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Abstract

We study the single machine scheduling problem under uncertain parameters, with the aim of
minimizing the maximum lateness. More precisely, the processing times, the release dates,
and the delivery times of the jobs are uncertain, but an upper and a lower bound of these
parameters are known in advance. Our objective is to find a robust solution, which minimizes
the maximum relative regret. In other words, we search for a solution which, among all pos-
sible realizations of the parameters, minimizes the worst-case ratio of the deviation between
its objective and the objective of an optimal solution over the latter one. Two variants of this
problem are considered. In the first variant, the release date of each job is equal to 0. In the
second one, all jobs are of unit processing time. Moreover, we also consider the min—max
regret version of the second variant. In all cases, we are interested in the sub-problem of
maximizing the (relative) regret of a given scheduling sequence. The studied problems are
shown to be polynomially solvable.

Keywords Scheduling - Maximum lateness - Min—max relative regret - Interval uncertainty

1 Introduction

Uncertainty is a crucial factor to consider when dealing with combinatorial optimization
problems, especially scheduling problems. Thus, it is not sufficient to limit the resolution of
a given problem to its deterministic version for a single realisation of the uncertain parameters,
i.e., ascenario. A widely-used method to handle uncertainty is the stochastic approach, which
involves predicting the probabilistic distributions for uncertain problem parameters. However,
this approach has its drawbacks. It requires extensive knowledge about the problem data for
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accurate predictions, a task that can be challenging in real-world situations, particularly in
the context of scheduling problems. In our study, we investigate an alternative method of
handling uncertainty that relies on a set of known possible values of the uncertain parameters
without any need for a probabilistic description, namely the robustness approach or worst-
case approach (Kouvelis & Yu, 1997). The aim of this approach is to generate solutions
that will have a good performance under any possible scenario and particularly in the most
unfavorable one, i.e, the worst case scenario.

The use of the robustness approach involves specifying two key components. The first
component is the choice of the type of uncertainty set. Literature has proposed various
techniques for describing the uncertainty set (Buchheim & Kurtz, 2018), with the discrete
uncertainty and the interval uncertainty being the most well-examined. Indeed, the most
suitable representation of uncertainty in scheduling problems is the interval uncertainty,
where the value of each parameter is restricted within a specific closed interval defined by a
lower and an upper bound. These bounds can be estimated through a data analysis on traces
of previous problem executions.

The second component is the choice of the appropriate robustness criterion (Aissi et
al., 2009; Tadayon & Smith, 2015). One such criterion is the absolute robustness or min—
max criterion, which seeks to generate solutions that provide the optimal performance in the
worst-case scenario, i.e, solutions that minimize the maximum of the objective function value
over all scenarios. This conservative criterion is suitable for situations where anticipating
adverse events is essential to prevent critical consequences. It is relevant in non-repeating
decision-making contexts, such as unique items in financial analysis, and in situations where
preventive measures are vital, like in public health. However, this criterion can be seen as
overly pessimistic in situations where the worst-case scenario is unlikely, causing decision-
makers to regret not embracing a moderate level of risk.

Two less conservative criteria are based on the definition of the “regret": First, the robust
deviation or min—max regret criterion aims at minimizing the maximum absolute regret,
which is the most unfavorable deviation from the optimal performance, i.e., the largest dif-
ference between the value of a solution and the optimal value, among all scenarios. Secondly,
the relative robust deviation or min—max relative regret criterion seeks to minimize the max-
imum relative regret, which is the worst percentage deviation from the optimal performance,
i.e., the greatest ratio of the absolute regret to the optimal value, among all possible sce-
narios. According to Kouvelis and Yu (1997), the min—max relative regret criterion is less
conservative compared to the min—max regret criterion. Indeed, both criteria are particularly
effective in applications where outcomes can be evaluated ex-post, especially in competitive
environments. In such contexts, decision-makers aim to maximize their chances of success
by minimizing missed opportunities that competitors could exploit. In a similar vein, Aver-
bakh (2005) remarks that the relative regret objective is more appropriate compared to the
absolute regret objective in situations where a percentage-based assessment, such as “10%
more expensive", is more relevant than an absolute value comparison, like “costs $30 more".
Indeed, using absolute regret, which is calculated by the difference, can obscure the scale
of the solution, whereas relative regret effectively underscores the proportion between the
solution and the optimal. However, despite its advantages and greater relevance compared to
other criteria, the min—max relative regret criterion has a complicated structure and this may
explain why limited knowledge exists about it.

Our contribution and organisation of the paper:
The focus of this paper is to investigate the min—max relative regret criterion for the
fundamental single machine scheduling problem with the maximum lateness objective. The
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interval uncertainty can involve the processing times, the release dates or the delivery times
of jobs.

In Sect.2, we formally define our problem and the used criteria. In Sect.3, we give a
short review of the existing results for scheduling problems with and without uncertainty
consideration. In Sect.4, we introduce some initial observations that serve as foundational
elements for our proofs. We next consider two variants of this problem.

In Sect.5, we study the variant where all jobs are available at time 0 and the interval
uncertainty is related to processing and delivery times. Kasperski (2005) has applied the min—
max regret criterion to this problem and developed a polynomial time algorithm to solve it
by characterizing the worst-case scenario based on a single guessed parameter through some
dominance rules. We prove that this problem is also polynomial for the min—max relative
regret criterion. An iterative procedure is used to prove some dominance rules based on
three guessed parameters in order to construct a partial worst-case scenario. To complete
this scenario, we propose a polynomial algorithm based on a linear fractional program,
which is then transformed into a linear program. Subsequently, we develop an algorithm
that replaces the linear program, omitting one constraint. The transition through the linear
program is useful for excluding a difficult constraint while considering the entire procedure
of the problem.

In Sect. 6, we study the maximum relative regret criterion for the variant of the maximum
lateness problem where the processing times of all jobs are equal to 1 and interval uncertainty
is related to release dates and delivery times. For a fixed scenario, Horn (1974) proposed an
optimal algorithm for this problem. For the uncertainty version, we simulate the execution
of Horn’s algorithm using a guess of five parameters, in order to create a worst-case scenario
along with its optimal schedule. In Sect. 7, we give a much simpler analysis for the maximum
regret criterion applied to a more general form of this variant of our scheduling problem,
where the processing times of all jobs are uniformly constant. We conclude in Sect. 8.

2 Problem definition and notations

In this paper, we consider the problem of scheduling a set J of n non-preemptive jobs
on a single machine. In the standard version of the problem, each job is characterized by
a processing time, a release date and a delivery time. In general, the values of the input
parameters are not known in advance. However, an estimation interval for each value is
known. Specifically, given a job j € 7, let [p}“i“, p?‘ax], [r}“i“, r}“ax] and [q;“i“, q}“"”‘] be
the uncertainty intervals for its characteristics.

A scenario s = (p], ..., Py, i, s Tos iy s dy) ‘is a possible realisation_ of all values
of the instance, such that p € [p™", p™®], r$ € [r™0, r;“ax] and q‘; e [q;.m", q;“ax], for
every j € J.The set of all scenarios is denoted by S. A solution is represented by a sequence
of jobs, 7 = (7w (1), ..., (n)) where 7 (j) is the jth job in the sequence 7. The set of all
sequences is denoted by I7.

Consider a schedule represented by its sequence w € IT and ascenarios € S. The lateness
of a job j € J is defined as L; () = C; () + q;, where C; (7r) denotes the completion
time of j in the schedule represented by 7 under the scenario s. The maximum lateness of
the schedule is defined as L(s, 7) = max ey L‘} (). The job ¢ € J of maximum lateness
in 7 under s is called critical, i.e., L () = L(s, m). The set of all critical jobs in 7 under s
is denoted by Crit (s, w). We call first critical job, the critical job which is processed before
all the other critical jobs. By considering a given scenario s, the optimal sequence is the one
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Table 1 Instance of five jobs j 1 5 3 4 5
[P;mn, P;naX] (2,5] [L,3] [1,6] [2,4] (1,7]
[r;m“, r;nax] [0, 6] [2, 8] [1,7] [1, 6] [0, 3]
[¢™", P [2.6] (L3135 [46]  [25]

leading to a schedule that minimizes the maximum lateness, i.e., L*(s) = miny ¢ L(s, 7).
This is a classical scheduling problem, denoted by 1 | 7; | L4y using the standard three-field
notation, and it is known to be NP-hard in the strong sense (Lenstra et al., 1977).

For this deterministic version of the studied problem, the lateness of a job j can be
formulated as: (1) L; = C; — d; where C; is the completion time and d; is the due date
of jor(2) L; = C;j + g; where g; is the delivery time of j. These two formulations
are equivalent in terms of sequence optimality since for each job j the due date d; can be
replaced by a delivery time g; = K — d; where K is a given constant. The reason we
study the delivery time model instead of the due date model is due to the use of the min—
max relative regret criterion, which requires calculating ratios from the lateness values of
solutions. The use of due dates could lead to a negative maximum lateness, thus complicating
the calculation process. Similarly, in approximation theory, the same observation can be done
and the maximum lateness can be zero when we use the due date model, presenting analogous
computational challenges.

In this paper, we are interested in the min—max regret and the min—max relative regret
criteria whose definitions can be illustrated by a game between two agents, Alice and Bob.
Alice selects a sequence 7 of jobs. The problem of Bob has as input a sequence 7 chosen
by Alice, and it consists in selecting a scenario s such that the regret R of Alice R(s, 7) =
L(s, m) — L*(s) or respectively the relative regret RR of Alice

_ L(s,m) — L*(s) _ L(s,m) _
RR(s,m) = L) = )

is maximized. The value of Z(7) = maxses R(s, ) (resp. ZR(wr) = maxXges RR(s, 7)) is
called maximum regret (resp. maximum relative regret) for the sequence . In what follows,
we call the problem of maximizing the (relative) regret, given a sequence 7, as the Bob’s
problem. Henceforth, by slightly abusing the definition of the relative regret, we omit the
constant —1 in RR(s, ), since a scenario maximizing the fraction LG.7) maximizes also the

L*(s)
value of I‘L(i (;T)) —1. Then, Alice has to find a sequence = which minimizes her maximum regret

(resp. maximum relative regret), i.e., ming¢7 Z () (resp. ming ¢ Z R (77)). This problem is
known as the min—max (relative) regret problem and we call it as Alice’s problem.

Given a sequence 7, the scenario that maximises the (relative) regret over all possible
scenarios is called the worst-case scenario for . A partial (worst-case) scenario is a scenario
defined by a fixed subset of parameters and can be extended to a fully defined (worst-case)
scenario by setting the remaining unknown parameters. For a fixed scenario s, any schedule
may consist of several blocks, i.e., a maximal set of jobs, which are processed without any
idle time between them.

Example: To illustrate the procedures of Alice and Bob, let us consider a concrete instance
involving five jobs, as previously stated in the general problem. The parameters for each job,
including processing time, release date, and delivery time intervals, are given in Table 1.
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Table2 The scenario chosen by j 1 2 3 4 5
Bob
S
r; 2 1 3 1
A
ri 8 7 1 2
)
q; 5 2 4 5 3
6 11 12 12 17
(7, s) 5 4 3 2 1
3 6 8 10 12
9 8 13 13 13
(0, 5) 4 5 1 3 2
4 5 8 9 11

Fig. 1 Scheduling of sequences 7 and o under scenario s

Letm = (5,4, 3,2, 1) be the sequence chosen by Alice. The Bob’s strategy is to choose
values within these intervals to create the worst-case scenario for the Alice’s sequence 7,
depending on the robustness criteria, i.e., the min—max regret or min—max relative regret
criterion. Assume that Bob chooses the scenario presented in Table 2. Note that this scenario
is given as an example and may not necessarily represent the worst-case scenario for the
Alice’s sequence.

The sequence ¢ = (4,5, 1, 3,2) is identified as optimal for this scenario s. Figure 1
illustrates the scheduling of sequences 7 and o under scenario s. Here, the completion time
of each job is noted below its end, while the lateness is indicated above it in the schedule.

In sequence r under scenario s, job 1 is critical with the maximum lateness in this schedule
being L(s, w) = L () = 17. In the optimal sequence o under s, jobs 1, 2, and 3 are critical,
and the maximum lateness is L*(s) = L(s, o) = L(0) = 13.

The absolute regret of Alice, R(s, i), is calculated as 17 — 13 = 4. The relative regret of
Alice, RR(s, ), is 17513 ~ 30.77%.

Aware of the Bob’s strategy, Alice focuses on selecting a sequence that minimizes her
regret, whether absolute or relative, based on the desired robustness criterion.

3 Related work

In the deterministic version, the problem 1|r|Lnax has been proved to be strongly NP-hard
(Lenstra et al., 1977). For the first variant where all release dates are equal, i.e, 1||Lmax, the
problem can be solved in O (nlogn) time by applying Jackson’s rule (Jackson, 1955), i.e,
sequencing the jobs in the order of non-decreasing due dates. In our specific context, we adapt
Jackson’s rule by sequencing jobs based on non-increasing delivery times. For the second
variant with unit processing time jobs, i.e, 1|rj, p; = 1|Lmax, the rule of scheduling, at
any time, an available job with the smallest due date, or for our context, the biggest delivery
time, is shown to be optimal by Horn (1974). This method can be implemented in O (n log )
time. For the general version of the second variant with equal processing time jobs, i.e,
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1|rj, pj = plLmax, Lazarev et al. (2017) have proposed a polynomial algorithm to solve this
problem in O(Q - nlogn) time, where 10~ is the accuracy of the input—output parameters.

For the discrete uncertainty case, the min—max criterion has been studied for several
scheduling problems with different objectives. Kouvelis and Yu (1997) proved that the min—
max resource allocation problem is NP-hard and admits a pseudo-polynomial algorithm.
Aloulou and Della Croce (2008) showed that the min-max 1|| Y~ U; problem of minimiz-
ing the number of late jobs with uncertain processing times and the min—max 1/| " w;C;
problem of minimizing the total weighted completion time with uncertain weights are NP-
hard. In addition, they proved that the min—max problem of the single machine scheduling is
polynomially solvable for many objectives like makespan, maximum lateness and maximum
tardiness even in the presence of precedence constraints where processing times, due dates, or
both are uncertain. Mastrolilli et al. (2013) proved that the min-max 1 || w;C; problem with
uncertain weights and processing times cannot be approximated within O (log! € n) unless
NP has quasi-polynomial algorithms. For unweighted jobs, they developed a 2-approximation
algorithm for this problem, with uncertain processing times, and demonstrated that it is NP-
hard to approximate within a factor less than 6/5. The only single machine scheduling
problem studied under discrete uncertainty for min—max (relative) regret is the 1||Y_ C;.
Daniels (1995) investigated this problem using both min—max regret and min—max relative
regret criteria, proving that both are NP-hard. They developed a branch-and-bound algorithm
and heuristic approaches. For the same problem, Yang and Yu (2002) presented a different
NP-hardness proof for all the three robustness criteria. They also introduced a dynamic pro-
gramming algorithm and two polynomial-time heuristics. Other scheduling problems have
been also addressed in the literature. Kasperski et al. (2012) proved that both the min—max and
min-max regret versions of the two-machine permutation flow shop problem, F2 || Cpax,
with uncertain processing times are strongly NP-hard, even with only two scenarios. The
min—max (regret) parallel machine scheduling problem, P || Cpax, With uncertain process-
ing times, was studied in Kasperski et al. (2012); Kasperski and Zielifiski (2014), where
various NP-hardness and approximation results were presented.

For the interval uncertainty case, the min—max criterion has the same complexity as
the deterministic problem since it is equivalent to solve it for an extreme well-known sce-
nario. Considerable research has been dedicated to the min—max regret criterion for different
scheduling problems. Many of these problems have been proved to be polynomially solv-
able. For instance, Averbakh (2000) considered the min—max regret 1|| max w;T; problem
to minimize the maximum weighted tardiness, where weights are uncertain and proposed a
o3 algorithm. He also presented a O (m) algorithm for the makespan minimization for a
permutation flow-shop problem with 2 jobs and m machines with interval uncertainty related
to processing times (Averbakh, 2006). The min—max regret version of the first variant of our
problem has been considered by Kasperski (2005) under uncertain processing times and due
dates. An O(n*) algorithm has been developed which works even in the presence of prece-
dence constraints. As an extension of this earlier problem, Fridman et al. (2020) examined the
general min—max regret problem of the cost scheduling problem. The cost function depends
on the job completion time and a set of additional generalized numerical parameters, with
both processing times and the additional parameters being uncertain. They developed poly-
nomial algorithms that improved and generalized all previously known results. On the other
hand, some problems have been classified as NP-hard. Lebedev and Averbakh (2006) showed
that the min—max regret 1|| ) C; problem with uncertain processing times is NP-hard. They
also demonstrated that if all uncertainty intervals share the same center, the problem can be
solved in O (n log n) time if the number of jobs is even, but it remains NP-hard if the number
of jobs is odd. For the same problem, Montemanni (2007) presented the first mixed-integer
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(O’, 81) ]

(O’, 82) ]

Fig. 2 Illustration of the schedules represented by o under s1 and s,

linear programming formulation. For the min—-max regret 1 || w;C; problem with uncertain
processing times, Pereira (2016) presented a branch-and-bound method. Kacem and Kellerer
(2019) considered the single machine problem of scheduling jobs with a common due date
with the objective of maximizing the number of early jobs and they proved that the problem
is NP-hard and does not admit an FPTAS. The min-max regret criterion for minimizing
the weighted number of late jobs was investigated: a polynomial algorithm for due-date
uncertainty with uniform job weights (Drwal, 2018), and a branch-and-bound method for
processing time uncertainty (Drwal & J6zefczyk, 2020). Wang et al. (2020) tackled the min—
max regret in single machine scheduling for total tardiness with interval processing times.
They developed a mixed-integer linear programming model and demonstrated that an optimal
schedule under the midpoint scenario provides a 2-approximation solution to the problem.
Additionally, they proposed three methods to obtain robust schedules. The min—max regret
criterion was also investigated in, Xiaoqing et al. (2013), Choi and Chung (2016), Liao and
Fu (2020) and Wang and Cui (2021).

Finally, to the best of our knowledge, the only problem studied under the min—max relative
regret criterion for scheduling with interval uncertainty is the total flow time problem 1|| }© C;
with uncertain processing times. Averbakh (2005) proved that this problem is NP-hard.
Additionally, Kuo and Lin (2002) provided another NP-hardness proof, developed a fractional
programming formulation, and introduced an algorithm using bisection searches based on
parametric programming.

4 Preliminaries

In this section we present some preliminary observations that we use in our proofs.

Remark 1 (Monotonicity) Consider a set of jobs 7 and two scenarios s; and s, such that
for each job j € J, we have p‘;‘ > p‘;-z, r‘;‘ > r‘;z and ¢3! > ¢%*. Then, the value of the
maximum lateness in an optimal sequence for s; cannot be smaller than that for s, i.e.,
L*(s1) = L*(s2).

Proof Let us consider a set of jobs 7 and two scenarios, s; and s, such that for each job
J € J, the conditions pj‘ > pj.z, rj‘ > rjz, and q;' > qu hold. Suppose, contrary to our
claim, that L*(s1) < L*(s2). Let o be an optimal sequence for scenario s;. Now, consider the
schedules represented by the sequence o under scenarios s1 and s7, as illustrated in Fig. 2.
Given that the parameters of each job in scenario s, are smaller than or equal to those in
scenario s1, it logically follows that L;z (o) < Lj.' (o) for each job j € J. Therefore, the
maximum lateness in the sequence o under the scenario s, should not exceed that under the
scenario s, 1i.e., L(s2, 0) < L(s1, 0) = L*(s1). This observation contradicts our supposition
and thus validates our initial claim. ]
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Remark 2 Let a and b be two real positive numbers. Consider the following functions:

1. For fi : [0, b) — R* defined by f1(x) = %, with a > b, the function f] is increasing
on [0, b).

2. For f5 : RT — R* defined by f>(x) = %, the function f; is increasing if @ < b, and
decreasing if a > b.

3. For f3 : Rt — R defined by f3(x) = “bf;‘, the function f3 is increasing if a < 2b,
and decreasing if a > 2b.

5 Min-max relative regret for 1 || Lax

In this section, we consider the min—max relative regret criterion for the maximum lateness
minimization problem, under the assumption that each job is available at time 0, i.e., rj =0
for all jobs j € J and all possible scenarios s € S. For a fixed scenario, this problem can
be solved by applying the Jackson’s rule, i.e., sequencing the jobs in non-increasing order
of delivery times. We denote by B(m, j) the set of all the jobs processed before job j € 7,
including j, in the sequence 7w and by A(m, j) the set of all the jobs processed after job j
inm.

5.1 The Bob’s problem

The following lemma presents some properties of a worst-case scenario for a given sequence
of jobs.

Lemma 1 Let w be a sequence of jobs. There exists (1) a worst-case scenario s for w, (2) a
critical job c; € Crit(s, ) in w under s, and (3) a critical job ¢, € Crit(s, o) in o under
s, where o is the optimal sequence for s, such that:

i Foreach job j € A(m, cy), it holds that p‘; = p;.r'i“,
ii Foreachjob j € J \ {cy}, it holds that q}‘. = q}“in,

iii For each job j € B(w, cx) N B(o, ¢y), it holds that pj = p?’i“, and
iV cq is the first critical job in o under s.

Proof Consider a given worst-case scenario s1. We will apply a series of transformations in
order to obtain a worst-case scenario that fulfills the properties of the statement.

Let ¢, € Crit(sy, m) be a critical job in v under s;. The first transformation (T1), from
s1 to s2, consists in replacing:

. p;l with p}“i“ for each job j € A(xw, ¢p), i€, p‘;z = p;ni“,
. qj‘ with q}“i“ for each job j € J\{cz}, i.e., q;Z = q;.“i"

Note that the job ¢, remains critical in v under 7, since L;! () = L2 () and L‘;l () >
L;? (7r) for each other job j € J\{c;}. Moreover, by Remark 1, we have L*(s1) > L*(s7),
since the value of several delivery times and processing times is only decreased according to
transformation (T1). Thus, s; is also a worst-case scenario for 7, i.e.,

RR(sy. ) = LGsi,m) _ L(s2,7)
PTG T L)

Let o be an optimal sequence for s, and ¢, € Crit(s2, o) be the first critical job in o
under s>. The second transformation (T2) consists in decreasing in an organized way the

= RR(s2, )
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B(m,cx) A(m,cx)

(7‘(‘7 83) be—1 b2 be b1 Cr

min

p;® =pi" for j € A(m,cx)
q;* =q;"" for j € T\ {cx}

B(o,co) Ao, ¢s)
<J7 83) b1| b2 bé—l be Co
p;® = pi* for j € B(m,cx) N B(o,¢,) In this example, ¢, € A(o,c,)

and ¢, € A(m,cr).

Fig. 3 Illustration of the schedules represented by the sequences 7w and o under the scenario s3 obtained by
Lemma 1

processing times of jobs in B(r, c;) N B(o, ¢;), leading to the scenario s3. Note that, since
the delivery times of jobs do not change in (T2), the optimal sequence for s3 which is obtained
by the Jackson’s rule remains also the same, i.e., 0.

In order to implement the transformation (T2), we consider the jobs in B (7, ¢, )N B (0, ¢5)
in the order that they appear in . Let by, by, ..., by be these jobs according to this order
and ¢ = |B(m, cx) N B(0, ¢y)|. Intuitively, we will decrease the processing time of each
jobin B(m, c;) N B(0o, ¢y) using this order to its minimum value, until either the processing
time of all jobs in B(w, c¢;) N B(o, ¢s) is reduced to their minimum value or some new jobs
become critical in o or in 7 (see Fig.3). We denote by N, = Crit(s3, m)\Crit(sa, ) (resp.
Ny = Crit(s3, 0)\Crit(sa, 0)) the set of the new critical jobs that will appear in 7 (resp.
in o) under s3. Thus, we can consider one of the following three cases in the given order:

Case 1: Ny = N, = {J, that is no new critical job appears neither in ¢ nor in 7. Then, in
the scenario s3, we have:

- p‘;.3 = p‘;‘i“ for each job j € B(w, cz) N B(o, ¢5),
— ¢ remains critical in 77, and
— ¢y remains the first critical job in o.

Let A = ngB(ﬂ’Cﬂ)mB(U’%)(p‘;z - p;f””) be the total decrease of the processing
times from s; to s3. Note that L(s3, w) = L(s2, m) — A and L*(s3) = L*(sp) — A.
By setting @ = L(sp, w) and b = L*(s) in Remark 2.1, we obtain:

L(sp,m) _ L(sz,m)—A  L(s3, )
L*(s2) ~— L*(s2)— 4 — L*(s3)

where the inequality holds since 0 < A < L*(sp) and L*(s2) < L(sp, 7). Thus,
s3 is also a worst-case scenario for 7 and, consequently, the triplet (s3, ¢z, ¢5) €
S x Crit(s3, ) x Crit(s3, o) fulfills all the properties of the lemma.

Case 2: N, # (J, that is some new critical jobs appear in o . In this case, L*(s3) = LZ?T (o) =
L? (0), for each job j € N,. Let by, 1 < p < £, be the job whose decrease in
processing time results in the appearance of new critical jobs N, in o. Notice that
Ny C B(o, b))\ {bp}, since the lateness of all jobs in A(a, b)) U {b)} is decreased
by the same amount as the processing time of b,. Let ¢, € N, be the first critical

RR(sy, ) = = RR(s3, )
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job in o under s3 and let again A = } i cp(r B, L”)(pj - p“) be the total
decrease of the processing times from s to s3. For the same reasons as before, we
conclude that RR(s2, ) < RR(s3, m). Therefore, 53 is also a worst-case scenario
for . Consequently, since all the jobs in B (o, c;) have their minimum processing
times under s3, the triplet (s3, ¢, c;,) € S x Crit(s3, m) x Crit(s3, o) fulfills all
the properties of the lemma.

Case 3: Ny # 0, that is some critical jobs appear in 7. In this case, L(s3, 1) = Lin (m) =
L% (rr), for each job j € Ny.Letagain A = 3" p(r o \nB(o.c,) (P} — P})- For
the same reasons as before, we conclude that RR(sp, m) < RR(s3, 7). Therefore
s3 is also a worst-case scenario for 7. However, the properties of the lemma are not
yet fulfilled. In order to see this, let b, 1 < p < £, be the job whose decrease in
processing time results in the appearance of new critical jobs N in 7. Thus, there are
still some jobs in (B(rr, c)\B(o, bp)) N B(o, ¢;) whose processing time in s3 does
not have the minimum value. Then, we apply again transformation (T1) for scenario
s3 by considering a critical job c;T € Ny instead of ¢, as well as, transformation
(T2), until we reach Case 1 or Case 2. This procedure will be repeated at most n
times, since the sequence 7 never changes and the new critical job C;.[ appears always
before the initial critical job ¢ in 7. O

Consider the sequence 7 chosen by Alice. Bob can guess the critical job ¢, in 7 and the
first critical job ¢, in o. Then, by Lemma 1 (i)—(ii), he can give the minimum processing
times to all jobs in A (7, ¢ ), and the minimum delivery times to all jobs except for ¢, . Since
the delivery times of all jobs except ¢, are determined and the optimal sequence o depends
only on the delivery times according to the Jackson’s rule, Bob can obtain ¢ by guessing the
position k € [1, n] of ¢, in 0. Then, by Lemma 1 (iii), he can give the minimum processing
times to all jobs in B(m, c¢;) N B(o, ¢y ). We denote by the triplet (¢, g, k) the guess made
by Bob. Based on the previous assignments, Bob gets a partial scenario 5 i It remains
to determine the exact value of g., and the processing times of jobs in B(n c,,) N A(o, ¢cy)
in order to extend 57 ., to a fully defined scenario s . , that maximizes the relative
regret for the guess (cn, Co, k). At the end, Bob will choose among all the scenarios s
created, the worst-case scenario s, for the sequence 7, i.e.,

_ L(sT ke )
sy = argmax { ——————
ik ICHEY

7+Co K

In what follows, we propose a linear fractional program (P) in order to find a scenario
ng ¢, & Which extends EZ{ ¢, and maximizes the relative regret for the given sequence 7.
Let pj, the processing time of each job j € B(w, c;)NA(0, ¢5), and g, , the delivery time of
job ¢, be the continuous decision variables in ( P). All other processing and delivery times
are constants and their values are defined by 57 Recall that o (j) denotes the j-th job

in the sequence o . To simplify our program, we consider two fictive values g (1+1) = qg‘zi"
and g5 (0) = ey

Cr,Co k"

Y ieB(r.cy) Pi T dex

maximize (P)
ieB(o,co) Pi T dco
subjectto Y pitqi< . pitde Vied D)
ieB(m,j) i€B(m,cr)
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Y opitai= Y. pitae Vied (@

ieB(o,)) ieB(0,cq)
Dj € [Pmm, p;nax Vj€ B(m,cy) NA(o,c0)  (3)

€ [max{g™, go e+1) b, min{g™™, go -1} )

The objective of (P) maximizes the relative regret for the sequence 7 under the scenario
sZ; ok with respect to the hypothesis that ¢; and ¢, are critical in 7 and o, respectively,
ie.,

LGT, ey ™) _ L ()
ZRm) = ek L
( CﬂsCUsk) LC‘””T‘U‘]( (0)

Constraints (1) and (2) ensure this hypothesis. To preserve mathematical simplicity, Con-
straint (2) is formulated in its general form for all j € J. This is because in the case where
cp # ¢y and j ¢ A(o,a) U {a, cy}, with a is the first job of the set B(rr, c;) N A(o, ¢5)
as ordered in o, this constraint involves only fixed parameters and does not influence the
optimization process. Constraints (3) and (4) define the domain of the continuous real vari-
ables pj, j € B(w,cz) N A(o, ¢5), and g, . Note that, the latter one is based also on the
guess of the position of ¢; in 0. The program (P) can be infeasible due to the Constraints (1)
and (2) that impose jobs ¢ and ¢, to be critical. In this case, Bob ignores the current guess of
(¢x, ¢o, k) in the final decision about the worst-case scenario s, that maximizes the relative
regret.

Note that the Constraint (1) can be safely removed when considering the whole procedure
of Bob for choosing the worst-case scenario s . Indeed, consider a guess (i, j, k) which is
infeasible because the job i is not critical in 77 due to the Constraint (1). Let s be the scenario
extended from the partial scenario 5 . , by solving (P) without using the Constraint ().
Let c; be the critical job under the scenano s. Thus, LY () > LS (7r). Consider now the
scenario s’ of maximum relative regret in which ¢ is crmcal Smce sy 1s the worst-case
scenario chosen by Bob for the sequence 7 and by the definition of s’ we have

L(sy, ) - L(s',m) - L(s,m) L () - L!(m)
L*(sx) — L*(s") — L*(s)  L*(s) ~ L*(s)
In other words, if we remove the Constraint (1), (P) becomes feasible while its objective
value cannot be greater than the objective value of the worst-case scenario s, and then the
decision of Bob with respect to the sequence 7 is not affected. This observation is very useful
in Alice’s algorithm. However, a similar observation cannot hold for Constraint (2) which
imposes ¢, to be critical in 0.

As mentioned before, the program (P) is a linear fractional program, in which all con-
straints are linear, while the objective function corresponds to a fraction of linear expressions
of the variables. Moreover, the denominator of the objective function has always a positive
value. Charnes and Cooper (1962) proposed a polynomial transformation of such a linear
fractional program to a linear program by introducing a linear number of new variables and
constraints. Hence, (P) can be solved in polynomial time.

Note also that, in the case where c; # ¢, the value of the maximum lateness in the optimal
sequence (Zj cB(o.co) p‘;. +¢;_) is fixed since the processing times of jobs processed before
the job ¢, in o, as well as, the delivery time g of the job ¢, are already determined in the
partial scenario 5 ",k Therefore, if ¢z 7 co then (P) is a linear program. Consequently,
the Charnes- Cooper transformation is used only in the case where c; = ¢4

The procedure of Bob, given a sequence 7, is summarized in Algorithm 1.
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Algorithm 1 Bob’s algorithm for 1 || Lpax

Require: A set of jobs 7 with their uncertain characteristics, and a sequence 7.
Ensure: A worst-case scenario sy .

1: for eachi € 7 do

2: for each j € J do

3: for each position k € 1, n] do

4: Create a partial scenario s k3 follows:

5T,
- pel‘/’k <« pEnm,VZ € A(m, i)
ST

— g, g Ve e T\ (i)
-p Lk pm‘" V¢ € B(nm, z) N B(o, j)
5: Extend § s jkto the scenario s & Dy solving the program (P)

using on]y the Constraints (2)- (4)

L(s[ /k,n)
6: return sy = argmax | —————
i | LF6E 0

Theorem 1 Given a sequence w, Algorithm 1 calculates the maximum relative regret by
guessing ¢y the critical job in 1, ¢, the first critical job in o, where o is the optimal sequence
for the worst-case scenario s, and k € [1, n] the position of job ¢ in o and solving for each
guess (cx, cq, k) a linear program with at most O (n) variables and O (n) constraints.

5.2 A better combinatorial algorithm for the Bob’s problem

In this subsection, we propose Algorithm 2, designed as a substitute for Line 5 in Algorithm 1.
This line involves extending the partial scenario 57 ; , generated by the guess (i, j, k), where
i is the critical job in 7 (the sequence chosen by Alice), j is the critical job in o (the
optimal sequence for 57 . jx)»and k is the posmon of the job i in o. The goal of this extension
is to form the fully defined scenario s « by solving the linear program (P) using the
Constraints (2)—(4).

In addition to the inputs required by Algorithms 1, 2 takes as input the guess (i, j, k), the
partial scenario 5;" ;.x and the optimal sequence o for this scenario. Recall that o is obtained
by applying the Jackson’s rule to the delivery times of all jobs and by guessing the position
k of i in 0. Then, the algorithm determines the scenario SZT ik that maximizes the relative
regret by identifying the remaining parameters with respect to the Constraints (2)—(4). These
parameters include py, the processing time of each job £ € B(w,i) N A(o, j), and ¢;, the
delivery time of the job i. Recall that the Constraint (2) ensures that i is critical in o and the
Constraints (3) and (4) establish the domain of the remaining parameters. It is important to
recall that Bob excludes the Constraint (1), which is typically used to ensure that the job i is
critical in 7. This exclusion is justified within the overall context of the Bob’s procedure, as
was detailed earlier. We consider the jobs in the set B(sw, i) N A(o, j), ordered as they occur
in o. Let this ordered set be denoted by ay, aa, ..., a,, where m is the number of jobs in
B(m,i) N A(o, j).

Algorithm 2 describes this substitution for Line 5 in Algorithm 1. Initially, it starts with
a basic scenario, setting all job parameters to their minimum values. It then addresses two
main cases: the first, where the jobs i and j are distinct and the job j is critical in o under this
basic scenario; and the second, where i equals j, referred to as ¢, with the potential for j to
be critical in 0. Each case involves a series of modifications, transitioning from one scenario
to another, or adjustments to the parameters of the scenario, with the aim of maximizing the
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relative regret. A third case arises as an exception to the main cases, considered when the
guess (i, j, k) leads to an infeasible program (P).

Algorithm 2 Substitution of Line 5 in Algorithm 1

Require: A setof jobs J with their uncertain characteristics, a sequence 7, a guess (i, j, k), a partial scenario
and the optimal sequence o for this scenario.

—ﬂ
S .k
Ensure: A scenario v ik extending the partial scenario v ik to maximize the objective of (P) under
Constraints (2)—(4), w1ll be generated, except when the guess (i, j, k) results in an infeasible program (P),
in which case it will be 1gn0red
1: Extend the partial scenario s jkto the fully defined scenario sy by setting:

Smin

- q;™" < max{g™ ,qa(k+1)}

Smin

- Pd} epal‘ ,Ve e [1,m]

CASE 1: Different jobs for i and j
2:if i # jand j € Crit(smin, o) then
3:  Modify the scenario sp,i, to produce the scenario sg by setting:

dok—1)} —qui“}

_ q;() - q;\'min + min {L;min (o) — L;min (o), mm{qmax

4: fort=1,...,mdo

5: Modify the scenario sg_ to produce the scenario sy by setting:
S¢ : S¢—1 Se—1 max Se—1
<« + min { L ; o) — max L o), —
= DPay pa[ { j (o) heA(ap)Uiar) . (0) Pa, Pay }

CASE 2: Same job for i and j, denoted as ¢
6: elseif i = j and L*(spin) — smi“ (0) < min{g™X, 9o (k—1)} — qjmi" then
7: Ad]ust the scenarlo Smin DY ﬂettmg
- q Smin q. Smin 4 L*(Smm) _ me(o_)
8:  Consider sy, as the initial scenario, denoted by s, for the following loop.
9: fort=1,...,mdo

10: Modify the scenario s¢_1 to produce the scenario sy by setting:
S¢ Se—1 . Se—1 Se—1 max Se—1
— <« + min{ L, o) — max L o),
Pay Pay { c (o) heA@anUlag) n (o) Pay ™ — Pay }

Adjustment of the scenarto sm: Step 1
. S . P a.
1 if g2 < min{g™, go k1)) and 35, (PG — pay) > 0

and L (s, w) < 2L*(s;,) then

121 LetA=min {Zz LD = i), minlg™, g 1)} — a2 }
13: Adjust the scenario s, by:

— setting g <« g + A

— increasing the total processing time of the jobs (ay),¢ [t.m] by A,

with respect to their maximum values.

Adjustment of the scenario s;,: Step 2
14: if g™ < min{q) 2 4o (k—1)} and L(sm, w) < L*(sp) then

15: Adjust the scenario s, by setting:

- g « min{g™™*, g, k_1)}

max

CASE 3: The guess (i, j, k) results in an infeasible program (P)

16: else
17:  Ignore the guess (i, j, k)
18: return sl ik
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B(m, i) A(m, 1)
(7r7 8) am ai a2
> —> > > .
piminAS erlninAzl pi‘;““AZQ In this example,
1= az, b(h) =2
B(O’,j) A(O’,j) and j € B(W,i).
(o’7 S) ] a1 as h Am
parfunAZI par;n)AZZ m]nAZ"L

Fig. 4 Illustration of the increases in the remaining parameters from the initial scenario sy, to an extended
scenario §

Theorem 2 Algorithm 2 replaces Line 5 in Algorithm 1 by extending s s jkto the scenario

t-,J,k'

Proof Let s* be the scenario extended from the partial scenario s ik and obtained by solving

the program (P) using the Constraints (2)—(4), with ql , pal, ce pa* as the values of the
remaining parameters. Let s, be the scenario defined by the partial scenario 57 ik and by
the values of the remaining parameters, specifically qi pé’l", e pf{;’l, as constructed by

the algorithm. We aim to demonstrate that s* can be transformed into s, while maintaining
the objective value of (P) unchanged and adhering to the Constraints (2)—(4). This can be
represented as:

L(s*,w)  L(sm,m)
L*(s*) — L*(sm)

In Line 1, the algorithm extends the partial scenario 57 jkto the fully defined scenario smin
by initializing the remaining parameters to their respectlve lower bounds. For any scenario
s, whether directly extending s ik or derived from such an extension, we define A; =

q; —q; Smin and Ay, = Py, — Pay omin for £ € [1, m], as the increases in the respective remaining
parameters with respect to smin (see Fig.4). Remark that any adjustment to the value of any
increase directly corresponds to changing the value of its corresponding parameter for any
given scenario. Forajob h € A(o, a;) U{ay}, b(h) is defined as the index of the job in the set
(@e)eeq1,m]» corresponding to £ if included in this set, or to the job immediately preceding
h in o otherwise. We assign a fictive value of b(h) = O for any job h € B(o, ay)\{a;}. Itis
observed that, for any scenario s, the completion time of a job & € J can be expressed as:
Ci(o)= v"““ (o )+Zb(h) AA . This formulation is crucial for the subsequent reformulations
of the objectrve of (P) and the Constraint (2), which will clarify the process of the exchange
of charges during the scenario transformations in our proof. In what follows, we consider
two cases.

Case 1: Wheni # j, the lateness of j in the sequence o is fixed for any scenario extending
57 Jke since both the processing times of the jobs in B(o, j) and the delivery time
of j are predetermined by 57 Tk - Consequently, if the second condition in Line 2
is not satisfied, specifically if the job j is not critical in o under $mpi,, which is

@ Springer



Annals of Operations Research

the scenario with the minimum possible lateness values for all jobs, then the guess
(i, j, k) is ignored as indicated in Lines 2, 16, and 17. This is because such a guess
results in an infeasible program (P). Suppose that this is not the case. To maximize
the relative regret, the algorithm needs only to maximize the maximum lateness in
7 since the maximum lateness in o is fixed. Let s be the scenario sought by the
program (P). The objective of (P), considering the variables Aij and (AZ[)ZG[[I,m]]a
can be reformulated as follows:

m
maximize L(s, ) = L;™" () + Z Ay, + 4y
=1

Furthermore, the Constraint (2) is restated as:

b(i)
LM (o) > L™ (o) + Y _ A, + 4, and
=1
b(h)
Ly (©) = L™ (o) + ) 4, Vh e (Ao,an) Ulai)) \ (i).
=1

To effectively achieve this objective, Algorithm 2 starts with the scenario spi, and
initially increases the delivery time of i to its maximum, thereby obtaining the
scenario so. It then iteratively modifies each scenario s, to produce s¢, for £ =
1, ..., m, by increasing the processing time of the job a, to its maximum, with
respect to the limits set by the Constraints (2)—(4) at each iteration.

Let us first consider the value of the delivery time of i. According to Line 3, ¢;°
is increased from its previous value in the scenario spmi, by the minimum of the
following two quantities: (i) iji“ (o) — Li™" (), which guarantees that the job j
remains critical in o (the Constraint (2)), and (ii) min{g;"™, g, 1)} — ql‘?‘“i“, which
adheres to the upper bound for the delivery time of i (the Constraint (4)). Note
that the resulting increase represents the maximum possible augmentation of the
delivery time of i from the scenario spyj, without violating the specified constraints.
Consequently, given that sp;, matches s* in all previously determined values by
§{f ke and considering that spi, is characterized by the minimum values for the
remaining parameters, it follows that the delivery time of i under s* cannot exceed
that under so, i.e., qis* <q"°.

Subsequently, we transform s* to s; by increasing the delivery time of i to its

X
. . K S . .
maximum value, i.e., qio = qio. At the same time, we decrease the equivalent

amount from the charges in the increases AZZ ,for h € [1, m], following the order in
which their corresponding jobs appear in the sequence o . This order is important to
prevent the job i from becoming critical in o, especially wheni € A(o, a;). Indeed,
the exchange of charges initially involves decreasing the remaining processing times
of the jobs in B(o, i), during which the lateness of i in o remains unchanged. Once
these processing times of the jobs in B(o, i) reach their minimum values, s§ will
match sp in all processing times of the jobs in B (o, i). Thus, it ensures that j remains
critical in o under sg, as our algorithm constructs so under the same conditions.
Moreover, since we decrease the completion time of i in 7 by the same amount
increased in its delivery time, we get L(s*, w) = L(s;;, 7). Therefore, the scenario

s¢ matches sp in the delivery time of i, along with all values determined by E;Tj o
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and maintains the same objective value of (P) as the scenario s*, all while adhering
to the Constraints (2)—(4).

Now, we examine the processing time of the job ay for each iteration, where
¢ =1,...,m. As indicated in Lines 4 and 5, the processing time pffZ is increased
from its previous value in sp—1 by the minimum of the following two quantities:
(i) L;’H (0) — L}'"' (o), where h is the job in A(o, a¢) U {a,} with the maximum
lateness in o, ensuring that the job j remains critical in o (the Constraint (2)),
and (ii) pl‘l‘}“x - pfé‘1 , which adheres to the upper bound for the processing time
of a,; (the Constraint (3)). Recall that the maximum lateness in o is fixed, i.e.,
L;“ (o) = L;‘"i" (o) for all £ € [0, m]. Note also that this increase specifically
applies to the processing time of the job a, at each iteration, while the remaining
processing times of the subsequent jobs ay, for & € [¢ + 1, m], remain unchanged
from their values in Smin, i.€., pa, = pam for h € [€+ 1, m]. The resulting increase
represents the maximum possible augmentation of the processing time of a; from
the scenario s,_; without violating the specified constraints. Consequently, since
SZ—] matches s¢—1 in all predetermined parameters and s, has the minimum val-
ues for the remaining undetermined parameters, it follows that the processing time

* . S S¢
of ag under s;_; cannot exceed that under s¢, i.e., pg, < pa,.-

Subsequently, we transform s;_; to s; by increasing the processing time of ay
. . . sy ) .
to its maximum value, i.e., pa’fZ = pf,ﬁ At the same time, we decrease the

;
equivalent amount from the charges in the increases A:f’l ,forh € €+ 1,m],
following the order in which their corresponding jobs appear in the sequence o.
For the same reasons as before, this order effectively ensures that no job within
A(o, ag) U {ag} becomes critical in o. Additionally, as the completion time of the
job i remains constant in 7 throughout this exchange of charges, we deduce that
L(s;_,,m) = L(s}, ). Moreover, the scenario s; matches s, in the processing time
of the job ay and in all values determined by s¢—1. By induction, we conclude that s*
is transformed into s, which in turn matches s,, in all parameter values, and they
share the same objective value of (P), i.e., L(s*, ) = L(sy, ), with respect to
the Constraints (2)-(4).

Case 2: Wheni = j, denoted as c, the completion time of the critical job ¢ in the sequence

o is fixed for any scenario extending Ei c.x> Since the processing times of the jobs in

B(o, c¢) are predetermined by Ez ok However, the value of the maximum lateness of

cin o is not fixed, since its delivery time is not determined yet. As outlined in Line 7,

the algorithm forces ¢ to become critical in o under sy by increasing its delivery

time by L*(Smin) — Le™" (o). If ¢ cannot be made critical through this adjustment,

i.e., the second condition of Line 6 is not satisfied, specifically when the required

increase of the delivery time of ¢ exceeds the allowable range for c, then the guess

(c, ¢, k) is ignored. This is because such a guess results in an infeasible solution for

the program (P). Assume that this is not the case. Let s be the scenario sought by the

program (P). The objective of (P), considering the variables Afl and (Afu)ge[[l,m]],
can be reformulated as follows:

L™ () + gty Ay, + A
L™ (o) + A}

maximize

(&)
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The Constraint (2) is restated as:

b(h)
Limin (O-) + A; > L;lmin (0‘) =+ Z Afl( Vh € A(U, al) U {al}
(=1

Firstly, Algorithm 2 maintains the delivery time of ¢ at its minimum possible value
as determined in the scenario spi,. This scenario is then used as the initial state,
denoted sg, for the following iterative process, as specified in Line 8. Throughout
this procedure, for each £ = 1, ..., m, the algorithm modifies the scenario s;_; to
produce the scenario sy by increasing the processing time of the job ay to its maxi-
mum, with respect to the Constraints (2)—(4). It is important to note that the algorithm
maintains the delivery time of ¢ constant during this procedure, i.e., gi™" = g.* for
L=1,...,m.

After completing this iterative process up to Line 10 and obtaining the scenario s,,,
the scenario s* can be transformed into s, , such that in this new scenario s, the
processing times of all jobs in (ag)¢c[1,,) are greater than or equal to those in the
scenario Sy, i.€., pZ’Z’ > pé’;’ foreach £ = 1, ..., m. For convenience, we refer to s*
ass;. Foreach £ =1, ..., m, we iteratively transform sj | into s; by adjusting the

L . . sp_ ; .
processing time of the job ag. Specifically, whenever p,,”' < py, we increase the

Sm

. . . . sy .
processing time of a, to match that in s,,, i.e, we set pa‘i = pq, - Simultaneously, we

decrease the same amount from the increases A;f ~! forh € (B(m, c)NA(o, c)\{ae}

s¥ . . . . .
where phl’1 > pil'", in order to align them with those in sy, AZ’”. This transfer of

charges follows the order in which the corresponding jobs are appear in o. For the
same reasons as before, this ordering ensures that ¢ remains critical in o, as effec-
tively guaranteed by the scenario s,. Consequently, this transformation preserves the
objective value of (P), as it increases the lateness of ¢ by the exact amount decreased
and keeps its lateness in o constant. By appl*ying inductive reasoning, we ultimately

n

achieve the scenario s,;, which satisfies pfl’z > pj’; foreach ¢ = 1,..., m, while
maintaining the objective value of (P) and adhering to the Constraints (2)—(4).

Subsequently, if the delivery time of ¢ has reached its maximum possible value
under the initial scenario sp;p, it necessarily holds the same maximum value under
the scenario sy, i.e., go™" = ¢;" = min{g™®>*, gy k—1)}. For this case, we deduce
that the scenarios s,, and s;;, match in all parameter values. This is because: Firstly,
if the delivery time of ¢ in s}}, is less than that in s, then 5,5 would not be a feasible

scenario, as such a situation would necessarily violate the predefined constraints.

. s* \ .
Hence, this ensures that g." = qg’”. Secondly, the transformations from s* to s,
in this specific case proceed in the same manner as in the previously proven case

where i # j. Therefore, pf,':" = pa foreach £ = 1,..., m. Note that in this case,
the algorithm does not apply any adjustments to the scenario s, as it is already
optimized to maximize the relative regret.

Otherwise, if g;" does not achieve its maximum, i.e., g;" < min{g™>*, gok—1)}
we examine two sub-cases:

(1) IfF Y ( Pay — par) = 0, this indicates that while the delivery time of ¢ has the
potential for further increase, all jobs in (a¢)¢ef1,m] have reached their maximum
processing times under the scenario s,,. Consequently, these jobs have also reached

* Sm max

. . . . . . S
their maximum processing times under the scenario Ss SINCE Dy, > Pa; = pa(
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foreachf =1, ..., m. As aresult, s, and s;; match in terms of all processing times.

To maximize the relative regret, the algorithm adjusts the scenario s, by setting g2

to its maximum possible value, i.e., min{g;"**, ¢5k—1)}, under the condition that

L(sm, ) < L*(sp), as specified in Lines 14 and 15 (Adjustment of the scenario s,

Step 2). This condition is crucial for increasing the relative regret. Indeed, in this

specific case, increasing o by € > 0 uniformly increases the maximum lateness in

both 7 and o by €. Thus, to ensure that the relative regret is an increasing function,

it is necessary that the condition L (s,,, ) < L*(sp,) is satisfied. This requirement is

validated by the inequality LL(fT{ﬂ ) LL(f’(f’Y’rgie ,as shown in Remark 2.2, where a and
b represent L{" () and L{" (o), respectively. Therefore, since s,, and s, matched
in all processing times and the delivery time of c in s, is assigned the maximum
possible value, we conclude that s,, and s;;, match in all parameters.

(2) I > 5 ( pm“lx — pZ’;) > 0, this indicates that both the delivery time of ¢ and the
processing times of some jobs in (a¢)¢e[1,,] have the potential for further increase.
According to the objective function 5, increasing the processing time of any job in
the scenario s, by € necessitates a corresponding increase in the delivery time of
¢ by € to ensure ¢ remains critical in o. Conversely, any increase in the delivery
time of ¢ by € allows for the possibility to increase the total processing time of the
remaining jobs by € without violating the Constraints (2) and (3). Consequently, such
adjustments lead to an increase in the maximum lateness in o by €, and in by 2¢. To
maximize the relative regret, the algorithm proceeds through two steps to adjust the
scenario s,,. In the first step, as detailed in Lines 11-13 (Adjustment of the scenario
sm: Step 1), the quantity A = min {72, (p™* — pgr), min{g™, gox—1)} — ¢ }
is simultaneously added to the delivery time of ¢ and the total processing time of
the jobs (a¢)¢ef1,m] Where par < Pa,, with respect to their maximum values. The
order and the quantity of the increases applied to the total processing time of these
jobs is not important. To ensure that this adjustment results in an increase in the

relative regret, i.e., LL(:’&:)) LI(‘S*”E_;ZLBISE’ it is necessary that L(s,,, ) < 2L*(s).

This requirement is derived from Remark 2.3, where we set a = L(s;,, ) and

b = L*(sy,). The second step is initiated when the processing times of all jobs have

reached their maximum values, while the delivery time of ¢ has not. Under these

conditions, we return to the sub-case previously addressed. Consequently, given that

all the remaining parameters in s, are less than or equal to those in s, and s,

is adjusted to achieve the maximal possible increasing of the relative regret, it is

deduced that s;, can be transformed to match s,,.

In conclusion, we demonstrate that in all cases, s* can be transformed into s,, while
maintaining the objective value of (P) unchanged and adhering to Constraints (2)—(4). Con-
sequently, s, extends 57 . , by maximizing the relative regret for the guess (i, j, k), thereby
confirming the validity of the theorem. O

Note that calculating the lateness of any job in a sequence under any scenario, as well
as identifying the critical job in any sequence under any scenario, each requires O (n) time.
Remark also that the most computationally intensive steps in Algorithm 2 occur in the iterative
procedure, specifically during the operations in Lines 4 and 5, and Lines 9 and 10. These
steps involve calculating the maximum lateness for jobs 1 € A(o, as) U {a,} in the sequence
o under the scenario sy foreach £ = 1, ..., m. This calculation is performed in O (n) time
and is repeated O (n) times.

However, it is important to note that this maximum lateness calculation can be performed
once for the scenario spi, before initiating the iterative procedure. For £ = 1, ..., m and for
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all jobs h € A(0, ag) U {ag}, the lateness L)' (o) = L;™" (o) + Zb(h) Ay, Since Zb(h) Ay
increases for all such jobs £, the order of maximum lateness among the J0b§ remains consis-
tent for any scenario s,. Therefore, the computational complexity of Algorithm 2 is O (n?).
Moreover, by substituting the direct solution of the program (P) in Line 5 with the applica-
tion ;)f Algorithm 2, the computational complexity of Algorithm 1 is effectively reduced to
o).

5.3 The Alice’s problem

In this section, we follow the ideas in Kasperski (2005) and we show how Alice constructs an
optimal sequence 7 minimizing the maximum relative regret, i.e., w1 = argmin, .7 ZR (o).
Intuitively, by starting from the last position and going backwards, Alice searches for an
unassigned job that, if placed at the current position and it happens to be critical in the final
sequence 77, will lead to the minimization of the maximum relative regret for 7.

In order to formalize this procedure we need some additional definitions. Assume that
Alice has already assigned a job in each position n,n — 1,...,r + 1 of m. Let B, be the
set of unassigned jobs and consider any job i € B,. If i is assigned to the position r in 7,
then the sets B(x, i) and A(r, i) coincide with B, and [J\ B, respectively, and are already
well defined, even though the sequence 7 is not yet completed (recall that B (s, i) includes
i). Indeed, B(m,i) and A(m, i) depend only on the position r, i.e., B(w,i) = B(m, j) =
B, and A(m,i) = A(m, j) for each couple of jobs i, j € B,. Hence, Alice can simulate
the construction in Bob’s algorithm in order to decide which job to assign at position r.
Specifically, for a given job i € B,, Alice considers all scenarios sB k» Where j € J is the
first critical job in the optimal sequence o for this scenario and k € [1, n] is the position
of i in o, constructed as described in Bob’s algorithm. Note that, we slightly modified the
notation of the scenario constructed by Bob for a guess (i, j, k) to sB  instead of s
since a partial knowledge (B, = B(m,i)) of & is sufficient to apply the Lines 4-5 of the
algorithm. Moreover, the reason of omitting Constraint (1) in the program (P) is clarified
here, since the job i is not imposed to be necessarily critical in r. For a jobi € B,, let

fit) LGy
i) = max —_—
i jed ke[ln] L*(SiBj(y';ct))

Then, Alice assigns to position r the job i which minimizes f;(;r). The procedure of Alice
is summarized in Algorithm 3.

Algorithm 3 Alice’s algorithm for 1|| L4y

Require: A set of jobs 7 with their uncertain characteristics.
Ensure: A sequence 7 minimizing the maximum relative regret.

1: B, < J

2: for r < n downto 1 do

3¢ Leti = argmin;cp {f; ()} be the job of minimum f; () in By
4:  Setm(r) <—iand B._1 < B\ {i}

5: return

The following theorem proves that Algorithm 3 returns the optimal sequence.
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B, min r
~
7 w(r) Ay
| b |o E o) A,
o D E a(r)|o(s) Ay

Fig.5 The relationship between sequences 7, o and o

Theorem 3 Algorithm 3 returns a sequence 7 that minimizes the maximum relative regret
for the problem 1 || Lmax in O(n - Tpop(n)) time (i.e., O (n%) time), where Tgop(n) is the
complexity of the Bob’s problem.

Proof Recall that B, is the set of unassigned jobs at position r. For a sequence r, recall also
that s k is the scenario constructed by Bob based on the guess (i, j, k) where B(w,i) =
and, for i € B,, the function f; () is defined by:

fim) = LG5y
(T max _—
jeg keltnl | L*(s B(”'))

Let 7 be the sequence constructed by Algorithm 3 and o be an optimal sequence for Alice’s
problem. Consider r the last position in which o and 7 are different, i.e., w(r) # o (r) and
w(i) = o(@) forr <i < n. We select o in way that minimizes r. If » = 0 then 7 = ¢ and
7 is optimal. Let » > 0. We form a new sequence o by inserting job o (s) directly after job
o (r) in the sequence o. The illustration in Fig.5 demonstrates the connections between the
sequences 1, o, and o/, and showcases the sets A,, B,, E, and D that result from it.

Let ¢ € J be the critical job in ¢/, i.e., ZR(c¢”) = f.(c’). We distinguish three cases:

Case 1: ¢ € A, U D, the set B(o, ¢) does not change from o to ¢/, i.e., B(0, ¢) = B(o’, ¢).
Then, o’ is also an optimal sequence for Alice since ZR(c”') = f.(0) = f.(o') <
ZR(0).

Case 2: ¢ € E U {o(r)}, the set B(o, c) loses the job o (s) by moving from o to ¢/, i.e.,
B(o’,c) = B(o,c)\{o(r)}.Let j' € J and k € [1, n]. We consider the worst-case

scenarios s.(0') = vB((,T kc) and s.(0) = s, (, 1:) constructed by the Bob’s algorithm

by the guesses (c, j’, k, B(o’, ¢)) and (c, ] , k, B(o, c)) as seen previously. Notice
that s.(0’) and s.(c) have the same Bob’s sequence o,y since it depends on the
job c and its position k in o'g.p,. Moreover, we have L*(s.(c")) = s"(” ) (0 Bop) =

Li‘,‘(”)(oB,,;,) L*(sc(0)) since ¢’ is the first critical job in og.p and ps‘ @) _

ps"(o) = ;“i“ foreach j € B(opop, ¢') according to Lemma 1. Consequently, since
L(se(0) = L(se(0). we get ZR(0') = maxf;(0) = maxfi(@) = ZR(0).
€ je

Thus, ¢’ is also an optimal sequence for Alice.

@ Springer



Annals of Operations Research

Case3: ¢ = o(s) = m(r), it is established that B, = B(w,7n(r)) = B(o’,0(s)) =
B(o, 0(r)). By equivalences, we get

(SB((r;’,g(]j))
ZR(") = f“(s)(al) = max {#}
G R LA (sa )
Br
L(srr(r),j/,k)
= max {—p—
(" ke? L*(Snzr) j’ k)
B,
(%) L(sa(r)’j,,k)
< max {——p—
(j’,k)ejz L*(Srrgr) /'/_k)
B(o,0(r))
= L(So 0 )
= max {———prro
ULheT” L (Srr(r) J'k )

= fo0)(0) < ZR(0)

The fact that 7 is constructed by Algorithm 3, and 7 (r) = arg min;cp {f; ()} is the
job selected by Algorithm 3 to be the job of minimum f; (;r) among all jobs i € B,,
implies the inequality (x). Therefore, o’ is also an optimal sequence for Alice.

The conclusion drawn from cases 1 to 3 is that & is the optimal sequence, which contradicts
the fact that r is minimal and therefore, concludes the proof. O

6 Min-max relative regretfor 1 | rj, pj = 1 | Lmax

In this section, we consider the case of unit processing time jobs, i.e., pj. = lforalljobs j € J
and all possible scenarios s € S. In contrast to the previous section, the jobs are released
on different dates whose values are also imposed to uncertainties. For a fixed scenario, Horn
(1974) proposes an extension of the Jackson’s rule leading to an optimal schedule for this
problem: at any time #, schedule the available job, if any, of the biggest delivery time, where
a job j is called available at time ¢ if 7; < ¢ and j is not yet executed before ¢.

6.1 The Bob’s problem

Since all jobs are of unit the processing times, a scenario s is described by the values of
the release dates and the delivery times of the jobs, i.e., by r‘;- € [r;-m“, r;“ax] and q‘; €

[q;.ni“, ;] for each j € J. In the presence of different release dates, the execution of the

jobs is partitioned into blocks that do not contain any idle time. In a given schedule under a
scenario s and a sequence 7, a job u is referred to as the first-block job for a job j € J if
it is the first job processed in the block containing j. The following lemma characterizes a
worst-case scenario for a given sequence of jobs .

Lemma 2 Let w be a sequence of jobs. There exists a worst-case scenario s, a critical job
c € Crit(s, ) and its first-block job u. in w under s such that:

i Foreachjob j € J \ {c}, it holds that q;l = q;.ni“,
ii For eachjob j € J \ {u.}, it holds that r‘; = r}“i“.
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Proof Let s; be a worst-case scenario for a given sequence 7, ¢ € Crit(sy, i) be a critical
job in m under 57 and u, be its first-block job. We consider the following transformation,
from s; to s, which consist in replacing:

- qj‘ with q}“i“ for all the jobs j € J\{c}, i.e., qu = q;‘“‘“,
- rjl with r}ni“ for all jobs j € J\{uc}, i.e., rjz = r}ni“.

Note that the critical job ¢ remains critical in 7= under s, since L;' (r) = L () and
L;' () > Lj? () for each other job j € J\{c}. Moreover, by Remark 1, L*(s;) > L*(s2),
since the value of several delivery times and release dates is only decreased according to the
transformation. Then, we get:

_ Leum) _ L)

Rorm =60 = Tren — R0z

Therefore, s, is also a worst-case scenario for 7 and the lemma holds. O

Consider the sequence 7 chosen by Alice. Bob can guess the critical job ¢ in 7 and its
first-block job u.. Using Lemma 2, we get a partial scenario § by fixing the delivery times
of all jobs except for ¢ as well as the release dates of all jobs except for u to their minimum
values. It remains to determine the values of ¢. and r,,, in order to extend the partial scenario
5 to a scenario s. At the end, Bob will choose, among all scenarios created, the worst-case
one for the sequence 7, i.e., the scenario with the maximum value of relative regret.

In what follows, we explain how to construct a sequence o which will correspond to an
optimal schedule for the scenario s when the values of g. and r,,. will be fixed. The main idea
of the proposed algorithm is that, once a couple of o and s is determined, then o corresponds
to the sequence produced by applying Horn’s algorithm with the scenario s as an input.
The sequence o is constructed from left to right along with an associated schedule which
determines the starting time B; and the completion time C; = B; + 1 of each job j € J.
The assignment of a job j to a position of this schedule (time B;) introduces additional
constraints in order to respect the sequence produced by Horn’s algorithm:

(C1) There is no idle time in [r;, B}),

(C2) At time Bj, the job j has the biggest delivery time among all available jobs at this
time, and

(C3) The delivery times of all jobs scheduled in [, B;) should be bigger than qj

These constraints are mainly translated to a refinement of the limits of g, or of r,_, i.e.,
updates on qéni“, q™™, r;‘}i“ and r**. If at any point of our algorithm the above constraints
are not satisfied, then we say that the assumptions/guesses made become infeasible, since
they cannot lead to a couple (o, s) respecting Horn’s algorithm. Whenever we detect an
infeasible assumption/guess, we throw it and we continue with the next one.
Let £[x] be the x-th job which is released after the time r,;“:", that is, ru'T“ < r,fm < rz_'m <
< rf[y]. By convention, let rf[()] = r;‘zi“ and rg[yH] = +00. To begin our construction,
we guess the positions k. and k,,. of the jobs c and u, respectively, in o as well as the interval
[rg[x], rg[x+l]), 0 <x <y, of B,, in the optimal schedule s for 0. Let kpin = min{k., k,_}.
We start constructing ¢ and its corresponding schedule by applying Horn’s algorithm with
input the set of jobs J \ {c, u.} for which all data are already determined by the partial
scenario §, until knin — 1 jobs are scheduled. Then, we set o (kmin) = arg min{k., k,.}. We

now need to define the starting time of o (knin) and we consider two cases:
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Case 1:

ke < ky,. We set B, = max{Co (1), 72 }. If B = r} and there is an idle time and
an available job j € J\{c, uc} in [Co (k,1,—1)» Bc), then we throw the guess k¢, k.,
[rfm, rg[x +1]) since we cannot satisfy constraint (C1) for j, and hence our schedule
cannot correspond to the one produced by Horn’s algorithm.

Let qj = max{qE. : j € J\{c, u.}is available at B.}. Then, in order to sat-

min

isfy constraint (C2) we update g™ = max{g™", ¢5}. Let qg = min{g; : j €
J\{c, uc}is executed in [r¢, B.)}. Then, in order to satisfy constraint (C3) we
update qm‘“ = min{g**, qb} If g™ < qé“i", then we throw the guess k., k.,
[rg[x], r[[x +1]) since we cannot get a feasible value for g;.

It remains to check if there is any interaction between ¢ and u.. Since k. < k., uc is
not executed in [r., B.). However, u, may be available at B,., but we cannot be sure
for this because the value of r; is not yet completely determined. For this reason,
we consider two opposite assumptions. Note that B, is already fixed by the partial
scenario § in the following assumptions, while r;, is the hypothetical release date
of u. in the scenario s.

max

Assumption 1.1: r; < Bc. In order to impose this assumption, we update r,)** =

Ue
mln{ max"B.}.
min

Assumption 1.2: rjj > BC In order to impose this assumption, we update r,"" =

Case 2:

u

max{r™", B. + 1}.

max min

If in any of these cases we have that r)) , then we throw the corresponding
assumption, since there is no feasible Value for r . For each non-thrown assumption,
we continue our algorithm separately, and we eventually get two different couples
of sequence/scenario if both assumptions are maintained. More specifically, for
each assumption, we continue applying Horn’s algorithm with input the set of jobs
TI\fo(1),0(2),...,0(kmin — 1), c, uc} starting from time C, = B, + 1, until
ky, — ke — 1 additional jobs are scheduled. Then, we set o (k,.) = u. and B,, =

max{Co (k,, ~1)> 'y mi“ rf[x }. Note that B,,. depends for the moment on the (updated)
mln

<r

and not on the final value of r;; which has not been determined at this point of
the algorithm. If B,,, > rl[x+11’ then we throw the guess on [rgm, rl§[X+1J)' ‘We next
check if the constraints (C1)-(C3) are satisfied for all jobs in 7\{u.} with respect to
the assignment of the job u. at the position k,, of o with starting time B, . If not,
we throw the current assumption. Otherwise, Horn’s algorithm with input the jobs in
J\o(1),0(),...,0(k,)} and starting from time B, + 1 is applied to complete
o.

ke > ky,. We set B,, = max{Cs (k1) uﬁ rZ ]} As before, B, depends on
r,i“j" and not on the final value of ruc. If B,, > ré[x 41 then we throw the current

guess on [rg[x], ”g[x+1])' We need also to check if the constraints (C1)-(C3) are
satisfied for all jobs in J\{u.} with respect to the assignment of the job u. at the
position k. of o with starting time B, . If not, we throw the current guess k¢, k.,

[rg @’ rg( ) +1)- Note that the last check is also applied for ¢ and eventually leads to

max max

update ¢"** = min{g"**, qjc} if ¢ is available at B,,.. This can be easily verified
because of the guess of the interval of B,

Next, we continue applying Horn’s algorithm with input the set of jobs
J\o(1),0Q2),...,0kmnin—1), c, u.} starting from time B, 41, until k. —k,,, — 1
additional jobs are scheduled. Then, we set o (k.) = ¢, Be = max{Co . —1), r(‘f},
and we check if the constraints (C1)-(C3) are satisfied for all jobs in J\{c} with
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respect to the assignment of the job c at the position k. of o with starting time B,.

If not, we throw the current guess k., k., [r[[x], rz[x 41 ). Moreover, an update on

qmm and g™ is possible here, like the one in the begin of case 1. Finally, Horn’s

algorithm with input the jobs in 7\{o (1), 0 (2), ..., 0 (k.)} and starting from time
C. = B. + 1 is applied to complete o.

Note that after the execution of the above procedure for a given guess c, u, k¢, ky,.,
[rg[x], rg[x+1]), and eventually an assumption 1.1 or 1.2, we get a sequence o and
its corresponding schedule, while the values of ¢; and r;, are still not defined but
their bounds are probably limited to fit with this guess. Then, we apply the following
three steps in order to get the scenario s:

max

(a) Extend the partial scenario § to a scenario sy, by setting go™" = qg‘”‘ and rs"““ =
min
’
u

(b) E)Etend the scenario spin to the scenario s by increasing the delivery time of ¢ to
its max1mum without increasing the maximum lateness and without exceeding ¢,
ie., gl = gimin 4+ min{g ™ — gamin - L* (Smin) — L™ (o).

(c) Extend the scenario s to the scenario s by increasing the release date of u. to its
maximum without increasing the maximum lateness, without exceeding r,** and
without violating the constraint (C1) and the current guess.

The following theorem holds since in an iteration of the above algorithm, the guess cor-
responding to an optimal sequence o for the worst-case scenario s will be considered, while
Horn’s algorithm guarantees the optimality of o. The algorithm iterates through all possible
guesses of the critical job c, its first-block job u., their positions k. and k., and the inter-
val [rfm, rg[x +1]]’ resulting in O (n°) combinations. For each combination, the algorithm
applies Horn’s algorithm with a complexity of O(nlogn). Thus, the overall complexity is
O(n®logn).

Theorem 4 There is a polynomial time algorithm which, given a sequence 1, constructs a
worst-case scenario sy of maximum relative regret for the problem 1|rj, pj = 1|Lmax. The
complexity of the algorithm is O (n° log n).

6.2 The Alice’s problem

In this section, we describe Alice’s algorithm in order to construct an optimal sequence
minimizing the maximum relative regret for 1|r;, p; = 1|Lpax. Since Alice knows how Bob
proceeds, she can do a guess g of the five parameters ¢, uc, ke, ki, [Fe[x], Tefx+1]) in order
to construct an optimal sequence o, for a scenario s, corresponding to this guess. Then, she
assumes that o, is provided as input to Bob. Bob would try to maximize its relative regret
with respect to o by eventually doing a different guess g, obtaining a scenario sy, i.e.,

RR(s;, 0g) = max M

g L*(s g )

Note that, if ¢ = &, then RR(s;, 0,) = 1 since by definition o, is the optimal sequence for
the scenario s; = s5;. Therefore, Alice can try all possible guesses in order to find the one that
minimizes her max1mum relative regret by applying Bob’s algorithm to the sequence obtained
by each guess. Given the number of the possible guesses and the complexity of the Bob’s
algorithm, the overall complexity of Alice’s algorithm is O (n°n®logn) = O(n'!logn).
Hence the following theorem holds.
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Theorem 5 There is a polynomial time algorithm which constructs a sequence T minimizing
the maximum relative regret for the problem 1|rj, pj = 1|Lmax. The complexity of the
algorithm is O (n'' log n).

Note that, Bob’s guess for this problem defines almost all parameters of a worst-case
scenario, without really using the input sequence provided by Alice. This is not the case in
Sect. 5 where, according to Lemma 1, the jobs that succeed the critical job in Alice’s sequence
should be known. For this reason Alice’s algorithm is simpler here compared to the one in
Sect.5.3.

7 Min-maxregret for 1 | rj, pj = p | Lmax

In this section, we consider the min—max regret criterion for a general version of the problem
studied in Sect. 6, which aims to minimize the maximum lateness subject to the constraint
that the processing time for each job is fixed to a constant value, i.e., 1|rj, pj = p|Lpqx. For
a given scenario, Lazarev et al. (2017) have proposed a polynomial algorithm to solve this
problem in O(Q - nlogn) time, where 10~ is the accuracy of the input—output parameters.

7.1 The Bob’s problem

Bob characterizes the worst-case scenario for a given sequence 7 based on the following
Lemma.

Lemma 3 Let i be a sequence of jobs. There exists (1) a worst-case scenario s, (2) a critical
job c € Crit(s, ) and (3) its first-block job u. in w under s such that:

i Foreachjob j € J \ {c}, it holds that q;l = q;“i“,
ii For each job j € J \ {u.}, it holds that r‘; = r}“m,
iii g} = g™,
oy =

Proof Let s; be a worst-case scenario for a given sequence , ¢ € Crit(sy, ) be a critical
job and u, be the first-block job for ¢ in & under s;. We will show that this scenario can be
transformed into another worst-case scenario that fulfills the properties of the statement. The

first transformation (T1), from s; to s2, consist in replacing:

S min

- q; with q;.“i" for all the jobs j € J\{c}, i.e., q;? =q;",

- r‘;.‘ with r}“i“ for all jobs j € J\{u.}, i.e., r;Z = r}ni“.

Note that the job ¢ remains critical in 7 under s5, since Ly (r) = L}*(r) and L‘;l () >
Lj? (7r) for each other job j € J\{c}. Moreover, by Remark 1, L*(s1) > L*(s2), since the

value of several delivery times and release dates is only decreased according to transformation
(T1). Thus, s; is also a worst-case scenario for r, i.e.,

R(sy,m) = L(s1,m) — L*(s1) < L(s2,w) — L*(52) = R(s2, 7)
The second transformation (T2), from s to s, consist in replacing:
— ¢.? with g™

5 .
— ry, with 7P

1 5
e, q; =
H s
e,y

max
dc >

max
rs.

@ Springer



Annals of Operations Research

The delivery time of ¢ increases by A9 = gm¥* — ¢72 and the release date of u, increases
by A" = i — ry> from 53 to 5. As a result, the completion times of the jobs preceding u, in
7 will increase by at most A", i.e., LS/. (m) < Lj.z () + A" for each job j preceding u, in 7,
while the completion time of job ¢ will increase by A" 4 A9, i.e., L) () = L2 (m)+ A"+ A4,
since it belongs to the same block as u. in the schedule of 7 under s;. Thus, ¢ remains critical
in 77 under s.

Let o be the optimal sequence for scenario s;. Since the maximum lateness in ¢ cannot
increase by more than A" 4+ A? from s; to s, we get:

L*(s) — L*(s2) < L(s,0) — L(s2,0) < A" + A = L(s, ) — L(s», )

Then R(s2, w) < R(s, ), we conclude that s is also a worst-case scenario for 77 and satisfies
all the properties of the lemma. O

Using Lemma 3, Bob can determine the worst-case scenario s for a given sequence 7,
chosen by Alice, by guessing the critical job ¢ and its first-block job u. in . The overall
complexity of this process is O(Q -n3 log n), where 10~¢ is the accuracy of the input—output
parameters.

Theorem 5 There is a polynomial time algorithm which, given a sequence 7, constructs
a worst-case scenario Sy of maximum regret for the problem 1|rj, pj = p|Lmax. The
complexity of the algorithm is O(Q - n3logn).

7.2 The Alice’s problem

The concept behind the Alice’s algorithm for minimizing the maximumregretforl | r;, p; =
P | Lmax is similar to the one discussed in Sect. 6.2. The only difference is that in this case,
Bob only needs to guess two parameters, ¢ and u., which is a simpler task compared to the
other problem. Therefore, Alice can minimize her maximum regret by testing all possible
guesses using the Bob’s algorithm on the sequence generated by each guess. Thus, the
overall complexity of the Alice’s algorithm is O (Q - n> log n), arising from evaluating O (n?)
combinations and applying Bob’s algorithm for each. As a result, the following theorem
applies.

Theorem 6 There is a polynomial time algorithm which constructs a sequence T minimizing
the maximum regret for the problem 1|rj, pj = p|Lmax. The complexity of the algorithm is
0(Q - n’logn).

8 Conclusions

We studied the min—max relative regret criterion for dealing with interval uncertain data for
the single machine scheduling problem of minimizing the maximum lateness. We considered
two variants and we proved that they can be solved optimally in polynomial time. Our main
technical contribution concerns the sub-problem of maximizing the relative regret for these
variants. The complexity of our results justifies in a sense the common feeling that the
min-max relative relative criterion is more difficult than the min—max regret criterion.
Note that our result for the variant without release dates can be extended even in the case
where the jobs are subject to precedence constraints. Indeed, Lawler (1973) proposed an
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extension of Jackson’s rule for the deterministic version of this problem, while the mono-
tonicity property still holds. Thus, the corresponding lemma describing a worst-case scenario
holds, and the determination of the optimal sequence depends only on the guess of the posi-
tion of the critical job in this sequence which should be imposed to respect the precedence
constraints.

In the future, it is interesting to clarify the complexity of the general maximum lateness
problem with respect to min—max relative regret when all parameters are subject to uncer-
tainty. We conjecture that this problem is NP-hard. If this is confirmed, the analysis of an
approximation algorithm is a promising research direction.
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