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Abstract Based on unit cell model, the 3D 4-directional braided composites can be
simplified as unidirectional composites with different local axial coordinate system and the
compliance matrix of unidirectional composites can be defined utilizing the bridge model.
The total stiffness matrix of braided composites can be obtained by the volume average
stiffness of unidirectional composites with different local axial coordinate system and the
engineering elastic constants of braided composites were computed further. Based on the
iso-strain assumption and the bridge model, the stress distribution of fiber bundle and
matrix of different unidirectional composites can be determined and the tensile strength
of 3D 4-directional braided composites was predicted by means of the Hoffman’s failure
criterion for the fiber bundle and Mises’ failure criterion for the matrix.
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Introduction

In recent years, 3D braided composites have been developed with an attempt to overcome
the poor mechanical properties in the thickness direction and interlaminar delamination of
laminated composites. A revival of interest in 3D braided composites has been observed in the
aerospace, automobile, marine and construction industries for their better out-of-plane stiffness,
strength and impact resistance.

A series of recent analyses[1–3] about the mechanical properties of 3D braided composites
focused on the stiffness of such materials, however, there were few literatures on the strength
properties of 3D braided composites. Sun[4] proposed a model for the strength analysis of the
3D braided composite which was based on modified classical laminated theory and adopted
Tsai-Wu polynomial criterion. Lu[5] introduced a strength prediction method of 3D braided
composites by using the model of modulus prediction and the results of FFA. Gu[6] predicted
the uniaxial tensile stress-strain curve of 3-dimensional braided preform by describing the yarn
trace and the micro-structure of 3-dimensional braided preform in mathematical way. Zuo[7]

proposed a theoretic method to calculate the portrait draw strength of 3D braided composite
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rectangle section beam�based on the second-rank expression for Tsai-Wu criteria. Dong[8]

deduced the mathematical expression of the micro-stress of 3D braided composite based on the
homogenization method and the micro-stresses of three-dimensional braided composites were
simulated by a FEM method.

Recently, the bridge model developed by Huang[9, 10] has been successfully applied to sim-
ulate the nonlinear and strength behaviors of a variety of textile fabric reinforced composites.
Motivated by the studies as reported in Refs. [9,10], the aim of this paper is to present such a
micromechanics theory to analyze the stiffness and strengths of 3D 4-directional braided com-
posites. The theory is based on a new micromechanical model in conjunction with the use of
the bridging model.

1 Unit cell model

3D 4-directional braided composite can be assembled by four interior unit cell models, two
surface unit cell models and one corner unit cell model in the interior, surface, corner region,
respectively. Figure 1 shows the unit cell models of 3D 4-directional braided composites.

Fig. 1 Unit cell model

The following assumptions have been made for deriving the relationships of braiding param-
eters of a braided composite:

1. The cross-section for all braiding yarns is elliptical with minor radii d. The deformation
coefficient of cross-section is k.

2. The braiding process is quite stable, so that the braided structure is uniform, at least
over a certain length of interest. The yarns are in a jamming condition.

3. All yarns in the braided preform have identical yarn packing factor ε.
The relationship between the interior braiding angle γ, surface braiding angle β, corner

braiding angle θ, and braiding angle α is presented as the following expressions:

tan γ =
1

sin ϕ
tan α =

4
sin 2ϕ

√
sec2 ϕ + 1

tan β =
3
√

2
sin 2ϕ

tan θ, (1)

where ϕ is the angle between the horizontal projection of braiding yarn and thickness direction
of the preform, ϕ is equal to 45◦ in a perfect state.

The total fiber volume fraction in a braided composite can be written as

Vf = CiVi + CsVs + CcVc, (2)

where Vi, Vs, Vc is the fiber volume fraction in the preform interior, surface, corner regions
respectively and the expressions for them are as follows:

Vi =
πk sin 2ϕ

8 cosγ
ε, Vs =

πk cosϕ

4 cosβ
ε, Vc =

3πk

16 cos θ
ε. (3,4,5)

And the volume proportions of the regions to the whole structure are given by the following
expressions:
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Ci =
2(P − 1)(Q − 1)/ sin 2ϕ

[(P − 1)/ sinϕ + 2][(Q − 1)/ cosϕ + 2]
, (6)

Cs =
[2(P − 1) + 2(Q − 1)]/ cosϕ

[(P − 1)/ sinϕ + 2][(Q − 1)/ cosϕ + 2]
, (7)

Cc =
4

[(P − 1)/ sinϕ + 2][(Q − 1)/ cosϕ + 2]
, (8)

where P is the carrier number of rows and Q is the number of columns of the main part. In
a jamming condition, k is given as

√
3 cos γ. From the analysis above, when given the fiber

volume fraction, the yarn packing factor ε can be determined.

2 Elastic properties

The fiber is considered as a transversely isotropic linear elastic solid. The stiffness matrix
[C]f and the compliance matrix [S]f for the fiber, correlated by [C]f = [S]−1

f , where [S]f was
given by Eq. (5) in Ref. [11]. All the fiber bundles with identical orientation in the braided
composite can be modeled as one unidirectional composite. From the unit cell model presented
in Section 1, 12 kinds of unidirectional composites in the 3D braided composites can be obtained.
Referring to the bridging model in Ref. [10], at any load level, the incremental stresses in the
constituent fiber and resin of the unidirectional composite are correlated via a bridging matrix:

{dσm
i } = [Aij ]{dσf

j}, (9)

where [Aij ] is the bridging matrix and it can be given by[10]

[Aij ] =

⎡

⎢
⎢
⎢
⎢⎢
⎢
⎣

a11 a12 a13 0 0 0
a21 a22 a23 0 0 0
a31 a32 a33 0 0 0
0 0 0 a44 0 0
0 0 0 0 a55 0
0 0 0 0 0 a66

⎤

⎥
⎥
⎥
⎥⎥
⎥
⎦

. (10)

The independent elements of the bridging matrix are given as follows:

a11 = Em/Ef
1, a12 = a13 = (Sf

12 − Sm
12)(a11 − a12)/(Sf

11 − Sm
11),

a21 = a31 = 0, a23 = a32 = 0, a22 = a33 = α + (1 − α)Em/Ef
2 (0 < α < 1),

a44 = β + (1 − β)Gm/Gf
23 (0 < β < 1), a55 = a66 = γ + (1 − γ)Gm/Gf

12 (0 < γ < 1),

X

Yφ

γ

Z
3

2

1

Fig. 2 Schematic of a yarn in lo-
cal and global coordinate

where α, β, γ are bridging parameters which can be adjusted
by the experimental data of effective transverse moduli and
shear moduli of the material.

The unidirectional (UD) composite analysis is generally
carried out in the local coordinate system 1-2-3 (Fig. 2), with
its local instantaneous compliance matrix given by

[Sij ]n = (V n
f [Sij ]f + V n

m [Sij ]m[Aij ])(V n
f [I] + V n

m [Aij ])−1,
(11)

where [Sij ]f and [Sij ]m are the instantaneous compliance ma-
trices of the fiber and matrix materials, and [I] is a unit
matrix. Elements of all these matrices can be found in
Refs. [10, 11]. V n

f and V n
m refer to the fiber and matrix
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volume fractions for different unidirectional composites, respectively, and the relation for them
is V n

m = 1 − V n
f .

The fiber volume fraction for each unidirectional composites are given as follows:

V i1
f = V i2

f = V i3
f = V i4

f =
√

3πε/8, (12)

V s1
f = V s2

f = V s3
f = V s4

f =
√

6πε cos γ/(8 cosβ), (13)

V c1
f = V c2

f = V c3
f = V c4

f = 3
√

3πε cos γ/(16 cosθ). (14)

In the local coordinate system, the stiffness matrix and the compliance matrix for each UD
composite, correlated by [Cij ]n = [Sij ]−1

n , the average stiffness matrix in the local coordinate
system can be transformed to a representation in the global coordinate system (X-Y -Z), by
a rotation about the common Z axis, through a fiber orientation angle. The fiber orientation
angle for different UD composite is (γ, ϕ), (γ,−ϕ), (−γ,−ϕ), (−γ, ϕ), (β, ϕ), (β,−ϕ), (−β,−ϕ),
(−β, ϕ), (θ, ϕ), (θ,−ϕ), (−θ,−ϕ), (−θ, ϕ), respectively. Then the stiffness matrix for each UD
composite at the global coordinate system (OXY Z) can be derived as

[Cij ]n = [Tσ]n[Cij ]n[Tσ]Tn , (15)

in which [Tσ] is the transformation matrix of stress vector, and superscript “T” refers to trans-
pose of the matrix. The expression for [Tσ] can be found in Ref. [12]

Stiffness matrix from each UD composite is summed up for the stiffness of the 3D braided
composite by the volume average. Namely,

[C] =
c4∑

n=i1

Vn[C
ij

]n, (16)

where the volume proportions of each UD composite to the whole composite are given by the
following expressions:

Vi1 = Vi2 = Vi3 = Vi4 =
(P − 1)(Q − 1)

2[
√

2(P − 1) + 2][
√

2(Q − 1) + 2]
, (17)

Vs1 = Vs2 = Vs3 = Vs4 =
√

2[(P − 1) + (Q − 1)]
2[
√

2(P − 1) + 2][
√

2(Q − 1) + 2]
, (18)

Vc1 = Vc2 = Vc3 = Vc4 =
1

[
√

2(P − 1) + 2][
√

2(Q − 1) + 2]
. (19)

Correspondingly, compliance matrix for 3D 4-directional braided composites can be calcu-
lated by [S

′
] = [C]−1, and finally the engineering elastic constant of 3D 4-directional braided

composite can be received by the elements of the compliance matrix.

3 Strength analysis

When the tensile loading {σi} = {σx, 0, 0, 0, 0, 0}T is applied, the stress-strain relationship
for the whole composite is given by {σi} = [C]{εj}, where {εj} is the total strain of the
whole composite. Suppose that uniform strain exists for each UD composite and the whole
composite, the total stress of composite is written to the following expressions in the global
coordinate system:

{σi} = (
c4∑

n=i1

Vn[Cij ]n){εj}

= (Vi1[Cij ]i1){εj} + (Vi2[Cij ]i2){εj} + · · · (Vc4[Cij ]c3){εj} + (Vc4[Cij ]c4){εj}
= {σi}i1 + {σi}i2 + · · · + {σi}c3 + {σi}c4. (20)
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Therefore, the stress for each UD composite in the global coordinate system can be formally
expressed as

{σi}n = Vn[Cij ]n{εj}. (21)

By making use of the bridging model[11], when given the constituents properties and fiber
volume fraction of each UD composite, the stresses generated in the fiber and resin materials
at the local coordinate system are determined as

{σf
i}n = (V n

f [I] + V n
m [Aij ])−1{σj}n = [Bij ]{σj}n, (22)

{σm
i }n = [Aij ](V n

f [I] + V n
m [Aij ])−1{σj}n = [Aij ][Bij ]{σj}n, (23)

where {σj}n is the stress for each UD composite in the local coordinate system.
Substituting the stress in Eq. (21) into Eqs. (22) and (23), and solving for {σf

i}n, {σm
i }n

with respect to {σi}n by coordinate-system transformation, we obtain the total stresses in the
constituents (the fiber and matrix) at the local coordinate system:

{σf
i}n = [Bij ]([Tσ]−1

n )T{σi}n, (24)

{σm
i }n = [Aij ][Bij ]([Tσ]−1

n )T{σi}n. (25)

The fiber can be considered as a transversely isotropic linear elastic composite. Hence, the
Hoffman criterion to govern the tensile failure of the fiber is adopted and the expression is
simply given by

C1(σ1 − σ2)2 + C2(σ2 − σ3)2 + C3(σ3 − σ1)2

+ C4σ1 + C5σ2 + C6σ3 + C7τ
2
23 + C8τ

2
31 + C9τ

2
12 = 1, (26)

where C1, C2, C3, C4, C5, C6, C7, C8, C9 can be computed as described in Ref. [5].
The matrix is considered as an isotropic material and a generalized Mises criterion to detect

tensile failure of the matrix is expressed as

(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2 + 6(τ2
12 + τ2

23 + τ2
31) = 2σ2

m. (27)

When the stresses in the matrix meet Eq. (27), the yield failure occurs in some local regions
of the matrix, but the whole composite still has the capacity of load bearing. In this paper, when
the stresses of the fiber bundles in the surface region of the 3D 4-directional braided composite
meet Eq. (26), the whole composite is considered as losing the capacity of bear loading and
the applied load is taken as the strength of the composite. The calculated results showed that
the fiber bundles in the interior region failed first, followed by the fiber bundles in the surface
region, and finally the fiber bundles in the corner region failed with increasing the applied load.
When the fiber bundles in the interior region fail, we believe that the damage takes place in
the whole composite and the bear loading capacity decreases, but the composite can still bear
loading. The experimental results[13] also showed that the accumulated damage process existed
during the loading.

4 Results and discussion

The mechanical properties for the T300 carbon fiber constitute is Ef1 = 220 GPa, Ef2 = 13.8
GPa, Gf12 = 9 GPa, μf12 = 0.2, μf23 = 0.25, σf = 3 GPa, σ−

f = 2.07 GPa, τf = 943 MPa.
The mechanical properties for the epoxy resin is Em = 4.5 GPa, μm = 0.34, σ∗

m = 70.6 MPa,
σm = 80 MPa, σ−

m = 79 MPa, εmu = 1.7%, τm = 46 MPa. The bridge parameters are chosen
as α = 0.5, β = 0.5, γ = 0.5. The meaning for the above symbols are identical with that used
in Ref. [5].
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Figure 3 shows the variation of the elastic constant with the braiding angle and the fiber
volume fraction and the comparison between the results obtained from the present analytical
and the stiffness averaged method[11]. It is observed that the elastic constants in variation trend
predicted by these two models are quite close. Close results are also reported for Ez , Gxy, Gyz,
and μzx, but transverse tensile stiffness Ex predicted by the present analytical model are a
little bit smaller than that from the stiffness averaged method and Poisson ratio μxy from the
present analytical model are a little bit higher. In addition, compared with the predictive results
in Ref. [12], similar results can be obtained, which shows the validity of the present analytical
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model. Here, the variation tendency for elastic constant with the braiding angle and the fiber
volume fraction in detail is neglected.

The variation of the predicted strength of 3D braided composites with the braid angle
and the fiber volume fraction is plotted in Fig. 4. It can be seen that the strength decreases
monotonically with increasing the braid angle .When the braiding angle α is less than 30◦,
the strength decreases linearly and the velocity of declining is great. When the braiding angle
α is more than 30◦, the strength decreases nonlinearly and the velocity of declining reduces
obviously. When α is more than 40◦, the variation of the strength is very small and the
strength tends to be constant when braiding angle is big enough. We notice that the strength
increases with increasing the fiber volume fraction and the smaller the braiding angle is, the
more sensitive the variation is. The variation magnitude of the strength with the fiber volume
fraction is decreased with increasing the braiding angle. It is also seen from Fig. 4 that the
predicted strength has a discrepancy between the present result and the one given by the FEA
method[5]. It is mainly attributed to the fact that the model used in Ref. [5] is too simple and
that the predictions must depend on the experiment results, which is difficult to give effective
predictions in a large braiding angle range.
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In order to verify the validation of the present model further, Table 1 lists a comparison of
the predictive values and experimental data[13] for the mechanical properties of 3D 4-directional
braided composite. It can be seen that the predictions of the axial elastic modulus agree well
with the experimental results. We notice that there is a little difference between the predictions
and the experimental results for the strength, but the error is in the engineering limit range. It
is concluded that the present model is an effective way of predicting the stiffness and strength
properties of 3D 4-directional braided composite from the discussion in Fig. 2 and Fig. 3 and
the data in Table 1.

Table 1 Comparison of predictive and experimental data

Braiding Braiding Fiber Axial elastic modulus Error Tensile strength Error

structure angle/(◦)
volume Experimental Predictive /% Experimental Predictive /%

fraction/% data/GPa data/GPa data/MPa data/MPa

4D 21 45 67.2 63.87 −4.96 665 543 −18.35
4D 42 58 28.7 28.17 −1.84 283 321 13.43
4D 48 45 22.4 22.98 2.59 254 267 5.12
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5 Conclusions

Based on the unit cell model, the stiffness and strength of 3D 4-directional braided com-
posites are predicted by a micromechanical method in conjunction with the bridge model. It
is believed that the braiding angle and the fiber volume fraction are the important factor. The
predictions by the present analytical approach show a good agreement with the experiment re-
sults, which proves the practicability of the bridging model in the prediction of the mechanical
properties of 3D braiding composites.
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