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Abstract The problem of the steady magnetohydrodynamic (MHD) stagnation-point
flow of an incompressible viscous fluid over a stretching sheet is studied. The effect of an
induced magnetic field is taken into account. The nonlinear partial differential equations
are transformed into ordinary differential equations via the similarity transformation. The
transformed boundary layer equations are solved numerically using the shooting method.
Numerical results are obtained for various magnetic parameters and Prandtl numbers.
The effects of the induced magnetic field on the skin friction coefficient, the local Nusselt
number, the velocity, and the temperature profiles are presented graphically and discussed
in detail.
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1 Introduction

The study of stretching sheets is important in industries and manufacturing processes. For
example, the study of the biomagnetic fluid (biological fluids in the presence of magnetic fields)
flow towards a stretching sheet is important in bioengineering and medical applications[1–3].
Further, the study of the magnetohydrodynamic (MHD) flow of an electrically conducting fluid
due to the stretching sheet is important in modern metallurgy and metal-working processes. A
number of technical processes concerning polymers involve the cooling of continuous strips or
filaments by drawing them through a quiescent or moving fluid. The final product depends, to
a great extent, on the rate of cooling, which is governed by the structure of the boundary layer
near the stretching sheet.

Al-Odat et al.[4] presented numerical solutions for the thermal boundary layer of an exponen-
tially continuous stretching surface in the presence of a magnetic field with variable exponential
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temperature at the surface. Li et al.[5] considered another problem of the boundary layer flow
in channels with the effect of a transverse magnetic field.

The stagnation-point flow of an incompressible viscous fluid against an infinite flat plate
is an important type of flows, which has many engineering applications. Hiemenz[6] was the
first to study the two-dimensional (2D) stagnation-point flow against an infinite flat plate.
He found an exact solution to the governing Navier-Stokes equations. Eckert[7] extended this
problem by including the energy equation, and obtained an exact solution for the thermal field.
Many researchers have been working on the stagnation-point flow in various ways. Mahapatra
and Gupta[8] considered the MHD case. Mahapatra and Gupta[9–10] studied the heat transfer
in the stagnation-point flow over a stretching surface and also the stagnation-point flow in a
viscoelastic fluid, respectively. Nazar et al.[11] considered the boundary layer flow near the
stagnation-point on a stretching sheet, where time dependence is also taken into account. Ishak
et al.[12] studied the boundary layer stagnation-point flow over a stretching sheet for both the
cases of assisting and opposing flows, while Wang[13] solved the problem of a stagnation-point
flow on a moving plate with a slip condition. In non-Newtonian fluids, Gorla[14] solved the
boundary layer flow for power-law fluids at a stagnation-point in the presence of a transverse
magnetic field. Recently, Zhu et al.[15–16] presented the analytical solutions of stagnation-point
flow over a stretching sheet and also the MHD stagnation-point flow towards a power-law
stretching sheet with the effect of slip, respectively, via the homotopy analysis method. These
are few examples for the problem where the induced magnetic field is negligible.

To date, very little work has been done on the boundary layer flow and heat transfer with
the consideration of the induced magnetic field. For example, Kumari et al.[17] investigated the
MHD flow and heat transfer over a stretching surface by considering the effect of the induced
magnetic field, and Takhar et al.[18] studied the unsteady free convection flow at the stagnation-
point under the presence of a magnetic field.

In the present paper, we extend the work by Mahapatra and Gupta[9] to the case of the
MHD stagnation-point flow of an electrically conducting fluid in the presence of a transverse
magnetic field by taking an induced magnetic field into account. In this study, the magnetic
field is applied parallel to the sheet. The partial differential equations are reduced to similarity
equations or nonlinear ordinary differential equations, which are solved numerically. The flow
depends heavily on the magnetic parameter.

2 Basic equations

Consider the steady 2D stagnation-point flow of an incompressible electrically conducting
fluid towards a stretching surface in its own plane with a velocity proportional to the distance
from the stagnation-point. The effect of the induced magnetic field is taken into account (see
Fig. 1). The basic equations for the flow of a viscous and electrically conducting fluid can be
written as follows[19]:

∇ · V = 0, ∇ · H = 0, (1)

(V · ∇)V − μ

4πρ
(H · ∇)H = −1

ρ
∇P + ∇2V, (2)

∇× (V × H) + μe∇2H = 0, (3)

(V · ∇)T = α∇2T, (4)

where V is the fluid velocity vector, H is the induced magnetic field vector, the MHD pressure

P = p +
μ|H |2

8π
,
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Fig. 1 Physical model and coordinate system

T is the fluid temperature, p is the fluid pressure, μ, ν, σ, ρ, α, and

μe =
1

4πσ

denote the magnetic permeability, the kinematic viscosity, the electric conductivity, the density,
the thermal diffusivity, and the magnetic diffusivity, respectively.

According to the boundary layer approximations, Eqs. (1)–(4) for the problem under con-
sideration can be reduced to[20]

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂u

∂x
+

∂v

∂y
= 0,

∂H1

∂x
+

∂H2

∂y
= 0,

(5)

u
∂u

∂x
+ v

∂u

∂y
− μ

4πρ

(
H1

∂H1

∂x
+ H2

∂H1

∂y

)

=
(
ue

due

dx
− μHe

4πρ

dHe

dx

)
+ ν

∂2u

∂y2
, (6)

u
∂H1

∂x
+ v

∂H1

∂y
− H1

∂u

∂x
− H2

∂u

∂y
= μe

∂2H1

∂y2
, (7)

u
∂T

∂x
+ v

∂T

∂y
= α

∂2T

∂y2
, (8)

where x and y are the Cartesian coordinates along the stretching surface and normal to it,
respectively, u and v are the velocity components along x and y, H1 and H2 are the magnetic
components along x and y, and ue(x) and He(x) are the x-velocity and the x-magnetic field at
the edge of the boundary layer. The boundary conditions of Eqs. (5)–(8) are as follows:

⎧
⎪⎨

⎪⎩

v = 0, u = uw(x) = cx,
∂H1

∂y
= H2 = 0, T = Tw at y = 0,

u = ue(x) = ax, H1 = He(x) = H0x, T = T∞ as y → ∞,

(9)

where a and c are positive constants, and H0 is the value of the uniform magnetic field at the
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infinity upstream. Applying the transformations
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

u = cxf ′(η), v = −(cν)
1
2 f(η),

H1 = H0xg′(η), H2 = −(cν)
1
2 g(η),

η =
( c

ν

) 1
2
y, θ(η) =

T − T∞
Tw − T∞

(10)

to Eqs. (5)–(8), we obtain the following ordinary differential equations:

f ′′′ + ff ′′ − (f ′)2 +
a2

c2
+ β(g′2 − gg′′ − 1) = 0, (11)

λg′′′ + fg′′ − f ′′g = 0, (12)

θ′′ + Prfθ′ = 0. (13)

Then, the boundary conditions (9) reduce to

⎧
⎨

⎩

f(0) = 0, f ′(0) = 1, f ′(∞) =
a

c
, θ(0) = 1,

g(0) = 0, g′′(0) = 0, g′(∞) = 1, θ(∞) = 0,

(14)

where primes denote differentiation with respect to η, λ is the reciprocal magnetic Prandtl
number, β is the magnetic parameter, and Pr is the Prandtl number, which are defined as

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

λ =
μe

ν
,

Pr =
ν

α
,

β =
μ

4πρ

(H0

c

)2

.

(15)

The magnetic parameter β, which gives the order of the ratio of the magnetic energy and
the kinetic energy per unit volume, is related to the Hartmann[21] number Ha and the flow and
magnetic Reynolds numbers Re and Rem, respectively, in the following way:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

β =
Ha2

ReRem
,

Ha = μH0l
(σ

μ

) 1
2
,

Re =
(cl)l
ν

,

Rem = 4πU∞lμσ =
(cl)l
μe

,

(16)

where l is the characteristic length of the stretching surface comparable with the dimensions
of the field. It may be noted that for β = 0 (without a magnetic field), Eq. (11) reduces to
that of Mahapatra and Gupta[9]. As β = 0 implies the absence of the magnetic field, Eq. (12)
governing the induced magnetic field is no longer needed.
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The physical quantities of interest are the skin friction coefficient Cf and the local Nusselt
number Nu, which are defined as

⎧
⎪⎪⎨

⎪⎪⎩

Cf =
τw

ρu2
w

,

Nu =
xqw

k(Tw − T∞)
,

(17)

where the wall shear stress τw and the wall heat flux qw are given by
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

τw = μ

(
∂u

∂y

)

y=0

,

qw = −k

(
∂T

∂y

)

y=0

(18)

with k being the thermal conductivity of the fluid. Using the variables in (10), we obtain
⎧
⎪⎨

⎪⎩

Re
1
2
x Cf = f ′′(0),

Re
− 1

2
x Nu = −θ′(0),

(19)

where Rex = uwx/ν is the local Reynolds number.

3 Results and discussion

Equations (11)–(13) subjected to the boundary conditions (14) have been solved numerically
by the shooting method, as discussed in a paper by Meade et al.[22]. This well-known technique
is an iterative algorithm. It attempts to identify appropriate initial conditions for a related
initial value problem (IVP) that provides the solution to the original boundary value problem
(BVP). The shooting method used in this study is based on Maple’s dsolve command with the
program Shoot 9, which is built in Maple and developed by Meade et al.[22]. The edge of the
boundary layer chosen in this study is between 5 to 10.

To check the validity and accuracy of the numerical results obtained, the values of the skin
friction coefficient f ′′(0) when the magnetic field is absent, i.e., β = 0, are compared with the
previously published results shown in Table 1. They show good agreement.

Table 1 Skin friction coefficient f ′′(0) for different values of a/c = 3 when β = 0

a/c Mahapatra and Gupta[9] Nazar et al.[11] Ishak et al.[12] Present

0.1 −0.969 4 −0.969 4 −0.969 4 −0.969 4

0.2 −0.918 1 −0.918 1 −0.918 1 −0.918 1

0.5 −0.667 3 −0.667 3 −0.667 3 −0.667 3

2.0 2.017 5 2.017 6 2.017 5 2.017 5

3.0 4.729 3 4.729 6 4.729 4 4.729 3

Table 2 shows that for fixed β = 1 and a/c = 3, the local Nusselt number Re
− 1

2
x Nu increases

as the Prandtl number Pr increases.

Table 2 Variation of Re
1
2
x Cf and Re

− 1
2

x Nu with a/c = 3 and β = 1

Pr 0.07 0.5 2.0 6.8 10.0

Re
− 1

2
x Nu 0.338 14 0.827 48 1.521 47 2.597 80 3.079 02
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Table 3 shows the variations of Re
1
2
x Cf and Re

− 1
2

x Nu for various a/c, β, and Pr. As shown
in Table 3, when the effect of the magnetic parameter a/c > 1 (a/c = 3 and Pr = 0.72), the
skin friction coefficient decreases when β increases, while it shows the opposite phenomenon for
a/c < 1 (a/c = 0.5 and Pr = 0.72). It is observed that for a/c > 1, we can take large values of
β but not for the case of a/c < 1.

Table 3 Variation of Re
1
2
x Cf and Re

− 1
2

x Nu with Pr = 0.72 and different a/c

a/c = 3
‚
‚
‚ a/c = 0.5

β Re
1
2
x Cf Re

− 1
2

x Nu

‚
‚
‚
‚

β Re
1
2
x Cf Re

− 1
2

x Nu

0.1 4.709 28 0.979 02
‚
‚
‚ 0.10 −0.575 95 0.591 71

0.5 4.627 64 0.976 17
‚
‚
‚ 0.15 −0.509 38 0.602 07

1.0 4.521 58 0.972 40
‚
‚
‚ 0.20 −0.407 17 0.618 11

2.0 4.294 31 0.964 05
‚
‚
‚

5.0 3.433 52 0.928 63
‚
‚
‚

8.0 1.877 34 0.844 94
‚
‚
‚

Figures 2–4 show the effect of the magnetic parameter β on the velocity f ′, g′, and temper-
ature θ profiles with a/c = 3 and Pr = 0.72. It shows that the velocity and g′ profiles decrease
as β increases. However, it shows the reverse effect for the temperature profiles.

Fig. 2 Velocity profiles for different values of β when a/c = 3 and Pr = 0.72

Fig. 3 g′ profiles for different values of β
when a/c = 3 and Pr = 0.72

Fig. 4 Temperature profiles for different
values of β when a/c = 3 and Pr =
0.72
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Figures 5–7 show the effect of the magnetic parameter β on the velocity f ′, g′, and tem-
perature θ profiles, respectively, with a/c = 0.5 and Pr = 0.72. It can be seen clearly that the
velocity f ′ and g′ profiles increase as β increases, while the temperature θ profiles decrease as
β increases.

Fig. 5 Velocity profiles for different values of β when a/c = 0.5 and Pr = 0.72

Fig. 6 g′ profiles for different values of β
when a/c = 0.5 and Pr = 0.72

Fig. 7 Temperature profiles for different
values of β when a/c = 0.5 and
Pr = 0.72

In Figs. 8–11, we consider the fixed values of Pr and β for various a/c. Figure 8 shows the flow
with a boundary layer structure. It can be seen from Fig. 8 that the boundary layer thickness
decreases as a/c increases for the case of a/c > 1. From [9], physically, this phenomenon can
be explained as follows: for fixed value of c corresponding to the stretching of the surface, the
increase in a in relation to c implies the increase in the straining motion near the stagnation
region that can increase the acceleration of the external stream. Therefore, the increase in a/c
has the effect of thinning the boundary layer. However, for a/c < 1, the flow has an inverted
boundary layer structure, where the stretching velocity cx of the surface exceeds the velocity
ax of the external stream. In Fig. 9, it can be seen that all the g′ profiles decrease with the
increase in a/c. However, for the case of a/c > 1, the opposite trend occurs after a certain
point. In Fig. 10, it can be seen that the plotted f profiles decrease when a/c decreases. Figure
11 shows that the thermal boundary layer thickness decreases when a/c increases.

From Figs. 12 and 13, again both a/c = 3 and a/c = 0.5 are considered. It is found that the
thermal boundary layer thickness also decreases as Pr increases. If Pr increases, the thermal
diffusivity will decrease. This leads to the decrease of the energy transfer ability, and results in
the reducing thermal boundary layer.
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Fig. 8 Velocity profiles for different values
of a/c when Pr = 0.72 and β = 0.1

Fig. 9 g′ profiles for different values of a/c
when Pr = 0.72 and β = 0.1

Fig. 10 Variation of f for different values of
a/c when Pr = 0.72 and β = 0.1

Fig. 11 Temperature profiles for different
values of a/c when Pr = 0.72 and
β = 0.1

Fig. 12 Temperature profiles for several val-
ues of Pr when a/c = 3.0 and β =
1.0

Fig. 13 Temperature profiles for several val-
ues of Pr when a/c = 0.5 and β =
0.1
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4 Conclusions

A numerical study is performed for the problem of the MHD stagnation-point flow of an
incompressible viscous fluid over a stretching sheet in the presence of an induced magnetic field.
Our results with absent magnetic parameters are compared with previously well-known results.
The agreement is found to be very good. The effects of the magnetic parameter β on the
velocity, g′, and temperature profiles for both a/c > 1 and a/c < 1 are investigated. It can be
seen that all the skin friction coefficients decrease as β increases for a/c > 1; however, it shows
the opposite phenomenon for a/c < 1. In this study, we find that there are significant effects
of the magnetic parameter on the velocity, g′, and temperature profiles. It is also found that
the thermal boundary layer thickness reduces when Pr increases for both the cases of a/c < 1
and a/c < 1.

Acknowledgements The authors gratefully acknowledge the beneficial comments and suggestions
given by the anonymous reviewers.
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