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Abstract This paper examines a steady two-dimensional flow of incompressible fluid
over a vertical stretching sheet. The fluid viscosity is assumed to vary as a linear function
of temperature. A scaling group of transformations is applied to the governing equa-
tions. The system remains invariant due to some relations among the transformation
parameters. After finding three absolute invariants, a third-order ordinary differential
equation corresponding to the momentum equation and two second-order ordinary dif-
ferential equations corresponding to energy and diffusion equations are derived. The
equations along with the boundary conditions are solved numerically. It is found that the
decrease in the temperature-dependent fluid viscosity makes the velocity decrease with
the increasing distance of the stretching sheet. At a particular point of the sheet, the
fluid velocity decreases but the temperature increases with the decreasing viscosity. The
impact of the thermophoresis particle deposition plays an important role in the concen-
tration boundary layer. The obtained results are presented graphically and discussed.
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1 Introduction

Lie-group analysis, also called symmetry analysis, was developed by Sophius Lie to find point
transformations mapping a given differential equation to itself. This method unifies almost
all known exact integration techniques for both ordinary and partial differential equations[1].
Group analysis is the only rigorous mathematical method to find all symmetries of a given dif-
ferential equation and no assumptions or a prior knowledge of the equation under investigation
is needed. The boundary layer equations are especially interesting from a physical point of view
because they have the capacity to admit a large number of invariant solutions, i.e., basically
analytic solutions. In the present context, invariant solutions are meant to be a reduction to a
simpler equation such as an ordinary differential equation. Prandtl’s boundary layer equations
admit more and different symmetry groups. Symmetry groups or simplied symmetries are in-
variant transformations which do not alter the structural form of the equation in [2]. In case of
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scaling group of transformations, the group-invariant solutions are nothing but the well known
similarity solutions[3].

Thermophoresis is the term describing the fact that small micron sized particles suspended
in a non-isothermal gas will acquire a velocity in the direction of the decreasing temperature.
The gas molecules coming from the hot side of the particles have a greater velocity than those
coming from the cold side. The faster moving molecules collide with the particles more force-
fully. This difference in momentum leads to the particles developing a velocity in the direction of
the decreasing temperature. The velocity acquired by the particles is called the thermophoretic
velocity. The force experienced by the suspended particles due to the temperature gradient
is known as the thermophoretic force. Thermophoresis principle is utilized to manufacture
graded index silicon dioxide and germanium dioxide optical fiber performs used in the field
of communications. The effects of heat and mass transfer with variable stream conditions in
the presence of thermophoresis particle deposition on nonlinear boundary layer flow have been
widely studied[4-21].

The temperature-dependent fluid viscosity with thermophoresis particle deposition becomes
more significant when the concentration gradients and temperature gradients are high. Also,
the inertial, dispersion, thermal radiation, and suction/injection effects has a significant con-
tribution to the convective transport in porous media. Certainly, the combined effect of these
parameters has a large impact on the heat and mass transfer rates. In all the above mentioned
studies, the fluid viscosity was assumed to be constant. However, it is known that the physical
properties of fluid may change significantly with temperature. For lubricating fluids, the heat
generated by the internal friction and the corresponding rise in temperature affects the viscosity
of the fluid. Therefore, the fluid viscosity can no longer be assumed constant. The increase
of temperature leads to a local increase in the transport phenomena by reducing the viscosity
across the momentum boundary layer. Therefore, the heat transfer rate at the wall is also af-
fected. To predict the flow behavior accurately, it is necessary to take into account the viscosity
variation for incompressible fluids. Gary et al.[22] and Mehta and Sood[23] showed that, when
this effect was included, the flow characteristics might change substantially compared with the
constant viscosity assumption. Mukhopadhyay et al.[24] investigated the MHD boundary layer
flow with variable fluid viscosities over a heated stretching sheet. Mukhopadhyay and Layek[25]

studied the effects of thermal radiation and variable fluid viscosity on the free convective flow
and heat transfer past a porous stretching surface.

The present work deals with the free convective flow and radiative heat and mass transfer of
viscous incompressible fluid having variable viscosity over a stretching porous vertical plate in
the presence of thermophoresis particle deposition. The system remains invariant due to some
relations among the parameters of the scaling group of transformations. Using these invariants,
a third-order and a second-order coupled ordinary differential equations corresponding to the
momentum and the energy equations are derived. These equations are solved numerically using
the Runge-Kutta-Gill scheme with the shooting method.

2 Mathematical analysis

We consider a free convective, laminar boundary layer flow and heat and mass transfer of
viscous incompressible and Newtonian fluid over a vertical stretching sheet emerging out of a
slit at origin (x = 0, y = 0) and moving with the non-uniform velocity U(x) in the presence
of thermal radiation as shown in Fig. 1. The chemical reaction does not occur in the flow.
The effects of thermophoresis are taken into account to help the understanding of the mass
deposition variation on the surface. The viscous dissipation effect and Joule heat are neglected
on account that the fluid is finitely conducting. The density variation and the effects of the
buoyancy are taken into account in the momentum equation (Boussinesq’s approximation). The
concentration of species far from the wall, C∞, is infinitesimally small. The viscous dissipation
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term in the energy equation is neglected as the fluid velocity is very low. The governing
equations of such a type of flow are, in the usual notation,
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+
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∂y
= 0, (1)
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∂y
, (4)

{
u = U(x), v = −V (x), C = Cw, T = Tw at y = 0,
u = 0, C = C∞, T = T∞ as y → ∞.

(5)

Here, u and v are the components of the velocity, respectively, in the x and y directions, μ
is the coefficient of the fluid viscosity, ρ is the fluid density, T is the temperature, κ is the
thermal conductivity of the fluid, D is the diffusion coefficient, β is the volumetric coefficient
of the thermal expansion, β∗ is the volumetric coefficient of the concentration expansion, g
is the gravity field, T∞ is the temperature at infinity, U(x) is the streamwise velocity, VT =
−k ν

T
∂T
∂y is the thermophoretic velocity, where k is the thermophoretic coefficient, V (x) is the

velocity of suction/injection of the fluid, and Tw is the wall temperature. Using the Rosseland
approximation for radiation (see [26]), we can write qr = − 4σ1

3k∗
∂T 4

∂y , where σ1 is the Stefan-
Boltzman constant and k∗ is the absorption coefficient.

Fig. 1 Physical model of the boundary layer flow over a vertical stretching surface

Assuming that the temperature difference within the flow is such that T 4 may be expanded
in a Taylor series and expanding T 4 about T∞. Neglecting the higher orders, we get T 4 ∼=
4T 3

∞T − 3T 4
∞. Therefore, Eq. (3) becomes

u
∂T

∂x
+ v

∂T

∂y
=

κ

ρcp

∂2T

∂y2
− 16σ1T

3∞
3ρcpk∗

∂2T

∂y2
. (6)

We now introduce the following relations for u, v, θ, and φ:

u =
∂ψ

∂y
, v = −∂ψ

∂x
, θ =

T − T∞
Tw − T∞

, φ =
C − C∞
Cw − C∞

. (7)
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The streamwise velocity and the suction/injection velocity are taken as

U(x) = cxm, V (x) = V0x
m−1

2 . (8)

Here, c > 0 is a constant, Tw is the wall temperature, and the power-law exponent m is also
constant. In this paper, we take c = 1.

The temperature-dependent fluid viscosity is given by[27]

μ = μ∗[a+ b(Tw − T )],

where μ∗ is the constant value of the coefficient of viscosity far away from the sheet and a, b
(b > 0) are constants. For a viscous fluid, Ling and Dybbs[28] suggested a viscosity dependence
on temperature T of the form μ = μ∞

1+γ(T−T∞) , where c is a thermal property of the fluid and
μ∞ is the viscosity away from the hot sheet. This relation does not differ at all with our
formulation. The range of temperature, i.e., Tw − T∞, studied here is from 0 ◦C to 23 ◦C.

Using the relations (7) into Eqs. (2)–(4), we obtain
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where
ζ = b(Tw − T∞), v∗ =

μ∗

ρ
, τ = −k(Tw − T∞)

Tr
.

The boundary conditions as given by Mukhopadhyay and Layek[25] are⎧⎪⎪⎨
⎪⎪⎩

∂ψ
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∂ψ
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2 , θ = φ = 1 at y = 0,

∂ψ
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→ 0, θ → 0, φ→ 0 as y → ∞.

(12)

The simplified form of Lie-group transformations, namely, the scaling group of transformations
as given by Mukhopadhyay et al.[24] is

Γ

{
x∗ = xeεα1 , y∗ = yeεα2 , ψ∗ = ψeεα3 , u∗ = ueεα4 ,

v∗ = veεα5 , θ∗ = θeεα6 , φ∗ = φeεα7 .
(13)

Equation (13) may be considered as a point-transformation which transforms the coordinates
(x, y, ψ, u, v, θ, φ) to the coordinates (x∗, y∗, ψ∗, u∗, v∗, θ∗, φ∗).

Substituting Eq. (13) in Eqs. (9), (10), and (11), we get
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Since the system remains invariant under the group of transformations Γ, the following
relations among the parameters are deduced:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
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α1 + α2 − α3 − α7 = 2α2 − α7 = 2α2 − α6 − α7.

The relation 3α2 − α3 = α2 − α3 gives the value α2 = 0. Hence, α1 + 2α2 − 2α3 = 3α2 − α3
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4α1 = 1
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In view of these, the boundary conditions become
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Expanding by Taylor’s method in powers of ε and keeping terms up to the orders ε and t,
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With the help of these relations, Eqs. (14)–(16) become

2F ′2 − 3FF ′′ = −4ζv∗ϑ′F ′′ + 4(a+ ζ)v∗F ′′′ − 4ζv∗θ F ′′′ + 4g
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Let the boundary conditions be as follows:{
F ′ = 1, F = −4V0

3
, θ = φ = 1 at η = 0,
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(22)

Introduce the following transformations for η, F, θ, and φ in Eqs. (19)–(21),⎧⎪⎪⎪⎨
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Let F ∗ = f, θ̄ = θ, and φ̄ = φ. Equations (19)–(21) finally become

4(a+ ζ)F ′′′− 4ζθF ′′′− 4ζϑ′F ′′− 2F ′2 + 3FF ′′+ 4ζ(θ + φ) = 0, (24)

4
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where Pr= v∗ρcp

κ = μ∗cp

κ is the Prandtl number, N= κ k∗
4σ1T 3∞

is the radiation parameter, τ =

−k(Tw−T∞)
Tr

is the thermophoresis parameter, and Sc = v∗
D is the Schmidt number.

The boundary conditions take the following forms:{
f ′ = 1, f = S, θ = φ = 1 at η∗ = 0,

f ′ → 0, θ → 0, φ→ 0 as η∗ → ∞ ,
(27)

where S = − 4
3V0(gβ1

b )−
1
4 v−

1
2 with S > 0 corresponding to suction and S < 0 corresponding to

injection.

3 Numerical solution

The set of non-linear ordinary differential equations (24) – (26) with the boundary conditions
(27) was solved by using the Runge-Kutta-Gill scheme[29] along with the shooting technique
with ζ, τ , and N as prescribed parameters. The numerical solution was obtained by using the
Matlab computational software. A step size of Δη = 0.001 was selected to be satisfactory for a
convergence criterion of 10−7 in nearly all cases. The value of η∞ was found to each iteration
loop by the assignment statement η∞ = η∞ + Δη. The maximum value of η∞, to each group
of parameters ζ, τ , and N , was determined when the values of unknown boundary conditions
at η = 0 did not change to a successful loop with an error less than 10−7.

The effects of heat and mass transfer are studied for different values of thermophoresis
particle deposition, thermal radiation, and the temperature-dependent fluid viscosity in the
presence of suction/injection. In the following section, the results are discussed in detail.
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4 Results and discussions

To analyze the results, numerical computations are carried out using the method described
in the previous section for various values of the temperature-dependent fluid viscosity parameter
ζ, suction/injection parameter S, Prandtl number Pr, thermophoresis parameter τ , Schmidt
number Sc, and thermal radiation parameter N . For the illustrations of the results, numerical
values are plotted in Figs. 2–7. In all cases, we take a=1.0.

In the absence of diffusion equations, in order to validate our method, we compare the steady
state results of skin friction f ′′(0) and rate of heat transfer θ′(0) for various values of N with
those of Hossain et al.[30]. As listed in Table 1, the two results are in excellent agreement.

Table 1 Comparison of the steady state results of skin friction f ′(0) and rate of heat transfer θ′(0)

N 0.0 0.5 1.0 2.0 3.0

Present
f ′′(0) 0.504 874 0.599 663 0.642 271 0.688 591 0.714 878

θ′(0) 0.546 651 0.310 587 0.246 579 0.189 882 0.161 489

Hossain et al.[30]
f ′′(0) 0.505 0 0.599 4 0.642 3 0.688 6 0.715 0

θ′(0) 0.546 9 0.310 7 0.246 6 0.190 0 0.161 5

Note: S = 0.8 and Pr = 1.0

In the absence of diffusion equations, to ascertain the accuracy of our numerical results,
the present study is compared with available exact solutions in the literature. As shown in
Fig. 2, the temperature profiles for Prandtl number Pr are compared with the available exact
solution of Mukhopadhyay and Layek[25], It is observed that the agreements with the theoretical
solution of temperature profiles are excellent. For a given N , it is clear that there is a fall in
temperature with the increase of the Prandtl number. This is due to the fact that there would
be a decrease of thermal boundary layer thickness with the increase of the Prandtl number
as one can see from Fig. 2 by comparing the curves Pr = 0.3 and Pr = 1.0 with each other.
This behavior implies that fluids with a smaller Prandtl number are much more responsive to
thermal radiation than those with a larger Prandtl number.

Fig. 2 Comparison of the temperature profiles

The effect of thermophoretic parameter τ on the concentration field is shown in Fig. 3. In
the presence of uniform temperature-dependent fluid viscosity, it is observed that the concentra-
tion of the fluid decreases whereas the velocity and temperature of the fluid are not significant
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with the increase of thermophoretic parameter τ . In particular, the effect of increasing the
thermophoretic parameter τ is limited to increasing slightly the wall slope of the concentration
profiles but decreasing the concentration. This is true only for small values of the Schmidt
number for which the Brownian diffusion effect is larger compared with the convection effect.
However, for large values of the Schmidt number, the diffusion effect is minimal compared with
the convection effect. Therefore, the thermophoretic parameter τ is expected to alter the con-
centration boundary layer significantly. In particular, the concentration of the fluid gradually
changes from higher values to lower ones only when the strength of the thermophoresis particle
deposition is higher than the temperature-dependent fluid viscosity strength. For the large
particle deposition mechanism, an interesting result is the large distortion of the concentration
field caused for τ = 2.0. Negative values of the concentration profile are seen in the outer
boundary region for τ = 2.0 and ξ = 0.5. All these physical behaviors are due to the combined
effects of the strength of thermophoresis particle deposition and the temperature-dependent
fluid viscosity at wall surface.

Fig. 3 Thermophoresis effects over the concentration profiles with Sc = 0.67, N = 0.1, a = 1.0,
S = 0.5, Pr = 0.71, and ζ = 0.5

The effects of the thermal radiation parameter N on the velocity and temperature profiles
in the boundary layer are illustrated in Figs. 4(a) and 4(b), respectively. In the presence of
uniform thermophoresis particle deposition, it is observed that the velocity and temperature of
the fluid decrease whereas the concentration of the fluid is not significant with the increase of
thermal radiation parameter N . This result can be explained by the fact that a decrease in the
values of N( κ k∗

4σ1T 3∞
) for given k∗ and T∞ means a decrease in the Rosseland radiation absorptive

κ. According to Eqs. (2) and (3), the divergence of the radiative heat flux ∂qr

∂y increases as κ
decreases which in turn increases the rate of the radiative heat transferred to the fluid. Hence,
the fluid motion and temperature decrease. In view of this explanation, the effect of radiation
becomes more significant as N → 0 (N �= 0) and can be neglected when N → ∞. The effect
of radiation parameter N is to reduce the velocity and temperature of the fluid significantly in
the flow region. The increase in the radiation parameter N means the release of heat energy
from the flow region. Therefore, the fluid motion and temperature decrease as the momentum
and thermal boundary layer thickness become thinner.

Figure 5 exhibits the velocity profiles for several values of temperature-dependent fluid
viscosity ζ. In the presence of uniform suction, the velocity of the fluid is found to increase
with the increase of the temperature-dependent fluid viscosity parameter ζ at a particular value
of η except very near the wall as well as far away from the wall (at η = 5). This means that the
velocity decreases (with the increase of η) at a slower rate with the increase of the parameter
ζ at very near the wall as well as far away from the wall. This can be explained physically
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Fig. 4 Thermal radiation over the velocity and temperature profiles with Sc = 0.67, a = 1.0, S = 0.5,
Pr = 0.71, ζ = 0.5, and τ = 1.0

as the parameter ζ increases, the fluid viscosity decreases the increment of the boundary layer
thickness.

In Fig. 6, the variations of temperature field θ(η) with η for several values of ζ (with Pr =
0.71 and N = 0.1) in the presence of suction (S = 0.5) are shown. It is very clear from the figure
that the temperature decreases whereas the concentration of the fluid is not significant with
the increase of ζ. The increase of temperature-dependent fluid viscosity parameter ζ makes
the thermal boundary layer thickness decrease, which results in the decrease of temperature
profile profile θ(η). Decreasing in θ(η) means a decrease in the velocity of the fluid particles.
Therefore, in this case, the fluid particles undergo two opposite forces: one increases the fluid
velocity due to the decrease in the fluid viscocity with increasing ζ and the other decreases
the fluid velocity due to the decrease in temperature θ(η) (since θ decreases with increasing
ζ). Near the surface, as the temperature θ is high, the first force dominates and far away from
the surface θ is low and the second force dominates here. From Fig. 6, it is clear that at a far
distance from the sheet (here, η = 1.5), the temperature vanishes.

Fig. 5 Temperature-dependent fluid viscosity
over the velocity profiles with S = 1.0,
a = 1.0, Sc = 0.67, Pr = 0.71, N =
0.1, and τ = 1.0

Fig. 6 Temperature-dependent fluid viscosity
over the temperature profiles with S =
0.5, a = 1.0, Sc = 0.67, Pr = 0.71, N
= 0.1, and τ = 1.0
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Figures 7(a)–7(c) depict that the influence of the suction/injection parameter S on the
velocity, temperature, and concentration profiles in the boundary layer when the fluid viscosity
is uniform, i.e., ζ = 0.5. From Fig. 7(a), we can see that with the increase of the suction (S
> 0), the velocity decreases, i.e., suction causes to decrease the velocity of the fluid in the
boundary layer region. The physical explanation for such a behavior is as follows. In case of
suction, the heated fluid is pushed towards the wall where the buoyancy forces can act to retard
the fluid due to the high influence of the viscosity. This effect acts to decrease the wall shear
stress. Figures 7(b) and 7(c) exhibit that the temperature θ(η) and concentration φ(η) in the
boundary layer also decrease with the increasing suction parameter (S > 0) (the fluid is of
uniform viscosity, i.e., ζ = 0.5) (Pr = 0.71 and N = 0.1). The explanation for such a behavior
is that the fluid is brought closer to the surface and reduces the thermal and concentration
boundary layer thickness in case of suction. Therefore, the presence of wall suction decreases
the velocity boundary layer thicknesses and the thermal and solute boundary layers thickness,
i.e., thins out the thermal and solute boundary layers. However, the exact opposite behavior
is produced by the imposition of wall fluid blowing or injection. These behaviors are also clear
from Figs. 7(a)–7(c).

Fig. 7 Suction/injection over the velocity, temperature, and concentration profiles with a = 1.0,
Sc = 0.67, Pr = 0.71, N = 0.1, τ = 1.0, and ζ = 0.5

5 Conclusions

Numerical solutions for thermophoresis-thermal radiation heat and mass transfer interaction
by steady, laminar boundary layer over a vertical flat plate embedded in a porous medium in
the presence of temperature-dependent fluid viscosity are studied. The results pertaining to the
present study indicate that the temperature-dependent fluid viscosity plays a significant role
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in shifting the fluid away from the wall. Therefore, the impact of the temperature-dependent
fluid viscosity with thermophoresis particle deposition in the presence of thermal radiation has
a substantial effect on the flow field and on the heat and mass transfer rate from the sheet to
the fluid. It is interesting to note that the effect of thermophoresis particle deposition with
temperature-dependent fluid viscosity plays an important role on the rapid growth of World’s
economy, which has led to severe air pollution characterized by acid rain, severe pollution in
cities, and regional air pollution. The results of the problem are also of great interest in a melt-
spinning process, the extrudate from the die is generally drawn and simultaneously stretched
into a filament or sheet, which is thereafter solidified through rapid quenching or gradual cooling
by direct contact with water or chilled metal rolls. Thermophoresis is the dominant deposition
mechanism for particles. It has also been shown that thermophoresis is the dominant mass
transfer mechanism in the modified chemical vapor deposition process used in the fabrication
of optical fiber performance.
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