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Abstract

Recently, Mishra et al. (Ann Oper Res 243(1):249-272, 2016) formulate and study the Wolfe
and the Mond—Weir type dual models for the mathematical programs with vanishing con-
straints. They establish the weak, strong, converse, restricted converse and strict converse
duality results between the primal mathematical programs with vanishing constraints and the
corresponding dual model under some assumptions. However, their models contain the cal-
culation of the index sets, this makes it difficult to solve them from algorithm point of view. In
this paper, we propose the new Wolfe and Mond—Weir type dual models for the mathematical
programs with vanishing constraints, which do not involve the calculation of the index set.
We show that the weak, strong, converse and restricted converse duality results hold between
the primal mathematical programs with vanishing constraints and the corresponding new
dual models under the same assumptions as the ones of Mishra et al.
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1 Introduction

Mathematical program with vanishing constraints (MPVC) was introduced by Achtziger and
Kanzow (2008), and its general form is as follows:

min f(x)

s.it. gi(x) =0, i=1,2,...,m,
hj(x) =0, i=12....p, (1.1)
Hi(x) > 0, i=1,2,....1,
Gi(x)H;(x) <0, i=1,2,...,1,

where f : R" — R is Lipschitz continuous, g : R* - R™,h: R" - R?, G,H : R" —
R! are all continuously differentiable functions. Throughout this paper, X denotes the feasible
region of MPVC (1.1).

MPVC problem originates from the optimization topology design problems in mechanical
structures (Achtziger and Kanzow 2008). At present, the corresponding research shows that
the robot motion planning problem (Kirches et al. 2013) can be transformed into the MPVC
problem. In addition, it is also widely used in the economic dispatch problem (Jabr 2012) and
the nonlinear integer optimal control (Michael et al. 2013). As described in Achtziger and
Kanzow (2008), the major difficulty in solving problem (1.1) is that it does not satisfy most
of the standard constraint qualifications such as linearly independent constraint qualifica-
tion (LICQ) and Mangasarian—Fromovitz constraint qualification (MFCQ) at any interesting
feasible point, so that the standard optimization methods are likely to fail for this problem.
The MPVC has attracted much attentions in recent years. Several theoretical properties and
different numerical approaches for MPVC can be found in Achtziger and Kanzow (2008),
Kirches et al. (2013), Hoheisel et al. (2010), Hu et al. (2014), Hu et al. (2017), Benko and
Gfrerer (2017), Achtziger et al. (2013), Achtziger et al. (2012), Dorsch et al. (2012), Hoheisel
and Kanzow (2009), Hoheisel and Kanzow (2008), Hoheisel and Kanzow (2007), Hoheisel
et al. (2012), Izmailov and Pogosyan (2009) and Izmailov and Solodov (2009).

Duality is very important in optimization as the weak duality provides a lower bound to the
objective function value of the primal problem. The classical Wolfe duality was introduced
by Wolfe (1961), while the Mond—Weir duality was introduced by Mond and Weir (1981) for
differentiable scalar functions. Later these duality models were extended to nondifferentiable
functions by utilizing different generalizations of the notion of convexity for both scalar and
vector cases (See Mishra et al. 2016; Antczak 2010; Chinchuluun et al. 2007; Askar and
Tiwari 2009; Gulati and Mehndiratta 2010; Bot and Heinrich 2014; Lai and Huang 2012;
Jefferson and Scott 2001; Lee and Lai 2005; Peterson 2001; Rockafellar 1999; Mishra and
Shukla 2010; Mishra et al. 2012, 2015; Mishra and Jaiswal 2015; Pandey and Mishra 2016,
2017, 2018). Recently, Mishra et al. (2016) formulate and study Wolfe and Mond—Weir type
dual models for the mathematical programs with vanishing constraints. They establish the
weak, strong, converse, restricted converse and strict converse duality results between the
primal mathematical programs with vanishing constraints and the corresponding dual models
under some assumptions. Since their models involve the calculation of index set, it is not
conducive for the numerical solutions of dual problems.

In this paper, the new Wolfe and Mond—Weir type dual models for the mathematical
programs with vanishing constraints are proposed which do not involve the calculations
of index sets. Under the same assumptions as the ones of Mishra et al, the weak, strong,
converse and restricted converse duality results between the primal mathematical programs
with vanishing constraints and the corresponding new dual models are established. We also
verify the validity of these results through an example.
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The outline of this paper is as follows: in Sect. 2, we give some preliminaries about the
MPVC. In Sect. 3, we give the new Wolfe and Mond—Weir type dual models for MPVC and

some duality results. We close with some final remarks in Sect. 4.

2 Preliminaries

Let x* € X be any feasible point of the MPVC (1.1). The following index sets will be used

in the sequel.

I (x™) = {ilgi(x™) = 0}
In(x* ={1,2,..., p}

L (x) = {i|H; (x™) > 0}
Io(x™) = {i|H; (x™) = 0}

Lio(x*) = {i|H;(x™) > 0, G;(x") = 0}
Li—(x™) = {i|H;(x") > 0, G;(x™) < 0}
o+ (x*) = {i|H;(x™) = 0, G; (x") > 0}
Ioo(x™) = {i|H;(x™) = 0, G; (x*) = 0}
Io—(x™) = {i|H;(x™) = 0, G; (x™) < 0}

We also use the following Lagrangian function and its gradient:

2.1)

2.2)

m )4 l 1
Ly, 2w n™ 0% = FO)+ D rigi) + Y Bk = Y af' Hi») + D 0l Gi(y)

i=1 j=1 i=1

and

m P
VL(y. a 0% = VEO) + D Ve + Y BiVhj(y) —

i=1 j=1
I
+Y nfVGi(y).
i=1

We define the following index sets for x € X:

IF(x0) ={i €{1,2,...,m}|x; >0}
LY (x) = {j € [i(0)|p; > 0}

I (x) = {j € I(x)|uj < 0}
If, () = {i € Ioy (x)|n/" > 0}

I, (x) = {i € Iy (x)|n/" <0}

I () = {i € Ioo()Inf" > 0}
L) = i € Loy’ > 0)
o) = {i € L-@]n{" > 0)

7 (x) = {i € Io—(0)n}" > 0}

D ' VH ()
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I @) = {i € Lio)[n{ > 0}
IfT () = (i € L—)nf > 0)
2.3)

In order to establish the corresponding duality results, we give the following definitions
and theorem which can be found in Achtziger and Kanzow (2008).

Definition 2.1 Let x* € X be a feasible point of the MPVC (1.1). The Abadie constraint
qualification, denoted by ACQ, is said to hold at x*, iff 7'(x*) = L(x*), where

xk— x*

T(x*) = {deR":El{xk} C X,3{n} 4 0,x% - x* and —>d}

Ik
is the standard tangent cone of the MPVC (1.1) at x*, and
L(x*)={deR":Vg(x")Td <0, iel,(x*), Vhj(xTd=0, j=1,2,...,p,
VH;(x)Td =0, i € Iy (x*), VH;(x*)Td =0, i € Iop(x*) U Ip_(x"),
VGi(x)Td <0, i € Lig(x*)}
denotes the corresponding linearized cone of the MPVC (1.1) at x*.

Definition 2.2 Let x* € X be a feasible point of the MPVC (1.1). The VC-ACQ is said to
hold at x*, iff LYC (x*) C T (x*), where

LYC(x*) ={d e R" : Vgi(x")Td <0, i € I,(x*), Vh;x")Td =0, j=1,2,..., p,
VH(x)'d =0, i € Iy (x*), VH;(x*)'d >0, i € loo(x*) U Io—(x™),
VGi(x"'d <0, i € Iop(x*) U I1o(x*)}
denotes the corresponding VC-linearized cone of the MPVC (1.1) at x*.
Theorem 2.1 Let x* € X be a local minimum of the MPVC (1.1) such that VC-ACQ holds
at x*. Then, there exist Lagrange multipliers A; € R (i = 1,2,...,m),u; € R (j €
I, nf,n® e RG=1,2,...,1), such that
VL& ™ n%) =0 (24)
and
hj(x*) =0(j € In(x™)),
A >0, g(x) <0, LigxH=03G=1,2,...,m),
! =06 € L), nff =0 € Ioox*) U lo-(x™)), nf'is free (i € Iy (x*)),
¢ =0 € lor () U lo- (&) U Lo (), 0% = 0 (i € Too(x*) U Lpo(x*)).
(2.5)

The following concepts of convexity and generalized convexity play a vital role during
the establishment of some duality theorems.

Definition 2.3 Let S € R” be any nonempty set and let f : R" — R be continuously
differentiable. Then, f is said to be convex at x* € S on S, iff for any x € S, one has

JO) = fOT) = (VFET), x —x%).
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Definition 2.4 Let S € R”" be any nonempty set and let f : R" — R be continuously
differentiable. Then, f is said to be quasiconvex at x* € S on S, iff for any x € S, one has

f@) = fO&M) = (V) x —x") <0.

Definition 2.5 Let S € R”" be any nonempty set and let f : R" — R be continuously
differentiable. Then, f is said to be pseudoconvex at x* € S on S, iff for any x € S, one has

(VI x =x%) 2 0= f(x) = f(xP).

3 Two new duals for mathematical programms with vanishing
constraints

Recently, Mishra et al. (2016) gives the Wolfe type dual and Mond—Weir type dual for the
MPVC (1.1). It is noted that their models involve the calculation of the index set, which make
it is complicated in the practical applications. In this section, we will propose the new Wolfe
type and Mond—Weir type dual models which does not contain the calculation of index set.
Also we will establish the weak and strong, converse, restricted converse (strictly converse)
dual theorems under mild conditions. Moreover, we will utilize the example to explain their
validity.

3.1 Wolfe and Mond-Weir type dual models proposed by Mishra et al

Firstly, we give the Wolfe type and Mond—Weir type duals of the MPVC (1.1) which were
proposed by Mishra et al. (2016). For x € X, the Wolfe type and Mond—Weir type duals of
the MPVC (1.1) are as follows:

Wolfe type dual model:

max L(y, %, i, n", n%)
s.t. VL(y, A, u, nH, nG) =0
A > 0,Vi ¢ I (x),
nf >0,V e I.(x),
nS <0,Vi € Ipy(x),n° > 0,Vi € Iy—(x) U I1_(x).
Mond-Weir type dual models:

max f(y)
s, VLG, A0, 0% =0
A€ R Migi(y)=0,Vi=1,2,...,m,
mwj € R, ujhj(y) >0,vj=1,2,...,p,
nf! >0,Vi e I.(x),nf! € R, Vi € Ip(x),
P Hi(y) > 0,Vi=1,2,...,1,
g <0,Vi € Ipr(x),nf =0,Vi € Ip_(x) U I (x),
ne € R,Vi € Ipo(x) U Lo (),
n8Gi(y) = 0,vi=1,2,...,1

@ Springer



238 Annals of Operations Research (2020) 287:233-255

Remark 3.1 For the above two models, we can directly see that they involve the calculation
of the index set. So, it is difficult to deal with the dual problems from algorithm point of view,
and this also limits the practicability of the models.

Subsequentially, we give the new dual models and establish the weak, strong, converse
and restricted converse duality theorems.

3.2 New Wolfe type dual model

For x € X, the new Wolfe type dual of the MPVC (1.1), VC-WD(x) for short, is as follows:

max L(y, A, i, nH, ﬂG)

s.t. VL(y, ko n™ 9% =0
N=0,Vi=1,2,...,m, 3.D
n® = viH;i(x),v; >0,Vi=1,2,...,1
= pi —viGi(x), pi =0,Vi=1,2,...,1

Let S, (x) € R" x R™ x R? x R' x R' denote the feasible set, i.e.,

Sw(x) ={(y, A, s 0%, pov) s VL(y, &, w0, 0% =0,

A >0, i=1,2,...,m,
3.2
0 =viHi(x), v >0, i=12,..,1, G-

il =pi —viGi(x),p =0, i=12...1}
We denote by

prSW(x) = {y € Rn : (y7)"7 M’ nH7 nG! p7 U) € Sw(x)}

the projection of the set S,,(x) on R".
To be independent of the MPVC (1.1), we consider another dual problem which is denoted
by VC-WD as follows:

max L(y, A, w,n, n%)

subject to
s h i, 0%, 0, v) € Nyex Sy () 3.3)

The set of all feasible points of the VC-WD is denoted by S,y = Nyex Sy (x) and the
projection of the set S, on R" is denoted by prS,,.

Remark 3.2 Compared with the new Wolfe dual model and the Wolfe dual model which was
proposed by Mishra et al. (2016), we can obviously see that they do not involve the calculation
of the index set for the above new Wolfe model. Moreover, it is not difficult to find that some
signs of multiplier are different between the new Wolfe dual model and the Mishra et al’s
Wolfe dual model. Firstly, A; > 0,Vi = 1, 2, ..., m is required in the new Wolfe dual model,
but it only requires that A; > 0, Vi ¢ I, (x) in the Mishra et al’s Wolfe dual model. Hence, our
model can better explain the nonnegative of the multipliers corresponding to the inequality
constraints g;(x) < 0, i = 1,2,..., m. Secondly, r]iG = 0,Vi € Ip4(x) is required in the
new Wolfe dual model, but it requires that r]iG < 0,Vi € Ip4(x) in the Mishra et al’s Wolfe
dual model. This implies that our model can better explain the complementary slackness of
the multipliers corresponding to the constraint functions G;(x), i € lo4+(x).
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Remark 3.3 In the new Wolfe dual model, the significance of p; and v; is the same as the one
in Theorem 1 of Achtziger and Kanzow (2008). How to select them to evaluate the optimal
solution can be found in Remark 1 of Achtziger and Kanzow (2008).

Firstly, we give the weak duality theorem. The theorem shows the relationship between a
feasible point of the MPVC (1.1) and a feasible point of the new Wolfe type dual.

Theorem 3.1 Letx € X, (y, A, 1, nH, nG, p,v) € Sy be feasible points for the MPVC (1.1)
and the VC-WD, respectively. If one of the following conditions holds:

(1) L(-, A, i, nH, nG) is convexaty € X U prSy;

(2) f.gili € 1 (X)), h;(j € L), —hj(j € I, (x)), —H;(i € Lio(x) U L4_(x)U
Too(x) U To—(x) U If, (x)), —H;(i € Iy, (x)),—Gi(i € Ip4(x)),Gi(i € Ipo(x) U
Lio(x) U lg—(x) U l4_(x)) are convexaty € X U prSy;

Then f(x) = L(y, », . 1, n%).

Proof (1) Suppose f(x) < L(y, %, w, ", n%).ie.

m 14 l !
)< FO+ Y Mg+ Y wihj) =D nf i)+ nfGi(y).  (3.4)

i=1 j=1 i=1 i=1

Since x € X and (3.1), it follows that

g(x) <0 A =0 i¢l(x),

() =0 4 2>0 ielyx),

hj(x)=0 p;eR jel,

—Hi(x) <0 nf >0 ieli®),

—Hi(x)=0 nf eR ieclk),

Gi(x) >0 nf =0 ielp),

Gi(x)=0 nf =0 ielpk)Ulok),

Gi(x) <0 3¢ =0 iely-(x)Uli_(x),

that is,
m P ! 1
D o higi) + Y wihie) =Y nf Hix) + Y nfGi(x) <0 (3.5)
i=1 j=1 i=1 i=1
Adding (3.4) and (3.5), one has

m P 1 !
FOYV+ Y Mg + Y wjhj) =Y nf Hitx) + Y nfGi(x)

i=1 j=1 i=1 i=1

m P ! 1
< FO+ Y Mg+ Y wihi») = nf Hi) + > nfGiy)

i=1 j=1 i=1 i=1

L(x, i, 0% < Ly, a, o n™, 0% 3.6)
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By the convexity of L(-, A, u, nH, r)G), it follows that
L. a w0+ (VLo A ™ 0% x —y) <L, wn™ n%)

In view of the first equation in (3.1), one has L(x, A, u, ™, %) > L(y, A, ., n, ).
That is a contradiction to (3.6) and hence the result is proved.

(2) By the convexity of g;(i € I;‘(x)),hj(j € Ih+(x)), —h;(j € I, (x)), —H;({i €
1+o(X)U1+—(X)U100(X)U10—(X)U151(X)), —Hi(i € I, (x)), =Gi(i € lp+(x)),Gi(i €
Too(x) ULyo(x) Ulp—(x) ULy _(x)aty € XU prSy,x € X, (y, &, . 0" . 0%, p,v) € Sy,
one has

&) +(Vgi(y), x—y)<gx) <0 A >0,i¢€ IQ(X),

hj(y) + (Vhj(y).x —y) <hj(x) =0 pu; >0,je L5 (x),

hj(y) +{(Vh;j(y),x —y)>hjx)=0 u; <0,jel, (x),
—Hi(y) = (VH;(y).x — y) < — Hi(x) < 0,0/ > 0,i € Lio(x)

U Ly—(x) U Too(x) U To—(x) U If, (x),

—H;(y) — (VH;(y),x — y) < —H;(x) = 0,n/' <0,i € I, (x),

Gi() +(VGi(y),x —y) = Gi(x) > 0,7 =0,i € Ip;(x),

Gi(y) +(VGi(y),x —y) < G;i(x) =0, niG >0,i € I1o(x) U lpo(x),

Gi(y) +(VGi(y),x —y) =Gi(x) <0, 77,-0 >0,i€lp-(x)UlL_(x),

which implies that
m 14 1 l
D higi 4+ Y wihi) = > 0 Hi) + > nfGi(y)
i=1 j=1 i=1 i=1

m )4 [ 1
+ <Zx,-Vg,-(y) + Y wjVhi() =Y ' VH () + Y nfVGi(y), x — y> <0

i=l Jj=1 i=1 i=1
(3.7)

Also, by the convexity of f aty € X U prS,,, one has

FO V), x—y) = f(x) (3.8)
Adding (3.7) and (3.8), one has

Ly, & ™ 09 + (VLG A 0™ 09, x = y) < f(0)

In view of the first equation in (3.1), one has

L(y, A, 1, 0™, 0%) < f(x).

and hence the result is proved. O

The following strong duality theorem gives the condition under which the new Wolfe dual
is solvable and the global maximum can be obtained.
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Theorem 3.2 Let x* € X be a local minimum of the MPVC (1.1), such that the VC-ACQ
holds at x*. Then, there exist Lagrange multipliers . € R™, [i € RP, 7% 76 5,0 € R,
such that (x*, A, 1, ﬁH, r_/G, 0, V) is a feasible point of the VC-WD(x*) and

Z i8i(x )+Zu,h (x )—ZHHH(X >+ZnGG @H=0 (39

Moreover, if one of the following conditions holds:

(1) LG, A,y nf, nG) is convexaty € X U prS,,(x*);

2 f.gil € 1), h;(j € LI(x*), —hj(j € I (x), —Hi(i € Io(x*) U
L (x*)Uloo(x*) Ulo— (x*) UL (x*), Hi(i € 15, (x*), — Gi(i € Ipy(x¥)), Gi(i €
Too(x™) U Iio(x™) U To— (x™) U I1_(x™)) are convex at y € X U prSy, (x*);

Then, (x*, A, i, 77, 7%, p, D) isa global maximum of the VC-WD(x*), that is,
L A g™ 0% = Lva ™ ), ¥ d ™ n€) € S ()
and
fE =L A ™ ).

Proof Since x* is local minimum of the MPVC (1.1) and the VC-ACQ condition is
satisfied at x*, by Theorem 2.1, it follows that, there exist Lagrange multipliers A €
R™ /:L € Rp 7 . H 756G 5,5 € R, such that the conditions (2.4) and (2.5) hold and hence
*, A, i, 7, 79, p, v) is a feasible point of the VC-WD(x*). By Theorem 3.1, one has

FOM) =LA ™ 09, Y0 a0 0%, p,v) € Su(x¥) (3.10)
Adding (3.9) and (3.10), one has
LOH a, o™ 0% = Loy, w0, Y, a0 0%, 0, v) € Su(x*)

that is, (x*, A, [, ﬁH, ﬁG, P, V) is a global maximum of the VC-WD(x*). Also, the local
minimum of the MPVC (1.1) and the global minimum of the VC-WD(x*) are equal. ]

The following theorem is a converse duality theorem. It gives the condition under which
a feasible point of the new Wolfe dual generates a global minimum of the MPVC (1.1).

Theorem 3.3 Letx € X be any feasible solution of the MPVC (1.1) and let (y*, X, i, ﬁH, F]G
0, V) be a feasible point of the VC-WD such that

)

g =0 i=1,2,....m,
Rihij*)=0 j=1.2,...,p,
- H;j(y*")>0 i=1,2,...,1,
20Gi(y) =0 i=1,2...,1

Moreover, if one of the following conditions holds:
(1) LG, A, 0™, n0) is convex at y* € X U prSy;
(2) f.8il € IF (), hj(j € LI (x), —hj(j € I (x)), = Hi(i € I{j(x)UI{_(x)U
I () UL (1)UL, (x), — Hi(i € 1;,(x)), Gi(i € I (x)U € IT7F(x)) are convex
aty* € XU prSy;

@ Springer



242 Annals of Operations Research (2020) 287:233-255

Then, y* is a global minimum of the MPVC (1.1).

Proof Suppose to the contrary that y* is not a global minimum of the MPVC (1.1), i.e., there
exists X € X such that

FQ&X) < fOP (3.11)

(1) Since % and (y*, &, fr, 7, 79, p, ©) be the feasible point for the MPVC (1.1) and the
VC-WD, respectively. Combining the hypothesis in the theorem, one has

m p ! 1
D o higi(®) + Y ihiE) = Y A Hi® + Y il Gi(®) <0

i=1 j=1 i=1 i=1

m P 1 1
<Y g+ Y ahi ) = Y A HGN) + )il Gy
i=1

j=1 i=1 i=1

(3.12)

Adding (3.11) and (3.12), one has
LG A o™ 7% < Lo* 3w 7%
By the convexity of L(-, A, u, nH, r]G) at y* € X U prS,, it follows that
(VLOS i 795 = y%) <0,

this is a contradiction to the dual constraint (3.1) of the VC-WD (x) and hence the result is
proved.

(2) Since X and (y*, X, i, ﬁ”, ﬁG, 0, V) be the feasible point for the MPVC (1.1) and the
VC-WD, respectively. Combining the hypothesis in the theorem, one has
gi(®) <& ielf ),
hj(X) =h;(y") jel (®)UI ),
—Hi(X) < —H;(y") iel]((®)UI{ (%) UIHE) UL @)Ul (),
—H; (%) = —H;(y*) i€l @)
Gi(¥) <Gi(y") ielff®UIf®,

By the convexity of the fuction in the theorem, it follows that
(Vei(y"),x—y") <0, 4 >0, i e IJ (%),
(Vhj(y*), ¥ —y*) <0, i; >0, jeI (),
(Vhj(y*), = y*) =0, i; <0, jel, &),
—(VH;(y"). ¥ —y*) <0, 7fl 20, i e I},() UI] (&) UIHE) UL () U I, (%),
—(VH;(y"). ¥ —y") 20, 7l <0, i ely, (),
(VGi(y"), ¥ —y*) <0, 77 =0, i e I[f(H U@,

which implies that

m P l 1
<Z MV + YA Vhi () = Y Al VH () + Y i VGi(y), & - y*> <0.
i=1

j=1 i=1 i=1
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Using the above inequality and (3.1), one has
(VIO % =y") = 0.
By the convexity of f, it follows that
fE = fO5),

this is a contradiction to our hypothesis and hence the result is proved. O

The following theorem is restricted converse duality theorem which gives a sufficient
condition for a feasible point of the MPVC (1.1) to be a global minimum by using the new
Wolfe dual.

Theorem 3.4 Letx* € X beafeasible point ofthe MPVC (1.1) and let (y*, i, i, 1%, 7%, p. D)
be a feasible point of the VC-WD such that f(x*) = L(y*, x, it, 1T, 7Y). Moreover, if one
of the following conditions holds:

(1) L(, A, i, 7, 79) is convex at y* € X U prSy;

(2) f.8ili € IF(x), hj(j € I (x*)), —=h;(j € I (x*), —Hi(i € I(x*)UI{_(x*)U
IoGr") U IE (") U I (x%), —Hi (i € 1y, (x%)), Gi(i € I/ (x)U € ITF(x*)) are
convex at y* € X U prSy,;

Then, x* is a global minimum of the MPVC (1.1).

Proof Suppose to the contrary that x* € X is not a global minimum of the MPVC (1.1), then
there exists X € X such that

fE) < fG&5).
Combining the assumption in the theorem, it follows that
f@ < LOM R i 79,
a contradiction to the Theorem 3.1 and hence the result is proved. O

The following strict converse duality theorem gives a sufficient condition about the unique-
ness of a local minimum of the MPVC (1.1) and a global maximum of the new Wolfe dual
model.

Theorem 3.5 Let x* € X be a local minimum for the MPVC (1.1) such that the VC-ACQ
at x*. Assume the conditions of Theorem 3.2 hold and (y*, A, [i, T ﬁG, 0, V) be a global
maximum of the VC-WD(x*). If one of the following conditions holds:

(1) LG, x, 1, 72, 55 is strictly convex at y € X U prSy (x*);
(2) f is strictly convex and g; (i € I;(x*)),hj(j € LT(x*), —h;(j € I, (x*), —H;(i €
Lio(x*) U It (x*) U oo (x*) U Io—(x*) U I (x*), —H;(i € I5, (x*)),—G;(i €

+
Io+(x*)), Gi(i € Ipo(x™) U I1o(x*) U lo—(x*) U I+_(x*)) are convex at y € X U
prSy (x™).
Then x* = y*.

Proof (1) Suppose that x* # y*. By Theorem 3.2, there exist Lagrange multipliers L€
R™, i€ RP, 79 e R, i € R', p € R', v € R! such that (y*, &, it, 7", 79, p, U) be a
global maximum of the VC-WD(x*). Hence,

FO) =L x i, i, 79 = Lo* & i, i, 759). (3.13)
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~G

In view of the feasibility of x* for the MPVC (1.1) and the feasibility of (y*, X, a, 7, 759,

0, v) for the VC-WD(x*), it follows that

g(x*) <0 X; =0 i¢l(x"),

(=0 1 =0 iely(x"),

hj(x*)=0 jijeR jelyx"),

—H(x*) <0 71 >0 iel(x",
—Hi(x") =0 77 eR ieclkx"),

Gi(x) >0 77 =0 ielp(x™),

Gi(x*) =0 77 >0 ielpk*)Ulox"),
Gi(x*) <0 7 >0 ielp-(x*)UIL_(x*),

that is,

m V4 1 1
Yo higi) + Y @) =Y Al Hi) + ) i Gi(x*) <0 (3.14)
i=1

j=1 i=1 i=1
Adding (3.13) and (3.14), one has
Lee* 0 i 79 < Lo* 4 i i, 79) (3.15)
By the strict convexity of L(-, X i, ﬁH, ﬁG), it follows that
(VLOS R i 79,0 = y%) <0

That is a contradiction to the first equation in (3.1) and hence the result is proved.
(2) By the strict convexity of f at y*, one has

JO&) = fON)>< VT, x" —y"). (3.16)
In view of the convexity of g; (i € I;‘(x*)), hj(j e I,j'(x*)), —h;(j e, (x*),—H;( €

Lio(x™) U 11— (x*) U Ioo(x™) U Ip—(x*) U 10+(X*)) H(i € Iy (x"),—G; (i €
T+ (x™)), G (i e Ioo(x*) Uliox®) U lp—(x®) U Li—(x*) at y* € X U prS,(x*), x* € X
and (y*, A, i, i, 79, 5, 9) € Su(x*), one has

a

&)+ (Vai(y"). x* —y*) <gi(x®) <0 X >0,i € [J(x"),
hi(y*) + (Vh;(y*), x* —y*) <h;(x*) =0 f; >0, e ("),
hi(y*) + (Vhj(y"), x* =y ) = h;j(x*) =0 1, <0, €I, (x¥),

) < —Hi(x*) < 0,7 >0,i € Lo(x™)

U T (x*) U oo (x™) U To— (x*) U I, (x),
—H;(y*) = (VH; ("), x* — y*) < —H;(x*) = 0,5/ <0,i € I, (x*),
Gi(y") + (VGi(y"). x* = y*) = Gi(x*) > 0,710 =0,i € Ipy (x*),
{ ) <
{ ) <

— Hi(y") = (VH; ("), x* — y*

%

Gi(y*) + (VG (y"), x* — y*) < Gi(x*) = 0,77 > 0,i € Lio(x*) U Ioo(x*),
Gi(y*) + (VG (y"), x* — y*) < Gi(x*) < 0,77 > 0,i € lo—(x*) U L1_(x¥),
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which implies that

m P 1 1
D0+ Y ijhi 0% = Y A H () + Y 8 Gi(v%)
i=1 j=1 i=1 i=1

. ) l . (3.17)
+ <Zi,-Vg,~<y*) + Y AVROF) = Y AIVH; ) + Y T VGi (%), x - y*> <0
i=1 j=1 i=1 i=1
Adding (3.16) and (3.17), one has
LO* A 7,79 < FO).
This is a contradiction to (3.13) and hence the result is proved. ]

In order to verify the validity of the new Wolfe dual model and the related theorems, we
give the following example.

Example 1 Consider the following MPVC
min f(x) = x12 —i—x%
s.t. H(x)=x >0, (3.18)
Gi1(x)Hi(x) = x1x2 <0,
withn =2, m = p =0,/ = 1. The new Wolfe dual model to (3.18) is given by

max L(y, 1, n%) =y} +y2 =0y, + 1y

s.t. VLG, i, nf) = @y +0f, 2y —nfHT =0, G19)
. .

ny =vixz,v1 20

nf! = p1 —vix;, p1 = 0.
(D Letx* = (0,007 € X, (v, 0, 0¥, p1,v1) = (0,0,0,0,0) € Sy (x*), one has
f(x*)=0=L(0,0,0)
It can be verified that the hypothesis of Theorem 3.4 holds, since the positive definiteness

of V2L(y, n]H, n?) = 0). Taking account (3.18), x* is a global minimum of (3.18). So,

02
Theorem 3.4 is verified.

(2) We can get y; = —%n]G, Yo = %an by (3.19). One has also

1 2 1 42
H G G H
L(y,ni",n7) = —1771 - 1771 <0.

Since f(x) = xl2 + x% > 0, we can get f(x) > L(y, n]H, n?), Hence, Theorem 3.1 is
verified.

(3) We can obtain that (3.18) satisty VC-LICQ, since VH; = (0, DT, vG, = (1,0)T.So
we obtain that (3.18) satisfies VC-ACQ. By Theorem 2.1, there exist Lagrange multipliers
nlﬂ, 77?, P1, V1 € R such that (0, nlﬂ, 77?, p1, v1) is a feasible point of the VC-WD(0) and

—ni' Hi(0) + 1 G1(0) = 0.
So, (0,7, n¥, p1,v1) is a global maximum of the VC-WD(0) and f(0) = 0 =
L(0, 9, n%). Theorem 3.2 is verified.
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3.3 New Mond-Weir type dual model

In this section, we discuss the new Mond—Weir type dual for MPVC (1.1). For x € X, the
new Mond—-Weir type dual of the MPVC (1.1), VC-MWD(x) for short, is as follows:
max f(y)
s.t. VL(y,x, u, r]H, nG) =0,
Ai = 0,48 (y) =0, i=12,...,m,

mihi(y) =0, j=12,...,p,

n°Gi(y) > 0, i=1,2,...,1, (3.20)
n® =viHi(x),v; >0, i=12,...,1,
— i H;(y) > 0, i=1,2...,1,
= pi —viGi(x), pi 20, i=1,2,....L

Let Syw(x) € R" x R™ x RP? x R x R! denote feasible point set, i.e.
Suw () ={. a0 0%, o 0) VY (v 4w 0™ 0% =0,

A > 0,248 (y) =0, i=12,...,m,

wjhj(y) =0, i=12...,p,

i Gi(y) = 0, i=12...1 (3.21)

n =viHi(x),v; >0, i=12,...,1

—nf Hi(y) >0, i=1,2,...,1,

it =pi —viGi(x), pi =0, i=12,....1)
We denote by
pré&uw () ={y € R" : (v, &, . 0™ 1%, p. v) € Syw ()}
the projection of the set Sysw (x) on R”.

Similar to the new Wolfe dual, we also consider another dual problem which is denoted
by VC-MWD as follows:

max f(y)
H G
st (A wmnT, e, v) € Neex Suw (x)

The set of all feasible points of the VC-MWD is denoted by Syyw = Nyex Syw (x) and
the projection of the set Sy;w on R" is denoted by prSyw.

Remark 3.4 From the new Mond—Weir type dual model and the Mond—Weir type dual model
which was proposed by Mishra et al. (2016), we can also see that they do not involve the
calculation of the index set for the above new Mond-Weir type model. Moreover, it is not
difficult to find that some signs of multiplier are different between the new Mond—Weir
type dual model and the Mishra et al’s Mond—Weir type dual model. Firstly, r)l.G >0,Vi €
Ioo(x) U I4o(x), 77,-G =0, i € Ip4+(x) is required in the new Mond—Weir dual model, but
it requires that niG € R,Vi € Ipp(x) U L1o(x), niG < 0, i € Ip4+(x) in the Mishra et al’s
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Mond-Weir dual model, i.e., the signs of niG, i € Inpo(x) U I o(x) U Ip4(x) in our model
are the same as the ones in Theorem 1 of Achtziger and Kanzow (2008). This shows that our
model can better explain the complementary slackness and the nonnegative of the multipliers
corresponding to the constraint function G;(x), i € lpo(x) U I49(x) U Ip4(x). Secondly,
nfl > 0,Vi € Ino(x) U Ip—(x), n¥ € R, i € Ip4(x) is required in the new Mond-Weir
dual model, but it requires that r;l.H € R,Vi € Ipo(x) U Ip—(x) U Ip4(x) in the Mishra et al’s
Mond—Weir dual model, i.e., the signs of an, i € Ipp(x) U Io—(x) U Ip4(x) in our model are
the same as the ones in Theorem 1 of Achtziger and Kanzow (2008). This implies that our
model can better explain the nonnegative of the multipliers corresponding to the constraint
functions H;(x), i € Ipo(x) U lo—(x) U Ip4(x).

Remark 3.5 Similar to the new Wolfe dual model, the significance of p; and v; is also the
same as the one in Theorem 1 of Achtziger and Kanzow (2008). The method about selecting
these parameters to evaluate the optimal solution can also be found in Remark 1 of Achtziger
and Kanzow (2008).

The following weak duality theorem shows the relationship between a feasible point of
the MPVC (1.1) and a feasible point of the new Mond—Weir type dual.

Theorem 3.6 Letx € X and (y, A, i, nH, nG, P, V) € Syw befeasible points for the MPVC
(1.1) and the VC-MWD, respectively. Moreover, if one of the following conditions holds:

m P 1 !
(1) f() is pseudoconvex and Y- 1igi(-) + Y wjh;j() — Y nf Hi() + X0 Gi() is
i=1 j=1 i=1 i=1
quasiconvex at y € X U prSyw, respectively;
(2) f() is pseudoconvex and g;(i € I;‘(x)), hi(j e LF(x), —hj(j € I, (x)), —H;(i €
L) UTT (x) U I () U 17 (x) U IS, (%), —Hi(i € I, (x)), Gi(i € I] (x)U €
ijf (x)) are quasiconvex at'y € X U prSyrw,respectively;

Then, f(x) = f(¥).

Proof (1) Since x € X and (y, A, i, nH, nG, P, V) € Syw, it follows that
gix) <0 A=>0 i=1,2,...,m,
hjx) =0 pjeR j=12,...,p,
—Hi(x) <0 nf >0 ieli(x),
—Hi(x)=0 nfeR iel),
Gi(x) >0 nf =0 ié€l(x),
Gi(x)=0 17 =0 ielpol) Ulpx),
Gi(x) <0 78>0 iely-(x)Uli_(x).

By (3.20), it implies that
m p 1 /
D higi)+ Y i) = > nf Hix) + Y nf Gix)
i=1 j=1 i=1 i=1

m P / !
<Y ngi W+ Y wihi ) =Y af Hiy) + Y nfGiy)
i=l

j=1 i=1 i=1
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m p
Combining the quasiconvexity of > A;jgi(-)+ Y

1 1
wihi ()= Y Hi()+ Y n9Gi (),
i=l1 j=1 i=l1 i=1

one has

m V4 1 1
<ZAngi(y) + > i Vhi) = Y 0l VH() + Y nfVGi(y), x — y> <0.

i=1 j=1 i=1 i=1
Using the above inequality and the first equation in (3.20), one has
(Vf(y),x—y)=0.

By the pseudoconvexity of f, it implies that

f&) = f(y),

and hence the result is proved.
@ Byx e X, (y, A, u,n" 0% p,v) € Syw, it follows that

g <gi(y) ielf(v),

hj(x) =hj(y) jeLixUIL (),
— Hi(x) < —H;i(y) i€Il,(x)UI{ (x)UIx) UL (x) UL, (x),
—Hi(x) > —H;(y) i€l (x),

Gi(x) £Gi(y) ielffxyuI (),

By the quasiconvexity of f, gi(i € I;‘(x)), hj(j € Ih+(x)), —h;j(j €I, (x)), —H;(i €

I U () UIG ) UL (x) UL (x), Hi(i € 15, (x)), Gi(i € ITf (x)U € IT(x)),
it implies that

(Vgi(,x —y) <0, ielfx),

(Vhj(y),x —y) <0, jelfx),

(Vhj(y),x —y) =0, jel, (x),

—(VH;(y).x —y) <0, i € I} i(x) UI{ (x) U Igi(x) U I (x) U I, (x),

—(VHi(y),x —y) =20, i€l (x),

(VGi(y),x —y) <0, iellfxyuritw.

From the above inequalities and (2.3), it follows that

m P 1 [
O xiVea) + Y w Vi) =Y ' VH () + Y nfVGi(y), x —y) <0.

i=1 j=1 i=1 i=1
Combining the above inequality and (3.20), one has

Vi, x=y)=0.

By the pseudoconvexity of f, it implies that

fx) = f(y)

and hence the result is proved. O
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The following strong duality theorem gives the condition under which the new Mond—Weir
dual is solvable and the global maximum can be obtained.

Theorem 3.7 Let x* € X be a local minimum of the MPVC (1.1) such that the VC-ACQ
holds at x*. Then, there exist Lagrange multipliers A € R™, L € RP, r_;H, ﬁG, P,V €
R, such that (x*, x, i, 7,79, 5, D) is a feasible point of the VC-MWD(x*), that is,
(x*, &, L, ﬁH, ﬁG, p, V) € Syw (x*). Moreover, Theorem 3.6 holds, then (x*, X, i, ﬁH, r_]G)
is a global maximum of the VC-MWD(x*).

Proof Since x* € X is a local minimum of the MPVC (1.1) and the VC-ACQ condi_tion
is satisfied at x*. By theorem 2.1, it follows that, there exist Lagrange multipliers A €
R™, i € RP, 7", 7%, 5,0 € R' such that the conditions (2.4) and (2.5) hold and hence

(x*, &, v, 1%, 79, p, ¥) is a feasible point of the VC-MWD(x*). By Theorem 3.6, it follows
that

FO = £, YO, A ™, 0%, p,v) € Suw (%),

and hence (x*, A, i, 7,79, p,0) € Syw(x) is a global maximum of the VC-MWD
(x™). u]

The following converse duality theorem gives the condition under which a feasible point
of the new Mond—Weir dual generates a global minimum of the MPVC (1.1).

Theorem3.8 Let x € X and (y*, xoi 0t 79, 5,0) € Suw be feasible points for the
MPVC (1.1) and the VC-MWD, respectively. Moreover, if one of the following conditions
holds:

i
Y afGi() is

m _ 14 [
(1) f() is pseudoconvex and ) xigi(-) + > pjh;() — ) ﬁiHH,'(~) +
j=1 i=1 i=1

i=1
quasiconvex at y* € X U prSyw, respectively;
(2) f() is pseudoconvex and g;(i € Ig‘(x)), hi(j e I;(X)), —h;j(j eI, (x),—H;(i €
L) UTT (x) Ul () U I- (x) U IS, (x), —Hi(i € I, (x)), Gi(i € I] (x)U €
ijj'(x)) are quasiconvex at y* € X U prSyw;
Then y* is a global minimum of the MPVC (1.1).

Proof Suppose to the contrary that y* is not a global minimum of the MPVC (1.1), that is,
there exists ¥ € X, such that f(x) < f(y*).
(1) By the pseudoconvexity of f(-), one has

(V™). X =y") <. (3.22)
Since ¥ € X, (v*, &, ft, 1", 7%, p, v) € Smw, one has
Ligi(X) <hgi(y"  i=1,2,...,m,
Rihj(X) =@jhi(y*)  j=12,...,p,
- Hi(®) < =il Hi(y") i=1,2,....1,
ifGi(®) <ifGi(y") i=1,2,....1.
which implies that

m p 1 !
D o higi(®) + Y ihiE) = Y Al Hi®) + Y i Gi(®)
i=1

j=1 i=1 i=1
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m )4 l I
<D kg O+ Y ighi 0 = Y A HipM) + ) G
i=1 j=1 i=1 i=1
m _ )4 /
By the quasiconvexity of D~ A;gi () + > itjh;j()— ﬁiHH,'(~)—|—
i=1 i=1 i=1

1
> 719G, (), itfollows
J —
that

i=1

m 14 l 1
<Z MV YA Vhi () = Y Al VH () + Y i VGi(y), ¥ — y*> <0.
i=1 j=1 i=1 i=1
(3.23)
Adding the inequalities (3.22) and (3.23), one has

(VLO*, & @77, 79), % = y*) <0,
this is a contradiction to (_3.20) and hence the result is proved.
(2) Since X € X, (y*, A, j1, 7,79, p, V) € Syw, one has
Ligi(F) < Mgy i=1,2,...
mihi(X) =pih;y*  j=1,2,...,p,
— i Hi (%) < =i H;(y") i=1,2,....1,
0GB <l Gi(y") i=1,2,....1L
Using the above inequalities and (2.3), it follows that
g () =gy ielf @),
hj(®) =hj(y") jelf@UI @),
—Hi() < —H (" iellj(®HUIf_(X)UIHEUILEE VI G,
—H@ = —H(GY el @),
Gi(X) < Gi(y") ielff®uUIff(),
By the quasiconvexity of g;(i € I;(x)), h;i(j € I}T(x)), —h;(j € I, (x),—H;( €

I U () UIGH ) UL () U, (x), Hii € 1), (x)), Gi(i € I} (x)u e IT T (x)),
it implies that

(Vgi(y"), X —y*) <0, ielf),
(Vhj(y*), 2 —y*) <0, jelf@®,
(Vhj(y*), X —y*) =0, jel (%),
—(VH;(y*), 5= y*) <0, iel})(®H)UI{ (%) UIjHE) UL~ & UL &),
—(VH;(y"), X —=y") 20, i€l (),

(VGi(y"). X —y") <0, iellf®UIft@®),

Then, it follows that

m P l 1
<Z MV + YA Vhi () = Y Al VH () + Y i VGi(y), & - y*> <0.
i=1

j=1 i=1 i=1
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Combining the above inequality and (3.20), one has
(VF™,x=y") =0
By the pseudoconvexity of f(-), it implies that
FE) = fOP),
this is a contradiction to our hypothesis and hence the result is proved. m}

The following restricted converse duality theorem gives a sufficient condition for a feasible
point of the MPVC (1.1) to be a global minimum by utilizing the new Mond—Weir dual.

Theorem 3.9 Let x* € X and (y*, *oi, 7,79, 5,0) € Suw be feasible points for the
MPVC (1.1) and the VC-MWD, respectively, such that f(x*) = f(y*). If the hypothesis of
theorem 3.6 holds at y* € X U prSyw, then x* is a global minimum of the MPVC (1.1).

Proof Suppose to the contrary that x* € X is not a global minimum of the MPVC (1.1), then
there exists X € X such that
FE) = fG5).

From the assumptions in the theorem, it follows that

f&E = fOM,

this is a contradiction to the Theorem 3.6 and hence the result is proved. O

The following strict converse duality theorem gives a sufficient condition about the unique-
ness of a local minimum of the MPVC (1.1) and a global maximum of the new Wolfe dual
model.

Theorem 3.10 Let x* € X be a local minimum for the MPVC (1. l) such that the VC-ACQ
at x*. Assume the conditions of Theorem 3.7 hold and (y*, x, i, i, 7%, p, ¥) be a global
maximum of the VC-WD(x*). If one of the following conditions holds:

(1) f()lsstrlctlypseudoconvexandZklg,()—i—z fih;j ()—ZnHH,()—i—Z nGG )
i=1

is quasiconvex at y* € X U prSyw (x™), respectlvely,

(2) f() is strictly pseudoconvex and gii € (x*)) hi(j € I+(x*)),—hj(j IS
I (x*), —H;(i € I o) U I (x*) U 1 O(x*) U 1+ (x*) U I Jr(x*)) —Hi(i €
Iy, (x%)), Gi(i € I++(x*)U IS I++(x*)) are quasiconvex at y* € X U prSyw (x™),
respectively;

Then, x* # y*.

Proof (1) Suppose that x* ;é y*. By Theorem 3.7, there exist Lagrange multipliers A €
R" eRP, 79 R 77 R jeR e R suchthat (v* A, 1, 77,7, 5,0) be a
global maximum of the VC-MWD(x*). Hence,

fO&H =M. (3.24)
Since x* € X and (y*, &, it, 1, 7%, 5, ¥) € Syw, it follows that

gG(xH <0 >0 i=12....,m,
hj(x*)=0 ﬂjGR j=1,2,...,p,
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~H(x") <0 #1>0 iel(x",
—~H(x*)=0 7' eR ielpx),

Gi(x") >0 77 =0 i€,

Gix*) =0 7if =0 i€ lpo(x*) Uk,
Gi(x*) <0 7% >0 ielp—(x*)Uli_(x%).

By (3.20), it implies that

m

Z igi(x )+Zu,h (x )—Zfz,”H(x )+ZnGG (")

<Zx,g,<y )+Zu,h (y )—Zﬁ,HH(y )+ZnGG C)

Combining the quasiconvexity of Z rigi()+ Z ihi()— Z nHH,( )+ Z GG ),
i=1 j=1

one has

m

O ki gz(y)+ZM,Vh (y)—Zn,HVH(y)JrZﬁGVG(y)x—y> 0.

i=1 j=1 i=1 i=1
Using the above inequality and the first equation in (3.20), one has
(VLSO x*=y") = 0.
By the strictly pseudoconvexity of f, it implies that
FG&H > FG,
This is a contradiction to (3 24) and hence the result is proved.
(2) By using x* € X, (y*, * o, 8,79, 5, 0) € Syw (x), it follows that
(") < gy el ("),
hi(*) =hi(y) j €l (&) UIL (9,
— Hi(x*) < —H;(y*) i€ [, UIf (") Ui UL (") Ul ("),
—Hi(xY) = —H;(Y) il @),
Gi(x") = Gi(y") i e i @) UILTEM,

In view of the quasiconvexity of g;(i € I;(x*)),hj(j € I}f(x*)),—hj(j IS
I, (x%), —H; (i € I] (x*)UIT_(x*) Ul (eI (UL (x*), H (i € Ip, (x*)), Gi(i €
IIyaHue I++(x*)) it implies that

(Vai(y*),x* —y*) <0, ielf(x"),

(Vhj(y"),x* —y*) <0, jel5x"),

(Vhj(y*),x* =y*) =0, jel, (x%),
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—(VH; ("), x* — y*
—(VH;(y"), x* = y*
(VGi(y"), x* —y*) <0, i€ llf(")UIite®,

i€ lf(*) UIT_ (") U™ U IE (%) U I (),

507 -+
>0,

~  ~

i€ Ig, (x),

From the above inequalities and (2.3), it follows that
m p 1 I
<Z MV + Y VRN = Y AIVH () + ) i VGi(yh), x* — y*> <0.

i=1 j=1 i=1 i=1

Combining the above inequality and (3.20), one has

(VL™ x* = y") = 0.
By the strictly pseudoconvexity of f, it implies that
FG5 > fO5

This is a contradiction to (3.24) and hence the result is proved.

In order to verify the validity of the new Mond—Weir type dual, we continue to consider
(3.18).

Example 2 For (3.18), its new Mond—Weir dual model is given by
max f(y) = yi + 3
st VLG nff nf) = @y + a7, 2 = aih' =0,
Gy =nfy =0,
Ny =vixa, v >0,
— i Hi(y) = —nf'y2 2 0,

nfh = p1 —vixi, p1 > 0.

(3.25)

(D Letx* = (0,07 € X, (»*, nf, n¥, p1,v1) = (0,0,0,0,0) € Syyw one has
FGH=0= 10"
It can be verified that the hypothesis of Theorem 3.8 hold, since the positive definiteness

of VZL(y, n{", an) = . Taking into account (3.18), x* is a global minimum of (3.18).

20
02
So, Theorem 3.8 is verified.

(2) We can get y; = —%n]G, Vo = %n]H by (3.25), one has

I 62 1 42
L. 0Py = fO) =l i) +0f Gi(y) = =g = g™ <0,

which implies that

fo) < Hi(y) — 1P Gi(y),

combining (3.25), one has f(y) < 0. Since f(x) = )cl2 + x% > 0, we can get f(x) > f(y).
Theorem 3.6 is verified.

(3) We can obtain that (3.18) satisfy VC-LICQ, since VH; = (0, DT, vG, = (1,07, So
we obtain that (3.18) satisfy VC-ACQ. By Theorem 2.1, there exist Lagrange multipliers
17{'1, r;lG, P1, V1 € R such that (0, nf’, an, p1, v1) is a feasible point of the VC-MWD(0).
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Taking into account f(y) <0, (0, n{{, n?, p1, v1) is a global maximum of the VC-MWD(0)
and Theorem 3.7 is verified.

4 Conclusions

In this paper, we have formulated new Wolfe and Mond—Weir type dual models to the MPVC
and have established the weak, strong, converse and restricted converse duality results under
the assumptions of convexity, strict convexity, pseudoconvexity, strict pseudoconvexity and
quasiconvexity. Also, the validity of the results is verified by an example. As the future work,
some other dual models for the MPVC, like the mixed type dual, may be investigated by
relaxing the convexity and generalized convexity assumptions.
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