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Abstract In this paper, we discuss the index tracking strategy using mathematical program-
ming. First, we use a non-linear programming formulation for the index tracking problem,
considering a limited number of assets. Since the problem is difficult to be solved in rea-
sonable time by commercial mathematical packages, we apply a hybrid solution approach,
combining mathematical programming and genetic algorithm. We show the efficiency of
the proposed approach comparing the results with optimal solutions, with previous devel-
oped methods, and from real-world market indexes. The computational experiments focus
on Ibovespa (the most important Brazilian market index), but we also present results for
consolidated markets such as S&P 100 (USA), FTSE 100 (UK) and DAX (Germany). The
proposed framework shows its ability to obtain very good results (gaps from the optimal
solution smaller than 5% in 8min of CPU time) even for a highly volatile index from a
developing country.
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1 Introduction

Index tracking (index fund) is a passive investment strategy that seeks to replicate the
performance of a market index. This strategy can be used, for example, to form an ETF
(Exchange-Traded Fund—a security that represents an index fund, andwhich, in recent years,
has become popular in Brazil) or to reproduce a market indicator such as inflation (rather
than following a stock index). The decision of an investor in choosing a passive investment
fund is based on the efficient markets hypothesis proposed by Fama (1970) which was also
discussed, for example, by Frino and Gallagher (2001) and Fama and French (2010). When
forming an index fund, the first choice would be to produce an exact replica of the index.
However, the disadvantage of this strategy is that it leads to portfolios with large quantities
of stocks, thereby generating a larger number of transactions and higher costs (Barro and
Canestrelli 2009; Canakgoz and Beasley 2009). Thus, to reduce transaction and management
costs, index tracking funds commonly limit the amount of assets in the portfolio as discussed
by Maringer and Oyewumi (2007), Murray and Shek (2012) and Scozzari et al. (2013)—just
to cite a few.

In the contemporary literature, various methods were adopted in attempting to solve the
index tracking (IT) problem, such as optimization (Konno and Wijayanayake 2001), sim-
ulation and optimization (Consiglio and Zenios 2001), heuristics (Beasley et al. 2003; Oh
et al. 2005; Maringer and Oyewumi 2007; Jeurissen and van den Berg 2008; Guastaroba and
Speranza 2012; Scozzari et al. 2013), cointegration (Alexander and Dimitriu 2005; Dunis
and Ho 2005) and quadratic programming combined with fundamental analysis for asset
selection (Jansen and van Dijk 2002; Coleman et al. 2006). Although these models present
interesting ideas, they were developed and tested oriented to mature markets, such as in the
US, Japan, and in some countries of Europe, where the volatility is relatively lower compared
to developing markets. This paper introduces an attempt to understand the performance of
these index trackingmethods in a developing country, specifically, the Brazilian stockmarket.

In general, index funds limit the number of assets in the portfolio, increasing the concen-
tration risks. Adding higher concentration risks to markets that are not mature might demand
new features of the index tracking model. For instance, in the year 2013, a company called
OGX weighted more than 4% of the most important Brazilian stock index,1 the Ibovespa.
This same company filed for Chapter 11 in the year 2014. This simple example shows the
risks of concentration in a developing country. Furthermore, during periods of increased
market volatility, it would be appropriate to conduct several tests to support decision-making
in relation to rebalancing the portfolio, towards establishing whether it is better for the new
portfolio to have fewer, or slightly more stocks based on tracking forecasts. Again, this
demands a rapid analysis to update the index tracking portfolio. Thus, a method that can
process information in a short period of time gives flexibility in a high volatile environment
in which rebalancing might be more frequent. Moreover, faster computational methods have
an increasing importance in the era of higher frequency trading (Gencay et al. 2001; Aldridge
2009). There is no reason to doubt the use of index tracking for higher frequency trading in the
near future. In summary, although there is a vast literature on the application of mathematical
programming to the index tracking problem, the requirements and difficulties involved in
developing country markets were neglected by the current methods and techniques.

We apply a mathematical model aiming at minimizing the mean squared difference
between return of a portfolio and an index (tracking error minimization) with a limited num-

1 Newspaper: Valor Economico, August 2013: http://www.valor.com.br/financas/3235752/ogx-e-acao-que-
mais-ganha-peso-na-nova-carteira-do-ibovespa.
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ber of assets in the portfolio. As the objective is to solve this problem in a short processing
time and for markets with different levels of volatility, we developed a hybrid approach, com-
bining mathematical programming and genetic algorithm (GA) methods. Since the choice
of the initial generation directly affects the performance and the convergence process of the
GA, fundamental aspects when dealing with highly volatile markets, we designed a simple,
but effective initial solution generator for both speeding up and enhance the solution process
of our hybrid method.

We demonstrate the effectiveness and efficiency of the developed approach by adopting
the Brazilian Ibovespa index as central reference, with a sample of 67 assets for the period
January 2009 to July 2012. Our central goal is to form portfolios containing up to 5 and
10 assets with a CPU time of less than 10min and solutions with a maximum gap from the
optimal solution of around 10%—in line with the results presented in Beasley et al. (2003).
Thus, this study is an extension of Sant’Anna et al. (2014), in which it was demonstrated the
impossibility of forming portfolios containing 20 assets (for this exactly same data sample)
with optimization times shorter than 1h and gaps smaller than 10%. We also apply the
method to the S&P 100 (USA), FTSE 100 (UK) and DAX (Germany) to verify the method
performance when applied to less volatile markets. Tests were performed with out-of-sample
intervals of 20, 60, 120 and 240 business days (basically monthly, quarterly, semi-annual and
annual rebalancing). Finally, to provide evidence of the flexibility of the method, we discuss
an exercise in which the S&P 100 and FTSE 100 are tracked using just assets traded in the
Brazilian market. Based on the results obtained (gaps from the optimal solution under 5%
in 8min of CPU time) even for highly volatile indexes, we can conclude that our developed
method suits both markets with lower volatility (which is the case of the S&P 100, FTSE 100
and DAX) and with higher volatility (which happens specially in stock markets of emerging
countries, such as the Brazilian), being a very competitive method to solve the index tracking
problem.

The contribution of this paper is twofold. On the one hand, we contribute to the solution of
the index tracking problem, offering a hybrid method that solves this problemwith efficiency
and efficacy, without requiring prior knowledge from the index being tracked. On the other
hand, the empirical testing also presents innovations. The method was tested and applied
in an uncommon market and tracking exercises. Overall, we developed a framework that is
able to efficiently generate portfolios that closely follow the behavior of market indexes with
different volatility patterns.

This paper is organized as follows. Section2 presents a brief literature review on index
tracking, emphasizing the contributions of our developed method to the current literature.
In Sect. 3, we introduce the mathematical formulation of the developed model. Section4
describes with details the developed solution approach. Section5 presents the experiments
carried out and the computational analysis of the hybrid solution approach. Finally, Sect. 6
concludes the paper and points out further research on the topic.

2 Literature review

Index tracking optimization has attracted the attention of several researchers in the area
of operations research and computational finance. The initial research works were mainly
directed to formal mathematical formulations of the problem. Konno and Wijayanayake
(2001) developed a non-linear programming model for the problem. Consiglio and Zenios
(2001) were the first authors to develop a hybrid model, employing simulation and opti-
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mization, to follow a composite index of the international bond market. Gaivoronski et al.
(2005) discussed different approaches for index tracking with transaction costs constraints
and control of the amount of assets in the portfolios. These authors demonstrated that the
tracking error is strongly influenced by the amount of assets used and the length of the
out-of-sample intervals. Alexander and Dimitriu (2005) and Dunis and Ho (2005) applied
a statistical cointegration index tracking method, arguing that it tends to form more stable
portfolios over time, with quarterly rebalancing periods providing the best results. Jansen and
van Dijk (2002) and Coleman et al. (2006) applied initially fundamental analysis methods to
select the assets that will compose each portfolio (i.e. portfolio composition is exogenous to
the optimization), then, a quadratic programming modeling is performed.

The importance of using heuristic approaches for portfolio optimization problems with
larger samples and cardinality constraints can be noticed in a number of heuristics’ studies.
Derigs and Nickel (2004) used a heuristic method defined as 2-phase Simulated Annealing
approach for the index tracking problem.Maringer and Oyewumi (2007), Krink et al. (2009),
and Scozzari et al. (2013) focused on a heuristic approach, the so-called Differential Evolu-
tion. These authors employed quadratic integer optimization models with constraint on the
amount of assets in the portfolios. Also, Krink et al. (2009) and Scozzari et al. (2013) cen-
tered their efforts on dealing with specific trading constraints for European markets (UCITS
constraints). Gilli and Schumann (2012) described the use of several heuristics with emphasis
on Threshold Accepting.

Angelelli et al. (2012) and Guastaroba and Speranza (2012) combined linear integer
programming and a heuristic framework, the so-called Kernel Search, for index tracking.
These articles used databases with a total of eight indexes, some of them were employed by
Beasley et al. (2003), and samples comprising up to 2151 assets to compose portfolios with
a maximum of 90 assets.

In a very relevant contribution to the index tracking problem, Beasley et al. (2003) devel-
oped a general formulation for the problem and used GA to solve it. An index tracking
formulation is presented using constraints on the portfolio maximum number of assets,
transaction costs, and rebalancing control. Their solution method is based on “population
heuristic” which takes into account the complexity of the problem and the need for rapid
responses. Tests were carried out using five benchmarks, namely Hang Seng Index (Hong
Kong), DAX (Germany), FTSE (UK), S&P 100 (USA), and Nikkei (Japan), all from devel-
oped countries. Since then, evolutionary heuristics and GA have been applied by several
authors (Oh et al. 2005; Maringer and Oyewumi 2007; Jeurissen and van den Berg 2008;
Ruiz-Torrubiano and Suárez 2009).

Oh et al. (2005) developed a two-phase index tracking algorithm based on GA. The
algorithm’s first step is to select, based on the firms’ indicators, the assets that will be part of
the chosen portfolio. Then, the selected assets are used to minimize the objective function.
A limitation of this study is that it requires extra information such as trading volume, market
capitalization and weight of the industries in the portfolio, not only assets and index returns.
Jeurissen and van den Berg (2008) and Ruiz-Torrubiano and Suárez (2009) developed hybrid
methods, combining non-linear programming and GA. Ruiz-Torrubiano and Suárez (2009)
assessed the performance of the hybrid method on the benchmark problems described in
Beasley et al. (2003). Although good results were obtained for real world problems, the
method presented some convergence problems when the number of assets in the universe
was high.

In terms of contributions, we can start pointing out our developed method additions
to the literature. We designed a hybrid solution method, combining genetic algorithm
and non-linear programming modeling, in the same direction as proposed by Jeurissen
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and van den Berg (2008) and Ruiz-Torrubiano and Suárez (2009). However, our study
presents a different way of measuring the index tracking in comparison with the former
research, without the need of estimating the covariance matrix of the portfolio, a quite com-
plex task (Filomena and Lejeune 2012). Our study is also, regarding some aspects, more
ambitious than the model studied by Ruiz-Torrubiano and Suárez (2009), because it consid-
ers a much wider experimental setting, including comparisons with optimal solutions, which
is not the case in the aforementioned paper. An extra contribution to the literature is the
inclusion of Kernel Search ideas to our method. The initial candidate solution is obtained
by a special designed procedure, as discussed by Angelelli et al. (2012) and Guastaroba and
Speranza (2012), in opposite to the randomly generated method (Beasley et al. 2003; Ruiz-
Torrubiano and Suárez 2009), and the fundamental variables based method (Oh et al. 2005)
applied in the literature on index tracking. Furthermore, we contribute by finding near optimal
solutions requiring very short CPU times. As we have discussed, this might be important not
only in a high-frequency trading environment (Gencay et al. 2001; Aldridge 2009) but also
in developing markets in which volatility may present high variations during a short period
of time. The quality of the heuristic solutions are compared to optimal solutions obtained
from CPLEX, a well-known commercial mathematical package.

Another set of contributions is related to the empirical tests. We targeted our efforts on
an index tracking environment barely explored by the operations research community: the
Brazilian market. To show that our method is not market specific, we also experimented
our model on the S&P 100, FTSE 100 and DAX. Given that our method does not need the
tracking assets to be in the benchmark portfolio, we examined the tracking of the S&P 100
and FTSE 100 with just Brazilian stocks and the US dollar. This exercise is quite relevant,
since it is common for a country to forbid the buying of assets from other countries, due
to strict legislation. This tracking exercise across different markets was discussed but not
presented by Beasley et al. (2003). Furthermore, acknowledging the differences not only on
the models, but also on the data, we provided a rough comparison with the results presented
by Beasley et al. (2003) and Guastaroba and Speranza (2012) for the S&P 100, FTSE 100
and DAX. This should not be taken as a strict comparison, but rather a validation process,
in which results from previous studies are used to give an idea of our model tracking error
performance. The data used in our experiments is available on-line for future comparisons.2

3 Model

In this section, we present the optimization model. Before describing the model, we need to
present the following notation:

rit = daily return of asset i at time t ;
Rt = daily return of the index at time t ;
t = time (each trading day);
T = total of trading in-sample days;
N = set of assets in the sample;
K = threshold amount of assets in the portfolio;
ϑ = minimum error between the portfolio and index at each t ;
θ = maximum error between the portfolio and index at each t .

2 https://www.dropbox.com/s/ws1t6gorp4cvwkx/idx_tracking.zip?dl=0.
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Equations (1) and (2) show, respectively, how the values of Rt and rit are computed based
on the market database (in general, comprised of the index and assets’ average daily returns),
as follows:

Rt = average indext
average indext−1

− 1 (1)

ri,t = average pricei,t
average pricei,t−1

− 1 (2)

Considering this set of parameters, we developed a model based on the objective func-
tion described in Gaivoronski et al. (2005), a well-known reference for the index tracking
problem. The central goal is to minimize the average tracking error (TE) of the portfolio
over all considered in-sample periods, defined in the objective function as the variance of the
difference between the returns from the portfolio relative to the index. There are two decision
variables. Let xi be a continuous variable, indicating the weight of asset i ∈ N in the portfolio
(that is, x represents the composition of the portfolio). Let zi be a binary decision variable,
with zi = 1 if the asset i is included in portfolio, and zi = 0 otherwise. The index tracking
problem can be formulated as a non-linear mixed-integer programming model as follows:

Model NLMIP(N , K ):

min
1

T

T∑

t=1

[ ∑

i∈N
xirit − Rt

]2
(3)

s.t.
∑

i∈N
xirit − Rt ≥ ϑ ∀t ∈ T (4)

∑

i∈N
xirit − Rt ≤ θ ∀t ∈ T (5)

∑

i∈N
xi = 1 (6)

∑

i∈N
zi ≤ K (7)

xi ≤ zi ∀i ∈ N (8)

xi ≥ 0 ∀i ∈ N (9)

zi ∈ {0, 1} ∀i ∈ N (10)

The objective function (3) seeks to minimize the difference between the variance of the
portfolio’s and the index’s returns. Constraints (4) and (5) restrict the difference in return
between the portfolio and the index to a minimum value and a maximum value at each
time/moment t (parameters ϑ and θ ); the purpose of both constraints is to avoid tracking
error peaks over the in-sample period. Constraint (6) states that 100% of the wealth available
should be allocated. Together, constraints (7) and (8) define the maximum number of assets
in the portfolio (parameter K ). Constraints (9) and (10) define the range of the decision
variables.

Coleman et al. (2006) showed that the tracking error minimization problem, with a restric-
tion on the total number of assets, is NP-hard. Since for high volatility markets this problem
should not be solved quickly, we developed an heuristic method to solve the problem.
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4 Heuristic method

As the proposed non-linear mixed-integer program is not likely to be solvable in a reasonable
time for instances of real-world size, we propose a heuristic solution method. The heuristic
decomposes the problem into two intertwined subproblems as follows: (1) To define a subset
Z = {z ∈ N | |Z | = K } of assets that will compose the portfolio; and (2) To define the
weight of each asset xi , i ∈ Z to form a valid portfolio. The first problem is solved using a
GA. The second one is solved using a non-linear programming model with only continuous
variables, embedded into the GA. The next sections described with details the developed
heuristic.

4.1 The genetic algorithm

The genetic algorithm in our heuristic approach has the objective of selecting K assets of the
set N of total assets. We use a natural, compact and efficient encoding. Each chromosome
corresponds to a binary vector I with N positions. Each gene position I [i] = 1 represents
that the asset i is in the portfolio, e.g., asset i ∈ Z , otherwise I [i] = 0. Given the encoding
technique, the genetic algorithm typically consists of an initial population, genetic operations
and fitness evaluation. These elements are presented below.

4.1.1 Initial population

The choice of the initial generation directly affects the performance and the convergence
process of the GA. Algorithm1 presents the specially designed routine to provide an initial
population for the GA, considering the specificities (objectives and constraints) of the index
tracking problem.

Algorithm 1 Routine to generate an initial population
Input: A set of N assets, the number of assets K in the portfolio, counter L , population size P
Output: Initial population of size P , where each individual is a portfolio with K assets

Step 1: Solve model NLP(N , K ) (3)–(6) and (9) and store its solution vector x
Step 2: Select the K + L greater values of xi , and store the corresponding assets i in set B
Step 3: Define the set of portfolios F resulting from the combination of K assets in set B
Step 4: For all portfolios s ∈ F solve model NLP({s}, K ) and store its solution
Step 5: Select the P portfolios with the smallest T E , i.e. smallest result of the objective function, from the(

K + L

K

)
possible combinations.

This routine is quite fast, since model NLP is a relaxed version of model NLMIP, without
the constraints related to the amount of assets—i.e. without constraints (7), (8) and (10)—
therefore containing only continuous variables. The routine is dependent on a new parameter,
counter L , that specifies the number of additional assets to be considered in a portfolio of
size K to introduce diversity in the initial population, avoiding an initial population that
would lead the GA to a local optimum, and resulting in the algorithm stagnation. The value
of this parameter is determined based on experimentation. High values would improve the
initial population, but it will require extra CPU time. Initial experiments suggest values in
the interval [2, 4], depending on the number of assets in the set.
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Fig. 1 Crossover illustration

4.1.2 Genetic operators

Two genetic operators were applied in our heuristic, namely crossover and mutation. These
operators are responsible for introducing diversity in the space of solutions, creating a new
generation at each iteration of the GA.

The main genetic operator in our implementation is crossover. In this operator, two indi-
viduals (parents) are reproduced based on the parameter crossover rate, that defines the
probability that these individuals can be selected to mate. Offspring are produced following
the 1-point order crossover procedure (Jeurissen and van den Berg 2008). For this, one cut-off
point is randomly set, defining a boundary for a series of copying operations. The crossover
operator creates offspring that preserve the order and position of symbols in a subsequence
of one parent, delimited by the cut-off point, while preserving the remaining symbols from
the second parent. Figure 1 illustrates how this operator works. From two individuals, 1 and
2, individual 3 is formed with an initial piece of individual 1 and an end piece of individual
2 (dashed line), and individual 4 is formed with the initial part of individual 2 and the end
part of individual 1.

The resulting individuals generated by the crossover operator can have a number of assets∑
i I [i] �= K , that make this specific individual unacceptable. A feasibility routine was

developed to avoid such situation. In case of an incorrect total amount, some positions are
randomly changed. For instance, in portfolios consisting of 5 assets: if the individual has
six positions equal to 1, one of them will be randomly selected and changed to 0, so that
the portfolio has 5 assets. Analogue operations are carried out for individuals with smaller
number of assets. The feasibility routine also takes care of repetitive individuals, keeping the
population as diverse as possible.

The other GA operator implemented was mutation. Since all individuals suffering muta-
tions are validated, the procedure is quite simple. Each individual has a set of positions altered
from 0 to 1, and another set altered from 1 to 0, keeping the individual with

∑
i I [i] = K .

The changed positions are randomly set. Single and double mutations were implemented.
In double mutations, four genes are changed, not just two. Parameter Num_Mut defines the
option for single (Num_Mut = 1) or double mutation (Num_Mut = 2).

4.1.3 Fitness evaluation

Given a population of individuals, we need to determine a fitness value for each individual,
defining its potential to remains in the population into the generation. The tracking error

T E = 1
T

∑T
t=1[

∑
i∈N xirit −Rt ]2 (Eq.3) would be the natural fitness value of each solution.

However, each individual has only the information of which assets may compose a portfolio,
not the required weights (xi ), necessary to compute TE. To define the assets’ weights, for
each portfolio, model NLP (3)–(6) and (9) is used. Next section describes how this model is
connected with the GA.
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4.2 Algorithm summary

Algorithm2 presents an overview of the hybrid heuristic for the index tracking problem.

Algorithm 2 Hybrid heuristic overview
1: Initial Solution:
2: Generate starting population using Algorithm1
3: j ← 1
4: Genetic Operators:
5: repeat
6: Crossover
7: Validation
8: Mutation
9: Non-Linear Programming:
10: for all individual k ∈ Population do
11: Set Z(k) = {i ∈ N |I [i] = 1}
12: Solve model NLP(Z(k))

13: Set f i tness(k) ← 1
T

∑T
t=1

[∑
i∈Z(k) xi ri t − Rt

]2

14: Elitist Strategy: Select the best P fitted individuals.
15: j ← j + 1
16: until ( j > Num_I teration)

In order to completely define a portfolio, the heuristic combines GA and non-linear math-
ematical programming. As stated before, the GA is responsible for finding the assets in the
future portfolio, applying genetic operator, while the non-linear programming defines the
weight of each asset (defined by the GA) in the portfolio. For each individual k at the cur-
rent population (initial individuals plus the new individual generated through crossover and
mutation), the fitness k is determined by solving a relaxed version of model NLMIP(K , N ),
in which all binary variables are considered implicitly as parameters rather than decision
variables. This relaxed version solves the problem NLP (3)–(6) and (9) over set Z(k), that
contains only the assets of individual k, obtaining the assets’ weights for each portfolio
(xi , i ∈ Z ) and its correspondent fitness value (the result of the objective function). Although
model NLP(Z ) is non-linear, the current commercial mathematical packages are able to solve
this model using very low CPU times due to the reduced number of continuous decision vari-
ables and the absence of an integer constraint. As we are using a minimization problem, the
smaller the fitness value, the better the individual. It should be noticed that, even though we
set K assets to compose each individual, the optimal portfolio might have less than K assets,
since the optimization requires xi ≥ 0.

After a single iteration of the algorithm finishes, the population in the next generation
suffers the elite strategy in order to keep the fixed number of the population. This strategy
selects the P individuals with the smallest fitness.

5 Computational experiments

The tests were performed using an Intel Core i7-3770 @ 3.40GHz computer with 8GB
RAM. The solution approach was coded with C++ programming language using IBM ILOG
CPLEX version 12.6 as the commercial solver. As noted above, this paper proposes to extend
the results obtained in Sant’Anna et al. (2014), in which portfolios to track the Ibovespa index
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were formed with 40, 30 and 20 assets from the same sample of 67 assets that composed the
Ibovespa and that was used in this paper. The results obtained on that occasion demonstrated
not only the quality of the optimization in terms of tracking but also the possibility of using
it in a commercial environment by comparing the results with a Brazilian ETF market asset
(BOVA11). The main idea in this study was to form smaller portfolios, generating benefits
in terms of operating costs without diminishing the quality of solutions.

Section5.1 describes the experimental settings. In Sect. 5.2, we perform a validation
process, through rough comparison, due to different data set, with results reported in the lit-
erature. In Sect. 5.3, we present the main results obtained with the heuristic for the Ibovespa,
verifying the quality of the solutions in terms of their gap responses. Finally, in Sect. 5.4, we
perform additional tests aiming to emulate foreign indexes using only Brazilian assets, in
such a way to explore the flexibility of our method.

5.1 Database and the description of the tests

For the Ibovespa, the sample consisted of 67 assets out of 69 that were quoted on the Ibovespa
index fromMay to August 2012. For the S&P 100, the sample consisted of 97 assets. For the
DAX index, we used 30 assets, and for the FTSE 100, we used 96 assets. Historical prices
for Ibovespa and S&P 100 were obtained using Economatica database; historical prices for
DAX and FTSE 100 were obtained from Bloomberg database. Each set of assets contains
871 daily stock price observations, adjusted for dividends, stock splits, etc.—therefore, we
have 870 observations of daily returns. For the Ibovespa, price range goes from Jan 2009 to
July 2012; for the remainder three indexes, price range is from Jan 2009 to June 2012.

For the tests, we adopted T = 150 (in-sample period), which corresponds to the use of
historical prices of 150 trading days for the optimization (range of 7–8months), to form a
portfolio that will be further employed to estimate the behavior of the market index in the
following days. This is in accordance with Gaivoronski et al. (2005) who recommended
longer in-sample intervals in order to form more stable portfolios. Each formed portfolio
had its return projected on the n subsequent trading days. In these projections, n is equal
to 20, 60, 120 and 240 (i.e. monthly, quarterly, semi-annual and annual rebalancing). Thus,
to form the first portfolio with n = 60, for instance, we used the data in the interval 1 ≤
t ≤ 150, and the portfolio was projected on the interval 151 ≤ t ≤ 210. The second
portfolio will be formed with data from 61 ≤ t ≤ 210, and the portfolio was projected in
the interval 211 ≤ t ≤ 270, and so on. Overall, 36 portfolios were formed for n = 20;
12 for n = 60; 6 for n = 120; and 3 for n = 240. Considering T = 150, the projection
of the portfolios in rolling horizon started in Aug/2009 for all tested indexes, while the full
projections finished in July/2012 for Ibovespa and in June/2012 for S&P 100, FTSE 100 and
DAX.

As an illustration, Fig. 2 presents the cumulative returns for the Ibovespa and the S&P
100 from Jan 2009 to July 2012. It should be noticed the difference in the volatility between
Ibovespa and S&P 100, which emphasizes our goal of using the proposed solution method
to solve the index tracking problem in several markets, with different volatility patterns.

The objective of the heuristic was to form portfolios containing 5 and 10 assets for the
Ibovespa, and portfolios with 10 assets for the S&P 100, FTSE 100 and DAX indexes. Based
on Beasley et al. (2003) and Oh et al. (2005), the runtime of the algorithm was defined at
around 5min (specifically between 4.5 and 5.5min), while we expect to get answers with an
average gap of below 10%—this is the runtime for Initial_Test and Tests 1 and 2 described
in Table1. Subsequently, the time was increased to around 8min (specifically between 7.5
and 8.5min)—runtime for Test 3 also described in Table1—in order to obtain solutions with

123



Ann Oper Res (2017) 258:849–867 859

Fig. 2 Cumulated returns of S&P 100 and Ibovespa, from January 2009 to July 2012

Table 1 Description of the
parameters adopted in the tests

Portfolio size 5-Assets 10-Assets

Initial_Test

P 20 20

Crossover rate 1 1

Mutation rate 0.85 0.85

Num_Mut 1 1

Num_Iteration 30 25

Test 1

P 15 15

Crossover rate 1 1

Mutation rate 0.85 0.85

Num_Mut 1 1

Num_Iteration 35 30

Test 2

P 10 10

Crossover rate 1 1

Mutation rate 0.90 0.90

Num_Mut 2 2

Num_Iteration 50 45

Test 3

P 20 20

Crossover rate 1 1

Mutation rate 0.80 0.80

Num_Mut 1 1

Num_Iteration 50 45

a gap of less than 5% (which is a standard gap used in other portfolio optimization studies,
such as Filomena and Lejeune 2014).

Table1 describes the four different tests that were performed (Initial_Test and Tests 1, 2
and 3) and their respective parameters. Initial_Test is the base scenario with a computational
time of around 5min (runtime strictly between 4.5 and 5.5min, as mentioned above). In Tests
1 and 2, parameters P and Num_Iteration were jointly changed and the computational time
remained within 5min. For Test 3, parameter P was maintained within the same value as
in Initial_Test and the parameter Num_Iteration was increased, therefore the computational
time was increased and set to around 8min (strictly between 7.5 and 8.5min). The Mutation
Rate and Num_Mut parameters were randomly set in Initial_Test and then changed, being
increased in Test 2 as an attempt to form portfolios with greater diversity among individuals.
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Table 2 Rough comparison with
Beasley et al. (2003) and
Guastaroba and Speranza (2012)

N* = sample size;
C** = portfolio size

Index N* C** C/N TEB (%) Rebalancing

Beasley et al. (2003)

DAX 85 10 0.12 0.2049 –

FTSE 100 89 10 0.11 0.0958 –

S&P 100 98 10 0.10 0.1032 –

Guastaroba and Speranza (2012)

DAX 85 10 0.12 0.2048 –

FTSE 100 89 10 0.11 0.0958 –

S&P 100 98 10 0.10 0.1032 –

Developed method

DAX 30 10 0.33 0.0218 Semiannual

30 10 0.33 0.0163 Annual

FTSE 100 96 10 0.10 0.0214 Semiannual

96 10 0.10 0.0163 Annual

S&P 100 97 10 0.10 0.0237 Semiannual

97 10 0.10 0.0168 Annual

For the optimization model, ϑ and θ were defined to be equal in magnitude, only changing
their sign. The values were maintained at ϑ = −0.01 and θ = 0.01 (i.e., 1% in module).
This was the smaller interval we could find. For smaller intervals between these parameters,
no solution was found for some portfolios. For the tests across different markets that involved
Ibovespa, S&P 100 and FTSE 100 (which will be further explained), ϑ and θ were altered
to 5% in module, since the model could not be solved with smaller values. We have adopted
crossover rate of 100% in all experiments, so ensuring the generation of a larger amount of
new individuals at each iteration, seeking to avoid local minimum points. For all tests carried
out, counter L (required for generating the initial population) was set to 2. The use of higher
values did not have a significant impact in the results for the market indexes involved in the
experiments.

5.2 Validation

Theperformanceof the developedheuristicwas evaluated comparing the resultswith previous
methods described in the literature. In order to evaluate these performances, we use the same
tracking error definition from Beasley et al. (2003) and Guastaroba and Speranza (2012) as
follows:

TEB = 1

T

[
T∑

t=1

|r pt − Rt |2
]1/2

(11)

where r pt = ∑
i∈N xirit is the return of portfolio p at period t .

Since we formed six portfolios for semiannual rebalancing interval, and three portfolios
for annual rebalancing, the tracking errors for our tests, presented in Tables2, 3, 5 and 6,
correspond to the average TEB of the six (or three) portfolios.

Initially, we ran the developed heuristic towards obtaining the projection of the selected
portfolios considering semiannual and annual rebalancing using the S&P 100, FTSE 100 and
DAX indexes. As an illustration, Fig. 3 compares the performance of the selected portfolios
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Table 3 Ibovespa—results of the Initial_Test (portfolios with 5 and 10 assets)

Out-of-sample interval 10-Asset portfolios 5-Asset portfolios

20 60 120 240 20 60 120 240

Tracking error (TEB )

Average (%) 0.055 0.032 0.024 0.017 0.078 0.049 0.034 0.023

Minimum (%) 0.037 0.025 0.017 0.015 0.046 0.036 0.025 0.022

Maximum (%) 0.088 0.045 0.037 0.021 0.131 0.071 0.052 0.027

Std deviation (%) 0.014 0.006 0.007 0.003 0.023 0.010 0.009 0.003

Monthly turnover

Average (%) 36.142 13.126 7.728 4.141 34.185 15.598 8.862 4.650

Minimum (%) 7.982 6.181 4.298 3.578 1.241 3.878 6.040 3.384

Maximum (%) 81.263 20.067 9.566 4.783 78.719 27.661 13.146 5.706

Std deviation (%) 16.006 5.587 1.912 0.607 20.699 7.859 2.489 1.175

Fig. 3 S&P 100—Test 3: forecast for annual rebalancing

using the S&P 100 index and annual rebalancing interval. The tracking error was, in general,
good, with the model emulating quite closely the market index during the whole out-of-
sample period.We can only notice small tracking errors in twoperiods, inwhich the difference
between the cumulative returns from the portfolio and the index reached −6.5 percentage
points (Oct 10, 2010) and 5.3 percentage points (March 14, 2012).

Next, we performed a predictive validation (Borenstein 1998) with previous reported
results in the literature.We selected the researchworks ofBeasley et al. (2003) andGuastaroba
and Speranza (2012) as references. They used the S&P 100, FTSE 100 and DAX indexes,
forming portfolioswith 10 assets.While inBeasley et al. (2003) andGuastaroba and Speranza
(2012), theDAXsamplewas composed by 85 stocks, our sample contained only 30 assets, due
to structural changes in the index over time. For these validation experiments, we employed
the parametrization defined in Test 3 (see Table1), situation in which the heuristic obtained
the best results in previous tests (as described in Sect. 5.3). It is important to highlight that,
since we do not employ the same databases from the aforementioned studies, this is just a
rough comparison presented as a validation of our algorithm. Table2 succinctly presents the
experimental settings and average TEB values computed by the three research works using
DAX, FTSE 100 and S&P 100 indexes.

From the obtained results in Table2, we can notice that the TEB values slightly decrease
as the rebalancing intervals become larger for DAX, FTSE 100 and S&P 100. Comparing
our results with Beasley et al. (2003) and Guastaroba and Speranza (2012), we obtained
smaller TEB values for all analyzed indexes. Using semiannual rebalancing, we reduced the
average TEB for the DAX, FTSE 100 and S&P 100 indexes by factors of 9.40, 4.48, and
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Fig. 4 Ibovespa—Initial_Test: forecast for semi-annual rebalancing

4.35, respectively. Using annual rebalancing, the reduction factors were 12.57, 5.88, and
6.14, respectively. Particularly for the DAX index, these were expected results, since our
sample size for this index was smaller as presented in Table2. Based on the obtained results,
our heuristic was considered a valid and competitive method for the index tracking problem,
considering market indexes from developed countries.

5.3 Case study 1: Ibovespa market index

Table3 shows the results of the application of Initial_Test parametrization (see Table1) in
the Ibovespa market index, in terms of the TEB and the monthly turnover of the portfo-
lios. The average error decreases as the rebalancing interval is extended, a counterintuitive
result. Nevertheless, average monthly turnover decreases with larger rebalancing intervals,
as expected.

Figure 4 shows the forecast for the Ibovespa tracking with the portfolios with 5 and 10
assets (results for the Initial_Test parametrization) for an out-of-the-sample interval of 120
business days (semi-annual rebalancing). We can observe that the portfolios’ curves are
relatively close to the index’s curve, with the portfolio with 10 assets being the closest (in
accordance with what is seen in Table3) for the 120-period interval: average tracking error
and standard deviation are lower for portfolios with 10 rather than 5 assets.

In order to analyze the quality of the solutions of the heuristic for Ibovespa, we opted to
check the gap of the solutions obtained, considering optimal solutions obtained by CPLEX,
a well-known commercial mathematical package. For this purpose, we adopted a 20-period
rebalancing interval, in which we formed a total of 36 portfolios with 5 assets and 36 ones
with 10 assets. To check the gap, we randomly selected one third of the 36 portfolios obtained
(for each type of portfolio). Gaps from the optimal solutions were calculated using gap =
(OFH/OFO ) − 1, where OFH is the heuristic solution, and OFO is the optimal solution
offered by CPLEX (Guastaroba and Speranza 2012).

Table4 shows the average gap for each of the parametrizations described in Table1. As
already mentioned, runtimes for Initial_Test and Tests 1 and 2 are around 5min, while the
runtime for Test 3 is around 8min. In order to obtain the optimal solutions for each of the
24 portfolios randomly selected (12 portfolios with 5 assets, and another 12 with 10 assets),
CPLEX required on average 7h of CPU time for each portfolio, reaching more than 10 hours
in some cases. Surprisingly, better results were found with a smaller number of assets in the
portfolio, using our method. This fact might be consequence of the Ibovespa volatility or
the in-sample chosen periods. Since GA is a stochastic experimental method, the solution
found is highly dependent on experiments and the set of random variables generated in our
heuristic approach. Therefore, further experimentation may be required towards a conclusive
explanation for this counter-intuitive behavior. Nevertheless, it is possible to point out some
interesting aspects captured by the conducted experiments as follows.
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Table 4 Gap values for the
5- and 10-asset portfolios (with
monthly rebalancing)

Tests Initial_Test Test 1 Test 2 Test 3

Average gap for 10-asset portfolios

Average (%) 7.680 7.950 6.610 3.780

Minimum (%) 3.050 0.000 0.000 0.000

Maximum (%) 17.580 19.710 17.020 7.860

Std deviation (%) 4.050 5.630 6.450 2.210

Average gap for 5-asset portfolios

Average (%) 2.440 4.020 4.710 1.050

Minimum (%) 0.000 0.000 0.000 0.000

Maximum (%) 15.130 23.020 15.660 4.730

Std deviation (%) 4.440 6.720 6.340 1.690

In the case of 10 assets, the gaps were larger in the Initial_Test; however, the average value
remained at 7.68%, with a minimum gap of only 3%. The gap was above 10% for only 2
of the 12 tested portfolios (maximum gap 17.58%). In the case of portfolios with 5 assets,
we obtained an average gap of only 2.44%. Furthermore, the algorithm provided optimal
solutions in 7 of the 12 test cases. Although the maximum gap found was 15.1%, there was
only one portfolio with a gap bigger than 10%.

For portfolios with 5 assets, using settings defined in Tests 1 and 2, changes in the para-
meters did not significantly influenced the solutions provided by the algorithm. The average,
maximum and standard deviation values of the gaps increased in Tests 1 and 2, which tends
to imply larger tracking errors. Thus, we observed an advantage in the Initial_Test results,
which suggests that the use of a larger population tends to produce better results. Test 3 out-
performed all other parametrization settings. This result was expected, since a higher CPU
timewas offered to this situation. The average gap decreased to only 1.05%,with amaximum
gap below 5%, and the optimal solution was obtained in 8 out of the 12 test cases.

For 10-asset portfolios, in relation to the Initial_Test parametrization, the average gap
varied in contrasting directions in Tests 1 and 2. In Test 1, the average gap increased; while in
Test 2, the average gap decreased. However, there was an increase in the standard deviation
of the errors. Thus, we concluded that these altered parameters did not significantly influence
the heuristic results. Test 3 also obtained the best results for 10-asset portfolios. The average
gap was only 3.77%, with a maximum gap below 10%; that is, all the 12 generated portfolios
had a gap below 10%, and the heuristic provided optimal solution for 1 of the 12 test cases.
We observed again that a small increase in processing time is able to have a significant impact
on the solutions.

Table5 presents the results applying the developed heuristic for the Ibovespa index, con-
sidering analogue experimental conditions described in Sect. 5.2 and semiannual and annual
rebalancing intervals. The main difference is in the higher relation C

N , since Ibovespa has a
smaller number of assets in its portfolio relative to FTSE 100 and S&P 100. Analyzing the
results for our heuristic method, we can see a rather higher tracking error for the Ibovespa
index than for the S&P 100. These are expected results given that the former presents a higher
volatility than the latter.

However, considering that the gaps of the solutions of the algorithm indicate that these
solutions are at least close to the optimal responses, we can conclude that it is rarely possible
to conduct tracking of the Ibovespa index specially using portfolios of only 5 assets (at least
considering longer rebalancing intervals). Intuitively, tracking an index with only 5 assets
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Table 5 Ibovespa reults with
semiannual and annual
rebalancing

N* = sample size;
C** = portfolio size

N* C** C/N TEB (%) Rebalancing

Ibovespa index—10-asset portfolios

67 10 0.15 0.0240 Semiannual

67 10 0.15 0.0172 Annual

Ibovespa index—5-asset portfolios

67 05 0.07 0.0343 Semiannual

67 05 0.07 0.0235 Annual

generates higher concentration risks. Any abnormal behavior in one of this 5 assets should
create great impact in the portfolio. Also, we can see that the error for the Ibovespa index
increases considerably from 10 to 5 assets. For 10 assets, we can compare the Ibovespa
results with those obtained for markets with lower volatility, such as the S&P, and the
FTSE 100 (see Table2). This is a significant result, considering the volatility of the Ibovespa
index.

5.4 Case study 2: emulating other indexes using stocks in the Brazilian market

Finally, we formalized two tests for index tracking across different markets. To do so, we
opted to use Brazilian assets (that compose the Ibovespa sample) to follow FTSE 100 and
S&P 100 indexes. From an economic viewpoint, the possibility of following a foreign index
(from a mature market) using Brazilian assets (an example of emerging and more unstable
market) should be considered important not only as a possibility to emulate assets not locally
available but also as a hedge operation. Through the use of a portfolio capable of tracking
a mature market, the investor is able to diversify the risks of the market in which he/she is
inserted.

Computational tests were performed using the 67 assets that compose the Brazilian sample
plus the US Dollar currency exchange quotation. The US Dollar price series was extracted
from Economatica (the same database in which we obtained stock prices series for the assets
that compose the Ibovespa). The inclusion of the US Dollar in our sample is relevant since
we are now attempting to track foreign indexes. We could have used another currency, like
the Sterling Pound, specially to help with the FTSE tracking. However, differently from the
US Dollar, there is no structured and liquid market for the Sterling Pound in Brazil. Thus,
the US Dollar was selected not only by being the currency in which the S&P 100 is quoted,
but also as a way of connecting Brazil and its risks (country and currency risks) to the rest
of the world.

In order to perform this experiment, we need to introduce the following small changes
in model NLMIP(N,K), to allow not only long, but also short positions in the portfolio:
(1) we eliminated constraints (9), towards accepting short positions in our portfolio; and
(2) we must consider the absolute value of xi in constraint (8), replacing this constraint by
|xi | ≤ zi ,∀i ∈ N . The latter alteration was a relevant practical adjustment, allowing our
model to achieve better tracking results specially in periods in which Ibovespa and FTSE
100/S&P 100 aremoving in opposite directions. The new formulation ofmodel NLMIP(N,K)
was then used in Algorithms1 and 2.

Table6 presents the results for the tests performed using assets in Ibovespa to track S&P
100 (“Ibovespa-S&P 100”) and FTSE 100 (“Ibovespa-FTSE 100”), considering semiannual
and annual rebalancing. The results for both indexes were very similar, with a slight better
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Table 6 Results for the tests
across different markets: using
Ibovespa to track FTSE 100 and
S&P 100 (semiannual and annual
rebalancing)

N* = sample size;
C** = portfolio size

N* C** C/N TEB (%) Rebalancing

Ibovespa-S&P 100

68 10 0.15 0.0898 Semiannual

68 10 0.15 0.0650 Annual

Ibovespa-FTSE 100

68 10 0.15 0.0834 Semiannual

68 10 0.15 0.0592 Annual

average TEB for the FTSE 100. As in previous sections, longer rebalancing intervals resulted
in smaller TE values.

Analyzing the results for both indexes, larger average TEB values for both semiannual and
annual rebalancing periods were obtained in comparison with the results presented in Table
2. This was an expected result, given the high volatility discrepancy between Ibovespa and
S&P 100/FTSE 100 indexes (see Fig. 2 for an illustration). In addition, it seems reasonable
to accept that a practical ETF composed by Brazilian stocks aiming to track a foreign index
should necessarily accept larger tracking error values over time. Therefore, we consider the
results obtained in both tests quite promising.

6 Conclusions

In this study, we applied an index tracking model with controlled number of assets to several
market indexes, with different volatility patterns. Considering the tight constraint on the
amount of assets to constitute the portfolios, this problem has already been proved to be an
NP-hard problem. As a consequence, we presented a hybrid heuristic approach to solve the
problem, combining genetic algorithm and non-linear mathematical programming method.

Initially, we validated our method, using results from benchmark methods described in
Beasley et al. (2003) and Guastaroba and Speranza (2012) with respect to S&P 100, FTSE
100, and DAX indexes. The obtained results demonstrated that our method is competitive
with these aforementioned studies, giving the different computational settings of the per-
formed experiments. Next, we applied the heuristic approach for the Ibovespa. The central
objectives of forming portfolios containing 5 and 10 assets with solutions gaps below 10%,
and processing times of about 5min were achieved. Also, by increasing the time to about
8min, it was possible to obtain responses with an average gap below 5% for both 5 and 10-
asset portfolios, thus providing strong evidence to suggest that the heuristic provides good
quality solutions. With the heuristic, it was possible to form portfolios combining a small
number of assets, short-length processing times, and average gap values below 10%, com-
paring with optimal solutions obtained by CPLEX. Also, with a slightly longer processing
time, about 8min, the average gap obtained was below 5%.

In practice, the set of financial analysts would run the heuristic several times in one day,
with different parametrizations and data scenarios, towards setting up the position of the
new portfolio, especially in situations involving abrupt market movements. We consider that
8min is still an appropriate time for real-world environments. Obviously, processing times
above 8min should lead to higher quality answers in terms of gap. However, new tests (with
higher computational time) were not performed since 8min were enough to obtain solutions
with average gap below 5%, as initially expected.

123



866 Ann Oper Res (2017) 258:849–867

Furthermore, we performed tests in an attempt to employ index tracking across different
markets. Theobtained resultswere quite promising, emphasizing theflexibility of ourmethod.
The developed solution approach was able to make it possible to emulate FTSE 100 and S&P
100 indexes using Brazilian stocks.

Summarizing the experimental results, we can consider the results of the heuristic quite
satisfactory. We got near-optimal responses with a computational time of about 5min for
problems that would require several processing hours to generate optimal solutions. The
results of the experiments also confirmed that the heuristic has fulfilled the proposed objec-
tives both for high and low volatile market indexes. Actually, the developed method is quite
competitive with previous related methods for mature market indexes, considering simul-
taneously efficiency and efficacy, with the advantage of being tested and validated for less
stable, and therefore, more volatile market indexes. As a consequence, we believe that our
method can be applied with success to other developing markets in Latin America, Africa,
and Asia.

Future research proceeds to expand the range of the application of the method to other
market indexes, including multi-market ones, and to improve the effectiveness of the heuris-
tic, introducing more sophisticated techniques in the GA, such as the use of specifically
designed penalty functions to cope with the index tracking problem constraints, increasing
the efficiency of the search algorithm used for optimization.
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