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Abstract

In this article, a mathematical programming problem under affinely parameterized uncer-
tain data with multiple objective functions given by SOS-convex polynomials, denoting by
(UMP), is considered; moreover, its robust counterpart, denoting by (RMP), is proposed by
following the robust optimization approach (worst-case approach). Then, by employing the
well-known e-constraint method (a scalarization technique), we substitute (RMP) by a class
of scalar problems. Under some suitable conditions, a zero duality gap result, between each
scalar problem and its relaxation problems, is established; moreover, the relationship of their
solutions is also discussed. As a consequence, we observe that finding robust efficient solu-
tions to (UMP) is tractable by such a scalarization method. Finally, a nontrivial numerical
example is designed to show how to find robust efficient solutions to (UMP) by applying our
results.
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1 Introduction

Consider the following mathematical programming problem with multiple objective func-
tions:
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(MP)  min (fi(x),.... fp(x))
st. gi(x) <0,i=1,...,m,

where f; : R" — R, j =1,...,p,and g : R" — R, i = 1,...,m, are convex
polynomials.

e If p = 1, the model problem (MP) deduces to a scalar one, and admits a hierarchy of
semidefinite programming (SDP) relaxations, which is the well-known Lasserre hierar-
chy of SDP relaxations. More broadly speaking, the Lasserre hierarchy of SDP relaxations
is often used to solve nonconvex polynomial optimization problems with compact feasi-
ble sets (Lasserre 2009a, b), and it has finite convergence generically as shown in Helton
and Nie (2010). In particular, if the involving functions are SOS-convex polynomials (see
Definition 2.1), then (MP) enjoys an exact SDP relaxation in the sense that the optimal
values of (MP) and its relaxation problem are equal; moreover, the relaxation problem
attains its optimum under the Slater condition (Lasserre 2009b, Theorem 3.4).

e If p > 2, and the involving functions are SOS-convex polynomials (the reason why we
consider SOS-convex polynomials is that deciding whether a polynomial is SOS-convex
or not can be equivalently rewritten as a feasibility problem of a semidefinite program-
ming problem, which can be efficiently validated), Lee and Jiao (2018) contributed an
article on how to find efficient solutions of (MP) by employing the e-constraint method,
which is a scalarization technique, i.e., solving a scalar objective problem, where one of
the objective functions is minimized while all the other objective functions are bounded
from above by means of additional constraints.

On the other hand, the data of many real-world optimization problems are often uncertain
(that is, they are not known exactly at the time of the decision) due to lack of information,
estimation errors or prediction errors. Recently, the robust optimization approach, which
associates an uncertain mathematical program with its robust counterpart, has emerged as a
powerful deterministic approach for studying mathematical programming with data uncer-
tainty; see, for example, Beck and Ben-Tal (2009), Ben-Tal and Nemirovski (1998), Ben-Tal
et al. (2009), Chuong (2016), Doolittle et al. (2018), Ide and Schobel (2016), and Wiecek
and Dranichak (2016) and the reference therein.

Indeed, the robust optimization approach (also known as worst-case approach) is a method
that deals with optimization problems, in which a certain measure of robustness is sought
against uncertainty that can be represented as deterministic variability in the value of the
parameters of the problem itself and/or its solution; see, for example, Crespi et al. (2018),
Lee and Lee (2018), and Wiecek and Dranichak (2016). It is well known that a robust
convex quadratic optimization problem under ellipsoidal data uncertainty enjoys exact SDP
relaxation as it can be equivalently reformulated as a semidefinite programming problem (see
Ben-Tal and Nemirovski 1998). In the same vein, a robust convex quadratic optimization
problems under restricted ellipsoidal data uncertainty can be equivalently reformulated as a
second-order cone programming problem (see Goldfarb and Iyengar 2003).

In this paper, we are interested in the study of finding robust efficient solutions to (MP) in
the face of data uncertainty, where the involving functions are still SOS-convex polynomials.
This model problem under data uncertainty in the constraints can be captured by the following
problem:

(UMP) min (fi(x),.... fp(x))

st gilx,u) <0,i=1,...,m,
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where u; is an uncertain parameter and u; € U; for some nonempty compact and convex
uncertain set; € R%, g; € N, and the uncertain data is affinely parameterized in the sense
that (Jeyakumar et al. 2015)

qi
giCou) = g)()+ Y ulgl ().

r=1
i i+l i i i—t
uj = (u},...,ui’,ui’Jr ,...,uiq‘) €U CRY x R,
where g7, r =0, ..., t;, are SOS-convex polynomialsand g7, r =1, + 1, ..., g;, are affine
8; 8i q

functions, foralli =1, ..., m.
Following the robust optimization approach, the robust counterpart of (UMP) is given by

(RMP)  min (fi(x),..., fp(x))
qi
s.t. g?(x) + Zu;g{(x) <0, Vu; ey, i=1,...,m.

r=1

e For the case p = 1, finding robust optimal solutions, that are immunized against data
uncertainty, has become an important research topic in convex optimization and has
recently been extensively studied in the literature; see, for example, Bertsimas et al.
(2011), Chuong and Jeyakumar (2018), and Jeyakumar et al. (2013) and the references
therein.

e However, in the case of p > 2, as far as we know, it seems that there are not so many
results on finding efficient solutions that are immunized against data uncertainty, notwith-
standing the fact that some results focusing on theoretical research are investigated; see,
for example, Chuong (2016), and Lee and Lee (2018) and the references therein. This
motivates us to contribute the present research paper.

In this paper, we make the following contributions to the robust multiobjective convex
optimization (RMP):

(i) By employing the e-constraint method (Chankong and Haimes 1983; Ehrgott 2005),
we substitute (RMP) to a class of scalar problems, and each scalar problem enjoys a
zero duality gap in the sense that the optimal value of the scalar objective problem and
its associated relaxation problems are equal under the Slater condition and the strict
feasibility condition (see Theorem 3.1).

(ii)) We do the study of finding efficient solutions of (RMP) (see Theorem 3.3 and The-
orem 3.4). A nontrivial numerical example is designed to show how to find efficient
solutions of (RMP).

The outline of the paper is organized as follows. Section 2 presents some notations and
preliminaries. Section 3 states the main results of the paper on how to find efficient solutions
of (RMP). Section 4 provides a numerically tractable example. Finally, conclusions are given
in Sect. 5.

2 Notation and preliminaries
First of all, let us recall some notations and preliminaries. R” denotes the Euclidean space

with dimension n. The non-negative orthant of R" is denoted by R’} . Let S” be the setof n x n
symmetric matrices. For a matrix X € S”, X is positive semidefinite denoted by X > 0, if
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7' Xz > 0 forany z € R”. We denote by S’} the set of n x n symmetric positive semidefinite
matrices. For M, N € §", (M, N) stands for trace(M N).

The space of all real polynomials on R” is denoted by R[x]; moreover, the space of all real
polynomials on R” with degree at most d is denoted by R[x];. The degree of a polynomial
f is denoted by deg f. We say that a real polynomial f is sum of squares, if there exist

real polynomials g¢, £ = 1,...,r, such that f = qu:l q%. The set consisting of all sum
of squares of real polynomials with degree at most d is denoted by 23. For a multi-index
o e N et |a| := Y7 | o, and let N :={a € N" : |a| < d}. x* denotes the monomial

x}"++-x,". The canonical basis of R[x]4 is denoted by
} 2 2 d d\T
vg(x) := (x“)O,ENZ = (L, X0, e, X X, X1X2, e X, X X)) (1)

which has dimension s(n,d) = (”jd). Given a polynomial f € R[x] with vector of
coefficients ( fy), let supp(f) C N" denote the support of f, i.e., the set {o € N" : f, # 0}.
The Newton polytope of f € R[x] is the convex hull of supp(f). Given an s(n, 2d)-vector
y = ()’a)aeNgd with yp = 1, let M;(y) be the moment matrix of dimension s(n, d), with
rows and columns labeled by (1). For example, forn =2 andd = 1,

1 y1,0 Yo1
¥ = Oadgenz = (1, ¥1.0, ¥o.1, ¥2,0, ¥1.15 yo.2)" and Mi(y) = | y1.0 ¥2,0 y1.1
Yo,1 Y1,1 Y0.2

In what follows, for convenience, we denote My (y) 1=, eny, Yo By, where y = (yq )aeNgd
with yg = 1, and for each « € N, B, is an s(n, d) x s(n, d) symmetric matrix, which is
understood from the definition of M, (y).

We now recall the notion of SOS-convex polynomials.

Definition 2.1 (Ahmadi and Parrilo 2012, 2013; Helton and Nie 2010) A real polynomial f
on R” is called SOS-convex if the polynomial

f@) = f) =V x—y)
is a sum of squares polynomial in R[x; y] (with respect to variables x and y).

Observe that an SOS-convex polynomial is convex. However, the converse is not true, which
means that there exists a convex polynomial which is not SOS-convex (Ahmadi and Parrilo
2012, 2013). In addition, the problem which related by SOS-convex polynomials can be
checked numerically by solving a semidefinite program.

The following proposition shows to confirm whether a polynomial can be written as a
sum of squares via semidefinite optimization methods.

Proposition 2.1 (Lasserre 2009a) A polynomial f € R[x]og has a sum of squares decom-
position if and only if there exists Q € Si("’d) such that f(x) = (vg(X)vg(x)T, Q) for all
x e R

Consider a polynomial f € R[x]»g4, and let va (D vg ()T = ZaeNgd x*By.Then f(x) =
ZD!€N'2', Jax® is a sum of squares if and only if we can solve the following semidefinite
feasibility problem (Lasserre 2009a):

Find X € $5"% such that (B, X) = f,, Va € Ni,.
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3 Finding efficient solutions of (RMP)

In this section, we focus on the study of finding efficient solutions of (RMP). Now, let us
recall the robust multiobjective SOS-convex polynomial optimization problem

(RMP)  min f(x) = (fi(x), ..., fp(x))

qi
s.t. g?(x)—i—Zufgir(x) <0, Vu; ey, i=1,...,m.

r=1

Let K := {x € R" : gi(x,u;) <0, Yu; € U;, i € I} be the set of feasible solutions
of (RMP), where I := {1,...,m}. Let 2d := max{degf, ..., degfp, deggi(-, u1), ...,
deggm (-, um)}.

Hereafter, we consider the problem (RMP) with restricted spectrahedron data uncertain
sets (Chieu et al. 2018; Chuong 2017, 2018), which are compact and convex sets given by
foreachi € I,

qi
U = {ui e RY :A?—i-Zquf >0,

r=1
i ti+1 i i —
X (ul!,...,ul.’,ui‘Jr ulq’) e RI x R% ”},
where A7, r =0,1,...,g;, are s5; X s; symmetric matrices with some s; € N.

Now, we recall the notions of (robust) efficient solutions, which can be seen in (Wiecek
and Dranichak 2016, Section 4) .

Definition 3.1 A point x € K is said to be a robust efficient solution of (UMP); equivalently,
X € K is an efficient solution of (RMP), if

fx) = f@) ¢ —RE\(0).

In the present paper, we adopt the famous e-constraint method—one kind of scalarization
methods—to study the problem (RMP). Indeed, the e-constraint method was minutely studied
by Chankong and Haimes (1983) (see also Ehrgott 2005) and improved by Ehrgott and
Ruzika (2008); moreover, it is shown to be an effective method to find efficient solutions of
multicriteria optimization problem.

Now, we substitute (RMP) by the scalar problems as follows:

(RP.,'(E)) min fj(x)
stfile) <ex, k # J,

qi
g?(x)+zu{g,-’(X) <0, Vu; elh, i€l,
r=1

where € € R”. Note that the component ¢ is unrelated for (RP (¢)), the convention involving
it here will be convenient for our later analytic. Foreach j = 1,..., p, let K;(¢) := {x €
K : fir(x) < €, k # j} be the feasible set of (RP; (¢)).
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Let j € {1, ..., p} be any fixed. Then, the corresponding sum of squares relaxation dual
problem of (RP; (¢)) with degree 24 is the following problem:

(RDj(€)) sup y;
ViMoo A,

m. qi
st fj+ Zuk(fk — €+ szfé’f ~vj € Z3y,

k#j i=1r=0

qi
WAD Y arar =0,

r=1
vi €R, e =0, k#j,
W>0, O, A AT AT e RE X RET e I

Thanks to Proposition 2.1, (RD (¢)) can be rewritten as the following semidefinite program-
ming problem:

(SDDj(€)) sup y;
Vi X,
kAL

m  qi
st (fo+ Y m((fido—e) + Y Y a7(gho — v; = (Bo. X).

k#j i=1 r=0

m  qi
P+ Y tk(fida + D Y M (e = (Ba X), a #0,

k#j i=1r=0

qi
040
MWAD+Y MAT =0,
r=1
s(n,d) .
V/GR7X€S+ 5“/](207](#]’
20>0, (W, A AT A e RE xR e 1.

The dual problem of (SDD; (¢)) can be stated as follows:

R*

(SDP; () - inf Z (faYa
TTZi%0 aeNj,
st ) (fidava — e <0,k # J,
aeNj,
> uve + (AL Z0) <0 i€ L r=0.1.....1.
aeNj,
D @eye + (AL Z) =0, i€l r=t;+1,....q,
aeNy,
> YuBa =0, yo=1.

n
aeN;,

Let v(-) be the optimal value of the problem (-), correspondingly. For example, v(RP; (¢))
stands for the optimal value of the problem (RP; (¢)).
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Definition 3.2 For each fixed j = 1,..., p, we say that the Slater condition holds for
(RP; (€)), if there exists X € R" such that

fi(X) —ex <0, k#j, and gi(x,u;) <0, Yu; elU;, i €1

Definition 3.3 We say a strict feasibility condition holds, if for each i € I, there exists
i; € R x R%~' such that AY + Y% a7 AT > 0.

The following lemma, which includes the information on the nonemptiness of solution
set of our problem and will play an important role in Theorem 3.1 (see below), was studied
by Belousov and Klatte (2002).

Lemma 3.1 (Belousov and Klatte 2002) Let f, g1, ..., g&n be convex polynomials on R”".
Let F :={x e R" : gi(x) <0, i =1,...,m}. Suppose that inf,cr f(x) > —o0. Then,
argmin, . f(x) # 0.

Itis also worth mentioning that, recently, Helton and Nie (2010) gave an important property
of SOS-convex polynomials, which also plays an important role in the proof of Theorem 3.1.

Lemma 3.2 (Helton and Nie 2010, Lemma 8) Let f be an SOS-convex polynomial. Suppose
that there exists x € R" such that f(x) = 0and V f(x) = 0. Then, f is a sum of squares
polynomial.

Below, we give a zero duality gap result for (RP;(¢)), (SDD;(¢€)), and (SDP; (¢)), under
the Slater condition and the strict feasibility condition. Note that the proof is motivated by
(Chieu et al. 2018, Theorem 4.3).

Theorem 3.1 For each fixed j = 1, ..., p, if the Slater condition and the strict feasibility
condition for (RP(€)) hold, then

v(RP;(€)) = v(SDDj(¢)) = v(SDP; (¢)).
Proof Let j € {1, ..., p} be any fixed. We first claim that
v(RP;(€)) < v(RDj(¢)).

Let y; := v(RP;(¢)) € R. Since the Slater condition for (RP; (¢)) holds, by the Lagrangian
duality for convex optimization problems (Boyd and Vandenberghe 2004), we see that

yi = Inf {fj00): felo) < e k# . gi(vu) <0.Vuj €Uy, i€ 1)
inf {fj(x): fu(x) < €, k # j, max g;j(x,u;) <0, i el}
xeR” u,'EU,'

= max inf max ¥ (x, u, i, A), 2)
M€R¢71,K€R¢ xeR" ueld

where u = (ui, ..., um) €U :=[[/L, U; and

WO, u 0 = F00 4+ Y () — ) + Y higi(x, )
k#j i=1

Note that g; (-, u;) is convex for each fixed u; and g; (x, -) is concave for each fixed x. Since
U is compact and convex, by the convex-concave minimax theorem (Rockafellar 1970), we

have for each p € Rp_l and A € R,

inf max ¥ (x, u, u, A) = max 1nf U(x,u, i, A).

xeR" u; el; u; €U; xeR
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This, together with (2), yields

yj = max inf W(x,u,u,X).
weRY ™ AR uet ¥ER"

So, there exist jix > 0, k # J, ):,- >0, and u; € U;, i € I, such that

Y= xiélﬂgn fix) + Zﬂk(fk(x) — &)+ Ziigi(x, i;)
[y i=1

Let @(x) = fj(x) + Xz i (fe(x) — &) + 271 Aigi(x, ;) — y;. Since fo, { =
1,...,p,and g;i(-,u;), i € I, are SOS-convex polynomials, so is @ (x). Moreover, since
infyerr @ (x) = 0, by Lemma 3.1, there exists x € argmin, g @ (x) such that @ (x) = 0,
and so, V@ (x) = 0. It follows from Lemma 3.2 that @ (x) is a sum of squares polynomial,
ie,

m
fj-i-Z/:Lk(fk—6k)+25»igi('7ﬁi)—)’jEE%d' (€)
k#j i=1
On the other hand, foreachi =1, ..., m, asu; = (ﬁ}’-~-v’7‘i) €U,
qi
A)+ ) iA] =0, i el ©)
r=1

Let A? := ; and A= ):izll?, iel,r=1,...,q;.Itfollows from (3) and (4) that

fj + Zﬁ«k(fk —€r) + ingi(" i) — Vi

k#j i=1
m qi
= fi+ ) A(fe —e) + ) (gl + Y iiifg)) v
k#j i=1 r=1
m. qi
=fi+ ) mlfe—e)+) ) Mgl —vj€ Ty
k#j i=1r=0
and
B qi . qi B qi
i (A? + Za,m;) =AY+ Y hiiif AT =20A) + ) aTAT = 0.
r=1 r=1 r=1
It means that (v}, /&, A1, .., Am) € Rx RY ' x Ry x R x RY1) x - x (Ry x R} x

Rdn=tn) is feasible for (RD; (€)), where A; := (A?, A}, ce A?i), i € 1.So, we have
v(RP;(€)) = y; < v(RD;(€)).

Moreover, v(RD;(¢)) = v(SDDj (¢)) obviously holds by the construction of (RD; (¢)) and
(SDDj (¢)).

Note that (SDD;(¢)) and (SDP; (¢)) are dual problems to each other. So, by the usual
weak duality for semidefinite programming (Vandenberghe and Boyd 1996), we see that
v(SDD; (¢)) < v(SDP; (¢)).
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To finish the proof of this theorem, it remains to show that v(RP;(€)) > v(SDP; (¢)). Let
x be any feasible solution of (RP;(¢)) and let y; := f;(x). Then fi(x) < €, k # j, and

qi
g, ui) =gl (x) + Y ufgl (x) <0, Yu; €Uy, i €,

r=1

where for each i € I, the compact and convex set U; C R% is given by

i
r=1

4qi
; ti ti+1 i 1 i—t;
Z/{i:{uieRq’:A?+Zquf50, (), ... ul u.’+,...,u;")eR}Fqu’ ”}.

It follows from the strict feasibility condition and the strong duality theorem for semidefinite
programming (Vandenberghe and Boyd 1996) that there exist Z; > 0, i € I, such that
g )+ (A, Z)<0,iel, r=0,1,...,4
g +(ALZ) =0, iel. r=ti+1.....q.
2d I%d)T

Lety := (1,x1,...,x,,,x12,x1x2,.. LXT X . Then we have

i) =" (fave = Vi,

aeN;,
i) —ee =Y (faYe —€ <0, k # j,
aeNy,
and foreachi € I,
g+ (AL Z)= > (& )aYa + (A].Zi) 0. r=0.1,....1
aeNy,
g )+ (AL Zi) = Y (&D)aYe + (A} Zi) =0, r =1; +1,....q
aeNy,

Moreover, ny = ZaeNgd Vo By = Owith yg = 1. So, (y, Z1, ..., Z,,) is afeasible solution
of (SDP;(¢)), and hence, we see that

vi=[i) = Y (faYa = v(SDP;(e)).

n
aeNy,

It means that v(RP; (¢)) > v(SDP|(¢)). Thus, we obtain the desired result. ]

Remark 3.1 In Theorem 3.1, it is worth mentioning that we can prove that v(RP;(¢)) =
v(RD;j(¢€)) under the Slater condition for (RP;(¢)) (the strict feasibility condition is not
necessary) due to the weak duality relationship between (RP;(¢€)) and (RD; (¢)); however,
for the simplicity of the proof of Theorem 3.1, we would omit the detailed proof.

In what follows, we recall a result obtained by Lasserre (2009b), and we will use the result
in the proof of Theorem 3.2; indeed, the result is an extension of Jensen’s inequality to a
class of linear functionals that are not necessarily probability measures when one restricts its
application to the class of SOS-convex polynomials.
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Lemma 3.3 (Lasserre 2009b) Let f € R[x]2q be SOS-convex, and let y = (ya)aeerrd satisfy
vo = 1 and ZaeN’z’d YaBa = 0. Let Ly : R[x] — R be a linear functional defined by

Ly(f) = ZMN% faYa, where f(x) = ZaeNgd fux®. Then
Ly(f) = f(Ly(x)),
where Ly(x) := (Ly(x1), ..., Ly(xy)).

The following theorem provides a way to find an optimal solution to problem (RP; (¢))
from an optimal solution of (SDP; (¢)).

Theorem 3.2 Foreachfixed j =1, ..., p, assume that the Slater condition for (RP; (€)) and
the strict feasibility condition hold. If (y, Z1, ..., Zy,) is an optimal solution of (SDP; (¢)),
then x := (Ly(x1), ..., Ly(xy)) is an optimal solution of (RP(¢)).

Proof Let j € {1, ..., p} be any fixed. Assume that (y, Ziy ... Zy) is an optimal solution
of (SDP;(¢)). Then, we have

3 (f)aFa — e <0, k # J.

aeN;,
> (€eFe+ (A}, Zi) <0, i€l r=01,....1, )
aeN;,
D @eFa (AL Z) =0, i€l r=t+1,....q;, ©6)
aeNj,
> FuBu =0, Fo=1. )
aeNj,

Let (uil, e u?i) € U;, i € I, be any given. Then for each i € I, A? + Zfizl uf A7 > 0.1t
follows from (5) and (6) that

0> Z (g, JaYa + Z (g, YaYa — <Z u’Ar 5 >

aeNy, aeNy,
qi
= Y @aFa+ D u D (8ada ®)
aeNj, r=1 aeN;,

- L)’(gl + Zu gl

Note that foreachi € I, g?+ r’ | u; gl is SOS-convex. Since y satisfies (7), by Lemma 3.3,
we see that foreachi € I,

qi qi qi
Ly (g? + Zufg{) > (g? + Zu?g{) (Ly(x1), . Ly(xa)) = g() + Y ul gl (%).
r=1

r=1 r=1

This, together with (8), yields that

qi
@+ ulgl(® <0, iel. )
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Also, by a similar argument as above, it shows that

Je(X) —e <0, k# j. (10)

So, from (9) and (10), x is a feasible solution of (RP; (¢)) asforeachi € I, (u} . u?i) e U;
is arbitrary. Moreover, by a similar argument as (9), we see that ZaeNgd (faYa = fi(X).
It follows from Theorem 3.1 that

> (f)aFa = v(SDP;(€)) = v(RP;(€)) < f;(¥) < D (f)aFu-
aeNj, aeN;,
Thus, X is an optimal solution of (RP; (¢)). m]
The following proposition, which is called the e-constraint method and plays a key role

for our main result, shows that an efficient solution of (RMP) is related to an optimal solution
of (RP;(€)) forall j =1,..., p with the same €.

Proposition 3.1 (Chankong and Haimes 1983; Ehrgott 2005) A feasible solution x is an
efficient solution of (RMP) if and only if there exists € € RP such that X is an optimal
solution of (RP(€)) forall j =1,..., p.

Now, we give a theorem, which shows that how we can find efficient solutions of (RMP);
also known as robust efficient solutions of (UMP), by using the e-constraint method.

Theorem 3.3 Let X9y € K be any given. Assume that for j = 1,..., p,
X(j) € argmin f;(x) # 0,
xekjEp)
where €(jy := (f1(X(j=1)), .., fp(¥j—-1))) € RP.Then, X(p) is a robust efficient solution of
(UMP).
Proof For j =1,..., p,letx(; € argminxeKj(g(j)) fj(x). Note that foreach j =1, ..., p,

the feasible set of (RP;(€(;))) is as follows:
KiEj) ={xeK: filx) < filk-n), k # j}.

Since foreach j =1, ..., p, x(j) € K;(€(;)),

Je(x) < fi(x-1)s kK # j. (11)
Moreover, since foreach j = 1,..., p, X(j) € argminxeK/_(g(j)) fi(x),

i) < fix) (12)
for any x € K;(€(jy). Since foreach j = 1,..., p, X(j—1) € K(€(})), from (12), we see
that

fiGgy) = fiGg-n), j=1,...,p. (13)

So, by (11) and (13), we obtain
FiGop) = fikp-1) <= fiGw) < fiGo), j=1,...,p. (14)
Hence, we see that for each j = 1,..., p, Xy € K;j(€) S K;(€)). So, we have for

each j=1,...,p,

(X)) > min i(x) > min i(x) = fi(xci).
JiGp) xEKj(E(p))f] xekj(g(j))f’ 1)

@ Springer



814 Annals of Operations Research (2021) 296:803-820

Since, by (14), foreach j = 1,..., p, fj (X)) < fj(X(j)), we have foreach j =1, ..., p,

i) = fi(xj)) and X,y € argmin f;(x).
xeK;j(Ep))
It means that X(,) is an optimal solution of (RP;(€,))) for all j = 1,..., p. Thus, by
Proposition 3.1, we obtain the desired result. O

Immediately, according to Theorems 3.2 and 3.3, we obtain the following theorem, which
shows that finding efficient solutions of (RMP) is tractable under the Slater condition and
the strict feasibility condition.

Theorem 3.4 Let Xy € K be any given. Assume that for j = 1,..., p,
(3Gys ZGD1s - (Z(j))m) € argmin{(SDP; (£(j)))} # 9,

where for each j =1,..., P, E(j) = (fl()f(jfl)), ey fp()?(jfl))) € R? and )E(j) =
(L;(j) (xX1)y.ns L;(j)(xn)). Assume that for each j = 1,..., p, the Slater condition for
(RP; (€jy)) and the strict feasibility condition hold. Then (Ly(p) x1)y .ty Ly(p) (xp)) € K is
a robust efficient solution of (UMP).

Proof Assume that for j = 1,..., p, (3). (Z()1. .-, (Z(j))m) is an optimal solution
of (SDP;(€(jy)). Since for each j = 1,..., p, the Slater condition and strict feasibility
condition hold for (RP;(€(jy)), by Theorem 3.2, foreach j =1, ..., p,

F(jy = (L (1), Ly (¥a)) € argmin £ (x),

xeK; (&)
Thus, by Theorem 3.3, X(p) = (Ly, (x1), ..., Ly, (xx)) is a robust efficient solution of
(UMP). !

Remark 3.2 Let j € {1,..., p} be any fixed, and let k € {1, ..., p} with k # j. Since the
Slater condition for (RP;(€)) depends on the parameter €, it often occurs that the Slater
condition fails for some given €. in order to see this more clearly, let us first consider the
following robust SOS-convex optimization scalar problem

min Si(x)
g (15)
s.t. g,(-)(x) + Zu}g{(x) <0, Vu; ey, i=1,...,m.

r=1

It is worth mentioning that the problem (15) enjoys a zero duality gap in the sense that the
optimal values of the problem (15) and its associated relaxation problems are equal, and
an optimal solution of the problem (15) can be found by solving an associated semidefinite
programming problem under the suitable constraint qualification (Chieu et al. 2018). If ¢
is chosen as the optimal value of the problem (15), i.e., ¢ = fr(x*), where x* € K is
an optimal solution of the problem (15), then we clearly see that the Slater condition for
(RP;(¢)) does not hold, and so, it may not enjoy a zero duality gap between the problem
(RP; (¢)) and its associated relaxation dual problems. In spite of its fault, we still use the
Slater condition, since it is usually easier to check the validity of the Slater condition than
other weaker regular condition, e.g., stability (see Geoffrion 1971). In turn, to overcome
the fault of the Slater condition, we shall give more restrictive assumptions on the objective
functions, e.g., strict convexity (see Lee and Jiao 2018).
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4 A numerical example

In this section, we design an example to illustrate how to find efficient solutions for a robust
multicriteria SOS-convex polynomial optimization problem with a detailed calculation pro-
cess by using our results.

Example 4.1 Consider the following 2-dimensional robust multiobjective SOS-convex opti-
mization problem:

(RMP) min (f1(x1,x2), f2(x1,x2))
st gV, x2) +ulgl(xr, x2) +ulgi(xi,x2) <0, Y(ul,u}) e thy,

gy (x1, x2) + udga(x1, x2) <0, Vul € U,
where

8 2 2 4

f1(x1, x2) = x7 + 2x7 — 2x1x0 + x5, fa(x1, x2) = x| — x2,
0 2, 2 1 2

g1(x1,x2) =x7 +x5 —2, g(x1,x2) =x1, gy(x1,x2) = x2,
0 2 | 2
8> (x1,x2) = 3x7 — 6x1, and g,(x1, x2) = x3.

Here, the uncertain sets U and U/, are given by

2
U = {(u{,u%) eR?: AV + ) ufA] 50}, Uy = {ug eRy:AY+ulAl 50},
r=1

100 001 000 120
where A) = [ 010 |, Al =[000|,A3=[001|,A)=[210],andA} =
001 100 010 001

0-10
—1 00 | . Then, by simple calculations, we see that
0 00

Uy = {(uf,u}) e R*: (u})* + @hH? <1} and th = {u) e R: 1 <u) <3}.

Let (12} , ﬁ%) = (0,0) € Uy, and let i} = 2 € . Then, we see that the strict feasibility
condition holds. In addition, f1, f2, g;, gg , and g% are SOS-convex polynomials, and gll
and g% are affine functions. Moreover, by simple calculations, the robust feasible set K can
be found as follows:

K :={xeR?:gi(x,u1) <0, Yuj €Uy, g2(x,u2) <0, Yus € Us}

(x1,x2) € R? : xf +x3 =2+ max {u{xl + u%xz} <0,
(u},u%)elxil

x3x{ — 6x; + max {upx3} < O}

ué e

{(x1, %) e R* 1 x? +x3 < 1, (x1 — D+ x5 < 1}.
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Now, we substitute (Rfl\\/ITD) by the e-constraint problems as follows:

(RPj(€;))) min  f;(x1, x2)
(x1,x2)€K

sit. fi(x1, x2) < €y, k # J,

where for each j = 1, 2, €;) is given by €(1) := f2(X(0)) and €(2) := f1(X(1)), respectively.
Here, x) € K is given, and x(1) € argminxeK](g(l)) Sfi(x), where Ki()) = {x € K :

H2() = 2(E©))-

We now consider the following sum of squares relaxation dual problem of (RP; (€(}))):

(RDj(€))) sup vy
Voo

2 1
st fi+ Y m(fi —a)+ Y Mgi+ Y Meh—v; € 5§,

k#j r=0 r=0
290 A A 229-ao
02022 =0, [229-2 23 0f=o,
A} )L% A(]’ 0 0 0

vi €R, e >0, k#j, 29,293,210 >0, Al 2? e R.

Since fj + >y ik (fi — €) + Zf:o Mg+ Zi:o Megh—vyj € Z%, there exist real
polynomials g¢, £ =1, ..., r, such that

2 1 r
L)+ fex) — ) + D M gh) + Y Mgh(x) —yj =Y qu(x)*. (16)
(=1

k#j r=0 r=0

Note that, by Proposition 2.1, there exists X € Si(4) (=S f ) such that

2 1
L)+ me(fex) =€) + D Migh(o) + Y ahgh(x) — y; (17)
k#j r=0 r=0
= (us(x)va(x)7, X) Vx € R2. (18)

However, the Newton polytope of the polynomial (17) is easily seen to be the convex hull of
the points (8, 0), (0, 2), (0, 0). It follows from (Reznick 1978, Theorem 1) that the Newton
polytope of g, is the convex hull of the points (4, 0), (0, 1), (0, 0), and so, the polynomials
qe¢ in the sum of squares decomposition of (16) will have at most 6 distinct monomials,
ie., va(x) = (1, x1, x2, xlz, x13, xf)T in (18), further, the full sum of squares decomposition
can be computed by solving a much smaller semidefinite programming problem. With this
fact we formulate the semidefinite programming problems for (RD;(€j))), j = 1,2, as
follows:
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Table 1 Efficient solutions of (m) for given 25 points x(g) € K.

No. X(0) (1) X(1) €2) x : efficient sol.

1 (1.0000, 0.0000) 1.0000 (0.0000, 0.0000) 0.0000 (0.0000, 0.0000)
2 (0.9962, 0.0872) 0.8977 (0.0000, 0.0000) 0.0000 (0.0000, 0.0000)
3 (0.9848,0.1736) 0.7670 (0.0000, 0.0000) 0.0000 (0.0000, 0.0000)
4 (0.9659, 0.2588) 0.6117 (0.0000, 0.0000) 0.0000 (0.0000, 0.0000)
5 (0.9397, 0.3420) 0.4377 (0.0000, 0.0000) 0.0000 (0.0000, 0.0000)
6 (0.9063, 0.4226) 0.2521 (0.0000, 0.0000) 0.0000 (0.0000, 0.0000)
7 (0.8660, 0.5000) 0.0625 (0.0000, 0.0000) 0.0000 (0.0000, 0.0000)
8 (0.8192, 0.5736) —0.1233 (0.0616, 0.1233) 0.0076 (0.0616, 0.1233)
9 (0.7660, 0.6428) —0.2984 (0.1485, 0.2989) 0.0447 (0.1485,0.2989)
10 (0.7071,0.7071) —0.4571 (0.2245, 0.4596) 0.1057 (0.2244, 0.4596)
11 (0.6428, 0.7660) —0.5953 (0.2859, 0.6020) 0.1817 (0.2859, 0.6020)
12 (0.5736,0.8192) —0.7109 (0.3320, 0.7231) 0.2633 (0.3320, 0.7231)
13 (0.5000, 0.8660) —0.8035 (0.5000, 0.8660) 0.3879 (0.5000, 0.8660)
14 (0.4264,0.8192) —0.7861 (0.4264,0.8192) 0.3372 (0.4264,0.8192)
15 (0.3572, 0.7660) —0.7498 (0.3572, 0.7660) 0.2950 (0.3572, 0.7660)
16 (0.2929, 0.7071) —0.6997 (0.3278,0.7113) 0.2547 (0.3278,0.7113)
17 (0.2340, 0.6428) —0.6398 (0.3043, 0.6484) 0.2111 (0.3043, 0.6484)
18 (0.1808, 0.5736) —0.5725 (0.2762, 0.5783) 0.1676 (0.2762, 0.5783)
19 (0.1340, 0.5000) —0.4997 (0.2440, 0.5032) 0.1267 (0.2440, 0.5032)
20 (0.0937, 0.4226) —0.4225 (0.2083, 0.4244) 0.0901 (0.2083, 0.4244)
21 (0.0603, 0.3420) —0.3420 (0.1697, 0.3428) 0.0588 (0.1697, 0.3428)
22 (0.0341, 0.2588) —0.2588 (0.1290, 0.2591) 0.0336 (0.1290, 0.2591)
23 (0.0152,0.1736) —0.1736 (0.0867,0.1737) 0.0151 (0.0867,0.1737)
24 (0.0038, 0.0872) —0.0872 (0.0436, 0.0872) 0.0038 (0.0436, 0.0872)
25 (0.0000, 0.0000) 0.0000 (0.0000, 0.0000) 0.0000 (0.0000, 0.0000)

YL X,
H2,A]

s.it. X1 = —M262—2k?—y1, 2X12 :k} —6)\0,
2X13 = —p2 + AT, 2X1a + Xoo = 2+ A0 + 329,

(SDDj(€(1y)) sup y1

Xos = —1, X33 = 14+1Y + 1), 2X16 + 2Xo5 + Xag = 112,
Xe6 =1, X5+ Xo4 = X34 = X35 = X6 + X45 =0,

X36 = 2X46 + X55 = Xs56 =0,
A 229-ao

0 1
A0 0 A

0,2
0 2933
1,240
)‘1)”1)“1

229 — A
0

0
0

yi €R, X €S9, >0, A{,29, 43 = 0, A{,A] € R,
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(a) o9 ; (b) 09 ;
* *
* *
0.8 . 0.8 o
07+t # ] 07t ]
*
0.6 * : 0.6} i
0.5 * 1 05 1
X9 * €2
*
047 1 041 ]
*
0.3f * 1 0.3F 1
*
0.2t 1 0.2+ 1
*
*

01F 1 011 1

or * 1 or 1

0 01 02 03 04 05 0 01 02 03 04 05
i x

Fig. 1 a Efficient solutions of (1?1\7[?’) at Table 1. b Efficient solutions of (I{I\\/ITD) for given 1000 points

(SDDz(€(2))) sup y2
2, X,
1A,

s.t. X1 = —ui€] —2)»(]) -y, 2X10 = )»{ —6)»0,
2X13 = —1+ A7, 2X14 + Xoo = 21 + A7 + 329,
Xo3 = —p1, X33 = g + A0+ AL, 2X16 4+ 2Xos + Xag = 1,
Xo6 = p1, X15 + Xoa = X34 = X35 = X6 + X45 = 0,
X36 =2X46 + X55 = X56 =0,

0 1 0 0 1
A% 0 Al A 2a9-alo
0,2 0 1 0
02023 =0 22921 2 o]=o0,
A Az g 0 0 0

peR Xest, u1 >0, 20,23,4 >0, A, Af e R.

Solving the above semidefinite programming problems using the MATLAB optimiza-
tion package CVX (Grant and Boyd 2013) together with the SDP-solver SDPT3 (Toh
et al. 1999), we can find optimal solutions for the dual problem of (SDD;(€(j))),
j = 1,2. For example, letting Xy = (1,0) € K and €1y = falxo) =
1, we obtain an optimal solution (y,Zl,Zz) of the dual problem of (SDDj(€(1))),
where

y=(1,0,0,0,0,0,0,0,0,0,0,0,0,0,0),

) 0.6672 —0.0003 —0.0000 ) 0.0000 0.0000 0.0000
Z; ~ | —0.0003 0.06665 —0.0000 |, and Z, =~ | 0.0000 0.0000 0.0000
—0.0000 —0.0000 0.6663 0.0000 0.0000 0.0000
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It follows from Theorem 3.2 that x(1) = (Lj(x1), Lj(x2)) = (0, 0) is an optimal solution of
(RPl(E(l))). Now, let 5(2) =fi ()?(1)) = 0. Note that

Ka(€@2) ={x € K : filx) = fi(xa)} = {(0,0)},

i.e., X2) = (0, 0) is an optimal solution of (RP2(€(1))). It means that x := X(o) = (0, 0) is an
efficient solution of (ﬁi/ﬁ)). In order to find more efficient solutions of (R/l\\/ﬁ’), we give 25
points X (g in the boundary of K, and then we get the efficient solutions of (ﬁf/ﬁ’) in Table 1.
An illustration of the found efficient solutions of (m) is given in Fig. 1a. Moreover, we give

1000 points x(gy in K. The efficient solutions of (R/l\\/ﬁ’) for above points X (o) are described
in Fig. 1b.

5 Conclusions

In this paper, we proved that finding efficient solutions in robust multiobjective optimiza-
tion with SOS-convex polynomials is fractable by using the e-constraint method and the
techniques on SOS-convex polynomials. Notwithstanding the fact that the uncertain set / is
restrict to affinely parameterized data uncertain one, it will be very interesting yet difficult
to investigate the case of more general uncertain set /.
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