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Abstract In this paper, we consider the Rayleigh-Stokes problem for a heated general-
ized second grade fluid (RSP-HGSGF) with fractional derivative. An effective numerical
method for approximating RSP-HGSGF in a bounded domain is presented. The stability
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Introduction

The mechanics of non-Newtonian fluids present a special challenge to engineers, physicists
and mathematicians, and the motion of these fluids plays an important role not only in theory
but also in many industrial applications. In the last two decades, the interest for non-Newtonian
fluids have been drawing attention from researchers because of their practical importance.
Specifically, these occur in the extrusion of polymer fluids, cooling of a metallic plate in a bath,
exotic lubricants, artificial and natural gels, and colloidal and suspension solutions!'-4.

The governing differential equation corresponding to the non-Newtonian fluids motions, in
the absence of a pressure gradient in the flow direction, as it results from [4-6] is

(v + ady)dPu(z,t) = du(x,t), =t >0, (1)

where u(z,t) is the velocity, v = pu/p (u is the coeffient of the viscosity, and p is the constant
density of the fluid) is the kinematic viscosity of the fluid, and o = «a;1/p (aq is the normal
stress modulus).

Zierep and Fetecaul” discussed the energetic balance in the Rayleigh-Stokes problem for a
Maxwell fluid for several initial and/or boundary conditions. Fetecau and Zierepl found the
exact solutions both for the Stokes’ problem and for the Rayleigh-Stokes problem within the
context of the fluids of second grade, and the adequate Navier-Stokes solutions appeared as a
limiting case of their solutions.

Recently, fractional calculus has encountered much success in the description of constitu-
tive relations of viscoelastic fluids. The starting point of the fractional derivative model of a
viscoelastic fluid is usually a classical differential equation which is modified by replacing the
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time derivative of an integer order by the so-called Riemann-Liouville fractional calculus opera-
tor. This generalization allows one to define precisely non-integer order integrals or derivatives.
Shen et al.l8) obtained the Rayleigh-Stokes problem for a generalized second grade fluid subject
to a flow on a heated flat plate and within a heated edge. They obtained exact solutions of the
velocity and temperature fields by using the Fourier sine transform and the fractional Laplace
transform. Xue and Niel” extended the Rayleigh-Stokes problem to that of a heated generalized
second grade fluid with fractional derivative in a porous half-space.

In this paper, we consider the accuracy and stability of an implicit numerical approximation
scheme (INAS) for the Rayleigh-Stokes problem for a heated generalized second grade fluid
with fractional derivativel® with a forcing term (RSP-HGSGF):

a“(”g:’t) = (+aD ) Aulz, 2,t) + f(z,2,t), (1,2)€Q, 0<t<T 2)
with the boundary condition
u(z, z,t) = ¥(z, 2,t), (x,2)€ 0N, (3)
and the initial condition
u(z, 2,0) =w(z, 2), (x,2)€Q, (4)

where A is the Laplace operator, Q = {(z,2) |0 <z < a,, 0 < z < a,}, 09 is the boundary of
the domain 2, the constants v, @ > 0, and the symbol D,}_ﬁ (0 < 8 < 1) means the Riemman-
Liouville fractional derivative of order 1 — 3 defined by

1-6 . 1 ) ! U(ZE,Z,T])
DI (e 2.0 = iy oy [ s

Here, T'(+) is the gamma function.

Fractional differential equations have been discussed in viarous fields. However, analytic so-
lutions to most fractional differential equations are not usually expressed explicitly, and many
authors resort to numerical methods. Liu et al.['®11] considered the space fractional partial dif-
ferential equation and transformed the equation into a system of ordinary differential equations
that were then solved using backward differentiation formulas. Shen and Liul'?) proposed an
explicit finite difference approximation for the space fractional diffusion equation and gave an
error analysis. Roop[!3] investigated the computational aspects for the Galerkin approximation
using continuous piecewise polynomial basis functions on a regular triangulation of a bounded
domain in R2. Chen et al.l'¥ proposed a Fourier method for the fractional diffusion equation
discribing the sub-diffusion and the Galilei invariant fractional advection diffusion equation.
Chen et al.'®l and Wul'6) discussed Stokes’ first problem for a heated generalized second grade
fluid with fractional derivative using two different methods, respectively, which was the limiting
case of Rayleigh-Stokes problem proposed in [8]. They proposed implicit and explicit numerical
approximation schemes to solve it. Then the stability and the convergence were discussed.
The main purpose of this paper is to solve the Rayleigh-Stokes problem (2) by introducing an
effective numerical method.

The rest of this paper is organized as follows. In Section 2, an effective numerical method
is proposed. In Sections 3 and 4, the stability and convergence analyses are discussed. Finally,
in Section 5, some numerical results are given to testify our method and theoretical analyses.

1 Mathematical preliminaries

In this section, we introduce some definitions and mathematical notations that will be used
in later sections and state their corresponding properties.
Firstly, we give the definition of the temporal fractional integral.
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Definition 1.1  Let y(t) € L'(a,b). The integral

(O A 10)
JIPy(t) = / dn, t>a, 5

! y( ) F(ﬁ) a (t - 77)1_5 ! ( )
where > 0 is called the Riemann-Liowville fractional integral of order B,

In this paper, we refer to t € [0, 7] and 0 < 3 < 1. In order to compute oI y(t), we begin to
discretize the temporal domain [0, 7] by placing a grid over the domain. For convenience, we
use a uniform grid, with grid spacing 7 = T'//n. If we wish to refer to one of the points in the
grid, we call the points ty = k7, k=0,1,--- ,n. So, for k =1,2,--- . n,

k—1

8 I Y AT (/) 1 i y(n)
oI4t) = 1) [ S st = 1) Z/ (ty — - ©)

Jj=0

Hence, we have

Thus, we have
Lemma 1.1  Ify(t) € C'0,T), then

8 k—1
oI () = [y 4 1y 2 ib(te-s) + Ries, ®)
j=0

where
and |Rk75| < thT.
Lemma 1.2 In (9), the coefficients by, (k =0,1,2,---) satisfy the following properties:
(i)bo=1, and bg > by >---> b >--->b, >0.
(ii) There exists a positive constant C > 0 such that 7 < Cbyt”? with k =1,2,3,---.
Proof Let ¢ (x) = 2% and ¢2(z) = (x +1)” — 2. It is easily seen that 1 (x) is monotone
increasing and 2 (z) is monotone decreasing when x > 0. Thus, (i) holds.
As for (ii), using

I nf-1 I n-1 1
o by o 14+n1H)s-1 g

then there exists a positive constant C; such that nﬁ_l/bn < (4, ie.,
n~t < Cibyn P < Crbpn P,

Thus, from 7 = T'/n, the inequality (ii) is obtained.
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For k=0,1,--- ,n— 1, we have
Lo ) ()
IPy(trsr) — oIl y(ty) = / d —/ d
ol ylbirn) — ol ylt) F(ﬁ){ 0 (tks1 —m)t=7P ! o (tr—mtF 77}

L[ v / y(y+7) = y(n)
- dn + dn|.
INGE) [/o (tes1 —m)t=F ! Z t; (tp —m)i—8 77}
Suppose that y(t) € C?[0,T]. When 0 <7 <7,

ly(n) —y(n)| =1y E)n—-71)<Cr, n<E<T

When t; <n <tj11, we can obtain

y(n+71) —ym) = y(tire) —y(tje1) + @' (5 +7) = ¥'(5) (0 — tj1)
=y(tjr2) —y(tjr1) + 4" (0j)T(n — tjy1), (10)

where ) < ¢; <ty and ¢; < p;j <+ 7. Hence, [y(n+7) —y(n) — [y(tj42) — y(tj+1)]| < OT°.
Thanks to Lemma 1.2, we have proved the following result.

Lemma 1.3  Ify(t) € C?[0,T], then

e

Pyt —oIPy(t
ol y(treyr) —o Ly y(tr) = MG+ 1)

kE—1
[ tk+1 +Z J+1 — tk J)i| +R;(f,ga» (11)
7=0

where |R ﬁ| < Cbprtt
2 An implicit numerical approximation scheme for the RSP-HGSGF

In this section, we construct an effective numerical method for the RSP-HGSGF (2) with
the boundary and initial conditions (3) and (4).
Let A =[0,a;] x [0,a;] x [0, T]. Then define the function space

0%u 0%u Pu  OOu
o) = {ue o) 55 S ecrw). L T eom)

We suppose the RSP-HGSGF (2)—(4) has a solution u(z, z,t) € ®(A).
We now discretize space and time by grid points and time instants as follows:

xi:ih:va i:071727"'7m7 hI:aI/ma
Zj:jh27 j:071727"'7n7 hZ:az/n7
ty,=kr, k=0,1,2,--- K, 7=T/K,

where h,, h,, and 7 are the space and time steps, respectively. For convenience, we denote
82u(x, 2,t) = u(x + hy, 2, ) — 2u(x, 2,t) + u(x — hy, 2,t),

82u(x, z,t) = u(x, z + ha, t) — 2u(z, 2,t) + u(x, 2 — hy,t).

Integrating both sides of (2) from ) to tgy1,

tht1
u(zi, 2j, th1) = w(@i, 25, t) + / (vAu(zi, z5,m) + f(xi, z5,n))dn
tr

+ OItﬁA’UJ(IZ, 24y tk+1) — OIEAU(I“ 24 tk) (12)
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Use the following approximation:

th41
/ (Au(zi, 25,m) + f(wi, 25,m))dn

tr
= VTAU($i7Zj7tk+1) + Tf($i7Zj,tk+1) + R11

1 1
=v(,, 52 + B2 82)u(wi, 2j, thr1) + Raz + 7f (w0, 2j, teia) + Ru
1 1
= VT(h2 52 + 2 S2)u(@i, 2j, tig1) + 7f (i, 25, thsr) + R,
where

tr41
Ry = / W(Au(xi, zj,m) — Au(xi, zj, tey1)) + f2i 25,m) — f(@0, 25, teyr)] dn,

tr

1 1
Ris = vt [Au(xi7zj,tk+1) - (h2 62 + B2 63)u(wi,zj,tk+1)} .

Note that

VAu(xzazjan)+f(xlaz]7n)
02 2
= U(8x2 + aZQ)U(CUijJkH) + f(@i, 25, tht1)
02+ P a0+ O )| - ) (13
Moazor T oz200) NS T gy W0 AR SR Bk,

where t, <n < &§ <ty
It is apparent that |R11| < C72 and |R12| < C7(h2 + h?). Hence, we have

|R1| < C7(7 + hi + ).

From the above results and Lemma 1.3, we have

1 1
u(xi7zj7tk+1) = u($i72’j,tk) + VT(h2 (‘)g + h2 5§)u(xi7zj,tk+1)

1 1
+ 7f (i, 25, t) + rbk(h2 62 + B2 82 u(z;, 25,T)

k—1
1

+7 Z bk—s—l[hz 62 (u(@iy 2j toga) — u(ws, 2, tsg1))
s=0 T
1

t oo 2 (s, 2, tsya) — u(wi, 25, ts41))] + RETY,

here r = 1.7}, and
where r = 77, an
|R{ T < C(bk7? +7) (7 + h2 + h2). (14)

Let RY = [R]f,lv T 7R]1€,n—17 R§,17 T 7R§,n—17 T 7R1]?n—1,17 T 7R1]?n—1,n—1]T' By using Lemma
1.2 and (14), we obtain the following lemma.

m—1n—1
Lemma 2.1  Suppose that |R"| = \/h$hz > > IREI2 If u(x, z,t) € ®(A) is the solu-
i=1 j=1
tion of (2)—(4), then we have

| RF|| < Copr?(r + B2 + h?).
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Let ukj be the numerical approximation to u(z;, zj,t;) and ffj = f(wi, zj,t;). Introduce
the following notations:

2k uF k k k k k
oz UG = Ugyq j — 2U; 5+ Ui_q j, Amui,j = Uiy U,
2,k k k k k k k
osu Ujj = U g1 — 2U; 5+ Ug g, Azui,j = U g U

We obtain the following 1mplicit numerical approximation scheme (INAS):

k:+1 — Z_j—’—y ( 62 62) k:+1 fk+1 +’f’bk;( 62 62) z

U, p2 e T 2t R2 e 2t
+T2bk s— 1 h2 m( S+2 us-i—l) hgag( S+2_u87—;1)]7 (15)
which can be rewritten as
uitt = §j+w(h2 52+ h25§) k+1+7'fk+1+r[h2 52+ h25§] ub it
2 2
+7‘Z s+1 — h261 h26z> 1] ) (16)

fori=1,2,---,m—1,57=1,2,--- . n—1,and k=0,1,2,--- | K — 1.
The boundary and initial conditions are

{ufj =U(z,25,tk), (25,25) €00, 0<i<m, 0<j<n, 1<k<K, (17)
u?,j =w(ihg, jh.), 1=0,1,--- m, j7=0,1,---,n
Then, we rewrite (16) and (17) as the following matrix forms:
Au' = u’ + 71 +rpw! 4 rwl
AulTt = b o R e bt bt g k>0, (18)
u’ =7,
where
ub = [ulf,lvulf,2v T 7u]1g,n—17u]2€,17u]2€,27 T 7u]2€,n—17 T 7ufn—1,lvufn—1,27 to 7ufn—1,n—1]T7
wl; = [ulg,lvulg,% T 7u§,n717 0,0,---,0,--- 7u1]31,17u1]31,27 T 7u1]31,n71]T7
’wlzC = [ulf,07 0,--- 7u11€,n7u]2€,0707 e 7u]2€,n7 e 7“5171,07 0,--- 7u113171,n]T7
T = [w1,1,w1,2, Wlne1,W2,1,W22," W21, s Wine1,1;Wm—1,2," " * »@m—1,n-1]
and
g 1 r+ur r+ur
gkt = Tz(h2 62 + h25§)uk75, wij = w(ihg, jhs), 1o = p2 0 TET o
— z xT z

The form of f* is the same as that of u”.
The matrix A in (18) is block tridiagonal. Its diagonal blocks are triangular matrix, which
can be written as the following form:

(1 +2(ry +72) —r, 0 0
- L42(ry +12) 0 0
0 —ry 0 0
: (19)
0 0 oo 14 2(rp + 1) -7,
i 0 0 -, L+2(ry +12))
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The lower-angular and super-angular blocks are equal to —r,E and —r,FE, respectively,
where E denotes the unit matrix.

We can see that the matrix A is a strictly diagonally dominant symmetric matrix with
positive diagonal terms and nonpositive off-diagonal terms. Then, we obtain the following
theorem.

Theorem 2.1  The discretization matriz A is invertible, and the system (16) and (17)
has a unique solution.

3 Stability of the INAS

For
_ T
v = [Ul,lv'Ul,Q, o, U1n—1,02,1,0V22, ,V2n—-1,""" ,Unm—-1,1,Um—-1,2," " 7”17171,1171] )
T
w = [wl,17w1,27 L, Wlin—1, W21, W22, , W2 n—1," " , Wm—-1,1, Wm—1,2," " 7wm—l,n—1] )
m—1n—1
we define the inner product (v,w) = Z v jw;i jheh, and the norm [v[|2 = v/(v,v).
=1 j=1
We suppose that ﬂf’j (:t=0,1,2,---,m; j=0,1,2,--- ,;n; k=0,1,2,--- , K) is the approx-
imation solution of (16) and (17). Then, the error sfj = ﬂfj —uf ; satisfies
k+1 _ _k 1 52 52 k+1 1 52 52 k+1
Ei,j _Ei,j+y7-( 2 T ) T(hg T )
T
2 : 2 2
+ r s+1 h2 6;5 h2 6z) 1 J ) (20)
k k k ; L . _
€0 = €m.j = Ei0 :5i,n =0 (¢=0,1,---,m; j=0,1,---,n; k=1,2,--- K). (21)
k _ k k ko ok k k k k T
Let E [51 161,20 "9 €1In—11€21:€22>"" " s€2n—15""" sEm—1,10Em—-1,2>""" 7€m71,n71] . Intro-
duce the notations
vT vT r arh r arb

M Toper T2 T e Tpggnpz T 2 T 0B 4 1)k

Multiplying (20) by Ek+1h zh, and summing ¢ from 1 to m—1 and j from 1 to n—1, respectively,
we have

HEk-i—lH% _ (Ek+l,Ek) + Tlm((giEk-&-l?Ek-‘rl) + rlz((ggEk-i-l’Ek-i-l)
+ 7o (ZEFTL EFTY) 4y (G2ZEMT EF L)

k—1 k—1
+ Ty Z(b5+1 - bs)(aiEkis» Ek+1) + 72, Z(bs+1 - bs)(dek*S, Ek+1)a
s=0 s=0

i.e.

HEk+1||2 (Ek+1 Ek — s Z |8k+1|2h$hz + HAwEk-H”g)

m—1 n—1

— Tz (Z le k+1|2h he+ A, Ek+l|| ) = T2 Z |5k+1| hah + HAwEk—H”g)
i—1 j=1
m—1

—ro: () it Phohs + [|AEM3)
=1
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k—1
+ 720 > (bet1 — bs) ng Seithoh, — (A, EF % AL EFY))
s=0
k—1 m—1
122 Y (bay1 —bo)(— Y el el b — (ALEF T, ALEFT))
s=0 =1
n—1
(||Ek+1H2 HIEX3) = r1a (O eV Phahs + A EFF3)
7j=1
n—1
s Z [eit ! Phahs + | AE ) = raa (Y |75 Phohs + | A EB*13)
j=1
— T Z X Phohs + | ALEMT3)
r k—1 n—1
2x s —s
+ Z(bs—bsﬂ)[Z(lflj Phohs + |55 Phahs) + |18, B II%+IIAIE’““H§}
s=0 7j=1
r k—1 m—1
5D (s = bern) | YD (1EET Phohe + [ Phahs) + | AEF 2 + AL B2
s=0 =1
k—1
Noting that > (bs — bsy1) = 1 — by, and by, > 0, we have
s=0

1B 72 3 eE5" " Phohe 1A B

+r2z2b Z X Phohs + || ALERMT22)

k—1 n—1
CIEME 4o S bS5 ke 1 | ALER )
s=0 7j=1
+r2zzb8(z |5f,;s|2hwhz + (1A B 03). (22)

Defining the energy norm

”Ek”QE = HEng + oz ZbS(Z |5]1€,;S|2hwhz + ”AwEkis”%)

k—1 m—1
+ 2. Z bS(Z |5§IS|2hzhz +[AEF), (23)
s=0 i=1
we have
IEM13 < | EM% <|EM|E < - < |EY|%
As

1 0 2.1 2.1 2
€ij = & j T T12056; ; + 112056, ; + TQICSIFJ 1o, 02%e)

2¥) 4,37
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we have
IEY3 = (E' E°) + (riz + 120) (G E' BY) + (r1. + 122) (62 E", EY)
1 n—1
< 2(||E1H§ + HE(J”%) —(rz + r2w)(z |5%,j|2hth) + ”AwEIHS)
j=1
m—1
— (riz +122)( Y le 1 [Phahs) + |ALEY3). (24)
i=1
Then,
n—1
1B = B+ raa (3 [eh 2R + 1A EY3)
j=1
m—1
+ T2Z(Z |511,1|2hwhz + ||AZE1||%)
=1
< | E°|3. (25)

Therefore, ||E*1(2 < || E°||3.
We can obtain the following theorem of stability.

Theorem 3.1  The implicit numerical approxzimation scheme (16) is unconditionally sta-

ble.

4 Convergence of the INAS

Suppose that u(x, z,t) is the solution of the RSP-HGSGF (2)—(4) and u(x, z,t) € ®(A). Let
w(z, zi,t8) (0 =0,1,2,---,m; 5 =0,1,2,---,n; k =0,1,2,--- , K) be the exact solution of
(2)-(4) at the mesh point (z;, z;, tx).

Define

yfj = u(zy, 2, th) — ufj

k [k .k k koook k k k k T
and Y¥ = [y1,17y1,27"' Yin—1Y2,10Y22, v Y2 n—1" " HYm—1,1Ym—1,2>" " 7ym—1,n—1] - Sub-
stituting uf ; = u(x;, 2;, tx) — yF; into (16) leads to

1 1 1 1

E+1 _ k 2 2\, k+1 2 2\, k+1

Yi; =Yi;+ I/T(h2 5+ B2 62y + r(h2 0+ B2 6)i
k—1 1 1

+7 ) (bas1 — ba)( 1 62 + " 52)ys st + R (26)
s=0 & Z
where i =1,2,--- , m—-1; 57=1,2,--- , n—1;k=0,1,--- , K — 1; and

yzo,jzo (1207177m7 ]:0,17,71),

By multiplying (26) by yﬁjlhmhz, and summing ¢ from 1 to m — 1 and j from 1 to n — 1,
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respectively, we obtain

||Yk+1||2 (Yk+1 Yk)+Tlm(52Yk+1 Yk+1)—|—7‘1 (52yk+1 Yk+1)
k—1
+ T2I(62Yk+17yk+l> + 7,22(531/*/64-1’ Yk-‘rl) + 7o Z(bs-‘rl —b )(éﬂyk s Yk-‘rl)
s=0
k—1
722 Y (bey1 — be) (B2YF7S YR 4 (RFHE Y RH) (28)
s=0
For s=0,1,---

,k+ 1, we have

(82Y° Yk = Z Yty jhahs — (ALY, AL YR

Using |vw| < ov® + } w? with ¢ > 0, we obtain

(R < (I g LIRS )
’ =1 g2 a2 27 4righ2 | Arioh? 2
x z ai az
Similar to the proof of the stability,
[DganlF
L7 k—1
2x s
(IIY’“+1|I2+IIY’“|| 5 D (bs = bay1)( Zly Phohe + 1A Y*°|13)
s=1
r k—1 m—1
2z —S —s
+ 9 Z(bs - bs+1)(z |yf,1 *heh. + HAzYk Hg)
s=1 i=1
lehi lehg 1
+( CL2 bk + a2 bk?>||Yk+1||§ + 4T2zh§bk + 4T22h§bk HRk+1||§ (30)
x z ai ag

Lemma 4.1  Given ||[Y*|? = max

1<i<m Z |y7, | hz, then

a2
1Y¥]|3 < au|| Y2 < 2962 Z|y1]|2h he + [|AYF]3).
T =1
: k|2 =k
Given Y42 = | max "SIyt Phs. then
m—1

2
a
”Yk”g < QZHYng < 2;2( |y§,1|2hwhz + ”AzYkH%)
z =1
ok k " Ak
Proof Suppose that Z lyi ;| = | hax » Z lyf il From yf o =yl + > Auyf; and

i=0
ysz,] = - Z Amyz_w we Obta’ln 2|y10 ]| < |y1 ]| + Z |Amy7,,_]|
i= Zo
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Using the Cauchy-Schwarz inequality, we have

m—1
2a,
Aly 1P <myt P+ 1Ayl < (ot + Z |Asyl ;)

i=1

n—1 n—1
Therefore, [Y4[2 =S [oh7hs < g (X lof,Phohs + 18,7 ¥13)
J= J=

The second part is similar to the proof of the first part.
Applying Lemma 4.1, we have

h? h?

(T2LE Ibk + T2z2

aZ

* o) [[Y 13

T mbk T Zbk
: E]k“WW4WAY“W ; E]f“WMHW&Y“%)

Hence, from (30) and (31), we have

1
IYEEHE < Y EEHE + Y I3)

k 1
(bs = bs+1) Z |y |2hrhz + ||AmYk_S||§)
s=1
k—1
- b—mlzw [hohs + 1A YE0)
s=1
+ 1 HRk+1”2
4T21hibk 4T22h§bk 2°
ai a?

. B s
According to ro, = F(ﬁa-;—l)h2 and ro, = F(ﬁa_:l)h2, we have
x z

! k+1)12 1 k+1)12 B 2 22
2 o, IRTT2 = 8 IR*™|5 < er”br(T + hy + h3)=.
4T22§mbk +4T2;gzbk 2bkp(aﬁ7-+1)(a1§ + alg) T z
Let
%—IIY’“II2+r2sz ZIy o Phahs + A Y2
k—1 m—1
122 Y b D ET Phohs + ALY F0R),
s=0 =1
and then

Vir1 < Yk + CTPb (1 + A2 4+ h2)2.

Hence, we obtain
k

Vi1 < CZ bs7? (T + h2 + h2)2.
s=0

k
Noting that > bs7? = (k4 1)%7% < TP and ||[Y*+||2 < 441, we have
s=0

[YFH3 < OTP (1 + h2 + h2)2.

Consequently, the following theorem of convergence is obtained.
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Theorem 4.1  Let u(z,z,t) € ®(A) be the solution of the RSP-HGSGF (2)—(4). Then,
the INAS (16) is convergent, and there exists a positive constant C' > 0 such that

Yo <C(r+hZ+h2), k=0,1,---,K—1.
5 Numerical examples

In this section, two numerical examples are presented to support our theoretical analysis.
Example 1 Consider the following RSP-HGSGF:

8“(22“) = (+aD! ) Au(z, z,t), (z,2)€Q=[0,2]x[0,2], t>0,
u(z, z,t)|aq = 0, (32)

200, (=z,z)=(0.8,0.8),
u(z,z,0) = 6(0.8,0.8) =
0, (z,2)#(0.8,0.8), (z,2)€,
where v = a = 0.1.
The INAS is used to solve (32). The numerical simulation of the process is shown in Figs. 1-
3. As the time t increases, one observes that the source diffuses.

Fig. 1 Numerical solution at ¢t = 0.1 Fig. 2 Numerical solution at ¢ = 0.5

Fig. 3 Numerical solution at ¢t = 1.0

In order to show the approximation order of the INAS, we construct an example with an
analytic solution.
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Example 2 The following RSP-HGSGF with an analytic solution is considered:

ou(z, z,t)
ot
u(z, z,t)|oq = €
u(z,2,0) =0, (x,2)€Q,

= (14D P Au(z, z,t) + f(x,2,t), (2,2) € Q=1[0,1] x[0,1], ¢ >0,
w+ztl+ﬁ’ (33)

where f(z,2,t) = e**((1+3)t° — zggﬁgga)t% —2t1+7). The exact solution of (33) is u(z, z,t) =
ew-i—ztl—i-ﬁ'

Let x = {(i,5,k)|0<i<m, 0<j<n, 0<k<K}. The maximum absolute error be-
tween the exact solution v and the numerical solutions U = ufj is defined as follows:

[lu = Ulloc = (i,I;,ll?)}éx{'u(x“ Zjstn) uz]'}'

The maximum absolute error between the exact solution and the numerical solutions by the
INAS, with spatial and temporal steps 7 = h, = h, = 1/10,1/15,1/20,1/25 and 7 = h2 = h?
and h, = h, =1/10,1/15,1/20,1/25 at time ¢ = 1.0, are listed in Tables 1 and 2, respectively,
which are in good agreement with the theory analysis. Figures 4 and 5 show the exact solution
and the numerical solutions by the INAS at x = 0.5,¢ = 1.0 and z = 0.75,¢ = 1.0, respectively.

Table 1 The maximum absolute error of the INAS

T=hy =h, hi/hit1 £=0.4 Rate $5=0.7 Rate £=0.9 Rate
o - 3.1312E—3 - 7.0192E—3 - 9.5791E—3 -
& /s =15 2.268 9E—3 1.38 4.754 2E-3 1.48 6.381 5E—3 1.50
. /9o~ 133 1.7944E-3 1.26 3.599 4E—3 1.32 4.7844E-3 1.33
o oo/ o5 =125  1.4931E-3 1.20  2.9055E-3 1.24  3.8345E-3 1.25

Table 2 The maximum absolute error of the INAS

hy =h, T=h2=h2 (hi/hit1)? $=0.4 Rate B8=0.7 Rate £=0.9 Rate
1
& ™ - 7.7673E—4  —  1.0728E-3 -  12793E-3  —
1 1 1/1y2
L ohs (L/L)?=225 35831E—4 216 4.8223E-4 222 57216E—4 2.23
1 1 17142
A o (L/L)?~178 21173E—4 1.69 2.7445E—4 176 3.2212E—4 1.77
1 1 1,12
25 625 (20/25) =156 1.3857E—4 1.52 1.7497E—4 1.56 2.0433E—4 1.57
4.5 6.0
— Analytical solution — Analytical solution
4.0+ « Numerical solution 531 . Numerical solution
3.5
23.0
2.5
2.0
15 - - - - 2.0 : : : :
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0
z X
Fig. 4 Comparison of the exact and numer- Fig. 5 Comparison of the exact and numer-

ical solutions at z = 0.5,¢t = 1.0 ical solutions at z = 0.75,¢ = 1.0
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6 Conclusions

In this paper, an INAS for the RSP-HGSGF has been described and demonstrated. The
stability, consistency, and convergence of the INAS for the RSP-HGSGF have been discussed.
These methods and analytical techniques can also be extended to some high-dimensional frac-
tional partial differential equations.
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