mental data[7] in Case B

5 Conclusions

This paper establishes the momentum equations in both vegetated and non-vegetated regions
after considering the effects of the secondary current and resistance of vegetation, and converts
them into a dimensionless form. The resistance caused by vegetation is expressed by the theory
of poroelasticity. After determining the boundary conditions and solving the equations, a
method is established to predicate the depth-averaged velocity of a steady uniform flow with
the emergent rigid vegetation partially planted in rectangular channels. An ADV is used to
measure the velocity for the partially vegetated rectangular channel. Comparisons between the
calculated results and the experimental data show that our proposed method can provide an
effective prediction for the depth-averaged velocity. Comparisons between different runs of the
calculated results show that the values of the secondary current intensity have the same order
as the magnitude under different flow conditions.
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