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Abstract By means of the complex variable function method and the technique of
conformal mapping, the anti-plane shear problem of an elliptic hole with two straight
cracks in one-dimensional hexagonal quasicrystals is investigated. The solution of the
stress intensity factor (SIF) for mode III problem has been found. Under the condition
of limitation, both the known results and the SIF solution at the crack tip of a circular
hole with two straight cracks and cross crack in one-dimensional hexagonal quasicrystals
can be obtained.
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Introduction

Quasicrystals (QCs) were discovered as a new solid structure and material in 1984. The de-
piction of elastic problem of QCs requires not only phonon fields which describe the vibration
of crystal system, but also phason fields which describe the atom arrangement along the direc-
tion of quasiperiodic, and they are coupling each other. Since their discovery, many important
results have been obtained in all kinds of problems about QCs(t~1%. It is well known that de-
fects greatly influence the application to solid material including QCs. So the study of defects
(holes, cracks, dislocations etc.) has attracted the extensive attention of researchers in both
experimental and theoretical work. At present, there are some research papers about single de-
fect problem of QCs. A moving screw dislocation in one-dimensional (1D) hexagonal QCs was
investigated'!; a semi-infinite crack in a strip of 1D hexagonal QCs!'?l and two semi-infinite
collinear cracks in a strip of 1D hexagonal QCs!'3 were investigated; the interaction between
dislocations and cracks in 1D hexagonal QCs['*1] were also investigated, etc. The analytic
solution of crack problems is very important to fracture mechanics and engineering. In this
paper, we consider the problem of an elliptic hole with two straight cracks in one-dimensional
(1D) hexagonal QCs.
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1 Formulations

In 1D hexagonal QCs, let u;(i = 1,2,3) and v denote the phonon and phason displacements,
respectively,
[€ij, w;] = [e11, €22, €33, 2€23, 2€31, 2612, W3, W1, Wa),
l0ij, Hj] = [011, 022,033, 023, 031, 012, Hs, H1, Ha,
where ¢;; and w; (i, j = 1,2, 3) denote the phonon and phason strains, o;; and H;(4,j = 1,2, 3)
denote the phonon and phason stresses, respectively. According to the quasicrystal elasticity
theory'?| we have the generalized Hooke’s law:
o11 = Crie11 + Cr2e2e + Cizezz + Riws, 022 = Crae11 + Cri€22 + Ciaess + Riws,
o33 = Ci3e11 + Cizeae + Czezs + Rows, 093 = 032 = 204623 + Rawo, )
031 = 013 = 2Cuez1 + R3wi, 012 = 021 = 2Ce6e12, Hi = 2Rzez1 + Kowy,
Hy = 2R3e23 + Kowa, Hiz = Ri(e11 +¢€22) + Raesz + Kyws,
where Cj; and K; are elastic constants in phonon and phason fields, respectively; R; is the
phonon-phason coupling elastic constant, and Cgs = (C11 — C12)/2.
The equations of deformation geometry are

1
Eij = 2(8jui + 8¢Uj), w; = 8jv, (2)

where 0ju; = g;"{ ,i,7 =1,2,3, the same notation hereafter.
J
The equilibrium equations (if the body force is neglected) are given by

{31011 + 02012 + 03013 =0, 01021 + 02092 + 03023 =0, 3)

01031 + 02030 + 03033 =0, O1H1+ O.Hy + 03H3 = 0.
Equations (1)—(3) are the fundamental equations of elasticity theory of 1D hexagonal QCs.
Assume that cracks penetrate through the solid along the quasiperiodic direction (x5 direc-

tion). In this case, it is evident that all the field variables are independent of x3. Considering
the situation, we have

8311@ = 0, ({931) = O, 63Uij = 0, 33Hj = 0, i,j = 1, 2, 3. (4)
Substitution of Eq. (4) in Egs. (1)—(3) leads to two separate problems. One can be solved
by the classical elasticity theory which is not discussed here, and the other is an anti-plane
elasticity problem for coupling phonon-phason fields as follows:
023 = 032 = 2014823 + R3wa, 031 = 013 = 2Cues1 + Ryw,
Hy =2Rzes + Kowi, Hp = 2R3e03 + Kaws,
01031 + 02003 =0, O1Hy + 02Hz =0,
1
€35 = €43 = 283‘11,3, w; = 8j11, ] =1,2.
Substituting Eq. (8) into Eqs. (5) and (6) then into Eq. (7), we give
C44v2'LL3 + RgVZU =0, R?,VQU?, + KQVQU =0,
where V?Z = 88; + 5?;2
1 2
When Cyy Ko — R% # 0, we have
Vuz =0, V0 =0. (9)
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Equation (9) shows that the terminal governing equations of the anti-plane elasticity problem
for coupling phonon-phason fields are two harmonic equations. According to the theory of
complex variable function, uz and v can be represented as the real part or imaginary part of
two analytic functions. We assume that

uz = Re 901(2)7 v=Re ¢1(2)7 (10)

where z = z1 + izg, Re stands for the real part of complex number.

2 Stress fields to problem of elliptic hole with two straight cracks in 1D
hexagonal QCs

In 1D hexagonal QCs, a and b denote the ellipse’s semimajor axis and semiminor axis,
respectively; ¢ — a is the crack length. Assume that cracks penetrate through the solid along
the quasiperiodic direction(zs direction). We set the appropriate coordinate system as shown in
Fig. 1. From the geometry formation of QCs side, this is a two-dimensional elasticity problem
of QCs. Equation (9) is the governing equation of this problem. By Eq. (4), Eq. (3) is simplified
as

01011 + 02012 =0, 02091 + 02022 =0, 01031 + 02032 =0, 01Hy + 0.Hy = 0. (11)

The anti-plane problem about an elliptic hole with two straight cracks (as shown in Fig. 1)
has the boundary conditions as follows:

2 2 . _ _ _ _
Val+a3 — o0t o =p, o3 =Ho=H =0,
2 2
T T

b4 -
a
—c<ry<—a, x3=0:033=0, Hy=0,

b2 1: 0’32:(), ]{2207 (12)
a<z <C, x2:0:032:0, Hy = 0.

The analytic result of linear elasticity theory shows that the above problem is equivalent
to the one that the state of stress at infinity is free from external stresses and the edge of the
elliptic hole with two straight cracks is the shear stress o3o = —p. Therefore, we consider the
latter problem which has the following boundary conditions:

\/x%+x§—>oo:032=<731:H2:H1:O,

2 a2 ) 5

a2+b2_ 1032 = —p, 2 = —q, (13)
—c<xr1<—a, x3=0:033=—p, Hy=—q,

a<xi<c, wy=0:033=—p, Hy=—q.

X3

7 7 7T T T p

Fig. 1 An elliptic hole with two straight cracks in one-dimensional hexagonal quasicrystals

We solve the boundary value problems (9) and (13) of the above anti-plane problem by
complex variable function method as follows.
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Denoting z = x1 + ixe,i = v/—1, let f(2) is an analytic function, we get

of _df of _.df

= . 14
O0x1 dz Oxo 1dz (14)
Let
f(z) = P(21,22) +1Q(z1,22) = Ref(2) +ilmf(2). (15)
By Cauchy-Riemann relation, we have
oP  0Q or _ 0Q (16)
8%1 B 8%2, 8%2 B 81'1.
Substituting Eq. (8) into Egs. (5) and (6), by Egs. (10) and (14), we have
0 0 0 0
023 =032 =Cu, Rep1 +Rs, Rey1, o031 =013=Cu, Rep1+Rs, Rey,
83?2 83?2 83?1 83?1 (17)
0 0 0 0
Hy=K>_ ReYy+ Rz, Repi, Hs=Ks_  Re¢1+ Rz, Reps.
0z 0z 0xo 0xs
Substitution of Eq. (15) in Egs. (16) and (17), we obtain
031 — 032 = Caap) + Ry,  Hy —iHa = Koty + Rsp), (18)

where 90'1 = d&’;l, 1/)/1 = d;’il. By Eq. (18), we have 093 = 032 = —Im(C44<,0'1 + R31/)/1), Hy =
—Im(Kyt), + Rspy), for arbitrary complex function f(z), we have Imf(z) = 211 (f = f), further,

/ /

]. / ’ ’ ]- ’ / ’
23 = 032 = =, [Caa(y — 1) + Bs(¥r — )], Ho =, [Ka(yy — 1) + R3(er — 1)) (19)
If L stands for the elliptic hole with two straight cracks, from Eq. (13), we obtain

Caa(py — ) + Ra(W) —¥)) = 2pi,  Ko(ihy —y) + Ra(yy — ) =2qi, z€ L. (20)

We find that the function

z=w(()
L a+ b2+ D)+ 3+ (@ - D)VA O 2k(1 - 22+ (1 Q)4
2 8d¢
a—>b 8d(

2 2P+ 1)1+ + (? = 1)1+ O +2k(1 =22+ (1 —O)* )

provides a conformal map from the unit disk in the ¢ plane to the exterior region of an elliptic
hole with two straight cracks in the z plane, and the unit circle 7 is transformed into the elliptic
hole with two straight cracks L, where we take

ctVe2—a2 b2 d6d®+1

d= _
a+b ! (d? —1)2

(22)

2
The above conformal mapping maps the upper edge of a onto As( dfj_l, 7{(; +711) ), the lower edge
of a onto Al(dfil, jzjr%), and w=i(c) — 1, w ki) — —i, wH(—c) — —1, w (=bi) — i, as

shown in Fig. 2.
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Fig. 2 Conformal mapping from exterior of elliptic hole with two straight cracks onto unit disk

We introduce the notation
P(0) = 01(2) = 21(W(0), V() = tr(2) = tr(W(C)).
By using the chain rule we obtain
P1(2) = ¢ (/' Q) $1(2) =¥ (Q)/w Q). (23)

Substituting Eq. (23) into (20), then ¢ = o = €'’ into it, we have

/ w(o) , Rs / w (o) ~ 2pi
G- S i V- LT e | = o)
v@—zgvm+%wwaf%wﬂ=gww

Multiplying both sides of the above two equations by %i(d;i o and integrating around the unit
circle 7, we have

1/¢mw_1/dm¢@w+m1 w@m,Rgl/d@w@w

omi ) o —¢ 2mi ), W' (o) o—¢ Cu2mi).o0—( Cu2mi). (o) 0—C
2pi 1 w' (o)

- 24
Cua 27r1/70—gd‘7’ (24)

2;1/71#’2‘1"‘21'/7 w(o) ¥(o), . Rs 1 /w'(o)dg_ Rs 1 / w (o) @'(nga

i W' (o) oc—( Ky2mi | o —C Ky 2mi W' (o) 0—

_2qi 1 w (o)
T K, 2mi /T o % (25)

We notice that ¢ (¢) and ' (¢) are analytic in |¢| < 1 and continuous in |¢| < 1. Tt follows
by Cauchy’s integral formula in complex functions that

Q;/Tffagdazso'(o, 2;/Tf£"2da=¢’(g), ¢l < 1. (26)
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Equation (21) gives

’

2 2

2
D oyt 2k -2+ (-0

' _a+b+ 8d(a —b)
8AC* 2+ 11+ )+ (@ — DV + O +2k(1 =P+ (1 - |
(27)
By Eq. (27), noting that o = 1/, we have w'(0)/w’(0) = —1/02.

Since ¢ (¢) and ' (¢) are analytic in |¢| < 1, we can assume that ¢ (¢) and ' (¢) have
Taylor series as follows:

= anC" Q)= b C<1.
n=0 n=0

We notice that ¢’ (o) and ¢'(0) are regarded as the boundary value (the value on the unit

circle 1) of ga'(%) = iO: an(%)" and w'(%) iO: bn(%)", respectively. Thus Z: EZ; ¢ (o)

n=0 n=0

and W/EU; ¥’ (o) in Egs. (24) and (25) are regarded as the boundary value of —<12 90'(%) and
W (o

- C12 1/}'(%), respectively, which are analytic functions in || > 1. According to Cauchy’s integral

formula of infinite region, for |(| < 1, we have

R T I R P o
2mi ). W'(o) 0—C 2 Jr W'(o) 0—C
Substituting Eqgs. (28) and (27) into Egs. (24) and (25), we obtain

: Ry . . 2pi 1 [w(o) : Ry /. 2¢i 1 (o)
FO+av@=gn [0 s 2o [0 )

By (27), it is not difficult to find that w'(¢) is analytic in |[¢| > 1 and continuous in |¢| > 1.
According to Cauchy integral formula of infinite region, we have

1 fw(o), o+ o (@®+1)(a+b)
271'1/TU—CdU_w(OO)_ Ad = F(¢). (30)
Substituting Eq. (30) into Eq. (29), we have
/ R3 / o 2pi ’ R3 / o 2(]1
PO+ W Q= FQ, WO+ 090 = Q). (31)
Equation (31) gives
1o o DKo —qR3 Yo o qCaa — pR3
FO=nll PO, W0 =58 T PO, (32)

By Eq. (23), we have

‘oo 2O AWK —aBs) F(Q) o ¥(¢) _ 2i(aCas — pRs) F(O)
P00 T - O M7 w0 T cumn-m v
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Substituting Eq. (33) into Eq. (18), we get

031 — i0'32 = QPIF:(C) 5 H1 - iH2 = 2qi P:(C) . (34)
w (¢ w

Equation (34) indicates that stress distribution has nothing to do with the material con-

stants, which is identical to the classical elasticity theory (linear elasticity fracture mechanics).

From Eq. (34), one can obtain 031,032, H1, Hy. Because of the long calculating, we neglect

them here. Substituting ¢ = w™!(z) which is given by Eq. (21) into Eq. (33), we can obtain the

stress potential functions in the z plane.

3 Computations of SIFs

As we know, the crack tip always causes the destruction of materials. The SIFs at the
crack tip can reflect the stress intensity around the crack tip. Therefore, computations and
determination of the SIFs are very important. According to quasicrystal elasticity theory'?,
the computational formulae of SIFs in ¢ plane are

Iy F(¢) 1 F(¢)
K = lim 2 , K= lim 2 , 35
111 Cljgl \/ﬂp\/w”(() 111 Cljgl VT Q\/w,,(o (35)
where ( = (; is the corresponding point of the crack tip.
From Eq. (27), one obtain
. d2 4+ D[(d? —1a+ (d2+1)b
Jor(— V@ HDIE = Dok @p] 50)
V2d(d? — 1)
and by Eq. (30), we have
d* +1 b
Fio) o @D+t (37)
4d
Further, it is obvious that
F b)v/2(d* — 1
€ _ (at+b)v2@ -1 ¢ -1 (38)

Vw'(Q) 4/d[(d? — Da+ (d2 + 1)b]

Substituting Eq. (38) into Eq. (35), we obtain the SIF's of mode III of phonon and phason
fields at ( =1,

I fmove, FQ _ platb)ymd 1)

Ky = %Hl 2/ p\/w”(C) V2d[(d? — 1)a + (d® + 1)b] o
L FO _ dlatb)/a(d =)

K = %ﬂl 2/ q\/w”(C) o \/Qd[(dQ —1Da—+ (d®+ 1)b]. )

Equations (39) and (40) give the SIFs at the crack tip of an elliptic hole with two straight
cracks in 1D hexagonal QCs.

4 Discussion and conclusion about SIFs

We have obtained the SIFs at the crack tip of an elliptic hole with two straight cracks in
1D hexagonal QCs above. These results are discussed further as follows:
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(i) From Egs. (39) and (40), if b — 0, we have

KIHH =pyme, Kin = q/mc.

These are the SIFs at the crack tip of Griffith crack in 1D hexagonal QCs, which are identical
to the results in Ref. [12].
(ii) From (39) and (40), if a — 0, we obtain

KIHH =pyre, Kif = qv/me.

These are the SIFs at the crack tip of a cross crack in 1D hexagonal QCs, which are obtained
first by us. The results show that if the solid is shear loading, the SIFs at the crack tip of
the crack parallel to x; axis are not affected by the crack parallel to x5 axis. Because of its
symmetry, the results are the same as the state of Griffith crack, as shown in Fig. 3.

(iii) From (39) and (40), if a — b, we give

” b4 n b4
Kip=p 7Tc<1—c4>7 Kir=q¢q 71'(:(1—04).

These are the SIFs at the crack tip of a circular hole with two straight cracks in 1D hexagonal
QCs for infinite region, which are obtained first in this paper, as shown in Fig. 4. Seen from the
result, when the circular hole with two straight cracks in QCs is the shear loading, the SIFs at
the crack tip are not only related to the radius of a circle, but also the crack length. Especially,
if b — 0, we get KIHH = py/mc, Kij; = gy/mc. The same results obtained as Griffith crack['?,

ole
ole
oYcYole| lofoYole)

RIIVRIROR
QI
QI

—bi

Fig. 3 Cross crack Fig. 4 Circular hole with two straight cracks
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