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Abstract: The dynamic behavior of two parallel symmetry cracks in magneto-electro-
elastic composites under harmonic anti-plane shear waves is studied by Schmidt method.
By using the Fourier transform, the problem can be solved with a pair of dual integral
equations in which the unknown variable is the jumps of the displacements across the crack
surfaces. To solve the dual integral equations, the jumps of the displacements across the
crack surface were expanded in a series of Jacobi polynomials. The relations among the
electric filed, the magnetic flux and the stress field were obtained. From the results, it
can be obtained that the singular stresses in piezoelectric/piezomagnetic materials carry
the same forms as those in a general elastic material for the dynamic anti-plane shear
fracture problem. The shielding effect of two parallel cracks was also discussed.
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Introduction

Combining two or more distinct piezoelectric and piezomagnetic (magnetostrictive) con-
stituents, piezoelectric/piezoemagnetic composite materials is able to take the advantages of
each constituent and consequently have superior coupling magnetoelectric effect as compared
to conventional piezoelectric material or piezomagnetic material. The magnetoelectric coupling
is a new product property of the composites, since it is absent in each constituent. In some
cases, the coupling effect of piezoelectric/piezomagnetic composites can be even obtained a hun-
dred times larger than that in a single-phase magnetoelectric materials. Consequently, they are
extensively used as electric packaging, sensors and actuators, e.g., magnetic field probes, acous-
tic/ultrasonic devices, hydrophones, and transducers with the responsibility of electro-magneto-
mechanical energy conversion!’). When subjected to mechanical, magnetic and electrical loads
in service, these magneto-electro-elastic composites can fail prematurely due to some defects,
e.g. cracks, holes, etc. arising during their manufacturing processes. Therefore, it is of great
importance to study the magneto-electro-elastic interaction and dynamic fracture behaviors of
magneto-electro-elastic composites>~4. Liu et al.l%! studied the generalized 2D problem of an
infinite magnetoelectroelastic plane with an elliptical hole. Gao et al.lfl and Wang and Mail”
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also studied the fracture problem of the piezoelectric/piezomagnetic composites. The develop-
ment of piezoelectric-piezomagnetic composites has its roots in the early work of van Suchtelen(®!
who proposed that the combination of piezoelectric-piezomagnetic phases may exhibit a new
material property-the magnetoelectric coupling effect. Since then, there have not been many
researchers studying magnetoelectric coupling effect in BaTiO3-CoFe204 composites, and most
research results published were obtained in recent years! ~7!. However, relatively litter works
have been made for the dynamic fracture analysis duo to the mathematical complexities. To our
knowledge, the magneto-electro-elastic dynamic behavior of magneto-electro-elastic composites
with two parallel symmetry cracks subjected to harmonic anti-plane shear stress waves has not
been studied.

In this paper, the behavior of two parallel symmetry cracks in magneto-electro-elastic com-
posites subjected to harmonic anti-plane shear waves is investigated by use of a somewhat
different method, named as the Schmidt method!®). The Fourier transform is applied and a
mixed boundary value problem is reduced to a pair of dual integral equations. To solve the
dual integral equations, the jumps of the displacements across the crack surfaces are expanded
in a series of Jacobi polynomials. This process is quite different from those adopted in Refs.[2-7]
as mentioned above. Numerical solutions are obtained for the stress, the electric displacement
and the magnetic flux intensity factors.

1 Formulation of Problem and Solutions of Basic Equations

It is assumed that there are two parallel symmetric cracks of length 2/ in magneto-electro-
elastic composite plane as shown in Fig.1. h is the distance between two parallel cracks. A
Cartesian coordinate system(zx,y) is positioned as shown in Fig.1. In this paper, the harmonic
elastic anti-plane shear stress wave is vertically incident. Let w be the circular frequency of the
incident wave. —7g is a magnitude of the incident wave. In what follows, the time dependence
of all field quantities assumed to be of the form e ! will be suppressed but understood.
The piezoelectric/piezomagnetic boundary-value problem for anti-plane shear is considerably
simplified if we consider only the out-of-plane displacement, the in-plane electric and the in-
plane magnetic fields. As discussed in Soh’s!'%! works, since no opening displacement exists for
the present anti-plane problem, the crack surfaces can be assumed to be in perfect contact.
Accordingly, the electric potential, the magnetic potential, the normal electric displacement
and the normal magnetic flux are assumed to be continuous across the crack surfaces. So the
boundary conditions of the present problem are (In this paper, we just consider the perturbation
fields.)

Téi) (z,h") = Tﬁ)(x,/f) = —79, x| <1,

w (@, ht) =w®(z,h7), |z > 0
Tég)(xa(fr) = Téz)(x,Of) = —70;, |{E| <l

w? (2,07) = w®(2,07),  |z| >

oV (x,h*) = P (x,h7), DV (x,h") =D (z,h7),  |z| < oo, o)
W (2, k") =9 (2,h7), B (z,ht)=BP(z,h7), 2] < oo

¢ (2,07) = (2,07), DP(2,07) =DP(x,07), || < o0, 3
@ (2,0") =P (2,07), BP(2,07) =B®(2,07),  |z] < oc;

w (z,y) = w(z,y) =w®(z,y) =0 for (2% +y?)"/? — o0, (4)



Cracks in Magneto-Electro-Elastic Composites under Anti-plane Waves 585

where T(k ,D,(;) andB,(;) (k = z,y;1 = 1,2,3) are vA
the anti-plane shear stress, the in-plane electric dis- 1
placement and the in-plane magnetic flux, respec-

tively.  w®, ¢®and ¢ the mechanical displace- |
ment, the electric potential and the magnetic poten-

tial, respectively. Note that all quantities with su- I
perscript i(i = 1,2,3) refer to the upper half plane .
1, the layer 2 and the lower half plane 3 as in Fig.1,
respectively. In this paper, we only consider that 7y
is positive.

It is assumed that the magneto-electro-elastic
composite is transversely isotropic. So the constitu-
tive equations for the mode III crack in the magneto-electro-elastic composite can be expressed
as

-—--.:_l

Fig.1 Two parallel symmetry cracks in
magneto-electro-elastic composites

Té? = C44wf,i) + e15¢f;? + Q15¢f;i), k=uzy; i=1,2,3, (5)
D(i) = 615w(;? - 511¢(i) - dllwf;i), k=xy, =123, (6)
By = qisw) — dio}) —puvl),  k=xy =123, (7)

where c44 is the shear modulus, e;5 is the piezoelectric coefficient, €17 is the dielectric parameter,
q15 is the piezomagnetic coefficient, di; is the electromagnetic coefficient, w17 is the magnetic
permeability.

The anti-plane governing equations are

) ) ) 52
C44v2w(1) + el5v2¢(z) + Q15V2¢(1) = paT;Ua i = 1) 27 3) (8)
e1s V2w — e V29 — dy V29 =0, i=1,2,3, 9)
q15 V™ — d V2 — gy V2 =0, i=1,2,3, (10)

where V? = 8‘?—;2 + 38—;2 is the two-dimensional Laplace operator. p is the density of the piezo-
electric/piezomagnetic materials. Because of the assumed symmetry in geometry and loading,
it is sufficient to consider only the problem for 0 < z < 0o, —00 < y < co. A Fourier transform
is applied to Egs.(8)—(10). It is assumed that the solutions are

wM (x,y) = z/ Aq(s)e™ Y cos(sz)ds,
™ Jo

¢(1)(x,y) —w(l) (z,y) / Bi(s)e™*¥ cos(sz)ds, 1y >h, (11)
ao
YW (z,y) = 2wV (2 / Ci(s)e™* cos(sz)ds;
ao
2 [o.¢]
w? (z,y) = —/ [A2(s)e™ Y + By(s)e?Y] cos(sx)ds,
T Jo

6w = (e + 2 [T [Calo)e + D) eos(sa)ds, 0=y i, (12)

0O e) = 2 o)+ 2 [T B+ Fa(o)e cos(se)is
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2 o0

w® (z,y) = ;/ As(s)e?Y cos(sx)ds,

¢® (z,y) = a—w(3) x,y) / Bs(s)e® cos(sx)ds, 1y <0, (13)
0

O (2,y) = =w® (z / C3(s)e™ cos(sx)ds,
ao

2 = _ aie a29 — 2
known functions. -~y —w?/c, = p/p, b= gy + T+ 2R a0 = eqypyy — diy,

where Ai(s),Bi(s )C;( 8),A2(8),B2(s),Ca(5),D2(s),E2(s), Fa(s),As(s),Bs(s) and C3(s) are un-
= pi11€15 — d11q35 = q15€11 — d11€15.

7), w

" So from Eas.(3) (7). we have
) =2 [T e 4 slersBi(9) + msCis)e ") cos(sa)ds, (14
DM (z,y) = %/Ooo sle11Bi(s) + di1Ch(s)]e Y cos(sz)ds, (15)
B o) = 2 [ slduBi(s) + i Crls)le cos(sods, (16)
2w) = -2 [ rda(s)e + slersCale) + s Bals)e
— uBa($)e — sfe1sDa(s) + 15 Fa(s)le® ) cos(sz)ds, (a7

DR (,y) = 2 /O " s{lenCa(s) + du Ba(s))e ™ — [e1: Da(s) + dus Fa(s)le™ } cos(sa)ds,  (18)

B (r,y) = = /O " 5{{duiCa(s) + 1 Ba(s)]e™™ — [diy Da(s) + 1 Fa(s)le™} cos(sa)ds, (19)

e @) / {1 As(5)e" + slers Bs(s) + 115Cs(s)]e} cos(sx)ds, (20)
Dég) (z,y) = —% /000 sle11B3(s) + d11C3(s)]e®™ cos(sx)ds, (21)
Bég) (z,y) = —% /000 s[d11Bs(s) + p11C3(s)]e® cos(sx)ds. (22)

To solve the problem, the jumps of the displacements across the crack surfaces are defined
as follows:

fi(@) =w® (@, h) — w® (z,h7), (23)
fa(z) = w® (z, O+) —w® (z,07). (24)

Substituting Eqs.(11)—(13) into Eqgs.(23)—(24), and applying the Fourier transform and the
boundary conditions, it can be obtained

Ai(s)e " — Ay(s)e™ " — By(s)e™ = fi(s), Aa(s) + Ba(s) — As(s) = fa(s), (25)

Z—;[Al(s) e — Ay(s)e™ " — By(s)e?™] + By(s)e " — Ca(s)e™*" — Dy(s)e* =0, (26)
Z—;[Az(S) + Ba(s) — As(s)] 4 Ca(s) + Da(s) — Bs(s) = 0, (27)
Z—z[Al(s)e_'yh — Ay(s)e™ " — By(s)e™] + C1(s)e™*" — Ea(s)e " — Fy(s)e®h =0, (28)

Z—E[Az(s) + Bao(s) — As(s)] + Ba(s) + Fa(s) — C5(s) = 0. (29)
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A superposed bar indicates the Fourier transform throughout the paper. Substituting Eqgs.(14)—
(22) into Egs.(1)—(3), it can be obtained

WLAl(s)e_”h + sle15B1(s) + q1501(s)]e_3h — WLAg(s)e_’Vh

— s[e1sCa(s) + q15E2(s)]e_Sh + yuBa(s)e" + slersDa(s) + q15F2(8)]eSh =0, (30)
YuA2(s) + sleisCa(s) + qus Ea(s)] — yuBa(s)

— sle1sDa(s) + qus Fa(s)] + yudAs(s) + sleis Bs(s) + qi5C3(s)] = 0, (31)

— [e11B1(8) + d11C1(s)]e " 4 [e11Ca(s) + d11 Ea(s)]e ™" — [e11Do(s) + d11 Fa(s)]e®™ = 0,
(32)
— 81102(8) — dllEQ(s) + EuDQ(S) + dllFQ(S) — 611B3(8) — d1103(8) = 0, (33)
— [d11B1(s) 4 p11C1(s)]e ™" + [d11Co(s) 4 11 Ea(s)]e ™" — [d11Da(s) + p11 Fa(s)]es” ? )
4
. dllCQ(S) — /LHEQ(S) + dllDQ(S) + MllFQ(S) — duBg(S) . /1,1103(8) = (35)

By solving twelve Eqgs.(25)-(35) with twelve unknown functions A;(s), Bi(s), Ci(s), Az(s),
Bs(s), Ca(s), Da(s), Ea(s), Fa(s), As(s), Bs(s) and Cs(s) and applying the boundary condition
(1) to the results, it can be obtained

%/f_( ) cos(sx %/ )cos(sx)ds =0, |z| >, (36)
0 0

~ [ 59A) + () fa(s)] cos(salds = -, ol <1, (37)
0

= [ slax(s)75) + () (o) cos(sods = ~ro. ol <1 (59)
0

From Eqgs.(36)—(38), it can be obtained
fi(s) = fa(s) = fi(2) = folw), 72 (@ h) = 7i2 (2, h) = 72 (2,0) = 7P (2,0),  (39)

D{M(x,h) = D{P (2, h) = D{P(x,0) = D{P(,0), (40)
BV (z,h) = B (x,h) = B{? (x,0) = B{Y(x,0), (41)
where g1 (S) = —cpy — ('Y _ s) 615a1;rq15a2 and 92( ) — —C44’ye_'7h _ (,ye—fyh _ Se—sh)elf;al;;lh{)a@.

lim g1(s)/s = —cqq and lim go(s)/s = 0. To determine the unknown functions fi(s) and
§—00 §—00

f2(s), the above two pairs of dual integral equations (36)—(38) must be solved.
2 Solution of Dual Integral Equations

From the natural property of the displacement along the crack line, it can be obtained that
the jump of the displacements across the crack surface is a finite, continuous and differentiable
function. Hence, the jump of the displacements across the crack surfaces can be represented by
the following series:

5 2 a? 3
fiz Zb Py2 — ) 0<e<ly=0, (42)

fi(z) = fox) = w(l)(a:, ht) — w(2)(a:, h=)=0, 0<z<l,y=0, (43)
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where b,, are unknown coefficients to be determined and P,(ll/ 21/2) ig 4 Jacobi polynomialll.

The Fourier transform of Egs.(42)(43) is!*?!

= z:lbnGnEJin(SI)v Gn = Qﬁ(_l)nl%a (44)

where T'(x) and J,,(z) are the Gamma and the Bessel functions, respectively.
Substituting Eq.(44) into Egs.(36)—(38), respectively. It can be shown that Eqgs.(36) are
automatically satisfied. After integration with respect to = in [0, z], Egs.(37)—(38) reduce to

— Z bn,Gr, / M]Jgn_l(sl) sin(sz)ds = —Tox. (45)

S

Equations (45) can now be solved for the coefficients b,, by the Schmidt method!®. Tt can be
seen in Refs.[13,14]. Here, it is omitted.

3 Intensity Factors
The coefficients b,, are known, so that the entire perturbation stress field, the perturbation

electric displacement and the magnetic flux can be obtained. However, in fracture mechanics,

it is of importance to determine the perturbation stress 7,, and the perturbation electric dis-

placement D, in the vicinity of the crack tips. In the case of the present study, Tyz),rﬁ), Ty(i),

Dg(ll), D@(,2), DZ(JB), Bl(,l), Béz) and Bé ) along the crack line can be expressed, respectively, as

(@, h) =73 (2,h) = 7$D(2,0) = 7{(2,0) = 7.
_ —Zb G, / M]Jgn,l(sl)cos(xs)ds, (46)
DM (z,h) = DP(x,h) = DP) (2,0) = DP(2,0) = D,
_ Zb e / [+ e Tan_1 (s1) cos(zs)ds, (47)
B (x,h) = BP(z,h) = B (z,0) = B{*) (2,0) = B,

_ 45 Z bnGn / [1+ e ") Ja,_1(sl) cos(zs)ds. (48)

By examining Eqs.(46)—(48), the singular parts of the stress field, the electric displacement and
the magnetic flux can be expressed respectively as follows (I < x):

_Cu €15 = q15 =
b, Gn, H = — B=—-—— bn,GrnHy(x), 49
§: 3 3 (), (49)

(_1)n71l2n71
Whel"e Hn(x) = x2—l2[m+ x2_l2]2n71 :

We obtain the stress intensity factor K as

2 oo
K=lim 20— 1) r=-—2%"p,

r—Ilt ml
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We obtain the electric displacement intensity factor K as

KP = lim /2(z —1 D——261SZ )2615 . (51)

T—I+ 27’l — 2 C4q4

We obtain the magnetic flux intensity factor KB as

KB = lim \/2(z—1)-B = 205 Z ) =Wy (52)

z—lt C44

4 Numerical Calculations and Discussion

From Refs.[13-14], it can be seen that the Schmidt method performs satisfactorily if the
first ten terms of the infinite series (45) are re-
tained. The precision of present solution can sat- I
isfy the demands of the practical problem At 0.95|
-1 <z <!,y =0, it can be obtained that 7 )/T()
is very close to negative unity. Hence, the solutlon
of present paper can also be proved to satisfac-
tory the boundary condition (1). The materials
are assumed to be that cyy = 44.0 GPa,e15 = 0.80F
5.8 C/m?, 17 = 5.64 x 1079 C2/(N-m?),q5 = i
275.0 N/(A - m), dy; = 0.005 x 1079 Ns/(V - C), s I : ,
p11 = —297.0 x 1075 Ns2/C?, p = 1500 kg/m?3. 0 1 2
The numerical results of the present paper are
shown in Figs.2-6. Fig.2 The stress intensity factor versus h/l

From the results, the following observations for wl/c =0
are very significant:

(i) The dynamic stress, the electric displace-
ment and the magnetic flux intensity factors not only depend on the crack length, the distance
between two parallel cracks, the wave velocity, the circular frequency of the incident waves, but
also on the properties of the materials. From the results, it can be shown that the singular
dynamic stress in piezoelectric/piezomagnetic materials carries the same forms as those in the
general elastic materials. The electro-magneto-elastic coupling effects can be obtained as shown
in Egs.(50)—(52).

(ii) The interaction of two parallel symmetry cracks increase when the distance between
two parallel symmetry cracks increases as shown in Figs.2-5. This phenomenon is called crack
shielding effect as discussed in Ratwani’s paper!s]. For the electric displacement and the
magnetic flux intensity factors, they have the same changing rule as the stress intensity factor
as shown in Figs.3-5. However, the amplitude values of K/(1V1), KP /(10v/1) and K®/(10V/1)
are different from each others. The amplitude values of K /(70v/1) and K®/(9V/1) are very
small as shown in Figs.4-5.

(iii) The stress intensity factors tend to increase with increase in the circular frequency of
the incident waves, until reaching a maximum at wl/c = 0.6 , then it decreases in magnitude as
shown in Fig.6. However, the stress intensity factors tend to increase again with increase in the
circular frequency of the incident waves for wi/c > 2.0. This may be cased by electro-magneto-
elastic coupling effects and the high circular frequency of the incident waves.

(iv) The solution of this problem can be returned to the static solution for wl/c = 0. From
the results, it can be shown that the stress intensity factor tends to a unit for h/l > 5.5 when
wl/c =0 as shown in Fig.2. This is consistent with the fracture problem in the general elastic
materials for the anti-plane shear fracture problem.

1.00F

0.90F

K!(r[]'f!_]

0851

<15
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=2
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3 4
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— I <
< 0.90f g, 8.5x1071E
0.85F 8.0=1071E
R T R R T S R L T T T R TR
hi/l hi/l
Fig.3 The stress intensity factor versus Fig.4 The electric displacement intensity
h/l for wl/c =10.4 factor versus h/l for wl/c = 0.4
1.0
4.6x1077 |
4.4x1079 1 0.8F
= 42010} < 06
g i St
£, 4.0x109} >
E 0.4+
3.8x1079 1
| 0.2F
-9 1 L L I L L L (I I WU SR | 1 1
WIS 0 i )
h/i wl/e
Fig.5 The magnetic flux intensity factor Fig.6 The stress intensity factor versus
versus h/l for wl/c =04 wl/c for h/l = 0.5
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