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Abstract. In this paper, we provide sufficient conditions for the functions ψ
and φ to be the approximate duals in the Hardy space Hp(R) for all 0 < p ≤ 1.
Based on these conditions, we obtain the wavelet series expansion in the Hardy
space Hp(R) with the approximate duals. The important properties of our ap-
proach include the following: (i) our results work for any 0 < p ≤ 1; (ii) we do not
assume that the functions ψ and φ are exact duals; (iii) we provide a tractable
bound for the operator norm of the associated wavelet frame operator so that it
is possible to check the suitability of the functions ψ and φ.

1. Introduction

1.1. Preliminaries. Let WA(ψ) be the wavelet system with dilation
factor A > 1 generated by ψ ∈ L2(R), i.e.

WA(ψ) := {ψjk := Aj/2ψ(Aj · −k) : j, k ∈ Z}.

We recall that WA(ψ) is a wavelet frame in L2(R) if, for every f ∈ L2(R),

f =
∑

j,k∈Z

〈f, φjk〉ψjk

with its dual wavelet frameWA(φ). In this case, the two generating functions
ψ and φ are referred to as (exact) duals in L2(R) [3,8].
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2 Y. HUR and H. LIM

Wavelet frames have been used in literature to characterize function
spaces such as Triebel–Lizorkin spaces and Besov spaces1. In particular,
for the Hardy space Hp(R), 0 < p ≤ 1, if the functions ψ and φ are exact
duals in L2(R), and they satisfy smoothness and vanishing moment con-
ditions depending on p, then any function f ∈ Hp(R) has a wavelet series
expansion of the form [11–13,21]

(1.1) f =
∑

j,k∈Z

〈f, φjk〉ψjk.

Approximate duals have been studied as a way to generalize the exact
duals in L2(R). Approximate duals in [8,9] are the functions ψ and φ whose
associated wavelet frame operator U defined as

U(g) :=
∑

j,k∈Z

〈g, φjk〉ψjk

approximates the identity operator in L2(R) in the sense that ‖U− Id‖L2→L2

< 1.
More recently, Bui and Laugesen [5] study approximate duals in H1(R).

They identify the conditions for the two generating functions ψ and φ
to satisfy in order to be approximate duals in H1(R) in the sense that
‖U − Id‖H1→H1 < 1. It is also shown that these approximate duals give
a wavelet series expansion of the form

(1.2) f =
∑

j,k∈Z

〈
U−1f, φjk

〉
ψjk

for any function f ∈ H1(R). Here, U−1f makes sense since, in this case, U is
bounded as well.

This wavelet series expansion can be understood as a generalization of
the aforementioned classical wavelet series expansion in (1.1) for H1(R). In
fact, if U is the identity operator in H1(R), then ψ and φ are exact duals in
H1(R) and the series expansion in (1.2) reduces to the series expansion in
(1.1).

Of course, when we already have the exact duals ψ and φ in L2(R),
we can check to see if they satisfy additional conditions to get the series
expansion in (1.1). However, for this process to go smoothly, we have to
know both ψ and φ concretely enough to check these conditions, which may
not always be possible.

1These characterizations are studied mostly under the dyadic dilation setting with A = 2,
although many of them can be easily extended to a more general case with dilation A > 1.
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WAVELET SERIES EXPANSION IN HARDY SPACES 3

For example, it is well known that the Mexican hat function ψ has its
dual φ so that W2(ψ) and W2(φ) are dual wavelet frames in L2(R) [10].
Although the dual function φ of ψ is not unique, to the best of our knowl-
edge, the dual function φ has never given explicitly enough to allow us to
check additional conditions for H1(R) characterization, resulting the series
expansion in (1.1).

On the other hand, by showing that the Mexican hat function ψ and some
carefully chosen function φ are approximate duals in H1(R), it is proved in
[5] that the Mexican hat function ψ provides

f =
∑

j,k∈Z

〈
U−1f, φjk

〉
ψjk for all f ∈ H1(R).

In this paper, we extend the above result on H1(R) by Bui and Laugesen
to cover the full range of the Hardy spaces, i.e. Hp(R) for 0 < p ≤ 1.

Let L2 := L2(R) and Hp := Hp(R). The (mixed) wavelet frame operator
U : L2 → L2 is studied in recent papers [3–5], and we recall its definition
below.

Definition 1.1. Let ψ, φ ∈ L2. Let A > 1 be the dilation factor. The
wavelet frame operator U := Uψ,φ associated with a synthesizer ψ and an
analyzer φ is defined as

Uψ,φ(f) :=
∑

j,k∈Z

〈f, φjk〉ψjk

where ψjk = Aj/2ψ(Aj · −k) and φjk = Aj/2φ(Aj · −k), as before.
We recall a result from [5] (see also [3, Propositions 6 and 7]) providing

sufficient conditions on ψ and φ for the operator U to be bounded on L2. Fur-
thermore, the operator can be written in an integral form with the wavelet
frame kernel Kψ,φ defined below. Throughout the paper, W k,p is used to
denote the Sobolev space, for k ∈ N and 1 ≤ p <∞.

Theorem 1.2 [5]. Assume ψ, φ ∈ L2 satisfy

(1.3) |ψ̂(ξ)|, |φ̂(ξ)| .
{
|ξ|ε, |ξ| ≤ 1,

|ξ|−ε− 1

2 , |ξ| ≥ 1,
for some ε > 0.

Assume ψ̂, φ̂ ∈W 2,1. Then the wavelet frame operator U = Uψ,φ is bounded
and linear on L2, and if f ∈ L2 has compact support and x 6∈ supp f , then

(Uψ,φ f)(x) =

∫

R

Kψ,φ(x, y)f(y) dy
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4 Y. HUR and H. LIM

where the wavelet frame kernel Kψ,φ is defined as

(1.4) Kψ,φ(x, y) :=
∑

j∈Z

∑

k∈Z

ψjk(x)φjk(y) .

In [5], by imposing sufficient decay conditions and smoothness condi-
tions with respect to the frequency domain of the synthesizer ψ and the
analyzer φ, it is shown that the wavelet frame operator U is the L2-based
Calderón–Zygmund operator2 (see, for example, [16,19] for definition), and
has a bounded extension from L2 to H1, Lp (1 < p <∞), and the BMO
space. Also shown is the invertibility of U by assuming a sufficient com-
putable condition on ψ and φ to be approximate duals. This invertibility
result is in turn used to show that every element in these function spaces
has a wavelet series expansion via WA(ψ). These results allow the Mexi-
can hat function to be an explicit example for ψ on these function spaces,
including H1.

In this paper, we extend the above result ofH1 to the Hardy spaceHp for
all 0 < p ≤ 1. Specifically, we obtain the boundedness and the invertibility
of the wavelet frame operator U on Hp, 0 < p ≤ 1, by using the appropri-
ately generalized Calderón–Zygmund operator for the full range of Hardy
spaces Hp. Subsequently, we show the wavelet series expansion with the
wavelet system WA(ψ) on the Hardy space, by applying the generalized re-
sult of Frazier and Jawerth, and by showing the equivalence between the
Hardy space Hp and the (non-dyadic) Triebel–Lizorkin space Ḟ 02

p (see Def-
inition 5.1(a)). We also show that the Mexican hat function can be used as
an explicit example as the synthesizer ψ on Hp for all 1/2 < p ≤ 1.

To obtain our main results, we mostly follow the approach of [5], but
also employ tools developed in [3,4] as well as the classical theory in [1,14,
17,24,26] to handle a Calderón–Zygmund operator and the ϕ-transform with
proper modifications as needed.

We use the following definition of a Calderón–Zygmund operator asso-
ciated with 0 < p ≤ 1 (cf., [23]) which is properly generalized to apply to
the Hardy space Hp. As in many results and definitions in our paper, the
conditions in this definition depend on p, through the floor function

Np := ⌊1/p− 1⌋.

Note that Np = 0 if p = 1, or more generally, if 1/2 < p ≤ 1.

2 Since we focus on the Calderón–Zygmund operator associated with p (cf., Defintion 1.3)

throughout the paper, we call the standard Calderón–Zygmund operator, defined in [16,19], L2-
based.
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WAVELET SERIES EXPANSION IN HARDY SPACES 5

Definition 1.3. A Calderón–Zygmund operator Z (associated with p)
is a bounded linear operator on L2 such that for compactly supported f ∈ L2,

Zf(x) =

∫

R

K(x, y)f(y) dy for x 6∈ supp f

where the kernel K : (R×R) \ {(x, x) : x ∈ R} → C is a measurable function
satisfying the following conditions:

(a) There is a constant Z > 0 such that

(1.5) |∂αyK(x, y)| ≤ Z
|x− y|α+1

for all 0 ≤ α ≤ Np + 1.

(b) For any compactly supported f ∈ L2 with
∫
f(x)xβ dx = 0 for all

0 ≤ β ≤ Np,

(1.6)

∫
Zf(x)xα dx = 0 for all 0 ≤ α ≤ Np.

Remark 1.4. The L2-based Calderón–Zygmund operator studied in the
literature (cf., [19]) does not require any vanishing moment condition such
as (1.6), but requires the smoothness conditions:

|∂αyK(x, y)| ≤ Z
|x− y|α+1

, α = 0, 1.

In some literature (e.g., [16]), these smoothness conditions are replaced by
slightly weaker smoothness conditions involving the Lipschitz continuity. �

Remark 1.5. When p = 1 (and thus Np = 0), the conditions in Defini-
tion 1.3 are similar to those in the Calderón–Zygmund operator introduced
in [5] for the Hardy space H1, where smoothness conditions with Lipschitz
continuity are used. �

1.2. Main theorems. In this subsection, we state our main theorems.
Our first main theorem gives sufficient conditions on ψ,φ ∈ L2 for the wavelet
frame operator U = Uψ,φ to be a Calderón–Zygmund operator, and have a
bounded extension to Hp.

Theorem 1.6 (boundedness of wavelet frame operator on Hp). Let 0 <
p ≤ 1 be fixed and let N := Np. Assume that ψ, φ ∈ L2 satisfy

|ψ̂(N+1)(ξ)| .
{
|ξ|ε, |ξ| ≤ 1,

|ξ|−ε−N−3/2, |ξ| ≥ 1,
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6 Y. HUR and H. LIM

|φ̂(N+1)(ξ)| .
{
|ξ|ε, |ξ| ≤ 1,

|ξ|−ε−2N−5/2, |ξ| ≥ 1

for some ε > 0 and the following additional conditions:

(a) ψ̂ ∈WN+3,1, and ξαφ̂ ∈WN+3,1 for α = 0, 1, . . . ,N + 1;

(b) ψ̂ ∈WN+3,2, φ̂ ∈ WN+1,2, and ξαφ̂ ∈Wα+2,2 for α = 1, . . . ,N + 1;

(c)
∫
ψ(x)xβ dx =

∫
φ(x)xβ dx = 0, for all 0 ≤ β ≤ N .

Then the wavelet frame operator U = Uψ,φ is a Calderón–Zygmund op-
erator, and has a bounded extension to Hp.

Compared with Theorem 1.2, the above theorem has the moment con-
ditions for the functions ψ and φ, which are typical for the Hardy spaces
Hp, 0 < p ≤ 1. In fact, the above conditions of Theorem 1.6 are all dedi-
cated to show that the wavelet frame operator U is a Calderón–Zygmund
operator associated with p (cf., Theorems 2.1 and 2.2). The bounded exten-
sion to Hp of the frame operator can be seen by simply showing that the
Calderón–Zygmund operator has a bounded extension.

In the next theorem, we use the value Mp(ψ, φ;ψ
∗, φ∗) which will be

defined and explained later in Section 4. This theorem asserts that if this
value is less than 1, then the wavelet frame operator U is bijective on Hp.

Theorem 1.7 (bijectivity of wavelet frame operator on Hp). Let 0 < p
≤ 1 be fixed. Assume that ψ, φ satisfy all the conditions in Theorem 1.6.
Assume also that ψ∗, φ∗ satisfy all the conditions in Theorem 1.6 and they
are exact duals in L2. If Mp(ψ, φ;ψ

∗, φ∗) < 1, then the wavelet frame oper-
ator U defined on L2 has a bounded linear bijective extension to Hp.

We will show that the wavelet frame operator U = Uψ,φ satisfies

‖Uψ,φ − Id‖Hp→Hp < 1

from Mp(ψ, φ;ψ
∗, φ∗) < 1 together with other assumptions in Theorem 1.7.

That is, the functions ψ and φ are approximate duals in Hp. These approxi-
mate duals ψ and φ in Hp are used in the next theorem to provide a wavelet
series expansion for any function f ∈ Hp with an additional regularity con-
dition. Below, ḟ02p denotes the (non-dyadic) Triebel–Lizorkin sequence space
defined in Definition 5.1(b).

Theorem 1.8 (wavelet series expansion in Hp). Let 0 < p ≤ 1 be fixed.
Assume that ψ, φ, ψ∗, φ∗ satisfy all the conditions in Theorem 1.7 includ-

ing Mp(ψ, φ;ψ
∗ , φ∗) < 1. Further assume that ξψ̂ ∈WN+2,1. Then for any

f ∈ Hp, there exist coefficients {cjk}j,k∈Z ∈ ḟ02p such that

f =
∑

j,k∈Z

cjkψjk.
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WAVELET SERIES EXPANSION IN HARDY SPACES 7

Moreover, the coefficient cjk can be taken as
〈
U−1f, φjk

〉
, where U−1 is the

inverse of the wavelet frame operator U on Hp.

Let us set some notations used throughout the paper. We use N0 to
denote the set of non-negative integers. That is, N0 := N ∪ {0}. We use
the notation f . g to denote f ≤ Cg for some constant C > 0. In addition,
for α ∈ N, we denote the α-th derivative of f by f (α), and the α-th partial
derivative of K(x, y) with respect to x by ∂αxK(x, y). For α = 1, we use both
f (1) and f ′, and both ∂1xK(x, y) and ∂xK(x, y). By f (0) and ∂0xK(x, y), we
refer to f and K(x, y), respectively, so that the expression “0-th derivative”
can be used. For f, g ∈ L2, 〈f, g〉 :=

∫
R
f g dx. The Fourier transform is

normalized as, for f ∈ L1 ∩ L2,

f̂(ξ) =

∫

R

f(x)e−2πixξ dx,

and the inverse Fourier transform of f is denoted by qf .
The rest of the paper is organized as follows. In Section 2, we find the

conditions on ψ,φ ∈ L2 with respect to the frequency domain for the wavelet
frame operator U = Uψ,φ to be a Calderón–Zygmund operator with a com-
putable constant. In Section 3, we define the Hardy space Hp using atomic
decomposition, and show that a Calderón–Zygmund operator can be ex-
tended to the Hardy space Hp for each 0 < p ≤ 1. An explicit bound of the
operator norm is found in this section. In Section 4, we prove Theorem 1.6
and 1.7. In Section 5, we prove Theorem 1.8. In Section 6, we give an
illustration of our main theorems using the Mexican hat function as an ex-
ample for the case when 1/2 < p ≤ 1. Finally, some more technical lemmas,
example, and proofs are placed in Appendixes A, B and C.

2. Wavelet frame operator as a Calderón–Zygmund operator

2.1. Main results. In the next two theorems, we provide sufficient
conditions on ψ and φ for the wavelet frame kernel Kψ,φ in (1.4) to satisfy
the smoothness condition (1.5) and the vanishing moment condition (1.6)
of a Calderón–Zygmund operator. This means that, by Theorem 1.2, the
wavelet frame operator U is a Calderón–Zygmund operator defined with the
kernel Kψ,φ. The case when p = 1 has already been studied in Proposition
4.5 and Theorem 4.6 of [5], and the sufficient conditions on ψ and φ for p = 1
correspond to our conditions below with Np = 0. Proofs of the following
theorems are presented in Sections 2.2 and 2.3.

Here and below, we use the two quantities defined as, for α ∈ N0,

σα(ψ, φ) := (2π)α
∑

l∈Z

∥∥∥ξα φ̂(·) ψ̂(·+ l)
∥∥∥
L1

,(2.1)
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8 Y. HUR and H. LIM

τα(ψ, φ) :=
1

4π2

∑

l∈Z

∥∥∥(ξα φ̂(·) ψ̂(·+ l))
(α+2)

∥∥∥
L1

.(2.2)

Theorem 2.1. Let 0 < p ≤ 1 be fixed and let N := Np. Also, let A > 1
be a dilation factor. Assume that ψ, φ ∈ L2 satisfy the following conditions:

(a) ψ̂ ∈WN+3,1 and ξαφ̂ ∈ WN+3,1 for α = 0, 1, . . . ,N + 1,

(b) ψ̂ ∈WN+3,2 and ξαφ̂ ∈ Wα+2,2 for α = 0, 1, . . . ,N + 1.

We also assume σα(ψ,φ) <∞ and τα(ψ,φ) <∞ for all 0 ≤ α ≤ N +1. Then
for any x, y ∈ R such that x 6= y, every α-th partial derivative of wavelet
frame kernel Kψ,φ defined in (1.4) is bounded as follows:

|∂αyKψ,φ(x, y)| ≤
1

|x− y|α+1

(
max

0≤α≤N+1
Cα(ψ, φ)

)
for all 0 ≤ α ≤ N + 1,

where

(2.3) Cα(ψ, φ) := κα(A)σα(ψ, φ)
1/(α+2)τα(ψ, φ)

(α+1)/(α+2)

with a constant κα(A)=A
(
2Aα+

∑α−1
k=0 A

k
)
/(Aα+1−1) (here

∑−1
k=0A

k :=0).

Theorem 2.2. Let 0 < p ≤ 1 be fixed and let N := Np. Assume that
ψ, φ ∈ L2 satisfy

|ψ̂(N+1)(ξ)| .
{
|ξ|ε, |ξ| ≤ 1,

|ξ|−ε−N−3/2, |ξ| ≥ 1,

|φ̂(N+1)(ξ)| .
{
|ξ|ε, |ξ| ≤ 1,

|ξ|−ε−2N−5/2, |ξ| ≥ 1

for some ε > 0, and the following additional conditions:

(a) ψ̂, φ̂ ∈WN+1,2,

(b)
∫
ψ(x)xα dx =

∫
φ(x)xα dx = 0, for all 0 ≤ α ≤ N .

If f ∈ L2 has compact support and
∫
f(x)xβ dx = 0 for all 0 ≤ β ≤ N ,

then the wavelet frame operator U satisfies the following vanishing moment
condition: ∫

Uf(x)xα dx = 0 for all 0 ≤ α ≤ N .

2.2. Auxiliary results and proof of Theorem 2.1. In this subsec-
tion, we present Proposition 2.3 and prove Theorem 2.1 by using the propo-
sition. In Appendix A, we place some lemmas used to show Proposition 2.3
and Theorem 2.1.
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WAVELET SERIES EXPANSION IN HARDY SPACES 9

We define the series K0 as

K0(x, y) :=
∑

k∈Z

ψ(x− k)φ(y − k) ,

so that the wavelet frame kernel Kψ,φ in (1.4) can be written as

Kψ,φ(x, y) =
∑

j∈Z

AjK0(A
jx,Ajy)

with a dilation factor A > 1.
The following proposition gives the estimation for ∂αyK0(x, y), and it is

a generalization of Lemmas 4.7 and 4.8 in [5], which handles the case p = 1.
Our proof of Proposition 2.3 is similar to the proofs of Lemmas 4.7 and
4.8 in [5], but shows how to handle the case 0 < p < 1 properly. We use
Lemmas A.1 and A.2 in Appendix A to show the proposition.

Proposition 2.3. Let 0 < p ≤ 1 be fixed and let Np = ⌊1/p− 1⌋. As-

sume that ψ,φ ∈ L2. For any fixed 0 ≤ α ≤ Np+1, suppose that ψ̂, φ̂, . . . , ξαφ̂

∈W 2,1 and ψ̂, ξαφ̂ ∈ Wα+2,2, and that σα(ψ, φ) and τα(ψ, φ) in (2.1) and
(2.2), respectively, are finite. Then for all x, y ∈ R such that x 6= y, we have

|∂αyK0(x, y)| ≤ min
{
σα(ψ, φ),

τα(ψ, φ)

|x− y|α+2

}
.

Proof. Let us fix 0 < p ≤ 1 and 0 ≤ α ≤ Np+1. From the assumptions

ψ̂, φ̂, . . . , ξαφ̂ ∈ W 2,1, we obtain the continuity of ψ, φ, . . . , φ(α) and decay
conditions |ψ(x)|, |φ(x)|, . . . , |φ(α)(x)| . 1/(1 + |x|2) by Lemma A.1. Hence,
by Lemma A.2, we can write ∂αyK0(x, y) as a converging series. Then, we
define a periodic function F (t) with period 1 as

(2.4) F (t) := ∂αyK0(x+ t, y + t) =
∑

k∈Z

ψ(x+ t− k) φ(α)(y + t− k) .

Since ψ, φ, . . . , φ(α) are continuous, F is continuous, by Lemma A.2 again.
For l ∈ Z, the l-th Fourier coefficient of F is given as

cF (l) =

∫ 1

0

∑

k∈Z

ψ(x+ t− k) φ(α)(y + t− k)e−2πitl dt.

Since φ(α) is bounded and |ψ(x)| . 1/(1 + |x|2), the series in the integrand
converges uniformly. So, we have

cF (l) =

∫

R

ψ(x+ t) φ(α)(y + t)e−2πitl dt
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10 Y. HUR and H. LIM

= (−2πi)αe2πixl
∫
e2πiξ(x−y)ξα φ̂(ξ) ψ̂(ξ + l) dξ.

By summing the absolute value of the coefficients cF (l) over l ∈ Z, we have

∑

l∈Z

|cF (l)| ≤ (2π)α
∑

l∈Z

‖ξα φ̂(·) ψ̂(·+ l)‖
L1

= σα(ψ, φ) <∞.

Also, one can show that |F (t)| . 1/(1 + |t|2) holds. Since F is contin-
uous with

∑
l∈Z|cF (l)| <∞, the Fourier series of F converges pointwise

and F (0) =
∑

l∈Z cF (l). Then, we have ∂αyK0(x, y) =
∑

l∈Z cF (l) from (2.4).
Thus we have an estimation for the absolute value of ∂αyK0 as

|∂αyK0(x, y)| ≤
∑

l∈Z

|cF (l)| ≤ (2π)α
∑

l∈Z

‖ξα φ̂(·) ψ̂(·+ l)‖
L1
,

where the last inequality comes from the above inequality.

Since ξαφ̂, ψ̂ ∈Wα+2,2, we can use the integration by parts (α+2)-times
for each cF (l) in ∂

α
yK0(x, y) =

∑
l∈Z cF (l). This gives another estimation for

the absolute value of ∂αyK0 as

|∂αyK0(x, y)| ≤
(

1

4π2

∑

l∈Z

∥∥∥(ξα φ̂(·) ψ̂(·+ l))
(α+2)

∥∥∥
L1

)
1

|x− y|α+2
.

Therefore, for each 0 ≤ α ≤ Np + 1, we conclude that

|∂αyK0(x, y)| ≤ min
{
σα(ψ, φ),

τα(ψ, φ)

|x− y|α+2

}
. �

Based on the estimation on ∂αyK0(x, y) shown in Proposition 2.3, we
prove Theorem 2.1 by additionally using Lemmas A.1, A.3 and A.4 in Ap-
pendix A.

Proof of Theorem 2.1. We first show that, for each fixed 0 ≤ α ≤
N + 1, if ψ̂, φ̂, . . . , ξαφ̂ ∈Wα+2,1 and ψ̂, ξαφ̂ ∈Wα+2,2, then for all x 6= y,

∣∣∂αyKψ,φ(x, y)
∣∣ ≤ Cα(ψ, φ)

|x− y|α+1
.

To see this, we first invoke Lemma A.1 and obtain the decay conditions
|ψ(x)|, |φ(x)|, . . . , |φ(α)(x)| . 1/(1 + |x|α+2) and the continuity of ψ, φ, . . . ,

φ(α) from the assumptions ψ̂, φ̂, . . . , ξαφ̂ ∈ Wα+2,1. Then, by Lemma A.4,
∂αyKψ,φ(x, y) exists and can be written as

∂αyKψ,φ(x, y) =
∑

j∈Z

Aj(α+1)∂αyK0(A
jx,Ajy).
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WAVELET SERIES EXPANSION IN HARDY SPACES 11

Next, we use Proposition 2.3 to get

|∂αyK0(x, y)| ≤ min
{
σα(ψ, φ), τα(ψ, φ)/|x − y|α+2

}

from the assumptions ψ̂, ξαφ̂ ∈Wα+2,2. By taking σ = σα(ψ,φ), τ = τα(ψ,φ)
and l = α in Lemma A.3, we obtain the above bound for |∂αyKψ,φ(x, y)|.

Now, since the given regularity assumptions of Theorem 2.1 imply the
above regularity assumptions for every 0 ≤ α ≤ N + 1, the desired bound
of Theorem 2.1 is obtained by taking the maximum value of Cα(ψ, φ) over
0 ≤ α ≤ N + 1, and this completes the proof. �

2.3. Auxiliary results and proof of Theorem 2.2. In this subsec-
tion, we present Propositions 2.7 and 2.8, and prove Theorem 2.2 using them.
A more technical lemma for showing Proposition 2.8 is in Appendix A.

We start by defining some spaces and operators and by stating proposi-
tions. Let 0 < p ≤ 1 and Np = ⌊1/p− 1⌋ as before. Let us define the space
KNp+1,2, which can be thought of as the Fourier transform of the Sobolev
space WNp+1,2, as follows:

KNp+1,2 :=

{
f ∈ L2 : ‖f‖KNp+1,2 :=

∫
(1 + x2Np+2)|f(x)|2 dx <∞

}
.

We further define the space K
Np+1,2
∗ with the vanishing moment condition

K
Np+1,2
∗ :=

{
f ∈ KNp+1,2 :

∫
f(x)xα dx = 0, for all 0 ≤ α ≤ Np

}
,

and the corresponding sequence space lNp+1,2 as the set of all sequences c =
{cjk} such that

‖c‖2lNp+1,2 :=
∑

j,k∈Z

(1 +A−2j(Np+1)
(
1 + k2(Np+1)

)
)c2jk <∞

for A > 1. These spaces are the generalization of the corresponding spaces
studied in [4] for the case when Np = 0.

We now recall the wavelet analysis and synthesis operators for L2 and
l2 := l2(Z× Z).

Definition 2.4. Let ψ, φ ∈ L2 satisfy the decay condition (1.3).

(a) The (wavelet) analysis operator t := tφ : L
2 → l2 (associated with an

analyzer φ) is a bounded linear map defined by

f 7→ t(f) = {〈f, φjk〉}j,k∈Z.
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(b) The (wavelet) synthesis operator s := sψ : l
2 → L2 (associated with a

synthesizer ψ) is a bounded linear map defined by

c = {cjk} 7→ s(c) =
∑

j,k∈Z

cjkψjk.

The boundedness of these operators is proved in [3,4], used in our proof
of Propositions 2.7 and 2.8 below, and stated separately in the following
lemmas for a clearer presentation.

Lemma 2.5 [3,4]. Assume that Φ ∈ L2 satisfies the decay condition (1.3).

Let φ(x) = qΦ(−x). Then the analysis operator t : L2 → l2 is bounded and
linear.

Lemma 2.6 [3,4]. Assume that Ψ ∈ L2 satisfies the decay condition (1.3).

Let ψ(x) = qΨ(−x). Then the synthesis operator s : l2 → L2 is bounded and
linear, with unconditional convergence of the series.

The following proposition shows the synthesis operator s restricted to
lNp+1,2 is well-defined. It is proved using Lemma 2.6.

Proposition 2.7. Let 0 < p ≤ 1 be fixed and let N := Np. Assume that
ψ ∈ L2 satisfies the following conditions:

(a) ψ̂ ∈WN+1,2, and
∫
ψ(x)xβ dx = 0, for all 0 ≤ β ≤ N ,

(b) |ψ̂(N+1)(ξ)| .
{
|ξ|ε, |ξ| ≤ 1,

|ξ|−ε−N−3/2, |ξ| ≥ 1,
for some ε > 0.

Then the restriction s|lN+1,2 : lN+1,2 → KN+1,2
∗ of the synthesis operator is

well-defined, bounded and linear, with unconditional convergence of the se-
ries.

Proof. Let c ∈ lN+1,2. In order to show s(c) ∈ KN+1,2, it suffices to

show that ‖s(c)‖L2, ‖xN+1s(c)‖L2 <∞. Let Ψ(−ξ) := ψ̂(ξ). Then, since
Ψ ∈ L2 and it has the decay condition (1.3), we get s(c) ∈ L2 by Lemma 2.6

immediately. Next, since xN+1 = A−j(N+1)
∑N+1

i=0

(N+1
i

)
(Ajx− k)ikN+1−i,

we have

xN+1s(c) =
N+1∑

i=0

(N + 1

i

) ∑

j,k∈Z

(
A−j(N+1)kN+1−icjk

)
(ηi)jk(x),

where ηi := xiψ. By taking Ψ in Lemma 2.6 as Ψ(i) and noting that Ψ(i) = η̂i,
we have

∥∥∥∥
∑

j,k∈Z

(
A−j(N+1)kN+1−icjk

)
(ηi)jk

∥∥∥∥
L2

.
∥∥A−j(N+1)kN+1−icjk

∥∥
l2
.
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Since the right-hand side of the above inequality is bounded by ‖c‖lN+1,2 , we
get ‖xN+1s(c)‖L2 . ‖c‖lN+1,2 .

Finally, fix 0 ≤ α ≤ N . Then, since ‖xαs(c)‖L1 . ‖s(c)‖KN+1,2 <∞
from the assumption that

∫
ψ(x)xβ dx = 0 for all 0 ≤ β ≤ N , we see that∫

s(c)(x)xα dx = 0. Therefore, s(c) ∈ KN+1,2
∗ , which completes the proof.

�

The next proposition shows the analysis operator t restricted to K
Np+1,2
∗

is well-defined. It is proved by using Lemma 2.5, and Lemma A.6 in Ap-
pendix A.

Proposition 2.8. Let 0 < p ≤ 1 be fixed and let N := Np. Assume that
φ ∈ L2 satisfies the following conditions:

(a) φ̂ ∈ WN+1,2, and
∫
φ(x)xβ dx = 0, for all 0 ≤ β ≤ N ,

(b) |φ̂(N+1)(ξ)| .
{
|ξ|ε, |ξ| ≤ 1,

|ξ|−ε−2N−5/2, |ξ| ≥ 1,
for some ε > 0.

Then the restriction t|KN+1,2
∗

: KN+1,2
∗ → lN+1,2 of the analysis operator is

well-defined, bounded and linear.

Proof. Let f ∈KN+1,2
∗ . To show t(f) =

{
〈f, φjk〉

}
∈ lN+1,2, it suffices

to show
∑

j,k∈Z

|〈f, φjk〉|2 . ‖f‖2L2,(2.5)

∑

j,k∈Z

A−2j(N+1)|〈f, φjk〉|2 .
∥∥xN+1f

∥∥2
L2 ,(2.6)

∑

j,k∈Z

A−2j(N+1)k2(N+1)|〈f, φjk〉|2 .
∥∥xN+1f

∥∥2
L2 .(2.7)

Let Φ(−ξ) := φ̂(ξ). Since Φ ∈ L2 with the decay condition (1.3), the inequal-
ity (2.5) is immediate from Lemma 2.5.

Next, let F (ξ) := qf(ξ). Since F ∈WN+1,2, ‖F/ξN+1‖L2 ≤ c1‖F (N+1)‖L2

by Lemma A.6, and this implies F/ξN+1 ∈ L2. Then, we have g := ̂(F/ξN+1)
∈ L2 and g(N+1) = f holds weakly. From

A−j(N+1) 〈f, φjk〉 = (−1)N+1
〈
g, (φ(N+1))jk

〉

and by Lemma 2.5 with Φ there as ξN+1Φ, we get the inequality (2.6) since

∑

j,k∈Z

A−2j(N+1)|〈f, φjk〉|2 ≤ c2‖g‖2L2 ≤ c21c2‖xN+1f‖2L2 .
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Finally, from

kN+1 = (Ajx−(Ajx−k))N+1 =

N+1∑

i=0

(N +1

i

)
(Ajx)N+1−i(−(Ajx−k))i,

to get the inequality (2.7), it suffices to show that for any fixed 0 ≤ i ≤
N + 1,

∑

j,k∈Z

A−2j(N+1)(Ajx)2(N+1−i)(Ajx− k)2i
∣∣ 〈f, φjk〉

∣∣2 ≤ c̃i
∥∥xN+1f

∥∥2
L2(2.8)

for some c̃i > 0. For i = 0, since Φ ∈ L2 and it has the decay condition (1.3),
the above inequality holds due to Lemma 2.5. So, we may assume that 0 < i
≤ N + 1 and fix i. Note that

A−j(N+1)(Ajx)N+1−i(Ajx− k)i 〈f, φjk〉 = A−ij
〈
xN+1−if, (Ajx− k)iφjk

〉
.

Also, note that xN+1−if ∈ K i,2. Let F (ξ) := (xN+1−if)(ξ). Then F ∈W i,2

and by Lemma A.6, ‖F/ξi‖L2 ≤ c3‖F (i)‖L2 . Thus, F/ξi ∈ L2. Then, we

have g := F̂/ξi ∈ L2 and g(i) = xN+1−if holds weakly. Let η := xiφ. Then,

A−ij
〈
xN+1−if, (Ajx− k)iφjk

〉
= A−ij

〈
g(i), ηjk

〉
= (−1)i

〈
g, (η(i))jk

〉
.

Thus, by Lemma 2.5 with Φ there as ξiΦ(i) and by noting that ξiΦ(i) = η̂(i),
we see that the left-hand side of (2.8) is bounded by

∑

j,k∈Z

∣∣〈g, (η(i))jk
〉∣∣2 ≤ c4‖g‖2L2 ≤ c23c4‖xN+1f‖2L2 .

Therefore, we have the inequality (2.8) for fixed i, with c̃i = c23c4. This com-
pletes the proof. �

By using Propositions 2.7 and 2.8, let us prove Theorem 2.2.

Proof of Theorem 2.2. Let ψ and φ satisfy all the assumptions in
Theorem 2.2. Since all assumptions are the union of all the assumptions
in Propositions 2.7 and 2.8, we see that the composition s ◦ t is bounded

and linear on KN+1,2
∗ . Since the wavelet frame operator U satisfies Uf =

(s ◦ t)(f) for every f ∈ KN+1,2
∗ , U is bounded on KN+1,2

∗ .
Let f be a function in L2 with compact support, satisfying

∫
f(x)xγ dx=0

for every 0 ≤ γ ≤ N . Then f ∈ KN+1,2
∗ , and thus Uf ∈ KN+1,2

∗ as well. Let
0 ≤ α ≤ N be fixed. Since

‖xαUf‖L1 ≤
(∫

x2α

1 + x2N+2
dx

)1/2

‖
√

1+x2N+2Uf‖
L2

. ‖Uf‖KN+1,2 <∞,
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by the assumption that
∫
ψ(x)xβ dx = 0 for all 0 ≤ β ≤ N , we have

∫
Uf(x)xα dx =

∫
f(y)

( ∑

j,k∈Z

Aj φ(Ajy−k)
∫
ψ(Ajx−k)xα dx

)
dy = 0,

which completes the proof. �

3. Boundedness of Calderón–Zygmund operator on Hp(R) with
an explicit bound

3.1. Main result. Among the known equivalent definitions of Hardy
space Hp = Hp(R), we adopt the definition of Hardy space with the building
block called “atom” [14,15,17,24]. Recall that Np = ⌊1/p− 1⌋.

Definition 3.1. For 0 < p ≤ 1, a real-valued function h ∈ L2 is called
a (p, 2)-atom (or simply, an atom) if it satisfies the following conditions:

(a) supp h ⊂ I for some bounded interval I ,

(b) ‖h‖L2 ≤ |I|1/2−1/p, and

(c)
∫
h(x)xα dx = 0 for all 0 ≤ α ≤ Np.

Definition 3.2. For 0 < p ≤ 1, the (atomic) Hardy space Hp is de-
fined by

Hp :=
{
f ∈ S ′ : f =

∞∑
k=0

λkhk (in the sense of tempered distribution)

for some (p, 2)-atoms hk and
∞∑
k=0

|λk|p <∞
}
,

and the quasi-norm ‖f‖Hp is defined as inf
{(∑∞

k=0|λk|p
)1/p}

, where the in-
fimum is taken over all possible atomic decompositions of f ∈ Hp.

The Hardy space Hp is a complete space with ‖·‖Hp for 0 < p ≤ 1 [1,17].
We will show that the Calderón–Zygmund operator Z (see Definition 1.3)
has a bounded extension to Hp. This is an extension of the result in H1

space studied in [5].
Before stating our Hp extension result, we introduce some numbers used

in its statement and throughout the paper. Let 0 < p ≤ 1 be fixed and let
N := Np. Let b denote any number larger than 2/p and let δ be defined as

(3.1) δ := δ(b) := 0.5 · ((2N + 3)/(2b) +
√
4 + ((2N + 3)/(2b))2).
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We also reserve the letter G to denote

(3.2) G := G(N ) := max
0≤α≤N

Gα

where Gα are the values described in the following lemma from [14], with
N = N .

Lemma 3.3 [14]. Let N ∈ N and R > 0 be fixed. Let 0 ≤ α ≤ N be a
fixed integer. For each k ∈ N0, there exists a unique polynomial gkα(x) of
degree at most N such that

(3.3)
1

|Ek|

∫

Ek

gkα(x)x
β dx =

{
1, if β = α,

0, if 0 ≤ β ≤ N, β 6= α,

where E0 := {x ∈ R : |x| ≤ R} and

(3.4) Ek :=
{
x ∈ R : 2k−1R < |x| ≤ 2kR

}
, k = 1, 2, . . . .

Furthermore, for Gkα(x) := gkα(x)χEk
(x), there exists a constant Gα indepen-

dent of k and R such that

(3.5) |Gkα(x)| ≤ Gα(2kR)−α, for every x ∈ R.

Clearly, G depends on N , and is independent of other parameters in-
cluding R in Lemma 3.3 when N is fixed. Some more details about values
Gα and G are given via an example in Appendix B.

Theorem 3.4. Let 0 < p ≤ 1 be fixed and let N := Np. Suppose Z is
a Calderón–Zygmund operator with a constant Z . Then for any fixed b >
2/p and ζ ≥ δ with δ = δ(b) as in (3.1), Z has a bounded extension to Hp

satisfying

‖Z‖pHp→Hp ≤ C1ζ
p(1/p−1/2)‖Z‖pL2→L2 + C2Zp,

where C1 and C2 := C2(b, ζ) are given as follows:

C1 := (1 + G(N + 1))p,

C2(b, ζ) :=

{
2N+3

(N + 1)!
√
2N + 3

}p

×
{
1

2

( 1

(ζ + 1)2N+3
+

1

(ζ − 1)2N+3

)
ζ

2

p
−1

}p/2

×
{
2 · (2b− 1)−p/2C1 + 3Gp

∑

0≤α≤N

( 2 + 2−α

b− α− 1

)p}
.

Here, G is a constant defined as in (3.2).
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Remark 1. In Theorem 3.4, when p, N and G are fixed, the constant C1

is a fixed number containing no variables, and C2 = C2(b, ζ) depends only
on parameters b and ζ . Hence, the above bound

C1ζ
p(1/p−1/2) ‖Z‖pL2→L2 + C2Zp

can be improved by taking sufficiently large b. To see this, note that as
the parameter b increases (and ζ is fixed), the value of C2 decreases, so the
second term, i.e. C2Zp, decreases, whereas the first term stays the same.

3.2. Auxiliary results and proof of Theorem 3.4. In this subsec-
tion, we present two propositions and the proof of Theorem 3.4 based on
these.

To show the boundedness of a Calderón–Zygmund operator on Hp for
any fixed 0 < p ≤ 1, we follow a classical approach for the atomic Hardy
space [1,14]. This approach consists of three steps. First, one shows that
the operator maps atoms to “molecules” and then, in the second step, shows
that every “molecule” belongs to the Hardy space. In the final step, by
using the results from the previous steps and an atomic decomposition, it
is shown that a Calderón–Zygmund operator is bounded on Hp. We follow
this approach in such a way that a bound of the operator norm from Hp

to Hp is a computable number. For a restricted case of p = 1, similar results
are obtained in [5].

The following proposition corresponds to the first step, which shows that
a Calderón–Zygmund operator maps an atom to the function, with the spe-
cific conditions given below. This function is the so-called “molecule” [14,
20].

Proposition 3.5. Let 0 < p ≤ 1 be fixed and N := Np. Let Z be a
Calderón–Zygmund operator with a constant Z . Also, let h be an atom sup-
ported in a bounded interval I centered at y0 ∈ R. Then for any fixed b > 2/p
and ζ ≥ δ with δ = δ(b) as in (3.1), we have Zh ∈ L2 and

|(Zh)(x)| ≤ C3Z|I|b−1/p

|x− y0|b
, x 6∈ ζI,

where C3 := C3(b, ζ) is the constant defined by
(3.6)

C3(b, ζ) :=
2N+3

(N +1)!
√
2N +3

{ 1

2ζ

( 1

(ζ+1)2N+3
+

1

(ζ−1)2N+3

)}1/2(ζ
2

)b
.

Proof. Fix x 6∈ ζI . Since Z is a Calderón–Zygmund operator defined
with kernel K and since h ∈ L2 is an atom having vanishing moments, we
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have

|Zh(x)| =
∣∣∣∣
∫

I

(
K(x, y)−

∑

0≤α≤N

(y − y0)
α

α!
∂αyK(x, y0)

)
h(y) dy

∣∣∣∣.

Then,

|Zh(x)| ≤ (1/(N + 1)!)

∫

I
|∂N+1
y K(x, ỹ)||y − y0|N+1|h(y)| dy

for some ỹ between y and y0. From the condition (1.5) of the Calderón–
Zygmund operator and the fact that |x− y| ≤ 2|x− ỹ|, we have, with the
constant Z ,

|Zh(x)| ≤ 2N+2Z
(N + 1)!

∫

I

|y − y0|N+1

|x− y|N+2
|h(y)| dy

≤ 2N+2Z
(N + 1)!

(∫

I

|y − y0|2(N+1)

|x− y|2(N+2)
dy

)1/2

‖h‖L2 .

Let w = 2(x− y0)/|I| and z = 2(y − y0)/|I|. Then by using the change of
variable t = w − z, the integral in the last term of the above inequality is
computed as

∫

I

|y − y0|2N+2

|x− y|2N+4
dy =

2

|I|

∫ 1

−1

z2N+2

(w − z)2N+4
dz =

2

|I|
2

2N + 3
g(|w|)

where g(|w|) := (1/(|w|+ 1)2N+3 + 1/(|w| − 1)2N+3)/2|w|. From this and
the fact that ‖h‖L2 ≤ |I|1/2−1/p, we have the estimation

|Zh(x)| ≤ 2N+2Z 2|I|−1/p

(N + 1)!
√
2N + 3

√
w2bg(|w|) 1

|w|b .

Since x 6∈ ζI , from the definition of w, we have |w| ≥ ζ ≥ δ. Also, since

s 7→ s2bg(s) is decreasing for s ≥ δ, it follows that
√
w2bg(|w|) ≤

√
ζ2bg(ζ).

By using this inequality, we obtain the stated bound for |Zh(x)|. �

The following proposition corresponds to the second step, which shows
that if the function has a sufficient decay with sufficient vanishing moments
as given below, it belongs to the Hp space. The proof uses lemmas in Ap-
pendix C.

Proposition 3.6. Let 0 < p ≤ 1 be fixed and N := Np. Suppose M ∈
L2 and I is a bounded interval centered at y0 ∈ R. For any fixed b > 2/p and
ζ ≥ δ where δ = δ(b) is defined in (3.1), if

(3.7) |M(x)| ≤ CM |I|b−1/p

|x− y0|b
, x 6∈ ζI,
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for some CM > 0 and

(3.8)

∫

R

M(x)xα dx = 0, for all 0 ≤ α ≤ N ,

then M ∈ Hp with

‖M‖pHp ≤ C1(ζ|I|)p(1/p−1/2)‖M‖pL2 + CpMC4

where C1 = (1+G(N +1))p, as before, with G as in (3.2), and C4 := C4(b, ζ)
is defined by

(3.9) C4(b, ζ) := 2bpζ1−bp
(
2 · (2b− 1)−p/2C1 + 3Gp

∑

0≤α≤N

( 2 + 2−α

b− α − 1

)p)
.

Proof. We may assume that y0 = 0 in (3.7) by using an appropri-
ate translation. We use collections of sets {Ek}k∈N0

and of functions
{Gkα}0≤α≤N ,k∈N0

as in Lemma 3.3, with N and R chosen as N and ζ|I|/2,
respectively. Let M ∈ L2 satisfy all the assumptions in the proposition. For
each k ∈ N0, we define two functions needed for the proof by using the set
Ek and functions {Gkα}0≤α≤N as follows:

Mk(x) :=M(x)χEk
(x),(3.10)

Pk(x) :=
∑

0≤α≤N

mk
αG

k
α(x),(3.11)

where mk
α := (1/|Ek|)

∫
Mk(x)x

α dx.
SinceMk and Pk are supported in Ek for each k ∈ N0, and the sets {Ek}

are disjoint, M can be written as

M(x) =
∞∑

k=0

Mk(x) =
∞∑

k=0

(Mk(x)− Pk(x)) +
∞∑

k=0

Pk(x).

Since ‖M‖pHp ≤
∥∥∑∞

k=0(Mk − Pk)
∥∥p
Hp +

∥∥∑∞
k=0 Pk

∥∥p
Hp , to obtain ‖M‖pHp ,

we will calculate
∥∥∑∞

k=0(Mk − Pk)
∥∥p
Hp and

∥∥∑∞
k=0 Pk

∥∥p
Hpby decomposing

them as (p, 2)-atoms.
For k ∈ N0, let λk satisfy

(3.12) λk ≤
{
(1 + G(N + 1))(ζ|I|)1/p−1/2‖M‖L2, k = 0,

CM (1 + G(N + 1))(2k−1ζ)1/p−b
(
22b−2
2b−1

)1/2
, k ≥ 1,

Then since (Mk − Pk)/λk is a (p, 2)-atom by Lemma C.2, we have
∥∥∥∥

∞∑

k=0

(Mk − Pk)

∥∥∥∥
p

Hp

=

∥∥∥∥
∞∑

k=0

λk

(Mk − Pk
λk

)∥∥∥∥
p

Hp

≤
∞∑

k=0

|λk|p.
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Since
∑∞

k=0 2
(1−bp)k = 1/(1− 21−bp) < 2 for b > 2/p, with (3.12), this gives

∥∥∥∥
∞∑

k=0

(Mk − Pk)

∥∥∥∥
p

Hp

(3.13)

≤ (1 + G(N + 1))p((ζ|I|)1−p/2‖M‖pL2 + 2CpMζ
1−bp2bp(2b− 1)−p/2).

From the fact that Gkα is supported in Ek and the definition of Pk in
(3.11), we have

∞∑

k=0

Pk(x) =
∞∑

k=0

( ∑

0≤α≤N

mk
αG

k
α(x)

)
=

∑

0≤α≤N

∞∑

k=0

(
mk
α|Ek|

)( 1

|Ek|
Gkα(x)

)

=
∑

0≤α≤N

∞∑

k=0

( ∞∑

j=k+1

mj
α|Ej |

)( 1

|Ek+1|
Gk+1
α (x)− 1

|Ek|
Gkα(x)

)

where the last equality holds due to
∑∞

j=0m
j
α|Ej | = 0. For 0 ≤ α ≤ N and

k ∈ N0, let us define

(3.14) Nk
α :=

∞∑

j=k+1

mj
α|Ej | and hkα(x) :=

1

|Ek+1|
Gk+1
α (x)− 1

|Ek|
Gkα(x),

and let µkα satisfy

(3.15) 0 < µkα ≤ 31/pG(1 + 2−α−1)(2k−1ζ|I|)1/p−α−1.

Then, since hkα/µ
k
α is a (p, 2)-atom by Lemma C.3,

∥∥∥∥
∞∑

k=0

Pk

∥∥∥∥
p

Hp

=

∥∥∥∥
∑

0≤α≤N

∞∑

k=0

(
Nk
αµ

k
α

) (
hkα/µ

k
α

)∥∥∥∥
p

Hp

≤
∑

0≤α≤N

∞∑

k=0

|Nk
αµ

k
α|p.

Using the assumption (3.7), with Ẽk := ∪∞
j=k+1Ej , we have

|Nk
α | =

∣∣∣∣
∞∑

j=k+1

∫
Mj(x)x

α dx

∣∣∣∣ ≤
∫

Ẽk

|M(x)||x|α dx

≤ CM |I|b−1/p

∫

Ẽk

|x|α/|x|b dx.

Since b > 2/p, 0 ≤ α ≤ N = ⌊1/p−1⌋, we get b−α−1 > 0 and, by definition
of Ej ,

|Nk
α | ≤ CM

( 2

b− α− 1

)
(2k−1ζ)−b+α+1|I|α+1−1/p.
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Using the bound for µkα, and the estimation
∑∞

k=0 2
(1−bp)k < 2 again, this

gives

(3.16)

∥∥∥∥
∞∑

k=0

Pk

∥∥∥∥
p

Hp

< 3CpM2bpζ1−bpGp
∑

0≤α≤N

( 2 + 2−α

b− α − 1

)p
.

Combining the bounds in (3.13) and (3.16) gives the stated bound for
‖M‖pHp . �

The following proof of Theorem 3.4 corresponds to the final step, which
combines the previous propositions to show that the Calderón–Zygmund op-
erator Z is bounded on Hp. In the proof, we use an argument from [1].

Proof of Theorem 3.4. Let Z be the Calderón–Zygmund operator
with a constant Z .

For each (p, 2)-atom h supported in an interval I centered at y0, by
Proposition 3.5, we see that Zh ∈ L2 and

|(Zh)(x)| ≤ C3Z|I|b−1/p

|x− y0|b
, for x ∈ (ζI)c

where C3 = C3(b, ζ) is as in (3.6), and b > 2/p and ζ ≥ δ = δ(b) are fixed.
Since h is an atom with sufficient vanishing moments, Zh satisfies the

vanishing moment condition
∫
R
Zh(x)xα dx = 0 for all 0 ≤ α ≤ N by the

condition (1.6) of the Calderón–Zygmund operator. Hence, by Proposi-
tion 3.6 with M := Zh, and CM := C3Z , we have Zh ∈ Hp with

(3.17) ‖Zh‖pHp ≤ C1ζ
p(1/p−1/2)‖Z‖pL2→L2 + Cp3C4Zp,

where the size condition of the atom h is used to replace ‖Zh‖L2 by
‖Z‖L2→L2 . By cancelling out the terms (ζ/2)bp in Cp3 and (2/ζ)bp in C4,
we see that C2 in the statement of Theorem 3.4 is in fact the same as Cp3C4.

To extend the bound of ‖Zh‖Hp in (3.17) to that of ‖Zf‖Hp , for any
f ∈ Hp, we consider the function space

ΘN := {f ∈ L2 : f has a compact support,

and
∫
f(x)xαdx = 0, for all 0 ≤ α ≤ N}.

This is a well-known dense subspace of the Hardy space Hp [1,14,26]. Let
f ∈ ΘN . Since f ∈ Hp, for any fixed ε > 0, there exists an atomic decom-
position such that f =

∑∞
k=0 λkhk, where hk are (p, 2)-atoms and

∞∑

k=0

|λk|p < (1 + ε)‖f‖pHp <∞.
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Let fN =
∑N

k=0 λkhk, and let gN := Z(fN). For N1 < N2, by using the
bound in (3.17) with Cp3C4 replaced by C2, we have

‖gN2
− gN1

‖pHp = ‖Z(fN2
− fN1

)‖pHp

≤
N2∑

k=N1+1

|λk|p‖Zhk‖pHp ≤ C̃
N2∑

k=N1+1

|λk|p,

with C̃ := C1 ζ
p(1/p−1/2) ‖Z‖pL2→L2 + C2Zp. Since

∑∞
k=0|λk|p <∞, gN is a

Cauchy sequence in Hp, and thus converges to some element in Hp.
Also, since Zf =

∑∞
k=0 λk(Zhk) converges in Hp, for example, by the

argument in Theorem 9.8 of [1], we conclude that gN converges to Zf in Hp.
Thus, using (3.17) again as above, we get

‖Zf‖pHp = lim
N→∞

∥∥∥∥
N∑

k=0

λkZhk

∥∥∥∥
p

Hp

≤ C̃

∞∑

k=0

|λk|p < C̃(1 + ε)‖f‖pHp.

Since this holds for any arbitrary ε > 0, ‖Zf‖pHp ≤ C̃‖f‖pHp for all f ∈ ΘN .
Furthermore, since ΘN is dense in Hp, we have the same bound for any
f ∈ Hp, i.e.,

‖Zf‖pHp ≤ C̃‖f‖pHp, for all f ∈ Hp.

This completes the proof. �

4. Boundedness and invertibility of wavelet frame operator on
the Hardy space Hp(R)

This section consists of proofs of Theorems 1.6 and 1.7. Recall that The-
orem 1.6 gives sufficient conditions for the wavelet frame operator U to be
a Calderón–Zygmund operator, and have a bounded extension to Hp. Suffi-
cient conditions for the wavelet frame operator U to be invertible are given
in Theorem 1.7.

Proof of Theorem 1.6. Let ψ, φ ∈ L2 satisfy all the assumptions in
Theorem 1.6. Then the wavelet frame operator U = Uψ,φ is a Calderón–
Zygmund operator by Theorems 1.2, 2.1, and 2.2 with a constant

(4.1) C(ψ, φ) := max
0≤α≤N+1

Cα(ψ, φ)

where Cα(ψ,φ) is defined as in (2.3). Thus, by Theorem 3.4, U is a bounded
operator on Hp with the operator norm satisfying

‖U‖pHp→Hp ≤ C1ζ
p(1/p−1/2)‖U‖pL2→L2 + C2C(ψ, φ)p.
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Here, the values C1 and C2 = C2(b, ζ) are the same as in Theorem 3.4:

C1 = (1 + G(N + 1))p,(4.2)

C2(b, ζ) =

{
2N+3

(N + 1)!
√
2N + 3

}p
(4.3)

×
{
1

2

( 1

(ζ + 1)2N+3
+

1

(ζ − 1)2N+3

)
ζ

2

p
−1

}p/2

×
{
2 · (2b− 1)−p/2C1 + 3Gp

∑

0≤α≤N

( 2 + 2−α

b− α− 1

)p}
,

and they are finite for any fixed b > 2/p and ζ ≥ δ(b), with δ(b) and G
given as in (3.1) and (3.2), respectively. Hence, the above upper bound for
‖U‖pHp→Hp is finite for any fixed b and ζ , and this completes the proof. �

Proof of Theorem 1.7. Let ψ, φ, ψ∗, φ∗ ∈ L2 satisfy all the assump-
tions of Theorem 1.7. Since ψ, φ satisfy the decay condition (1.3), we see
that U = sψ ◦ tφ in L2 from Definition 2.4. Also, since ψ∗, φ∗ ∈ L2 are ex-
act duals in L2, sψ∗ ◦ tφ∗ = Id in L2. Then, by linearity of the operators, we
have

U − Id = sψ ◦ tφ − sψ∗ ◦ tφ∗ = sψ−ψ∗ ◦ tφ + sψ∗ ◦ tφ−φ∗

= Uψ−ψ∗,φ + Uψ∗,φ−φ∗.

Since ψ, ψ∗, φ, φ∗ satisfy the decay condition (1.3) and the regularity condi-
tion, U − Id is a bounded operator on L2 by Theorem 1.2. Moreover, since
they satisfy all the conditions in Theorem 1.6, the operator U − Id has a
bounded extension to Hp with the following bound on the operator norm:

‖U − Id‖pHp→Hp ≤ ‖Uψ−ψ∗,φ‖pHp→Hp + ‖Uψ∗,φ−φ∗‖pHp→Hp

≤ C1ζ
p(1/p−1/2) ‖Uψ−ψ∗,φ‖pL2→L2 + C2(b, ζ)C(ψ − ψ∗, φ)p

+ C1η
p(1/p−1/2) ‖Uψ∗,φ−φ∗‖pL2→L2 + C2(b, η)C(ψ∗, φ− φ∗)p,

where C(·, ·) denotes the constant defined as in (4.1), and the constants C1

and C2(b, ·) are the same as in the proof of Theorem 1.6 (cf. (4.2) and (4.3))
for b > 2/p and ζ, η ≥ δ(b), with δ(b) given as in (3.1).

Now, let b > p/2 be arbitrary but fixed. Then, δ(b) is fixed as well and,
by taking the infimum over all ζ, η ≥ δ(b) in the above bound, we get

‖U − Id‖pHp→Hp ≤Mp(ψ, φ;ψ
∗, φ∗),

with Mp(ψ, φ;ψ
∗, φ∗) defined as the resulting infimum value. The given as-

sumption Mp(ψ, φ;ψ
∗, φ∗) < 1 implies that ‖U − Id‖Hp→Hp < 1, i.e., ψ and

Analysis Mathematica 50, 2024

585



24 Y. HUR and H. LIM

φ are approximate duals in Hp. Thus, the wavelet frame operator U is bi-
jective on Hp by the Neumann series expansion [22,25], and this completes
the proof of Theorem 1.7. �

5. Wavelet series expansion in Hp(R)

In this section, we will show Theorem 1.8 by using the previous results
such as the boundedness and the invertibility of the wavelet frame operator
U , and two additional results. One of these additional results is Theorem 5.2,
and it says that each of the synthesis operator and the analysis operator has
a bounded extension to the space related with Hp. This is a generalization
of the result for the dyadic case with A = 2 by Frazier and Jawerth [12], and
this generalization is proved in [2] for an arbitrary dilation factor A ∈ R,
A > 1. The other additional result is Theorem 5.3, and it gives the equiv-
alence of the (non-dyadic) Triebel–Lizorkin space Ḟ 02

p and the Hardy space
Hp using a generalized Littlewood–Paley theory. One can show this result
simply by adjusting the well-known assumptions for the dyadic case to the
non-dyadic settings.

Below is the definition of the (non-dyadic) Triebel–Lizorkin space Ḟ 02
p

and the (non-dyadic) Triebel–Lizorkin sequence space ḟ02p . Here, we use the
notation S ′/P for the space of tempered distributions modulo polynomials.

Definition 5.1. Let 0 < p ≤ 1.

(a) The (non-dyadic) Triebel–Lizorkin space Ḟ 02
p := Ḟ 02

p (R,A) is the col-
lection of all f ∈ S ′/P such that

‖f‖Ḟ 02
p

:=

∥∥∥∥
(∑

j∈Z

|f ∗ ρA,j|2
)1/2∥∥∥∥

Lp

<∞,

where ρA,j(·) = Ajρ(Aj ·) and ρ is a Schwartz function with its Fourier trans-

form ρ̂ supported in the annulus 1/
√
A ≤ |ξ| ≤ A, and |ρ̂| ≥ C > 0 on the

annulus 1 ≤ |ξ| ≤
√
A.

(b) The (non-dyadic) Triebel–Lizorkin sequence space ḟ02p := ḟ02p (A) is
the collection of all complex-valued sequences c = {cjk}j,k∈Z such that

‖c‖ḟ02
p

:=

∥∥∥∥
( ∑

j,k∈Z

(|cjk|Aj/2χIjk)2
)1/2∥∥∥∥

Lp

<∞,

with the characteristic function χIjk on the interval Ijk = [A−jk,A−j(k+1)).
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In [2, Definition 5.1, Theorems 5.5 and 5.6], Bownik and Ho define func-
tions such as the smooth synthesis molecule, say ψBH , and the smooth anal-
ysis molecule, say φBH . With these functions, they show that each of the
synthesis operator sψBH

and the analysis operator tφBH
has a bounded ex-

tension. We also remark that these results are initially proved in [12] under
the dyadic setting (i.e., A = 2).

Under the assumptions given to our synthesizer ψ and analyzer φ in
Theorem 1.6, if we add one more assumption (namely, ξψ̂ ∈WN+2,1), we
can easily show that these are precisely the smooth synthesis and analysis
molecules of Bownik and Ho. Therefore, we obtain the following theorem by
using the results in [2]. We omit the proof of this theorem as it is straight-
forward.

Theorem 5.2. Let 0 < p ≤ 1 be fixed, and recall Np = ⌊1/p− 1⌋. As-
sume that ψ, φ ∈ L2 satisfy all the conditions in Theorem 1.6, and further

assume that ξψ̂ ∈ WNp+2,1. Then

(a) the wavelet analysis operator tφ : Ḟ
02
p → ḟ02p is a bounded operator,

and

(b) the wavelet synthesis operator sψ : ḟ
02
p → Ḟ 02

p is a bounded operator.

In the dyadic setting, it is well-known that the Hardy space and the
dyadic Triebel–Lizorkin space are equivalent [17,26]. In the following theo-
rem, we state that the Hardy space Hp in Definition 3.2 and the non-dyadic
Triebel–Lizorkin space Ḟ 02

p , 0 < p ≤ 1, are equivalent. It can be shown by
using the Littlewood–Paley theory under the non-dyadic setting. We omit
the proof of this theorem as well because it results from simple modifications
of the known techniques.

Theorem 5.3. Let ρ be a Schwartz function whose Fourier transform is
supported in the annulus 1/

√
A ≤ |ξ| ≤ A, equals to 1 on the smaller annulus

1 ≤ |ξ| ≤
√
A, and satisfies

∑

j∈Z

ρ̂(A−jξ) = 1 for all ξ 6= 0.

Let 0 < p ≤ 1 be fixed. Then, the following statements hold true.

(a) For all f ∈ Hp, we have ‖f‖Ḟ 02
p

. ‖f‖Hp .

(b) Conversely, if a tempered distribution f satisfies ‖f‖Ḟ 02
p

<∞, then

there exists a unique polynomial g such that f−g ∈ Hp and satisfies ‖f−g‖Hp

. ‖f‖Ḟ 02
p

.

By using Theorems 5.2 and 5.3, let us show Theorem 1.8.

Proof of Theorem 1.8. Let ψ, φ ∈ L2 be functions satifying all the
conditions in the theorem. Then the wavelet frame operator U = Uψ,φ is a
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bounded operator from the Hardy space Hp to itself by Theorem 1.6, and
the operator is invertible by Theorem 1.7. Let f ∈ Hp be fixed. Then, U−1f
is in Hp and thus in Ḟ 02

p by Theorem 5.3(a). By Theorem 5.2(a), we have

tφ(U
−1f) =

{〈
U−1f, φjk

〉}
j,k∈Z

∈ ḟ02p . Subsequently, by applying the syn-

thesis operator sψ to the sequence tφ(U
−1f) and by using Theorem 5.2(b),

we have sψ(tφ(U
−1f)) ∈ Ḟ 02

p . Then, by Theorem 5.3(b), there is a unique
polynomial g such that

sψ(tφ(U
−1f))− g ∈ Hp.

However, by definition of wavelet frame operator U and from the fact that
U−1f ∈ Hp, we see that U(U−1f) = sψ(tφ(U

−1f)). Since U is bounded
from Hp to Hp, we have U(U−1f) ∈ Hp, which in turn implies sψ(tφ(U

−1f))
∈ Hp. Therefore, we conclude that the unique polynomial g must be 0 and
that

f =
∑

j,k∈Z

〈
U−1f, φjk

〉
ψjk.

In particular, for any f ∈ Hp, there exists {cjk} =
{〈
U−1f, φjk

〉}
j,k∈Z

∈ ḟ02p
such that f =

∑
j,k∈Z cjkψjk. �

6. Example for Hp with 1/2 < p ≤ 1

In this section we show that the Mexican hat function used for the space
H1 in [5] can also be used for the space Hp with 1/2 < p ≤ 1. It will serve
as an example illustrating our main results.

Let ψ(x) = (1−x2)e−x2/2 be the Mexican hat function, which will be our
synthesizer. Let A = 2 and 1/2 < p ≤ 1 be fixed. Then Np = ⌊1/p− 1⌋ = 0.

We follow the setting of [5, Chapter 6] in choosing the corresponding
analyzer φ, and the exact duals ψ∗ and φ∗ required in Theorem 1.7. In
particular, the two functions φ and φ∗ are chosen to be the same.

Then, since ψ, ψ∗, φ, φ∗ satisfy all the assumptions in Theorem 1.7, and
since φ∗ = φ, the wavelet frame operator Uψ,φ satisfies

(6.1) ‖Uψ,φ − Id‖pHp→Hp ≤ ‖Uψ−ψ∗,φ‖pHp→Hp ≤ C1ζ
p(1/p−1/2)Up + C2Cp,

with ζ ≥ δ where δ = 3/(4b) +
√
1 + 9/(16b2) for b > 2/p, as seen from its

proof, U := ‖Uψ−ψ∗,φ‖L2→L2 and C := C(ψ − ψ∗, φ). Here, C1 = (1 + G0)
p,

C2 = C2(b, ζ) =

(
8√
3

(ζ2 + 3)1/2

(ζ2 − 1)3/2

)p(
2 · (2b− 1)−p/2C1 + 3 ·

( 3G0

b− 1

)p)
ζ,

where G0 is a constant satisfying (3.5) with α = 0.
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Since, for each k ∈ N0, the constant function gk0(x) = 1 and the sets Ek
defined in (3.4) satisfy

1

|Ek|

∫

Ek

gk0(x) dx = 1,

we can take G0 = 1. For this choice of G0, C1 = 2p.
Now using C1 = 2p and G0 = 1, we see that the right-hand side of (6.1)

is bounded by

(6.2) 21+1/pζ1/p
( U
ζ1/2

+
4√
3

(ζ2 + 3)1/2

(ζ2 − 1)3/2

(
2 · 41/p

(2b− 1)1/2
+

3 · 61/p
b− 1

)
C
)
.

The estimation U < 0.00026 is given in [5, p.405]. Since Np = 0 and A = 2,
from (4.1) and (2.3), we see that

C = C(ψ − ψ∗, φ) = max
{
4(σ0τ0)

1/2,
10

3
(σ1τ

2
1 )

1/3
}
,

where σi := σi(ψ−ψ∗, φ) and τi := τi(ψ−ψ∗, φ) for i = 0, 1. The estimation
for σi and τi, i = 0, 1, can be found in [5, p.403-404], and we have

σ0 < 0.000045, σ1 < 0.00022, τ0 < 0.00086, τ1 < 0.036,

which results in C < 0.022.
Hence, for any ζ ≥ δ = 3/(4b)+

√
1 + 9/(16b2) with b > 2/p, the number

in (6.2) is bounded by

21+1/pζ1/p
(
0.00026

ζ1/2
+

4 · 0.022√
3

(ζ2 + 3)1/2

(ζ2 − 1)3/2

(
2 · 41/p

(2b− 1)1/2
+

3 · 61/p
b− 1

))
.

Let ζ = 5 and b = 250. Then the required conditions ζ ≥ δ and b > 2/p are
satisfied for all 1/2 < p ≤ 1. Once we substitute these values to the above
estimation, the only variable in the resulting expression is p and this expres-
sion can be bounded by the value with p = 1/2. Therefore, we see that for
all 1/2 < p ≤ 1, ‖Uψ,φ − Id‖Hp→Hp is bounded by

2352
(
0.00026

51/2
+

4 · 0.022√
3

(52 + 3)1/2

(52 − 1)3/2

(
2 · 42

(2 · 250− 1)1/2
+

3 · 62
250− 1

))
< 1.

We conclude that Uψ,φ is bijective onH
p, and since the Mexican hat func-

tion satisfies the additional regularity condition ξψ̂ ∈W 2,1 in Theorem 1.8
as well, every element in Hardy space Hp has a wavelet series expansion with
a wavelet system {ψjk} using the Mexican hat function ψ for all 1/2 < p ≤ 1.
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Appendix A. Lemmas for Section 2

In this section, we place some lemmas needed in Section 2. Every result
is straightforward from each mentioned reference, so we omit the proof.

The following lemma is an immediate extension of [5, Lemma 4.3] for
the case l ≥ 2.

Lemma A.1. Let l ∈ N. If ψ̂ ∈W l,1, then ψ is continuous and |ψ(x)|
. 1/(1 + |x|l).

The following lemma shows sufficient conditions to make the α-th par-
tial derivative ∂αyK0(x, y) of K0(x, y) absolutely convergent and continuous
for any fixed α ∈ N0. The restricted cases, α = 0 and 1, of this lemma are
proved in [5].

Lemma A.2. Let α ∈ N0. Assume that ψ, φ satisfy the following condi-
tions:

(a) φ and all derivatives of φ up to the α-th order (that is, φ(0), . . . , φ(α))
exist and are bounded,

(b) |ψ(x)| . 1/(1 + |x|2).
Then ∂αyK0(x, y) =

∑
k∈Z ψ(x− k)φ(α)(y − k) converges absolutely for each

x, y ∈ R. Moreover, if we further assume the continuity of ψ and φ(α), then
∂αyK0(x, y) is continuous.

The next lemma is a generalization of [5, Lemma A.1]. There, it is proved
for l = 0, 1 and we extend the result to the case l ≥ 2. We write our lemma
for all l ∈ N0.

Lemma A.3. Let l ∈ N0, A > 1 and σ, τ ≥ 0. If g(z) ≤ min{σ, τ/|z|l+2}
for all z 6= 0, then

∑

j∈Z

|Aj(l+1)g(Ajz)| ≤ κl(A)
σ1/(l+2)τ (l+1)/(l+2)

|z|l+1

where κl(A) = A(2Al+
∑l−1

k=0A
k)/(Al+1−1), with

∑−1
k=0A

k interpreted as 0.

The next lemma shows sufficient conditions to make the α-th partial
derivative ∂αyK(x, y) of K(x, y) absolutely convergent and continuous, where
we set K(x, y) := Kψ,φ(x, y). For the restricted cases of α = 0 and 1, this
result is proved in [5]. Here, we state the lemma for all cases α ∈ N0.

Lemma A.4. Let α ∈ N0 and A > 1 be a dilation factor. Assume that
ψ, φ satisfy the following conditions:

(a) φ and all derivatives of φ up to the α-th order (that is, φ(0), . . . , φ(α))
exist and are bounded,
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(b) |ψ(x)|, |φ(α)(x)| . 1/(1 + |x|α+2).

Then

∂αyK(x, y) =
∑

j∈Z

∑

k∈Z

Aj(α+1)ψ(Ajx− k)φ(α)(Ajy − k)

converges absolutely and uniformly on {(x, y) : x 6= y} with |∂αyK(x, y)| .
1/|x− y|α+1. If we further assume the continuity of ψ and φ(α), then ∂αyK
is continuous on {(x, y) : x 6= y}.

The next lemma is a generalization (cf. [6,7]) of the well-known Hardy’s
inequality in [18].

Lemma A.5 [6,7]. Let f be differentiable, f(0) = 0, and
∫
|f ′(x)|2/|x|k dx

<∞ for some k ≥ 0. Then
∫

|f(x)|2/|x|k+2 dx ≤ (4/(k + 1)2)

∫
|f ′(x)|2/|x|k dx.

We can simply apply the above result repeatedly for higher-order deriva-
tives to obtain the following lemma.

Lemma A.6. For any fixed l ∈ N, assume that

(a) f (l) exists and f (l) belongs to L2, and

(b) f(0) = f ′(0) = · · · = f (l−1)(0) = 0.

Then we have ‖f/xl‖L2 . ‖f (l)‖L2 .

Appendix B. Example for Lemma 3.3

We depict a simple and explicit example of Lemma 3.3 in case of N = 1
and fixed R > 0. Specifically, for each fixed 0 ≤ α ≤ 1, we can easily find the
unique polynomial gkα(x) for every k ∈ N0, and a constant Gα. Afterwards,
we can also find the constant G defined as in (3.2) by taking maximum value
among {Gα}0≤α≤1.

(a) Let α = 0 and let gk0(x) = r1x+ r2 satisfy

∫

Ek

(r1x+ r2) dx = |Ek|,
∫

Ek

(r1x
2 + r2x) dx = 0.

Since Ek is symmetric, integral of odd-order term on Ek vanishes in the
above equations. Then we have r2 = 1 from the first equation and r1 = 0
from the second one regardless of k. That is, gk0 is uniquely determined
by 1 for every k ∈ N0. Afterwards, we can define Gk0(x) = χEk

(x) for every
k ∈ N0, and find G0 = 1 such that |Gk0(x)| ≤ G0 holds for every x ∈ R.

Analysis Mathematica 50, 2024

591



30 Y. HUR and H. LIM

(b) Similarly for α = 1, by setting gk1 (x) = r1x+ r2 with
∫

Ek

(r1x+ r2)dx = 0,

∫

Ek

(r1x
2 + r2x)dx = |Ek|,

we can get g01(x) = (3/R2)x, and gk1(x) = (12/(7(2kR)2))x for k ∈ N. Then
we can define Gk1(x) = gk1 (x)χEk

with each polynomial gk1(x) for k ∈ N0, and
find G1 = 3 such that |Gk1(x)| ≤ G1/(2

kR) holds. Especially note that G1 is
a constant independent of k.

From the above, we can determine G = max{G0,G1} = 3.

Appendix C. Lemmas for Proposition 3.6

In this section, we use the same notation and work under the same set-
tings as in the proof of Proposition 3.6. The following lemma is used to
prove Lemma C.2.

Lemma C.1. For any fixed k ∈ N0, let Mk be the function defined as in
(3.10) and Pk be the polynomial defined in (3.11). Then we have

‖Mk − Pk‖L2 ≤ (1 + G(N + 1))‖Mk‖L2

where G and N are constants in Proposition 3.6.

Proof. Recall that for each 0 ≤ α ≤ N , there is a constant Gα such that
|Gkα(x)| ≤ Gα(2k−1ζ|I|)−α for every x ∈ R from Lemma 3.3 with N = N and
R = ζ|I|/2. By the definition of mk

α and the estimation of |Gkα(x)|, we have

|Pk(x)| ≤
∑

0≤α≤N

|mk
α||Gkα(x)|

≤
∑

0≤α≤N

1

|Ek|

∣∣∣∣
∫
Mk(x)x

α dx

∣∣∣∣(Gα(2k−1ζ|I|)−α).

Since the support of Mk is Ek, by the definition of Ek, we have |x|α
≤ (2k−1ζ|I|)α for any x ∈ Ek. Therefore, the integral in the right-hand side
of the above inequality satisfies

∣∣∣∣
∫
Mk(x)x

α dx

∣∣∣∣ ≤ (2k−1ζ|I|)α
∫

Ek

|Mk(x)| dx.

Then, with G = max0≤α≤N Gα, the absolute value of Pk satisfies

|Pk(x)| ≤ G
∑

0≤α≤N

1

|Ek|

∫

Ek

|Mk(x)| dx ≤ G(N + 1)

|Ek|1/2
‖Mk‖L2
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where the last inequality holds due to the Hölder’s inequality. Since the
support of Pk is Ek, we have ‖Pk‖L2 ≤ G(N + 1) ‖Mk‖L2 . Thus, the stated
bound is obtained as

‖Mk − Pk‖L2 ≤ ‖Mk‖L2 + ‖Pk‖L2 ≤ (1 + G(N + 1))‖Mk‖L2 ,

and this completes the proof. �

Lemma C.2. For any fixed k ∈ N0, let Mk be a function defined as in
(3.10) and Pk be a polynomial defined in (3.11). If λk > 0 satisfies (3.12),
then (Mk − Pk)/λk is a (p, 2)-atom.

Proof. Since the support ofMk and Pk is in Ek, the support ofMk−Pk
is contained in Ek. Fix 0 ≤ β ≤ N . By the definition of Pk, we have

∫
(Mk − Pk)x

β dx =

∫

Ek

M(x)xβ dx−
∑

0≤α≤N

mk
α

∫

Ek

Gkα(x)x
β dx.

The definition of mk
β , together with (3.3), gives

∑

0≤α≤N

mk
α

∫

Ek

Gkα(x)x
β dx = mk

β|Ek| =
∫
Mk(x)x

β dx.

Thus, we see that
∫
(Mk − Pk)x

β dx = 0 for every 0 ≤ β ≤ N . This proves
the vanishing moment condition for Mk − Pk. Finally, we aim to find the
range of λk satisfying

‖(Mk − Pk)/λk‖L2 ≤ |Ek|1/2−1/p.

Let λk = ‖Mk − Pk‖L2 |Ek|−(1/2−1/p). For k = 0, by using Lemma C.1 and
the fact that ‖M0‖L2 ≤ ‖M‖L2 , we have

λ0 ≤ (1 + G(N + 1))‖M‖L2|E0|−(1/2−1/p)

= (1 + G(N + 1))(ζ|I|)1/p−1/2‖M‖L2

where the last equality holds since |E0| = ζ|I|.
Since M satisfies the condition (3.7) (recall that y0 = 0), for each k ∈ N,

‖Mk‖L2 is bounded by

CM |I|b−1/p

(∫

Ek

1

|x|2b dx
)1/2

= CM (2k−1ζ)1/2−b|I|1/2−1/p
(22b − 2

2b− 1

)1/2
.

With Lemma C.1 and the above estimation of ‖Mk‖L2 , for each k ∈ N, we
have

‖Mk − Pk‖L2 ≤ CM (2k−1ζ)1/2−b|I|1/2−1/p

(
22b − 2

2b− 1

)1/2 (
1 + G(N + 1)

)
.
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Thus, since |Ek| ≤ 2k−1ζ|I|, we conclude that

λk ≤ CM (2k−1ζ)1/p−b
(22b − 2

2b− 1

)1/2
(1 + G(N + 1)). �

Lemma C.3. For any fixed 0 ≤ α ≤ N and k ∈ N0, let h
k
α be a function

defined as in (3.14). If µkα satisfies (3.15), then hkα/µ
k
α is a (p, 2)-atom.

Proof. Recall that hkα(x) = (1/|Ek+1|)Gk+1
α (x)− (1/|Ek|)Gkα(x). Since

the support of Gk+1
α is in Ek+1 and the support of Gkα is in Ek, the support

of hkα is contained in Ek ∪Ek+1. For any fixed 0 ≤ β ≤ N , we have
∫
hkα(x)x

β dx =
1

|Ek+1|

∫
Gk+1
α (x)xβ dx− 1

|Ek|

∫
Gkα(x)x

β dx = 0,

where the last equality holds due to (3.3). This shows the vanishing moment
condition for hkα. Next, we will find the range of µkα satisfying

‖hkα/µkα‖L2 ≤ |Ek ∪Ek+1|1/2−1/p.

Let µkα = ‖hkα‖L2 |Ek ∪Ek+1|−(1/2−1/p). Then since there is a constant G such
that |Gkα(x)| ≤ G(2k−1ζ|I|)−α for every k ∈ N0 and 0 ≤ α ≤ N , we have

|hkα(x)| ≤
1

|Ek+1|
|Gk+1

α (x)|+ 1

|Ek|
|Gkα(x)| ≤ G

(
1 + 2−α−1

)
(2k−1ζ|I|)−α−1.

Using the fact that the support of hkα is contained in Ek ∪Ek+1, we obtain
‖hkα‖L2 ≤ G(1 + 2−α−1)(2k−1ζ|I|)−α−1|Ek ∪Ek+1|1/2 and conclude that µkα
≤ 31/pG(1 + 2−α−1)(2k−1ζ|I|)1/p−α−1. �
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