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Abstract In this survey we attempt to give a unified presentation of a variety of results
on the lifting of valid inequalities, as well as a standard procedure combining mixed integer
rounding with lifting for the development of strong valid inequalities for knapsack and single
node flow sets. Our hope is that the latter can be used in practice to generate cutting planes
for mixed integer programs.

The survey contains essentially two parts. In the first we present lifting in a very general
way, emphasizing superadditive lifting which allows one to lift simultaneously different sets
of variables. In the second, our procedure for generating strong valid inequalities consists
of reduction to a knapsack set with a single continuous variable, construction of a mixed
integer rounding inequality, and superadditive lifting. It is applied to several generalizations
of the 0—1 single node flow set.

Keywords Lifting - Mixed integer rounding - Single node flow sets

1 Introduction

Considerable work has been carried out since the early 1970s in generating strong valid
inequalities using “lifting” as introduced by Padberg (1973). In particular lifting has been
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crucial in developing strong facet-defining inequalities for 0—1 knapsack sets (Balas 1975;
Hammer et al. 1975; Wolsey 1975), and their mixed integer counterpart, called single node
flow sets (Gu et al. 1999; Padberg et al. 1985; Stallaert 1997; Van Roy and Wolsey 1986).
What is more these inequalities have provided effective cuts for 0—1 programs (Crowder
et al. 1963) and mixed O-1 programs (Van Roy and Wolsey 1987), and along with Gomory
mixed integer cuts (Gomory 1960) and mixed integer rounding inequalities (Nemhauser and
Wolsey 1990) form part of state-of-the-art commercial mixed integer programming systems
such as Cplex and Xpress.

Our goal here is to revisit some of this work, in particular that concerning lifting and the
generation of valid inequalities for single node flow sets.

Without being exhaustive, we aim to touch at least indirectly on the work on cover in-
equalities for 0-1 knapsack problems and on flow cover inequalities for single node flow
sets referenced above, work on variable lifting (Padberg 1973; Wolsey 1976) and super-
additive lifting (Gu et al. 2000; Wolsey 1977), work on knapsack problems with integer
and/or continuous variables (Atamtiirk 2003; Ceria et al. 1998; Marchand and Wolsey 1999;
Richard et al. 2002), and on some models generalizing the knapsack and single node flow
sets (Atamtiirk et al. 2001; Goemans 1989; Miller et al. 2003b; Wolsey 1990).

The viewpoint taken is close to that in Gu et al. (1999, 2000) and Marchand and Wolsey
(1999, 2001) dealing with single node flow sets, simultaneous lifting, knapsack sets with a
continuous variable and mixed integer rounding respectively. First we develop fairly general
results on the lifting of sets of variables, and then, turning specifically to single node flow
sets, we show how mixed integer rounding combined with lifting provides a unified and
computationally simple way to obtain many of the valid inequalities for mixed 0-1 sets that
have been proposed in the literature, as well as new inequalities for integer single node flow
sets.

We now describe the contents of this paper, that originally appeared as Louveaux and
Wolsey (2003). In Sect. 2 we take an abstract view of the lifting problem and of the question
how to generate valid inequalities for one set from the valid inequalities of a second lower-
dimensional subset, or of a second higher-dimensional set.

In Sect. 3 we present the problem of lifting a valid inequality to a valid inequality for a
higher dimensional set in some detail. Examples are presented to suggest some new compu-
tational possibilities. We also examine the crucial role of superadditivity in simplifying the
calculations, and allowing simultaneous lifting of several groups of variables.

We then turn to the single node flow set, denoted X" (ny, n,, b, a, u),

o=y x=s<b,

JEN] JENS

xj<ajy; forjeN UN;,

v <uj for j € NJ U N,

xeRY™ yez™, seRL
where ny = |N'|, ny = |N?|,n=ny +ny, b€ Z', a € R", u € Z.. In Sect. 4, we consider
the 0—1 case. Such sets were initially studied as a natural mixed integer generalization of
0-1 knapsack sets, see Remark 2 below, and because essentially every mixed integer row
can be rewritten as a single node flow set, see Nemhauser and Wolsey (1988, p. 286). Here

we show that the standard flow cover inequality derived in Van Roy and Wolsey (1986) can
be strengthened by using mixed integer rounding, and/or superadditive lifting. In addition
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we indicate how the reverse cover/flow pack inequalities of Stallaert (1997) and Atamtiirk
(2001) can be derived as flow cover inequalities by reversing arc directions in the single
node flow set.

In Sect. 5, we consider the general case when the integer variables are bounded, but not
0-1. An integer version of the mixed integer rounding flow cover inequality is derived, and
results of Atamtiirk (2003) for the corresponding knapsack set are used to strengthen the
inequalities.

In Sect. 6 we consider three generalizations of X", and examine to what extent they can
be treated using our standard approach (Atamtiirk et al. 2001; Miller et al. 2003a; Wolsey
1990). We terminate by mentioning a few open questions.

2 Generating valid inequalities from sub- or supersets

Throughout we consider mixed integer sets described by integer (or rational) coefficients of
the form

_ n! n?.
X={zeR| xZ|: Az <b}
with n = n! + n?. Here we also consider a second lower-dimensional subset

Y=XN{z: Cz=¢}.

Below we consider two possibilities: using knowledge about conv(X) to get complete infor-
mation about conv(Y), or using conv(Y) to get partial information about conv(X).

2.1 Valid inequalities from supersets

Remark 1 If Cz <e for all z € X, then conv(Y) is a face of conv(X), and
conv(Y) =conv(X)N{z: Cz=¢e}.

Thus every facet-defining inequality of conv(Y) corresponds to a facet-defining inequality
of conv(X).

In both examples presented below, the superset X is the 0—1 single node flow set XV
withu =1.

Remark 2 The 0-1 knapsack set with a single continuous variable (Marchand and Wolsey
1999)

XCK — {(y,s) €{0,1}" x Rﬂr: Z a;y; sb—i—s}
JEN]
is obtained from the single node flow set X" with n; = n, n, = 0 by setting xj=ajy; for

alljeN1.

Remark 3 The 0-1 single node flow model with some simple bounds (Richard et al. 2002,
2003)
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Fig. 1 0-1 Single node flow set 4
X <= 3y,

X, <= 5y,

XNC:{(x,y,s)eRZ_XZ'_:__rXRL: ZXj—ij§b+s;

JEN] JjeNy

Xj Sajyj, Yj §1f0rj E(Nl \Rl)U(Nz\Rz),XJ* Sa/‘ fOI'j €R1UR2}

is obtained from X" by setting y; = 1 for j € R; U Ry, where r = |R; U R,|.

Example 1 Consider the set XN@3,2,4,3,4,5,2,3),1), or

X1+ X+ x3—x4 —x5<4+s,

x1 < 3y1, Xy <4y, x3 < 5y3, X4 < 24, x5 < 3ys,

xeR}, ye{0,1), seR}

shown in Fig. 1.
Now consider the 01 knapsack set with a single continuous variable X¥

3y1+4y,+5y3 —2ys —3ys <4+s, ye{0,1, seR..
A facet of conv(XK), such as that represented by the inequality
2y1+3y2+4y3 —ya—3ys <3+,
can be obtained directly from the facet
XI—=y1+X2—y2+x3—y3—ya—x5<3+s
of conv(X™) by setting x; =3y, X =4y,, x3 = 5y3 and x5 = 3ys.

Another consequence of Remark 1 concerns the separation problem arising when one
wishes to find a valid inequality for X cutting off a point z*.

Remark 4 1f Cz < e for all z € X and z* satisfies Cz* = e, then z* ¢ conv(X) if and only if
7" ¢ conv(Y).

Thus to solve the separation problem over X, it suffices to solve the separation problem
over Y, and then convert the violated valid inequality for Y into a violated inequality for X.
The latter conversion is precisely the lifting problem that we now consider.
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2.2 Valid inequalities from subsets

Here we ask when a valid inequality for Y can be “lifted” into a valid inequality for X.
We distinguish two cases: either Cz <e for all z € X, i.e. conv(Y) is a face of conv(X), as
above, or not.

Remark 5 1f conv(Y) is a face of conv(X) and 7'z < 7y is a valid inequality for conv(Y),
there exists a vector 72 such that

rlz4+7%e—-Cz) <m
is valid for conv(X).

It is easily verified that the inequality is valid if one takes n]? = —M forall j € N with
M sufficiently large.

On the other hand, when Cz = e cuts through the interior of conv(X), it is known that the
required multipliers may not exist. This is demonstrated by the following simple example.

Example 2 Take the integer knapsack set
X={yeZi: 3y +5n =<2y, <4}

and let
Y=XN{yeR y,=2)={(n,2) € Z3: 3y < 11}

with valid inequality y; < 3. Now if y; + 723(2 — y,) < 3 is a valid inequality for X, the
point (0,4) € X implies 72 > —3/2, whereas the point (7,0) € X implies that 7% < —2.
Thus there is no possible multiplier.

In the next section we consider how to find the multipliers 7> or show that there are
none. However the question is posed a little differently. Specifically, consider introducing
slack variables 1 = e — Cz > 0. Now Y is obtained from X by setting # = 0, and the problem
is to find lifting coefficients 72 so that 7'z + 72 < 7 is valid.

3 Lifting valid inequalities

We consider the mixed integer sets, denoted Z* (b), of the form

T

> Ak <b+s,
k=1 0
ZFeXxt fork=1,...,t, seR”

where A¥ e R™™ fork = 1,..., K, b e R", Xk = {zF € R% x Z": C*zk < ¢k} with ny =
n} + n? is a mixed integer set in R for all k and 0 € X* for k =2, ..., K. Here we study
how to find valid inequalities for ZX (b), starting from valid inequalities for Z'(b).

The simultaneous lifting of variables in blocks was presented by Gu et al. (2000). The
specific calculations required to lift flow cover inequalities with each block consisting of
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two variables (x;, y;) were presented in Gu et al. (1999). The description below is new in
several respects: we reduce to a single case by imposing that the variables are fixed to zero
(z* = 0) which may imply a change of variables, and we show that the structure of the lifting
functions (piecewise linear) and the sets of valid coefficients (polyhedral) is such that the
calculations are well-defined.

The lifting approach consists of the following:

[

Fix zx=0fork=2,..., K.

2. Find a tight valid inequality 7'z! < 7y + vs for Z'(b).

3. Tterations T =2, ..., K. Given a tight valid inequality Z,Z;ll 7*zF < o+ vs for 2771 (b),
lift the variables z* and derive coefficients 7* such that

T—1
Zﬂkzk—i-nfzf <my+vs 2)
k=1

is valid for Z7 (b), or determine that no such 7 * exists.

Relative to the description in Sect. 2, X = ZX(b) and Y = ZX(b) N {(z!,...,25): 22 =
=K =0) = Z'(b).
Below we discuss theoretically how to find valid lifting coefficients 7 fort =2, ..., K,

and then consider cases in which the required calculations may be tractable.
3.1 Lifting: basic theory
We first define a crucial function.
Definition 1 The lifting function ¢* : R” — R! is
k
o) = min{no +vs — Zn’z’: ..., ez - u)}.
=1

Note that for any u € R™ and any (z',...,z") € X' x --- x X, there exists s € R” such
that (z', ..., z5, 5) € Z*¥(b — u), so ¢* () is finite for all u € R™. Also from the definition, it
follows that

¢1 > > ¢K.
‘We also introduce the set
I ={r eR™: mt <¢* (A1) for all t € X*}

of lifting coefficients. For most of the results, it will suffice to consider the case where
K =2.

Proposition 1 If 7'z < my + vs is a tight valid inequality for Z' (b),
nlzl + n212 <my+vs

is valid for Z*(b) if and only if n* € IT>.
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Proof Suppose 72 € IT* and consider a point (z', ¢, 5) € Z2(b). Then
72t < ¢ (A%*) aste X?
<a’+vs—n'z" as(Z,5)eZ'(b-A%)
and so the inequality is valid.
Conversely if 72t > ¢'(A>t) for some t € X2, take a point (7', s) € Z!(b — A%t) with

7lz! = my 4+ vs — ¢! (A%1). Now (z!,t,5) € Z*(b), but w'z' + 7%t > 7y + vs, and the
inequality is not valid. O

We now consider briefly the structure of the functions ¢* and the sets IT*, and whether
the required calculations can be carried out.

Remark 6 ¢*(u) is the value function of a mixed integer program. Thus there exists a finite
set of polyhedra P9 = {u € R": D%u < d7} whose union is R” and vectors (a?, 87) €
R™ x R! such that for all ¢

") =alu+p? forue P.

nl n2
Proposition 2 [f each set X* = {(x,y) e R} x Z*: Cfx + C5y < c*} is a bounded mixed
integer set, then IT* is a polyhedron.

Proof We consider IT>. Now for fixed y € proj,(X?) and fixed region g, with 7 =
(A, pn)el?and t = (x, y) € X2, e [T% if and only if

Ax + py < @ (A%) <af (A%x + A%y) + B

forall u = A%t = A2x + A}y satisfying D7u < d¥, with A? = (A%, A3) and C? = (C?, C3).

In other words 7w € IT? if and only if (A — a9 AT)x + (1 —a? A3)y < B¢ for all x such that
D1 (A%x + A%y) <d1, Clzx <c— szy, x > 0. For fixed y and ¢, the latter set is a bounded
polyhedron in x with a finite number of extreme points {x'}’_,. Thus enumerating over the
finite set of feasible integer vectors y, the finite number of regions g and the finite set of
extreme points, we obtain an explicit description:

n?= {n =\, u): Ax +py <a?(Aix' + Ady) + B4 Vg, y, t}. O

Next if I7? # ¢ and lifting coefficients 7% € IT? have been selected, one needs to cal-
culate the new lifting function ¢?. Rather than calculating it from scratch, it can also be
obtained by updating.

Proposition 3

¢*(u) =min[¢' (u + A’t) — 7’t].
rex?

Proof By definition

qbz(u) = min {no +vs— 'z —7%%
1225

A+ A’ <b+s—ud eX fori=1,25>0}
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= mirzl{rr}in{rro +vs—m'z" AlZ <b+s—u— A’ e X' s =0} —n't}
teX= zls

= min{¢' (u + A%r) — 721},
tsX2{¢ ( ) } 0

Example 3 (The lifting function and the set of lifting coefficients) Consider the set

Sy1+5y2 +5y3 + x4 +2y4 < 12+,
Lys < x4 <3yq,

yi €{0,1} fori=1,2,3, vq €{0, 1,2}, MeRL.

This can be modelled in the form (1) with A' = (5, 5,5), A>=(1,2), b= 12, X' ={0, 1}?,
X2 ={(x4,ys) €RL x ZL: 1ys < x4 <3ys, ys <2}
As valid inequality for Z'(b), we take

3y1 4+ 3y, +3y; <6 +s.

The lifting function ¢! is given, see Fig. 2, by

-3 ifu <-3,
u if —3<u<0,
0 if0<u<?2,
d)l(u): u—2 if2<u<S5,
3 ifS5<u<7,
u—4 if7<u<10,
6 if 10 <u <12,
u—6 ifl2<u.

Now we wish to find lifting coefficients 7% = (A, 1) € IT>. We note that 3 < x, + 2y4 <10
and y, € {1, 2} for (x, y) € X>\ {(0,0)}.

For ys =1, 1 <x4 <3 and thus 3 <u = x4 + 2y, < 5. This just intersects the re-
gion/segment u € [2, 5], and the extreme points are x4 = 1 and x4 = 3.

For y,=2,6 <u = x4+ 2y, <10, and two segments [5, 7] and [7, 10] are intersected
leading to the extreme points x4 = 1, x4, = 3 and x4 = 6.

Fig.2 Lifting function
9
6
3 /—
5 3 3 6 9 12
3

@ Springer



Ann Oper Res (2007) 153: 47-77 55

So I1? is described by the inequalities

I+1p<e'3)=1,
B4 lu<e'(5)=3
2042 < ¢'(6) =3,
342 < (1) =3,
61 +2u < ¢'(10) =6

with extreme points 7 = (—1,2) and 7 = (1, 0) giving the valid inequalities
3y1+3y2+3y3 — 24 +2y4 <12+s and
3y1+3y2+3y3 + 24 <12 +.
3.2 Superadditive lifting

Lifting requires calculation of the lifting function ¢*~! () and then finding a point 7* € IT*
fork =2, ..., K. Calculation of ¢*~!(u) is typically a difficult problem, so in practice there
is a need to reduce the amount of computation. When the lifting function has appropriate
structure, more can be said and the amount of computation can be reduced.

Definition 2 A function F : D — R is superadditive on D C R™ if
Fw)+ F@w) < F(u+v)
for all u, v for which u, v,u + v € D.

Throughout we will assume that D is a cone, so that u, v € D implies u + v € D. We
also limit our attention to superadditive functions that are continuous, with the property that
F(d) = lim,_o 29 exists for all d € D, and with F(0) = 0.

Two classes of functions will be very useful later.

Definition 3 For 0 < o < 1, the mixed integer rounding function F,:R' — R! is defined
by

_ +
Fotdy =141 + 120

where f;=d — |d].

_ This function is superadditive on R! and is shown in Fig. 3. Note that F, exists, and
Fo(d) = min[0, 4]

Definition 4 Suppose that a € RY witha;, >a;, >--->a;, >A>a;,,...a, >0, and let
A = Z;Zl a;; fort <r with Ag =0and A, = cc. Define G, :R! — R by

(]—1))» ifAj_lfquj—)»,j=1,...,r,
Gipy)=1G—DrA+u—(A;—1)] ifA;—rA<u<A;,j=I1,....,r—1,
r—Dri+[u— (A —0] ifA —Ar<u.
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Fig. 3 Superadditive MIR F
function

d
Fig. 4 Superadditive function
Gg,p on R]‘_
9
6
3
u

7 10 14 1718

This function is superadditive on Rﬂr and an instance with a = (10,7,4,2) and A =3 is
shown in Fig. 4. Though we will not use it directly here, superadditive functions are basic
to mixed integer programming as the next proposition indicates.

l’ll l‘l2
Proposition 4 (Johnson 1973; Jeroslow 1979) If XM = {(x,y) e R} x Z,': Ajx +
A,y < b}, F:R" — R! is superadditive and nondecreasing, and F exists, then

1 n2

o 1
Y Flaj)xj+ Y Flay)y; < F(b)
Jj=1 Jj=1

is a valid inequality for XM'?  where ayj and ay; are the columns of Ay and A, respectively.

Now we return to the lifting problem. When the function ¢' is superadditive on some
appropriate cone D, the computation of the functions ¢, ..., ¢X can be avoided.

Proposition 5 If ¢' is superadditive on D, and At € D forall t € X?, ¢* =¢' on D.
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Proof Fort € X?> andu € D,

O+ A% — 7t > ot + A% — ¢l (A%)  as Pt < ¢l (A%)
> ¢'(u) by superadditivity.

On the other hand as 0 € X2, min,cy2[¢' (u + A%t) — n%t] < ¢! (u). Therefore for u € D,
¢*(u) =min,y2[¢' (u + A%t) — 721] = ¢! (u). O

Any function $ < ¢! is called a valid lifting function for X* because m’t < (]3(A2t) for
all t € X? implies that 77'z' + 72z% < 7y + vs is valid for Z2(b). We say that q3 is used for
lifting if 7? satisfies w2t < (]3(A2t) for all r € X%. When in addition dA> is superadditive, more
can be said.

Proposition 6 Suppose that qg <¢'onD and(t; is superadditive on D. If A*t € D for all
t € X? and ¢ is used for lifting, then ¢' > ¢*> > ¢ on D.

Proof As (13 is used for lifting, w2t < (]B(Azt) for t € X>. Now for t € X and u € D,
O'(u+ A%) — %t > ¢ (u + A%1) — Pp(A%1) > ¢(u + A%t) — ¢(A%1) > ¢(u) where the
last two inequalities follow from ¢ < ¢' and the superadditivity of ¢ on D respectively.

Thus ¢ (u) = min,y2[¢' (u + A%t) — 721] > ¢(u) for u € D. O
So ¢3 remains a valid lifting function for ¢, ..., ¢X . Thus if such a superadditive function
¢ is used for lifting, the ordering of the sets X 2 ..., XX and of the calculations is irrelevant,

as shown by the following result.

Corollary 1 If ¢ < ¢' and ¢ is superadditive on D, #*t < $(A*t) and A*t € D for all
teXfandk=2,...,K,then

K
i+ E 74 <o+ vs
k=2

is valid for ZX (b).

Proof If (z',..., 25, s) € ZX(b),

K

k=2 (
K K
<my+vs —¢' (Z Akzk) +¢ (Z Akzk> using superadditivity
<my+vs aquS oL O

It is natural to ask whether functions such as q@ always exist.

Proposition 7 ¢*(u) = min,cpl[¢! (u + v) — ¢! (v)] is superadditive on D, and ¢* < ¢'
on D.
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Proof For u,v e D, u+v e D and so, for some w € D, ¢*(u +v) =¢' (u +v + w) —
¢l(w) =¢1(u+v+w)—¢1(v+w)+¢1(v+w)—¢1(w) > ¢*(u) + ¢*(v). Also ¢*(u) <
' u+0)—¢0)=¢'(u) forallu € D. O

If a superadditive function has been used to generate the initial valid inequality 7'z' <
7o + vs for Z'(b), there is a natural candidate to be used as a valid lifting function.
Proposition 8 Suppose that the initial valid inequality for Z'(b) is of the form

1 2
ny

Y Flaix}+ Y Flay)y} < F(b)

j=1 =1
with F superadditiveAand nondecreasing on R™. Then F ()= Fb)— F(b—u) is a valid
lifting function with F (u) < ¢'(u) for all u € R™.

1 _ 2
Proof ¢'(u) = F(b) — max{Y_;L, Faip)x! + YL, F(a)yl: Alx' + Aly! <b —u,
ﬂl ol nz
@y eRY x ZTy = F(b) = F(b—u) as YL, Flaij)x} + Y01, Faz))y} < F(b—u)
is a valid inequality for Z'(b — u). 0
Now suppose that the MIR function Fj, is used to generate the first inequality.
Remark 7 1f f, =«, I:"(u) =F,(b) — F,(b—u) = F,(u) for all u € R™.

Thus F, is itself a valid superadditive lifting function.

Example 4 (Simultaneous lifting) Consider the initial set X

Sy1+5y:+5y3 +x4 —x5 <4+,
0 < x4 <6y, 0<xs<8ys, ye{0,1, seR}.

Setting x4 =0, y4 =0, x5 =8, ys = 1, we obtain the set ¥
Sy +5y+5y3<12+s, ye{0,1F, seRL

of Example 3.
‘We now rewrite the set X in the form (1).

Sy1+ 5y, + 5y + x4+ X5 —s <12,
01, -y eX', (uyDeX’, (F,y5)eX’, seRl,

where Xs =8 — x5, ys =1 — ys, X' ={0,1}}, A' = (5,5,5), X* = {(x4,y4) € R} x
{0, 1} x4 < 6ya}, A* = (1), X = {(&s, J5) € R! x {0, 1}: 8> %5 > 85}, A* = (1) and
b=12.

Taking the same valid inequality as in Example 3, it is easily checked that its lifting
function ¢' is superadditive on R... As A%t e R} forall t € X? and A%t € R! forallr € X?,
Corollary 1 of Proposition 6 is applicable.
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For the set X2, we have
I = {(A, p): Axs + pys < @' (xy) for (x4, ya) € X7},

and, as shown in Gu et al. (1999), we obtain valid lifting coefficients by taking a support to
the lifting function ¢' over the range [0,6]. There are two extreme solutions (A, i) = (0, 0)
and ()"7 ,LL) = (%s _%)

For the set X3,

I = {(h, p): A¥s + uys < ¢(¥s) for (is, s) € X°}

with unique extreme point (A, u) = (0, ¢(8)) = (0, 4).
So simultaneously lifting on the sets X and X> gives the valid inequalities

3y1+3y+3y3+4(1 —ys) <6+s and

3 3
3y1+3y: +3y; + (ZM - 5)’4) +4(1 —y5) <6+5.

3.3 Further remarks on lifting
3.3.1 The role of the continuous variables s

The inclusion of the continuous variables s in the description (1) of Z¥(b) for all k =
1,..., K simplifies the presentation, but clearly restricts the inequalities that can be ob-
tained by lifting. If the variables s are set to zero and lifted later, we no longer have that
Z¥(b — u) # @ for all u, with the result that ¢* can be discontinuous, and is not defined
everywhere. Calculating ¢* and new coefficients %!, and finding a valid superadditive
function that is superadditive remain difficult problems. The resulting lifting functions ¢*
are potentially stronger, but the final inequality may not be valid until the variables s are
lifted in. Examples of such functions can be found in Gu et al. (1999) among others.

3.3.2 Facet-defining inequalities

We have not discussed at all the question when the lifted inequalities are facet-defining.
The brief answer is that if the set Z'(b) is full-dimensional, the initial inequality is facet-
defining, the exact lifting function is used to define I7* and 7* is an extreme point of IT*
for all k, then the final inequality (2) is facet-defining for ZX (b). When the sets are not
full-dimensional, more conditions are needed. See Oosten (1996) for a detailed study of this
question. Note also that most of the papers cited in the Introduction present conditions under
which the inequalities derived are facet-defining.

4 0-1 Single node flow sets

As indicated in the Introduction, single node flow sets X" are a natural generalization of
knapsack sets and single row mixed integer sets. As suggested in Sect. 2, we can take two
approaches. The first: studying conv(X") in depth and thereby obtaining complete informa-
tion about the special cases Y (the 0—1 knapsack set with a continuous variable XX, or the
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single node flow with simple bounds X" ) is unfortunately still an important challenge. The
second, using knowledge about ¥ = XX to obtain important, but partial knowledge about
the superset XV, is pursued here. The presentation is related to that of Marchand and Wolsey
(2001). Surprisingly we show that by using mixed integer rounding (combined with super-
additive lifting), one obtains inequalities as least as strong as all the flow cover inequalities
for X" proposed earlier.

4.1 The MIR approach

From now on we will use a standard approach to generate valid inequalities for the single
node flow set XV and its variants, which is a minor modification of the c-MIR approach in
Marchand and Wolsey (1999).

Step 1 Using slack variables for the variable upper bound constraints, relax X" to obtain
a knapsack set with a continuous variable XX,

Step 1b (Optional) Fix the values of some variables giving a restricted set
Step 2 Complement certain integer variables—those in an appropriately chosen “cover”.
Step 3 Rescale the row.

Step 4 Generate a mixed integer rounding inequality for XX€ or XX¢=F and rescale the
inequality.

Step 4b If variables have been fixed in Step 1b, calculate the lifting function ¢'. If the
lifting function is not superadditive on some appropriate domain, look for a valid
superadditive lifting function $. Generate a valid inequality for XX€,

Step 5 By complementing again, and eliminating the slack variables introduced in Step 1,
generate a valid inequality for XV,

XKC—F

4.2 The MIR flow cover inequalities

Consider the set X" (ny,n,,b,a,1). We now use the MIR approach described above to
derive basic valid inequalities for this set.

Definition 5 (C;, C,) is a flow cover for XV if

(i CiSN,C,C N
(i) X jec, @ — D jec,@j —b=21>0.

Proposition 9 Suppose that (Cy, C,) is a flow cover, and choose a € ]Rl+ with a > A. Then
the MIR flow cover inequality

S ) R s R )t

J€C) JEL) JEL)
a; a;
<bh R ' —v.) — _ . .
< +Za_, ZAF(ﬁ)U ¥) ZkF( &>y_,+2x_,+s 3)
JEC2 JeCa JEL> JER2

is valid for XN , where (C;, L;, R;) is a partition of N; fori = 1,2 and F = F, witha = ak

Proof Step 1. Starting from the inequality
D x= ) xSbts,
JjeN; JENy
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we introduce variables t; =a;y; — x; for j € C; UL, UC, U L,. Using the nonnegativity
of x; for j € Ry and of ¢; for j € C, U L, gives the relaxation

dooayi— Y ayi— Y xj<b+ Y

jeCiULy jeCrULy JERy jeCiUL

Step 2. Now introducing variables y; =1 — y; for j € C; U C;, we obtain

YAy ayit Y@=y ay S —ht ) x4 Yy i+

jeCy JjeLy jeCy Jj€eLy JjeER jeCiULy

Step 3. We now divide by a > A.
Step 4. Generate the mixed integer rounding inequality giving

L) n G R G nr ()

jeC JjeLy jeCr Jj€eLy
<-14- <s+ E Xj+ E j>.
JERy jeClULy

Step 5. Multiplying by A, and restating the inequality in terms of the original variables gives
the required inequality. O

Remark 8

@) AF(—%) > —max[min[A, a;], a; — (a — A)] with equality fora; <a + A.
(i) AF(—%)=—min[x,a,] fora; <a.
(i) AF (%) > min[max[(a; — (@ — A), 0], ] with equality for a; <2a — A
(iv) AF (%) =max[(a; — (@ —1),0]ifa; <a.

Corollary 2 If a = maxcc, aj, the MIR flow cover inequality (3) takes the form

PR EIEATEARIESNIEDBETEDS [aj - )\F(%)]yj

jeCy J€Ly JEL)
<b+) aj— ZAF( )(l—y,)—ZAF( >y,+2x]+s
JjeCy JjeC JELy JERy

and is at least as strong as the GFC2 inequality (Van Roy and Wolsey 1986)

S a4 Dl = A U=+ Yy — 3 .l )

JjeCy j€Cy Jj€Ly J€ELy
<b+ Y a;j— Y min[x, (a;—@—1)"](1-y)
JjeCy JjeC
+ Z max[a_,- —(a— A),A]yj + ij +s.
jeL, JERy
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Corollary 3 If a = maxjec,n, aj and aj > A for all j € L, the MIR flow cover inequal-
ity (3) takes the form

Z{xj +la;— AT =y} + ij - Z[aj —AF(%)})@

jeC J€ELy J€ELy
a.
§b+za1—ZAF(gj)(l—yj)wLZkyj—l—ij—!—s )
J€C2 J€C JELy JERy

and is at least as strong as the GFC1 inequality (Van Roy and Wolsey 1986)

D x4l —ATA =y} b+ Y a4+ ) ayi+ D xj+s.

jeCy JjeCs JELy JERy
4.3 A strengthened MIR flow cover inequality
Now we strengthen the inequality.

Proposition 10 Suppose that (Cy, C,) is a flow cover and a = maxjec,ur, a; > *. Then the
lifted inequality

Sl = AT A=yl + >[5 — @ — 6 @)y

jeCy JjeLy

<b+Y aj— Y ¢ ap—y)— Y dyi+ D Xj+s )

jeCy jeCr Jj€eLy JjERy

is valid for XV, where (C;, L;, R;) is a partition of N; fori =1,2 and ¢' = G, ; on Rﬂr
with a = (a', a™?).
Proof Proceeding as in the proof of Proposition 9, we modify as follows:

Step 1b. Set y; =0for j € Ly and y; =0 for j € Cs.
Step 2. The restricted set takes the form:

—Zajij—Zajyjf—)\-i-ij-i- Z tj+S.
jeCy JjeLy JjERy jeCiULy
Step 3. Divide by a = maXec,ur, 4;-

Step 4. Generate the MIR inequality

— Zmin[k,aj])'/j — Zkyj <—-A+4o0

jeCy J€E€Ly

where o =3, p, Xj 4+ ccur, i+ -
Step 4b. Calculate the lifting function

¢'(u)=min Y min[x,a;15; + Y _ Ay; —A+o,

J€eCi J€ELy
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=D 4= ) ay—o<—h-u

JjeCy JjeLs

v; €{0,1} forjeCy, y; €{0,1} forje€ Ly, 0>0.

It can be shown that on R}, ¢' is precisely the superadditive function G, ; with a =
@1, a’?).
Lift to obtain the inequality

= minfh, a5 — Y Ay + Y Garl@)y;+ Y Gaila))i; < —r+o.

jeC jely JjeL; jeCy

Step 5. Uncomplement variables and substitute for ¢;. 0
Example 5 Consider the single node flow set

X1+ X — X3+ X3+ x5 —x6 < -8+,
x1 < 10y1, x2 <9y, x3 < Ty3, x4 < 16y4, x5 < 55, x6 < 19y,
xe]Ri, SE]RL, y e [0, 1]°.
Taking as flow cover C; = {1,2}, C, = {6}, we obtain A = 10 + 9 — 19 4+ 8 = 8. With

L, ={4}, L, =0, we take a = maxXjec,ur,a; = 10, o = % The resulting MIR flow
cover inequality (4) is

X1 +2(1 =y +x+ 11 —y2) —x3+ x4 — 4y, <11 —15(1 — yg) + 5.

To obtain the strengthened inequality (5), we calculate the lifting function ¢'. With a =
(10,9), 2 =8

0 if0<u<2,

u—2 if2<u<10,
Garw =1¢ if10<u <11,

u—3 ifl1l <u.

As G,.,(16) = 13 and G, (19) = 16, we obtain the inequality

x1+2(L—=y)+xo+ 11— y) —x3+x4 — (16 = 13)y4 < 11 — 16(1 — yg) +
which in this case is stronger than the MIR inequality.
4.4 The MIR reverse flow cover inequality

We now present an explicit expression for the reverse flow cover inequality for this set. This
inequality is obtained by applying the results of the previous subsection to the single node
flow set in which the directions of the flows are all reversed.

Definition 6 (7}, 7») is a reverse flow cover for XV if

) ITEN,ILEN,
(ii) ZjeTl aj — ZjeTz aj—b=—-pu<0.
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Proposition 11 Suppose that (T, T) is a reverse flow cover and a > . Then the MIR
reverse flow cover inequality

3 x4 Z[MF(%’)](I )+ X+ Z[MF<_%)]yj

JjeT J€T J€ELy J€ELy
a; a;
=3 o= Ylareur(=4) o se Dla-nr(%) o T
JjeT jehh a JjeLy a JERy

©)

is valid for XN, where (T;, L;, R;) is a partition of N; fori = 1,2 and F = F, with o = au

a

Corollary 4 If a = max ey, aj, the MIR reverse flow cover takes the form

Soxt Zw(%)a —)+ Y+ Z[uF(—%)]yj

Jjeh JeT JELy J€ELy
a;
< Zaj — Z(aj — M)+(1 — yj) + Z |:£lj — /,LF(gj)]y, + Z Xj+s,
Jjeh JeD J€ELy JERy

and is at least as strong as the inequality

> x4+ Y minfa; — @— w7 ] - y))

Jjeh Jjeh
+ Z Xj— Z max[min(,u,aj),aj —(a— ;L)]yj
JELy JELy
<> a;=) (a—wri-y)
JeT Jeh,
+ Z[max(aj — p,minfa;,a — M})]yj + Z Xj+s,
JeLy JERy

obtained by fixing the variable lower bounds to zero in the inequalities of Stallaert (1997).

Corollary 5 Ifa is large, the MIR reverse flow cover takes the form

ij + Z(xj —pyj) < Zaj - Z(aj —wta —-yj)+ Z Xj+s.

jeh JjeLy jeTy jeh JjeLrURy
4.5 Further remarks

The main difference between the MIR approach proposed here and the ¢-MIR approach
in Marchand and Wolsey (2001) is the role of the cover in determining which variables to
complement. None of the inequalities proposed in this section is really new. In particular
the strengthened MIR flow cover inequality is essentially derived in Marchand and Wolsey
(1999) and can also be seen as a special case of the LSGFCI inequality in Gu et al. (1999)
when there is an unbounded continuous variable. Also as remarked above, the reverse flow
cover inequalities are nothing but flow cover inequalities, and arc reversal was already used
in Van Roy and Wolsey (1987).
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5 Integer single node flow sets

Here we consider the case where the integer variables arising in the single node flow set
are bounded, but not all 0—1. The flow cover inequality proposed below is apparently new.
However the strengthening procedure is that for integer knapsack sets proposed by Atamtiirk
(2003).

5.1 The MIR flow cover inequality

Consider now the set XV (n, ns, b, a, u) with uj > 1 for some j € N. We now derive an
MIR flow cover inequality for this set.
Definition 7 (C;, C,) is an integer flow cover for XV if

@) Cr SN, G C Ny
(ii) there exists k € Cy such that 3, .\ a;u; — > ;cc, aju; < b and there exists unique
values A and n; such that

Qi + Z ajuj — Zajuj =b+A

JECI\k Jj€C

with 0 < A < ay, and n; € Z' with 1 < < uy.

Proposition 12 Suppose that (Cy, C,) is an integer flow cover. Then the integer flow cover
inequality

doxjt@—Nm—yo+ Y, [aj +AF<—Z—Z>}(W -y

JeCi JECI\k
a;
jeL jeLy i
a;
<b+ i — Y AF[ L )(u;—y;
= Zaﬂ‘/ Z <ak>(”/ Vi)
jeCr jeCr
aj
=Y AF( =)y ) xj+s )
: dg :
JjeLy JERy

is valid for X", where (C;, L;, R;) is a partition of N; fori =1,2 and F = F, with o =
ag—A
ap

Proof We again use the MIR approach from the previous section. Starting from the inequal-

ity
ij— Zx,-fb—i—s,

JEN] JEN,

we introduce variables t; = a;y; — x; for j € C; U L; U C, U L,. Using the nonnegativity
of x; for j € R; gives the relaxation

Y oayi— D ayi— Y x<b+ Y i+
jeCiULy jeCrULy JERy JjeCUL,
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Now introducing variables y; =u; — y; for j € C; U C5, we obtain

=Y @i i Y aiyi+ Y aiyi— Y ay;

jeCy JjeL; jeCr JjeLy
<@ —u) =+ Y xj+ Y ti+s ®)
jeRry jeClUL,

We now divide by a;, and then generate the mixed integer rounding inequality giving

I

Jj€Ci JEL) J€Ca J€EL>
1
f(nk—uk)—l+x(s+2x,-+ | > t,—).
JjER> jeCiULy

Multiplying by A, and restating the inequality in terms of the original variables gives the
required inequality. O

5.2 Strengthening the integer flow cover inequality

To obtain stronger inequalities, we use results of Atamtiirk (2003) on integer knapsack sets.
We start from inequality (8) in the proof of validity of Proposition 12 which we write more
compactly, after recomplementing yy, as

az— Y a7+ Y aiz <agp—r+o
jel— jelt

zj <uj, z;€Z, forje{kjUI"UI", o €eR}
where

I =C\{k}UL,, I"=CyUL,, U:s—}-ij—f— Z t

JERy JjeCiUL,

and z; represents either y; or y; as appropriate.
Setting z; =0 for j € I~ U I™, leads to the reduced system

Gk — 0 < — A,

w<uk, w€EZL, o€R)
with valid inequality

Az <A — 1) +o.

The lifting function for this inequality is easily calculated, is identical t0 AF(q,—»)/q,
around the origin, and explicitly takes into account the upper and lower bounds on z;:
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(e —ux — DA ifv <ap(ne —ug) — A,
G—Dr+lv—(Ga -] ifja—r=<v=<ja,
J=0m —w),...,m— 1,
JA if jag <v=(j+Dax— 2,
J=0 —ue), oo ome — 1,
(e — DA+ [v— (mar — M) i qag — 2 <.

¢(v) =

This function is superadditive on R} and separately on R! .

Here we just consider the case where we first lift in the variables in /7, and then the
variables in I*. Because ¢ is superadditive on R! , the lifting coefficients do not change as
these variables in /™ are lifted in. After lifting in the variables in /~, we obtain the lifting
function ¢.

This function turns out to be superadditive on R, under certain conditions, see Appendix.
In the general case, we obtain a valid lifting function H superadditive on R}, by dropping
the nonnegativity constraint on z; in the mixed integer program defining ¢+, namely

HT(v) = min{k(nk —1)— Az +o0 — Z ¢(—a;)zj: arzy — Z ajzj—o

jel~ jel—

<am—A—v, z<uy, €', z; <uj, z,errforjeI_, UER_I'_}.

To describe H* (and ¢*), we define an ordering on the indices in I, iy, ..., i;;-| such

that a; > a;, > -+ > iy We also define the set /=~ ={i: i € I~ and a; > a;(u; —

Nk + D} with ¥ = max{r : i, € I }. We also define p, = ay(npx — ux) — A + a;, for r =
1,...,7.Finally, for anindex r <r, we consider two types of aggregate, U, = u;, +---+u;,,
and M, =a; u;, +---+a;,u;,.

It is not difficult to see that as v increases from 0, the mixed integer program defining
H™(v) has optimal solutions in which the variables i, ...,i, € I~ are used in that order.
Thus when z;, = u; for s <r and z;, =, j = uy — z; takes values increasing from 0 to
uy — Nk Once all of the variables in /=~ are at their upper bound, z; then takes negative
values. Specifically

(s = M+ DAU,_ +1)
if M,y +ta, <v<M,_+ta; +p-, r=1,...,7, t=0,...,u;, — 1,
(e = 1+ DAU, 1 40 + jh+v = Mooy —ta;, — jax — p,
it M, +ta;, +pr + jar <v<M,_ +ta, +pr + jar + A,
r=1,...,r,t=0,...,u;, =1, j=0,...,ux — N,
HY(v) = (e — e + DAU,1 +1) + (G + DA
if M,y +ta;, +pr + jar +A <v <M,y +ta;, + p, + (j + Day,
r=1,....r,t=0,...,u;, =1, j=0,...,u —n — 1,
(up — M+ DAUs + jo i M+ jar <v<M;+ (j+ Dap — A, j=0,...,
(ur —m+DAU+ (G — DA+v—M; — jap + A
it M;+ jar —A<v=<Mi+ja, j=1,....
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Fig. 5 Lifting functions H+ and 30 . : : : . .
¢+

-5 . . . . . ,
0 10 20 30 40 50 60 70

An example of the valid superadditive lifting function H* and an exact lifting func-
tion ¢ are depicted in Fig. 5.
Finally H* can be used to lift in all the variables in /7.

Proposition 13 The inequality

Wit Y dl—apU—y)+ > d(—ay)y;

JECI\K} jela
+ ) HY @ —y)+ Y H' @)y,
jeCy JeL
Sk(nk—l)—i-ij—i- Z (ajyj —xj)+s
JERy JECIULy

is valid for XV .

In Atamtiirk (2003), similar functions are also calculated for the case when one first lifts
variables in /™, and then those in I~, which leads to another family of strong inequalities.

Example 6 Consider the set XV (2,2, 4, (3,4,5,2), (2,3,2,3)), namely

X1+x—x3—x4 <4+,
X1 <3y, x2=<4y;, x3=5y3, x4=2y4,

V<2 »<3 y»=<2 w<3 xeR} yeZi, seR}.

Suppose that one wishes to cut off the fractional solution

2
x*=(2,12,10,0), v = <§,3,2,0>, s*=0.
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C ={1,2,3} with k =1 is an integer flow cover with a; =3, A =1 and n; = 1. Inequal-
ity (7) with Ly = L, = {J gives

X +(3—1)(1—y1)+x2+[4+F§ (—;—1>1|(3—Y2) < [14—F% (g)](Z—y3)+x4+S, or

X +2(L=y)+x+20-y) = 14—-12—y3) + x4+

which cuts off the fractional point, but is not facet-defining for XV .
To try to obtain a stronger inequality, we again choose C; = {1,2}, C, = {3} as a cover
with k = 1. Thus we consider

3yi+4y—Sys —xg <4+t +n+s.
Complementing gives
3y1 =4y +5y3 — x4 <2+t + 1 +5s.
Setting y, = y3 = 0 leaves the system
3y —x4 =24+t +t+s
with valid inequality
Vi—Xxs=<t+n+s.
Now the lifting function ¢ is given above. If we first lift in y,, ¢ (—4) = —2 and we obtain
Y12y —x4<ti+h+s.

Using the superadditive function H* to lift the variable y;, H*(5) = 1, so we obtain the
same inequality as above.
If we calculate the exact lifting function, it turns out that ¢ (5) = 2 giving the inequality

X1 =2y =2y +2y; —x4<t+s, or

X1 —=2y1+x =2y, —2y3 —x4 <2+,

which is facet-defining.

5.3 The MIR reverse flow cover inequality

Here we give an explicit formula for the reverse flow cover inequality when the bounds are
integer. We modify (ii) in Definition 7.
Definition 8 (7}, T») is an integer reverse flow cover for XV if

D) TTeEN,LCEN
(ii) there exists k € T, such that ) jer, Ajlj — > jery\k djuj > b and there exists unique
values u and n; such that

Zajuj— Z ajuj —ang=>b—p

JjeT Jjeh\k

with 0 < u < a; and n; € Z! with 1 < < uy.
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Proposition 14 Suppose that (T,, T») is an integer reverse flow cover for XN . The following
inequality

ver (o] gl 2]

Jjeh Ly
a:
<Y auj— (@ — W —y)— Y [aj+uF(——">](uj—yj)
jer jeD\k Ak
a:
_uFl 2 . .
S e
JjeELy JERy

is valid for X", where (T;, L;, R;) is a partition of N; for i =1,2 and F = F, with o =
ag—k
arp

Example 7 We consider the same set X" as in Example 6. Suppose that one wishes to cut
off the fractional solution

2
x*=(0,12,2,6), y*:<0,3,§,2), s*=0.

T ={2,3,4} with k = 3 is an integer reverse flow cover with ay = 5,1, =1 and pu = 3.

Inequality (9) with L, = L, = @ gives

X +3F% <g)(3 —y)<12—05-=-3)1-y3)— <2+3F% (—%))(3 —y4)+s, or

X0 4+2B —y) <12 -2(1 — y3) +,

which cuts off the fractional solution, and turns out to be facet-defining for X V.

6 Extensions

Here we consider several extensions of the single node flow set. In particular we study a set
with variable lower bounds of the form /;y; < x; which can also be related to problems with
set-up times having flow constraints of the form ;(xj +b;y;j) = b, aset with generalized
variable upper bounds of the form x; <ag; + >, a;;y;;, and finally a set with generalized
upper bounds Y, y;; < .

6.1 Variable lower bounds, or set-up times
First we consider briefly the general case, namely the set

doxj=Y xj<b+s.  Lyj<x;<a;y;, y {0 1}forjeN UN,. (10
JjEN] JjeNy

Valid inequalities for this model were first developed in Van Roy and Wolsey (1986), see
also Marchand and Wolsey (1999); Stallaert (1997). To use the MIR approach, it suffices to
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choose as a cover disjoint sets (C}, C{, C}, C4) for which

DL+ > ai =Y ;=) aj—b=xr>0.

jecl jecy jech jecs

Then given disjoint sets Lj, Lf € N; \ (C; U C}) for i = 1,2, set @ = max[max,ci 1 L,
maxjecourg d;], introduce appropriate slacks, etc.
The resulting inequality

S {xi+ @ =nTA—ypt+ > {Lyi + € = nTa -y}

jecy jecl

+) [xj - (“.i - KF(%))%} +) AF(%)W
jeLy jeLt
<b+ Zaj+ le - ZAF(%>(1 _Yj)

jecs jech jecs
l:
+> [xj —ly; — AF(é)(l - yj)] + ) Ay
jech JjeLs
+ )by = G =Ty Y s
jeLb JERy

is valid for XV, where (C;, L;, R;) is a partition of N; fori =1,2and F = F, witha = %
We now consider the special case with N, = J, namely the set X V15

Zx_,»sb—i—s, liyi<xj<aj;y;j, y;€{0,1}forjeN,
JEN]
where [; > 0 for all j € N;.

Remark 9 By the change of variable w; = x; —[;y; > 0, this is equivalent to the “set-up
time” model X57:

D witliy)<b+s,  0=<w;<dy;, y;€{0.l}jforjeN;, s5=0,
JEeN]
where a; =a; —I; forall j € N;.
With s fixed at zero, this set was first studied by Goemans (1989). Recently a closely
related model has been studied by Miller et al. (2003a) in which w; represents the amount

produced of item j and /; is the set-up time for this item. We now present the latter model.
The set considered is

Z(w.f+ljy_f) <b, wj <pjyj+oj, w;j<Myj,
JEN]
for j € Ny, y {0, 1}, we R}, o e R}
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Making the change of variable x; = w; +1;y; < (p; +1;)y; + 0;, the GFCI inequality (5)
becomes

Y wi+Ly)+ Y e+ —0TA—y)<b+ Y o

jeC jeCy jeC

and the strengthened MIR inequality (5) becomes

Z(wj +1y)+ Z(,Oj +1 =0 (1 =y)+ Z[xj —piyj+ Ganlpj +1)y;]

jeCy jeCy jeLy

<b+ Y o (11)

jeCiUL,

where, in the definition of G, ;, a; = p; +!; for j € C; U L,.

Example 8 The instance has n =4, b = 16, p = (5,4,5,10),1 = (2,2, 1,3). Thus a =
p+1=(7,6,6,13).

Taking C; ={1,2,3}and L, = {4}, A=3,a =7, and G, (13) = 6 giving the inequal-
ity (11)

wi+2y1 4+ (7 =3) (1= y) +wr + 2y, + (6= 3)(1 = 32)
4
+ws+ys+ (6 =3)(1 = y5) + a0~ (10-6)ys <16+ ) oy.

i=1

Substituting for o; gives precisely the inequality (38) in Miller et al. (2003a, p. 26).
6.2 Generalized variable upper bounds

Here we consider the set X¢VUB

ZXj—ZXij-i-S, xjfaoj—i—Za,-jy,-, fijEN,

JEN] JjENy ieS;

x;>0 forjeN, y;i €{0,1} forie M.

studied by Atamtiirk et al. (2001).

Remark 10 This set can be obtained by projecting a face of the single node flow model
D wi =Y wy <b,
ij ij

0<wij <ajjyij, yij €{0,1}
by setting yo; =1 and x; =), w;; for all j.

Here we again take a direct approach. Again we have a partition (Cy, Ly, R;) of N; for
k=1,2and a set FF C M of variables fixed at zero. For simplicity we assume that L; = {
and FNS; =0 for j € C, U L,. To define a cover we need that

@ Springer
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Z[ao_,.+ 3 ] - Z[aoj+zaij] b= Y ay =i >0

jeCq iGSj\F jeCy i€S; JjeLy

Assuming for simplicity that the sets S; are disjoint, we obtain using the standard MIR
approach

Proposition 15 The inequality

Z [xj + Z (aij =2 (1 — y,-)] + Z[ Z ¢(aij))’i:|

jeCy l’ESj\F jeCy iESjﬂF
Y Y T
JjeCries; JjeLls
=Y > plap—y)+ Y Y minlh,a;lyi + Y x;+s
JeCries; JELyi€eS; JERy

is valid for XCVUB where ¢ = G, and a consists of the terms ajjfori € S;\ Fand j € C,
and a;j fori € Sj and j € L,.

Example 9 (Atamtiirk et al. 2001, p. 157) Consider the set XGVUB
Xy 42Xy —x3 — x4 <2,
X1 =442y + 3y,
X2 <3+ y3+ 2y,
x3 <2+ ys +4ys,
x4 <4+2y;+2ys, xeRY, yel{o, )%

Taking C; ={1,2},C, =0, L, ={3,4}, F = {1, 2,3}, we obtain A = ajo +az + a4 — az —
ayy—b=1,and a =max{2,1,4,2,2} =4.
Taking as lifting function the MIR function ¢ (d) = AFa(g) with A =4 and o = %, we
obtain ¢ (2) =0=¢(3) =0 and ¢ (4) = 1. The resulting inequality is
(1 =4 =2y1=3y) + (2 =3 = y3) + 2= DT(1 = y4) <8+ ys5+ y6 + y7 + ys.
Using G, as proposed in Proposition 15, leads to the same inequality.
In Atamtiirk et al. (2001), a modified inequality is given for the case in which the different

generalized VUBs have 0-1 variables in common. This inequality can also be obtained
directly by the lifted MIR procedure.

6.3 Generalized upper bounds

Here we consider the set XCUB

ij—ijfb—i—s, 0<xj<a;y; forjeN UN,,

JEN] JjeN,

Zyj <1 forieMUM,.
JESi
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We assume for simplicity that the sets S; are disjoint and S; € Ny for i € My for k =1, 2.
This model has been examined by Wolsey (1990). In addition the knapsack set with GUBs
has been studied in Gu et al. (1998) and lifted cover inequalities for such sets are used in
Cplex and Xpress.

Definition 9 C = (C, C) with C;, € Ny for k = 1, 2 is a GUB-cover inequality if
) |CkNS;| <1forieMyandk=1,2;

(1) D jec, @i =2 jec,@j —b=21>0.

In addition we let M,:r ={i e My: |C,NS;| =1}, and j(i) € C, N S; be the unique
element of S; in the cover, if any. For each i, select a subset 7; C S; such that j (i) € T; for
alli e M UM, .

Applying the MIR procedure, using 0-1 variables z; = jer; ¥ and their complements
Zj = 1 —z; for GUB sets in the cover, and taking the divisor a very large, we obtain a simple
generalization of the GFC1 inequality (4).

Proposition 16 The inequality
> [xio + @joy = 0T = yja)]
ieMf
x Y > [x = (maxag,a0) = 2]

iem; JETNj ()

<b+ Z a; + Z Zmin[A, aj—a;pnlty;

jeCy iemy J€Ti
DA B I DD B
ieMy JESI\T; ieMy\M; J€Ti ieMy\M5 JESi\Ti

is valid for XCUB.

Other inequalities can be obtained using smaller values of a.

Example 10 Consider the set XCUB

X1+ X2 +x3 + x4 — x5 < 12,

yi+y»+y <1,

X1 <6y1, x=<Ty;, x3=8y3, x4=<9y4, x5=06ys,
xeRy, yef{o, 1.

From Proposition 16 with cover C; = {2,4},C, = @, A =4, and sets T} = {1, 2,3} and
T, = {4}, we obtain the valid inequality

X2+ 3(1 —y2) + x4 +5(1 — y4) +x1 — 3y; +x3 —4y; <12+ 4ys.
@Springer
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Note that to carry out exact lifting for this model using the approach of Sect. 3, we need
to use multi-dimensional lifting functions, unless each set of variables S; lies within just one
of the vectors of variables x* € X* for some k.

7 Conclusions

In spite of the fact that we have concentrated in the last three sections on using MIR com-
bined with simple superadditive lifting on a knapsack set with continuous variables to obtain
strong valid inequalities for the various single node flow models, we believe that a more pro-
found polyhedral study of the single node flow model X" is warranted, especially as most
of the variants that have been studied can be viewed as faces and or projections of it.

The importance of superadditive lifting functions in permitting simultaneous lifting of
sets of variables cannot be overestimated. Thus it seems crucial to improve our understand-
ing of superadditive functions, as well as ways to calculate valid superadditive lifting func-
tions. The fact that the submodularity of certain set functions arising from flows leads to
valid inequalities with the simultaneous lifting property Wolsey (1989), and can be used to
explain certain flow cover inequalities also appears to merit further investigation. As an ex-
ample new inequalities for capacitated lot-sizing have been proposed recently Atamtiirk and
Munoz (2004) where certain coefficients can be derived using such submodular lifting.

Though we have not directly discussed computation with the inequalities presented here,
various researchers have devised heuristic algorithms to choose the covers C;, C, by solving
some version of the knapsack problem

min Z(l —x7)zj — Z X7z,

JjeN] JjeN;
S
E a;zj — E aij>b, Ze{o,l}nl+n2
JEN] JjeN;

where N/ € N; for i = 1,2 are suitably chosen subsets with x;? not too far from its up-
per bound a.,-y_;‘, see Gu et al. (1998); Van Roy and Wolsey (1987) and the discussion in
Nembhauser and Wolsey (1988). Here it would undoubtedly be interesting to devise im-
proved heuristics that take into account a priori part of the effects of lifting. Another pos-
sibility would be to test existing separation heuristics against an exact separation algorithm
for conv(X™).

Acknowledgements We are grateful to A. Atamtiirk and Y. Pochet for their helpful comments on an earlier
version of this paper.
Appendix

The exact lifting function of Sect. 5.2 is defined as
o (V) = min{k(nk —1)— Az +o0 — Z ¢ (—a;)z;: arzx
jel—
- Y ajzj—o <@ —r—v, z; <uj, z; €LY for je kyUI™, aeR;}.
jel=
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It turns out to be superadditive on R, provided that either

1) a=ar(ur—nr+1Dor0<a; <a—XAforalliel,or
(ii) there exists i € I~ with a; > a; (uy — n + 1) and u; = 0.

Provided (i) or (ii) is satisfied, ¢ is given by

(up — i + DAU,—1 +1)
if M,y +ta, <v<M,_i+ta;, +p, r=1,...,7, t=0,...,u
(e —me + DAU, o +t) + jr+v— M, —ta;, — jax — pr
it M, +ta;, +pr+ jar <v=<M,_| +ta, +p + jap + A,
r=1,...,r,t=0,...,u;, — 1, j=0,...,u — m,
(i — e+ DAU, 1 4D+ (G + DA
if M, | +ta;, +p, + jar +r<v<M _|+ta, +p + G+ Da,

r

T = Py Pt =0,y =1, =0, g — e — 1,
(up — M + DAU; + jA
fM;+ja<v<Mi+(+Da—2, j=0,....m —1,
(ur —m+DAUF+ (G — DA +v— M; — jag + A
WM+ jan—h<v<Mi+ jag, j=1,....m—1,
(g — e + DAUF + O — DA+ v — Mz — qrag + 4
if v> M; 4+ nap — 2.
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