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Abstract This paper introduces a new stabilized finite element method for the coupled
Stokes and Darcy problem based on the nonconforming Crouzeix-Raviart element. Opti-
mal error estimates for the fluid velocity and pressure are derived. A numerical example
is presented to verify the theoretical predictions.

Key words Beavers-Joseph-Saffman condition, mass conservation, balance of force,
coupled Stokes and Darcy problem

Chinese Library Classification 0242.21
2000 Mathematics Subject Classification 65N30, 66N15

1 Introduction

Our research in this paper begins with the model of the coupled Stokes and Darcy problem.
The model is based on the Stokes equation in the fluid coupled across an interface with the
Darcy equation for the filtration velocity in the porous media. It is widely applied in industries.
For example, we can use it to simulate the procedure of the pollutants discharged into streams,
lakes, and rivers and making their way into the water supply, and to determine whether a dam
built over a river is solid from the amount of water filtration through the dam.

Recently, the coupled problem has become a research topic from mathematics and numerical
analysis viewpoint!!-6l. However, there still exist several main difficulties in the solution to the
coupled problem by using the finite element approximation. First, the coupled problem owns a
common restraint with the Stokes equation and the Darcy equation that velocity and pressure
spaces must satisfy the inf-sup condition of Babuskal”) and Brezzil®l. Second, finite element
discretizations with choices of space in two regions are different for many methods!®-1%, Thus,
different spaces in two regions lead to many difficulties in mathematical theory and numerical
analysis. On the other hand, in [1,4], it was argued that finite element discretizations based
on the same finite element space for both regions will have some advantages with respect
to implementation. However, the construction of the elements!¥ is rather complicated and

* Received Jun. 12, 2009 / Revised Jan. 10, 2010
Project supported by the Science and Technology Foundation of Sichuan Province
(No. 05GG006-006-2)
Corresponding author Min-fu FENG, Professor, Ph. D., E-mail: fmf@wtjs.cn



394 Min-fu FENG, Rui-sheng QI, Rui ZHU, and Bing-tao JU

therefore less attractive for engineering purposes. Third, the technical difficulty is how to treat
the interface condition, especially, the mass conservation condition. Hence, it is interesting to
use one simple element that could be implemented easily to approximate the coupled problem.

A seemingly promising candidate for such an element is the Crouzeix-Raviart (CR) element,
which has the following nice properties: in combination with piecewise constant pressure, it
satisfies the inf-sup condition and element-wise conservation of mass. Hence, the CR element
is widely used in many problems, such as the Darcy-Stokes problem!'!], the Stokes problem!?
and the elasticity problem[!3-14. In [11], in order to ensure convergence in the Darcy limit
and fulfill Korn’s inequalities for the Darcy-Stokes problem that is not an interface problem,
a similar stabilization like [13] is introduced. For the complexity of the coupled Stokes and
Darcy problem, when the CR element is used, besides those difficulties in the Darcy-Stokes
problem, there are other difficulties in treating the interface condition, especially, in the mass
conservation condition. In this paper, we apply the CR element to the coupled Stokes and
Darcy problem with an added stabilization, which is also similar to the one in [13]. In order
to treat the interface condition well, a new interpolation that is not a CR interpolation on the
entire domain is introduced. We give the proof of stability and convergence of our method.
Finally, we present a numerical example to show the performance of the method on the coupled
problem.

2 Model of problem and notation

Let © be a polygonal domain in R?, which is subdivided into subdomains Q"% and Q27
(i=1,2,---,mq; j=1,2,---,ma) (see Fig. 1). The subdomains Q'* and Q?* are assumed to
be bounded connected polygonal domains such that

Ql,iﬂQLj -0, QQviﬂQQJ =0 for i#j,

and

Qe =0, o= D b0, = mU 0>,
=1 i=1

Denote by T';; the interface between two subdomains Q%" and 027, and let I' = UL';; and
I; = 0Q;/T. Denote by u = (u1,uz2) the fluid velocity and by p = (p1,p2) the fluid pressure,
where u; = ulg, and p; = plq,.

Q%

(Porous medium region)

Qb
(Fluid region)

Fig. 1 The diagram of the domain

We assume that the flow in domain €25 is the Stokes equation. Therefore, the following
equations are satisfied:
—2uV - €(ur) + Vpr = f1 in Qq,
V U1 = g1 iIl Ql, (1)

u; =0 on Iy,
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where €(u1) is the strain tensor defined by €(u1) = +(Vuy + V).
In the region s, the flow pressure and velocity satisfy the the single phase Darcy flow
equations:

pug +kVpy = fo in (o,
V- U2 = g2 in Qg, (2)
us-n=0 on Iy,
where k is the symmetric, positive definite tensor bounded below and above uniformly, f;
represent the body forces, ;> 0 denotes the viscosity of the fluid, and n is the outward unit

normal to I's.
As the pressure is unique up to an additive constant, we assume

/Q pdz = 0. ()

Let n and 7 be the unit normal and tangential vectors to I' outward of {2, respectively. The
conditions at the interface I' are

urp-n=ug-n on I, (4)
2un-e(ur) -n=p1—ps on I, (5)
2un - e(uy) -7 = k™%ouy-7 on . (6)

Here, (4) represents the mass conservation, (5) represents the balance force, and the condition
Beaver-Joseph-Saffman law (6) is the most accepted condition!'®'"l and includes a friction
constant k > 0 that can be determined experimentally.

We introduce the Hilbert spaces

W= {U € HO(leaQ) : U|Q1 € [Hl(Ql)]25U|F1 = 0}7
V= {U € HO(dIV,Q) : U|Q¢ € [Hl(Qi)]zvv|F1 = 0}7

and
Q:=L3N) = {q € L*(Q): /qu;v = 0}.

For i = 1,2, let £ be a non-degenerate quasi-uniform triangulation of Q;, I'y be the union of
the boundaries (except some boundaries belonging to I') of all elements in &/, and h; denote
the maximum diameter of elements in &. We assume the meshes at interfaces in the sense:
any edge e € 0K NT, where K! (€ ¢}) belongs to one and only one element K2 (€ £7). We
introduce the nonconforming Crouzeix-Raviart finite element space:

Vi = {Ui vk € [P(K)]?, VK € & NEfs /[U]ds =0, e ([}, UT})/09y;
/[’U'Tl]dSZO, 66392},

e

where the jumps [v] and [v - n] on a face e are defined by

lim (v(x + sn) —v(z —sn)), if ee (I}, UT?)/09Q,
[v](z) :={ *70F .
lim —v(x —sn), if e€ o,

s—0+
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and
lim (v(z +sn) —v(z —sn))-n, if eeT?UL,
[v-nl(@) = Lot

o lim —v(x —sn)-n, if e€ dN/T,
s—0+
where n is a normal unit vector on e and x € e. If e € 0f), we choose the orientation of n to

be outward with respect to §2; otherwise n has an arbitrary but fixed orientation. Further, we
introduce the following spaces:

Qp = {q:q|K € Py(K), /qux:0},

€

W = {U vk € Pi(K)?, VK €&, /[U]ds =0, e€ rg/agi} ,i=1,2,

and
X'=Xlg, i=1,2,

where X may be Vj, or V.

Lemma 2.1 Assume I';; (1 =1,2,--- ,mq; j = 1,2,--- ,ma) are polygonal interfaces of
Q1 and Qo. Then, there exists an interpolation operator Ry from V to Vj,.

Proof Let rj denote the Crouzeix-Raviart interpolation
reo [HY QW) - W, i=1,2,
and let _
Rh|vi :'I"}LL|V'i, i=1,2.

Obviously, Ry, is an interpolation from V' to V}, only if
/[th-n]dS:O, Yve W, Veel.

In fact,
/[th -nlds = /[th]ds ‘n = /[v]ds ‘n = /[v -n]jds =0, VYeeTl,
where n is a normal vector on e.
Remark 2.1 Though R}l q, is the Crouzeix-Raviart interpolation in the domain €;, Ry,
is not the CR one in the entire domain from the definition of V},.
Letting the discretely divergence-free space Zj, as

Zp =A{vn € W+ (V-un,qn) =0, Vg € Qun},

we shall show that the spaces V}, and Q) satisfy the inf-sup condition for the coupled problem,
and hence Zj, is nonempty.

3 Finite element formulation

In order to formulate our finite element method, we first introduce the weak formulations
of (1)—(6).
Let

a(u,v) = Z;L/Q e(ur) : e(vy)de + p k™ ug - voda + ,uoz/rk_%(ul -7)(v1 - T)ds,

Q2
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where € : € =) €;€;;.
ij
Consider the bilinear form

Bl(u,p); (v,9)] = a(u,v) = (p, V- v)a + (¢, V - w). (7)

Then, the weak formulations (1)—(6) take the form: find (u,p) € W ® @ such that

Bl(u,p), (v, q)] = (f,v) + (9,9), V(v,q) e WOQ, (8)
where flo, = fi and g|o, = ¢;- Note that all the free interface conditions (4)—(6) are expressed
weakly.

We introduce the following bilinear form on which we will base our finite element method:

Bh[(uap)v (Uv Q)] = ah(uv U) + b(’U,p) - b(ua q) + ](U, U)v (9)

where

ap(u,v) = Z / we(u) @ e(vy)dx —|—/ pk™ g - vadx + / uk*%a(ul 1) - (v1 - T)ds,

e VK Qs r
eéh
b(U,p):_(v"U,p)h:— Z / pV"UdZE,
Keetuez 7K

and

Jjlu,v) = Z 'ys/h%[u][v]ds—i— Z 'yd/h%[u-n][v-n]ds,

eel—‘}l eGFiUF

where 75 > 0 and 7yq > 0 are stabilization parameters and h. = |e].
We propose the following finite element formulation: find (up,pn) € Vi @ @y, such that

Bh[(un,pn), (vny qn)] = (f,vn) + (9,qn);  V(vn,qn) € Vi @ Qn. (10)

Remark 3.1 Unlike some stabilized terms['8-2% for the Stokes problems, the term j(u, v)
is used to control the rigid rotation which causes a lack of coercivity for the Crouzeix-Rarvriant
approximation rather than overcome the inf-sup condition restraint.

Lemma 3.1 For Vv € Z;, we have
V-vlg =0, VK €& UE.

Proof For v e Z, we get

Z /KV-de: Z /[v-n]ds:O.

Keguer e€l; Urzur

Thus, V - v € Q. Taking ¢ = V - v yields

0= Z /K|V-U|2dx: Z meas(K)|V - v|%.

Kegjue? Kegjue?

The lemma follows.
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4 Stability

In this section, we show the inf-sup stability with the suggested jump term.
We define the norm

. 1
s )% = an s ) 50 ) + V-, + .

Theorem 4.1  For ||(vn, qrn)|l # 0, there holds

B
sup h[(uh,ph% (Uh, Qh)]
(Vn,qn)EVR X Qn ”(vh’qh)”B

> ﬂ”(uhvph)HBv

where B is a constant independent of the meshsize.

(11)

Proof We will prove this inf-sup condition in two steps. First, we prove that there exists

(wh, qn) € Vi, ® Qp, such that

e[ (un, pr)llB < Bul(un, pn), (wn, qn)].

Then, we prove

l(wn; an)ll B = ¢ll(un, pn)| -

Step 1 We have
Bp[(un,pn), (un, pn)] = an(un, un).
For any p, € Qp, C L3(£2), there exists v, € [Hg(Q)]? such that
_v : vp = ph7
[opllx < cllpnllo-

Since
(V . Up, 1)h = (V . Rh’Up, 1)h,

we find

thp

1 1. 1
By, [(Umph)a <— ,0)} = _;ah(uh;RhUp) - ;J(Uh,RhUp) =+ ;”ph”%-

Further, we have

1
5 (Ravp, Ravp),

1. €1 .
—Zj(un, Ruvp) < Zi(u,
uj(uh hUp) < 5 Jlup,up) + Seu

and by use of the trace inequality
ol scomy < € (HR 0y + hacliolin ) ) ¥ v € HY(K)

(see [21]), we find

1 . 1.
Fj (Rnvp, Rpvp) = F](thp — Vp, Rpvp — vp)
c 1 9 9
< - Z h_gHRhUp_UpHLz(K)+||thp_vp||H1(K)
H Kegjue? K
c C
< —lloplli < =Lllpall5-

(12)

(13)
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We also have

1
B} ah(thp, Rh’Up)

1 €9
—;ah(uh, Ryvp) < Eah(uhv Uh)—FH

€2 Cy 2
— . 1
5 ah(uh,Uh)Jr%prhllo (18)

Consequently, we have

1
YBr[(un, pr), (un, pr)] + Bn {(uh,ph), <_Ethp70>:|
1<) €1 . 1 Cp O# 2
> \y— = - = —(1-=-=£ )
> (7 5 ) an(un, un) + (7 5 )j(uhvuh) + . ( e, 2o w15
If we choose €1 = 2C), €5 = 2C), and v = ) ¢;, (12) follows with wy = yup — iRhUp and

an = ypn + uV - ub.
Step 2 Using the same arguments once more, we immediately find

1
H(wha qh)”B = H <")/Uh — ;thp7"yph -+ uv . Uh)
B

1
< ||y (un, pn)llB + H <;thp,uv . uh>
B

< cf| (un, pn)l -

The proof is complete.

5 Convergence
In fact, the problem (10) is equivalent to the problem: find (up,pn) € Vi ® @), such that
an(un, vn) + j(un, vn) = b(vn, pr) = (f,vn),  Von € Va, (19)
b(un,qn) = (9,an), Vqn € Qn. (20)
On Zj, using the notation (u, v). for the La(e) scalar product, we have
ap(w, vp) + j(u,vp)

= Z / 2ue(ur) : e(vf)dr +p | k™ pug - vhids + / uk_%a(ul 7)) - (v} - T)ds
rear /K Q2 r

= (fﬂ ’U{L)Ql + Z <2/1,€(U1)n —pnn, [vh]>€ - Z <p27 [Uh : n]>€'

e€l}, ecT?2ur
Thus, the following Galerkin orthogonality relation holds:

an(u —un,vn) + j(u = un,vn) = D 2pe(u)n —pin, fonl)e = D (P2, [on-nl)e.  (21)

eel'; eel2UT
We next define the norm
el = (o Coan, an) + 5, un))*. (22)
Now we will estimate the error |||(u — up)|||. Set ep, := Rpu — up. From (20), we get

0 = b(u — Ryu, qn) = b(un — Ruu,qn), Yan € Qn.
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Hence,
en € Zn, V-en|lx =0, VK €& UE.

Assuming
ula, €[H*(Q)]%, pla, €H(Q;) for i=1,2,

we have the following two results.
Theorem 5.1 There holds

1
Il = unlll < ¢ (it hallualzrz @z + helluall gz
_1 _1
+u 2 ha|[prl e, + 1 2h2||292||H1(92))- (23)

Proof Define m; as the projection onto piecewise constants. By Korn’s inequality for
piecewise H! vector fields,

S b2« §c< 3 ||e(u?>||aK+j<vh,vh>),

Kegy Keg,
(see [22]), and the Galerkin orthogonality (21), we have

clllenlll® < an(en, en) + jlen,en) < lan(Rpu — u, en)| + |j(Rhu — u, ep)|

S @uelwn)-n—pr-n, leale| +| S (pan fen - nle

eGFi eEFiUF

- -

< lfu = Raull llealll +

> (@ule(uw) = me(w)) -n, [en])e

eel},

+

Z ((p1 = mp1) - n, [en])e

1
eel’;,

+| Y (p2—mp2, [ennl)e

GGFiUF

1.1
<l = Ryl llenll + Y 11202 hE (e(ur) = mre(u)) - nll e lllenll
eel’;,

_1. 1 11
+ > ke (pr—mip) oo lllenlll+ D 1172 hE (p2—m1p2) | o) lenlll. (24)
e€l'} eer2ur

By use of the trace of inequalities (17) and (24), we find

1) —me(ur)) - n La(e <c Z hK||u1||[H2
eer} X9 Reg

and

|

e

1 2
nilp-mp)|, < D el
2 e
which yields

1 _1 _1
lenlll < ¢ (|||U — Rpul|| + p2 b |lur || (5202 + 17 2hallpill 1o, + p 2hz||pz||Hl(92)) ,
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[12

Finally, (23) follows from the trace inequality and the interpolation theory I for Ry, and triangle

inequality.
Theorem 5.2 There holds

lp = prll < c(phillurllizz .2 + phelluzllizz .2 + hallpilla @) + hellpell @)
Proof We split the error into

Il —prllo < |lp — m2pllo + l[m2p — pallo,

where map is the L2-projection of p onto Q. For the first part, we have the standard estimate

lp — m2p| 0,0 < ChinHHl(Qi)'

For the second part, we proceed as follows. By the subjectivity of the divergence operator (see
[23]), there exists v, € [Ha ()] such that

Vivp =mp—ph, vplls < cllmep — pallo-
Using the orthogonality of the L?-projection, we obtain
m2p — palls = (T2p — pr, V - vp)n = (2D — pa, V - Rpvp)n
= (p—pn, V- Rpvp)n = an(u — up, Rpvp) + j(u — up, Ryvp)

— Y @ue(wr) -n—pi-n, [Bavpl)e+ D> (2, [Ruvp - n)e.

eel'}, eel'2uUl’

Using the trace inequality, we find

an(u — up, Rpvp) + j(u — up, Rpvp) — Z (2ue(ur) - n—p1-n, [Ravp))e

eel'}
+ Z (p2, [Rnvp-n])e
ecl'2UT
< C(|||u—RhU||2+ Y wlle(ur) = me(wn)lZ, o + D n o = mpu)nllZ,
ecl'y e€l}t

-

2
£ e mlE ) Rl

GGFiUF

1
C(W e = Ruull + D plle(ur) = mie(un) o)

1
eel’;,

IN

D SR T Ay [

eel,Ur2ur
Divide both sides by |||mop — pr||| and conclude the proof.
6 Numerical experiment

For simplicity, we choose u = a = 1 and take the permeability tensor K as the identity. In
the following numerical example, we choose the stabilization parameters 7y = 3 and rq = 1.
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We consider an artificial example. In domains Q = [0 1] x [0 1], the flow is governed by the

Stokes equation on €2y = [0 3] x [0 1] with the given pressure and velocity fields

1
p=—sin(rz) + =, u= (wsin®(rz)sin(2ry), —msin(27rz)sin®(ry))
T

and by the Darcy equation on Qy = [% 1] x [0 1] with the ith exact solution given by
. 1 . 9 . .
p=—sin(rz) + =, u= (wsin’(rz)sin(2ry), msin(my)) .
s

The example does not satisfy the Beavers-Joseph-Samman condition, but it is reasonable with
the form

2une(ur)T =uT+¢g on T.

The used computational mesh is shown in Fig. 2, and the computational results are shown in
Table 1 and Figs. 2 and 3. Table 1 shows that the convergence of our method in L?-norm is of
the second-order accuracy for the velocity and of the first-order accuracy for the pressure, and
that the convergence accuracy of the Galerkin method approximates to zero with the decrease
of the scale of the mesh. Figures 3 and 4 show the velocity and pressure distributions with and
without the normal jump stabilization.

T

Fig. 2 The computational mesh

Table 1 L%-norm convergence of the velocity and pressure for the coupled problem

h [lu —uplo Rate [lp — p2llo Rate

3 0.4484 - 1.1085 -

é 0.1305 1.7807 0.456 5 1.2799
Stabilized method

1—16 0.0371 1.8146 0.186 4 1.2922

3% 0.009 8 1.9206 0.0856 1.1227

i 1.8178 - 6.006 2 -

% 1.7734 0.0357 4.1746 0.660 9
Galerkin method

% 1.7805 —0.0058 3.7188 0.166 8

3% 1.7830 —0.0020 3.6017 0.046 2




Stabilized Crouzeix-Raviart element for the coupled Stokes and Darcy problem 403

1.0 1.0

f A=\
0.8 ¥ 0.8
)
0.6 M 0.6
N N
0.4 i H 0.4 /I
02} ! 02f J /
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X
(a) With normal jump stabilization (b) Without normal jump stabilization

Fig. 3 Approximate solutions of velocity with and without the normal jump stabilization

O 9 0 T T T O 9 T
I . 0 N\, N R [=]
o 0.2
07} N . 0.7 |
/ 17 o
| c
=05} NN ) b A ~0.5 |
2 R —y P
03F f <‘y2 : - 03}
D — 4 0
< 0 0 y 0.1 i
0.1 \\Q'g Il Il Il Il : \ Il 1 1 Il
01 03 05 07 09 01 03 05 07 09
X X

(a) With normal jump stabilization (b) Without normal jump stabilization

Fig. 4 Approximate solutions of pressure with and without the normal jump stabilization
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