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Abstract. Let C,D CN be disjoint sets, and C ={1/2°: c€ C},D =
{1/2¢: d € D}. We consider the associate bases of dyadic, axis-parallel rectangles
Rec and Rp. We give necessary and sufficient conditions on the sets C and D such
that there is a positive function f € L*([0,1)?) so that the integral averages are
convergent with respect to R¢ and divergent for Rp. We next apply our results
to the two-dimensional Fourier-Haar series and characterize convergent and di-
vergent sub-indices. The proof is based on some constructions from the theory of
low-discrepancy sequences such as the van der Corput sequence and an associated
tiling of the unit square.

1. Introduction

Let R be the family of half-closed axis-parallel rectangles in R?, i.e. R =
{la,b) x [¢,d) :a < b, c < d}. For R € R we denote by diam R the length of
the diagonal of R.

DEFINITION. A family of rectangles F C R is said to be a basis of differ-
entiation (or simply a basis), if for any point z € R? there exists a sequence
of rectangles Ry, € F such that z € Ry, k € N, and diam Ry — 0 as k — oo.
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Let F C R be a differentiation basis. For any function f € L!'(R?) and
z € R? we define

dr(z, f) = limsup
diam R—0;
zEReF

1
iy L ety = 1)

(Here and below, let y denote the Lebesgue measure on R?.) The function
f € LY(R?) is said to be differentiable at a point z € R? with respect to the
basis F provided d£(z, f) = 0.

Let Rayadic be the family of all dyadic rectangles in [0, 1)? of the form

. i1—1 1 j—1 3
Bnm(3,7) :[ on ’2n) X [ om ’2m)’
where n,m € N, 1 < <2" and 1 < j <2™. For an infinite subset C C N
one can generate a rare basis as follows:
(1.1)
Fo ={Rum(i,j) € Rayadic : n,m € C, i € {1,...,2"}, je{l,...,2"}}.

In this paper, we have the following theorem which shows the coexistence
of convergence and divergence phenomena for integral averages of positive
functions. For a € N and B C N, let dist(a, B) = minyep |a — b|.

THEOREM 1.1. Let C, D C N be two disjoint infinite subsets and let F¢
and Fp be the corresponding bases as in (1.1). Then there exists a function
f € LY[0,1)?), with f > 0, such that for almost every z € [0,1)% we have

07 (2, f) =0,
and
0, (2, f) =00
if and only if
(1.2) sup dist(n, C') = oo.
neD

We give a few comments on the result above. Let F be a differentiation
basis and consider classes of functions

L(F) = {f € LY(R?) : 67(z, f) = 0 for almost every z},
LT(F) = {f € LY(R?) : 67(z,f) =0 and f > 0 for almost every z}.

Note that £(F) is the family of functions having almost everywhere differ-
entiable integrals with respect to the basis F.
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In [14], Zerekidze showed that
LY (Rayadic) = LT(R).

This means that for positive functions the basis R is equivalent to the ba-
sis of all dyadic rectangles Rayaqic. Remark, however, that we do not have
L (Rayadic) = L(R), i.e. unlike the class of all non-negative functions, there
is no equivalence between the differential bases of all rectangles and the class
of dyadic rectangles in the sense that convergence with respect to Rayadic
does not guarantee convergence with respect to R and the divergence with
respect to R does not guarantee divergence with respect to Rayadic-

In [13], Stokolos proved the above theorem for the case C'= () and an
arbitrary infinite subset D C N. We remark that the function constructed
in the paper is positive. In [6], the authors considered the case C' =N\ D,
where D is an arbitrary infinite subset and give a necessary and sufficient
condition for the existence of a function f. The function constructed in the
paper is unbounded both from above and below, hence is not positive.

In [4], the authors studied the problem for the basis R, i.e. for the class
of all rectangles. They considered two sets C,D C [0,1] and give conditions
on the sets, under which one can construct a functions f which is conver-
gent with respect to rectangles with sides in C and divergent with respect
rectangles with sides in D. The function constructed in the paper is un-
bounded both from above and below, hence is not positive. Non-positivity
of the function is crucial in the proof. As was mentioned above we have
L (Rayadic) # L£(R). Due to the non-constructive nature of the argument,
the convergence and divergence properties of the function on the rectangles
from the bases F¢ and Fp is not clear. To overcome this issue a new, con-
structive approach is needed to the problem. We provide such an approach
in this paper.

1.1. Coexistence of convergence and divergence phenomena for
Fourier—Haar series. We now discuss an application of our theorem to
the Fourier-Haar series. Let W = {13} xez¢ with ¢ € L?(T?) be an orthonor-
mal system (i.e., ||t ||z = 1 and (35, %¢) = 0, when k # £), and f € L'(T%).
We consider the rectangular partial sums of the Fourier series with respect

to the system W, i.e. for every n = (ny,...,ng) € Nd,
(1.3) Suf= > (f Rk
k:(kzl,...,kd)ezd
|ki|<n;

One can as well use other summation methods, however, in this paper we
will consider only rectangular summation methods. It is well known that for
certain orthonormal systems, there exists f € L*(T) so that S, f diverges al-
most everywhere. For instance the classical example by A. Kolmogorov [8]
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shows this for the one dimensional trigonometric system. In [2], Gosselin
proved that for every increasing sequence of natural numbers (ny) there ex-
ists a function f € L'([0,27)) such that supjey |Sn, (f)(z)| = co. Similar
functions can also be constructed for the Fourier—Walsh system. Another
classical system, for which divergence phenomena occur, is the Haar wavelet
which will be defined in detail in Appendix A.

We are interested in the following question:

QUESTION. Let N, M C N% be two infinite subsets of indices. Under
which conditions on the sets N', M there exists a function f € L*(T%), with
f >0, such that

lim S,f(z) = f(z) and limsup|S,f(z)| = o0

[n]—o0
neN vy
for Lebesgue almost every z € T2 Here, for n = (n1,...,nq) € N%, we define

|n| = min; n;.

In this paper we give a complete answer to this question for the two
dimensional univariate Haar system (see Theorem 1.2). The correspond-
ing problem for spherical summation methods and for systems such as the
trigonometric and Walsh systems appears to be open.

Denote the univariate Haar system by {H,, }menz. (See Appendix A for
definition and properties). For n,m € N, consider the rectangular partial
sums of the Fourier-Haar series as in (1.3)

Sty f = > {F-Hig)) Ha ).

1<i<n
1<j<m

It is well known that the correct Orlicz class of convergence for this sums is
LIn™ L (see [5], [12]). Hence, there exist a function f € L'([0,1)?) for which
S(n,m)f diverges almost everywhere.

For n € N\ {1}, one can let n = 2% +i, where k € NU{0} and i =
1,...,2%. Given N C N, denote

(1.4) By = {k e NU{0} : 2k +i € N for some i € {1,...,2’“}}
We have the following theorem:

THEOREM 1.2. Let Ny M C N be two disjoint infinite subsets and let
C = By, D = By be defined as above, respectively. For the Fourier—Haar
series there exists a function f € L*([0,1)?), with f > 0, such that for almost
every z € [0,1)? we have
lim S(n,m)f(z) = f(Z), and limsup |S(n,m)f(z)| =00

n,M—00; M 00;
n,meN n,mem
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if and only if

(1.5) sup dist(k,C) = oo.
keD

We will derive Theorem 1.2 from Theorem 1.1, the coexistence of conver-
gence and divergence phenomena for integral averages of positive functions.

1.2. Idea of the proof of Theorem 1.2. The new ingredient is an
application of some ideas from discrepancy theory, which is of independent
interest. We now sketch the idea of the proof of Theorem 1.1. Suppose
we are given C, D C N fulfilling (1.2), that is, they are far from each other.
The idea is to construct an intermediate function satisfying properties in
Proposition 3.1. In order to do so we choose rectangles from the basis Fp
and distribute them in a way that they cover a substantial portion of the
unit square, then we distribute the support of f in such a way that the
integral averages with respect to each rectangle from Fp is larger than the
prescribed number M > 1 thus full-filling condition (3.2). Hence, for any
point that belongs to any of the rectangles the integral averages will be large.

However, at the same time the distribution of the support of f needs to
be such that the integral averages with respect to rectangles from F¢ are
small (property (3.3)). If we think of the support of f as being concentrated
at finite number of points and assume that each point has the same mass,
then the question of estimating the expressions (1/u(R)) [, f dzdy will boil
down to computing the number of point-supports that fall inside R. This is
nothing else but a discrepancy estimates for the rectangles in F¢ and for the
set P ={x1,...,2x} C [0,1)? that carries the support of f. Namely, if R
is a collection of axis-parallel rectangles, then one defines discrepancy, using
Kuipers and Niederreiter’s notation [9, p. 93] as follows:

(1.6) Dy(P) = sup #lreP:xe R}

It is known that for the van der Corput sequence the above expressions
reaches the lowest possible asymptotic bound, i.e. there exists a constant
C > 0 such that
log N

N b
where P C [0,1)? is the set of the N-points van der Corput sequence. There-
fore, it is natural to use this sequence to minimize the discrepancy of the
distribution of the support of f. We remark that the situation is in fact
more complicated than the one described above, however the general idea is
the same. A natural question arises whether the ideas in this paper can be
used to construct a sequence for which its discrepancy with respect to one

Dy(P) < C
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bases of rectangle is different from that of with respect to another bases, i.e.
Fc and Fp?

To find such an optimal distribution of the support, in Section 4 we in-
troduce a tilling that follows the dichotomy of the van der Corput sequence
and describes a way of distributing rectangles inside the unit square. In
Section 4.3 we consider several van der Corput tilings and create pairings
between them which eventually leads us to the definition of the function f
in Section 5.4. The support of f is placed at the intersection of the rect-
angles that are paired with each other. The resulting function turns out to
satisfy the desired properties of Proposition 3.1. Due to the constructive na-
ture of the function we are also able to deduce all the necessary information
for the rectangles in the bases F¢ and Fp.

To prove the necessity, we note that the maximal function

1
Mpf(z)= = (R) /Rf dardy

can essentially be estimated from above by the maximal function

1
Mcf(z) = sup /fdxdy,
(=) zereFe MR) JRr

if the sets C' and D are close.

1.3. Organization of the paper. To start with, we prove Theorem
1.2 assuming Theorem 1.1 and Theorem 1.1 assuming the main proposition
(Proposition 3.1) in Section 2 and Section 3, respectively. Then Sections 4
to 6 will be devoted to proving Proposition 3.1. In Section 4, as was men-
tioned above, we define a tiling of the unit square by rectangles from Fp,
and create pairings between several tilings. Next, in Section 5, we will con-
struct certain figures consisting of the tiles from a chain of tilings, and using
the geometry of such figures, we define a positive function. We present two
key estimates, Lemma 5.4 and Lemma 5.5: the former summarizes a con-
sequence of the geometric features of the figures, and the latter shows the
crucial properties of the function. In Section 6, we will make use of these
two estimates to obtain the main lemma (Lemma 6.2), which describes a
domain of convergence for integral averages over rectangles from F¢. Then
using Lemma 6.2, we prove Proposition 3.1 in Section 6.4, completing the
proof of the main theorems.

1.4. Notations. Throughout the paper, let 7,: R? > (z,y) = 2 € R,
denote the projection onto z-axis and respectively, m,: R%2> (2,y) =y € Ry
denote the projection onto y-axis. Let u denote the Lebesgue measure on
R? for d = 1,2. For a finite set A, let #A denote the cardinality.
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2. Proof of Theorem 1.2

In this section, we prove Theorem 1.2 assuming Theorem 1.1. We also
use a result (Proposition A.1) connecting the convergence of the rectangular
sums of the Fourier-Haar series with the differentiation of integrals with
respect to the basis of dyadic rectangles. See Appendix A.

PROOF OF THEOREM 1.2 (ASSUMING THEOREM 1.1). We first prove
the sufficiency of (1.5). By Proposition A.1 and the discussion right after it
we have for every z € [0,1)? that

1

where I, ,,,(2) is a dyadic rectangle containing z with sides 1/2% and 1/2°,
or 1/2F1 and 1/25+1.

Consider the sets N/ and M and the associated bases Fc and Fp as in
(1.1), where C' = By and D = By are as in (1.4) respectively. If now n,m €
N or n,m € M, then the rectangle I,, ,,, above will belong to either F¢ or
Foi1, or Fp and Fpyi, where C+1={c+1:ce€ C}. Define new sets
CT=CU(C+1)and Dt = DU(D +1). Note that C™ and D satisfy the
assumption (1.5) since it is also satisfied by C' and D. Hence, by Theorem
1.1, there exists a non-negative function f € L'([0,1)?) such that for almost
every z we have

1 1
lim / fdxdy = f(z) and limsup / fdxdy = oc.
diam R—0 u(R) Jp (=) diam R0 H(R) Jr
z€REF o+ ZEREF H+

In view of (2.1), it follows from the first relation that for almost every z we
have

n,1M— 00 n,1M—00
n,meC n,meCt
To see the second part, note that for every z the dyadic rectangle with
sides 1/2F+1 1/25%1 which contains z, is also contained in the rectangle
with sides 1/ 2k 1 /2% containing z. Hence, since f is positive and we have
divergence with respect to the dyadic rectangle with sides 1/2FF1 1/25+1
(k,s € D) then we also have it for the dyadic rectangle with sides 1/2% 1/25.
This proves the divergence part of the theorem.
Next, we prove the necessity of (1.5) by contraposition. Hence, assume
that (1.5) fails. Then there exists an integer d > 0 so that for every s € Dt
we have

(2.2) CtNnls—d,s+d #0.
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Suppose
lim S(n m)f( ) = f(Z)

n,m—00;
n,mGN

for almost every z. For a given § > 0 consider the set

Es = {z eR?: sup 1Stnmy f(2) — f(2)] < 1}.

nam} nmeN

We have p(Es) > 0 for 6 > 0 small enough. Then for the indicator function
1g, of Es, we will have by the Jessen-Marcinkiewicz—Zygmund theorem [5],
that almost all points z € Es are Lebesgue points, namely for almost every
z € Es we have

E
lim M(R% 5) = 1.
dam g0 p(E)

Let z € E5. Assume n,m € M are so large that for the rectangle B =

L m(z) from (A1), ie. Spmyf(2) = (1/pu(Lnm( fl ») [ dxdy, we have
that

(BN E;s)
1(B)

for small ¢ € (0,1). Assume the sides of B are 1/2° and 1/2*, where
s,k € DT. We now represent B as a union of dyadic rectangles with
sides 1/25%4 and 1/2¥+4 ie. B =U,B,. Note that, since d is fixed and
the constant ¢ above can be taken arbitrarily small, then for an appro-
priate choice of ¢ we can make sure that each of the rectangles B, has
a non-empty intersection with Es. Thus for each B, we can choose a
point w = wy € E5 N B,;. Then by (2.2) and Proposition A.1, there exists
¢ = (n1,mq), with ny,m; € N, a rectangle I = I5(w) containing w, with
sides 1/2#") and 1/2¥") where pu(w), v(w) € CF so that pu(w) € [s —d, s +d]
and v(w) € [k — d, k + d], respectively, and

>1—c¢

1
(2.3) S S0 = /16 fdady <1+ f(w).

Thus, we will also have that B, C I;. Note that

/L(Bq) - 1/25+d . 1/2k’+d B 1

(2'4) ,U«(Id) = 1/25—d . 1/2k—d T 94d”

Repeating the same argument for all remaining dyadic rectangles B, we can
find a collection of rectangles {Iz€ Fc+}tq such that B C (J; I3
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Set K = maxg,(1+ f(wg)). Since f > 0, we have

/deacdy§ Zq;/qudwdy,

and by (2.3) and (2.4) we have
Z/j fdzdy < K p(lg) < K 2"u(B,) = K2"u(B).
g "1 q a

It follows that

1 / 4d
fdxdy < K27
w(B) Jg

This implies that for almost every z € E5 we have

1
lim _ Sg,m)f(2) < limsup / Fdzdy < .
e giggeBig; w(B) Jp <

This finishes the proof. [J

3. Main proposition and proof of Theorem 1.1

In this section, we will prove Theorem 1.1 assuming the following main
proposition. Let C, D C N be two infinite disjoint subsets and let F¢ and
Fp be the corresponding bases as in (1.1).

PROPOSITION 3.1. Assume (1.2). There is a constant Cy > 0, so that
for every e >0 and every M > 0, there exists a function f € L>([0,1)?),
with f >0 and

(3.1) Il <2,

for which one can find a subset E C [0,1)%, with u(E) > 1 — ¢, such that for
every z € I there exists a dyadic rectangle R from Fp, such that z € R and

1
(3.2) W(R) /Rfdacdy > M,

and for every z € B and any dyadic rectangle R € F¢, with z € R, we have
that

1
(3.3) W(R) /Rfdxdy < Cy.

Analysis Mathematica 50, 2024



158 M. HIRAYAMA and D. KARAGULYAN

Sections 4 to 6 will be devoted to the proof of Proposition 3.1.

PROOF OF THEOREM 1.1 (ASSUMING PROPOSITION 3.1). Assume (1.2).
Using Proposition 3.1 for ¢, = 1/2" and M = n?, we will get a sequence of
positive functions f,, € L> and sets E,, C [0,1)? such that pu(E,) > 1 —&,.
We then consider the function

=1
f = Z ann-
n=1

Note that by Proposition 3.1(3.1), we have

=1 =1
ORTA D SRATAPERS
n=1 Lt n=1

Hence, f is well defined. It is positive and f € L'. By the Borel-Cantelli
lemma, we also have

u( lim inf En) =1

n— o0

Since f, € L* C LIn" L, then by the Jessen-Marcinkiewicz-Zygmund the-
orem [5], we have that for all n € N, there is I',, C [0,1)? with u(T,) =1
such that

. 1
(34) diarlr}rlgﬁo; M(R) /R fn dxdy N fn(Z)
z€RER

for every z € I'),. Define

n—oo

T'w=[)Tn and A= (liminfE,)NT.
n=1

Clearly u(A) = 1.

First, we have that almost every z € [0,1)? eventually belongs to all sets
E}, i.e. there exists K = K(z) € N so that for all £ > K we have z € E},
NTw. If z € Ej, for some k, then by (3.2) we can find R € Fp with R > z
so that

1 /fdacdy> 1l /f dmdy>k3—k
w(R) Jr SR pR) ST TR T

Next, for R € F¢o write

1 1
(3.5) M(R)/R;Mf”dxdy
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22”2 /fnda:dy—ir Z /fndxdy

n= N+l

Since almost every z eventually belongs to all sets E,, then for large
enough N, in view of property (3.3), we have

o0 oo

1 1
DR VLD S

Hence this can be made small if N is large. While for the first term in (3.5)
we have by (3.4)

diamR—>0
zEREFc "= 1 -

for z € A. Thus

. 1 1 > 1
diargrlg—)O; u(R) /R; ngfn daxdy = ; nzfn(z) = f(2),

zeEReFc

for almost every z € [0,1)2.
The proof of the opposite direction is analogous to the necessary part of
Theorem 1.2, so we will skip it. [

4. The van der Corput sequence and a tiling of the unit square

In this section, we make some preparatory work for proving Proposi-
tion 3.1.

4.1. Van der Corput tiling. We now define a tiling of the unit square
that is associated with the van der Corput sequence. For i € NU {0}, let
i = ag+ 2ay + 2%as + - - -, where a; € {0,1}, be the binary expression. Set

ag al a9

v(i) = + ., + 93

5 02 4o

Then define

pi=(y-0(0) € 0.1
fori =0,1,...,N —1. The set P = {pg,p1,...,pn_1} C [0,1)? is called the
N-points van der Corput set. As was already mentioned in the introduction,

the van der Corput sequence is known to have a low discrepancy. See [9,10].
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We are given a rectangle R = [0,b) x [0,a) and (£,7) € [0,1)2. Hence-
forth, to simplify the exposition, we will say that R is placed at (§,7) when
we translate R by the vector (§,n):

Re= R(&n) =R+ (§n) =[6,b+&) x [n,a+n).

Note that (£, n) specifies the lower left corner of R(§,n).

Let £ ={1/2% €[0,1): k € N}. Given a,b € £, let R be an axis-parallel
rectangle with height @ and width b. Let N = 1/(ab), and P = {po,p1,...,
pn_1} be the van der Corput set. We will define a tiling on [0, 1)? which is
generated by R and associated with P. First, we place R at pg,p1,..-,Pa-1-1,
respectively. Since v(0),v(1),...,v(a"! — 1) are distributed equidistantly
with intervals of a, the rectangles R(pg), R(p1), ..., R(ps-1_1) are disjoint
and

() o (U ) =0

=0

This finishes the first “column” of tiling.

To determine the second column we now translate the first column
by the horizontal vector (b,0) and subsequently by vectors j(b,0), j =
1,...,b71 —1. That is, we will have the collections {R(p;) + (jb,0) :i €
{0,1,...,a 1 —1}} for each j € {0,1,...,b~1 —1}. One then can see that the
resulting placement of figures will look like Figure 1. Identifying {0} x [0, 1)
> (0,y) ~ (1,y) € {1} x [0,1) will give a tiling of [0,1)? generated by R. We
denote the collection of all tiles by 7,3, more specifically

Tap = {R(p:) + (jb,0) :i € {0,1,...,a~ " =1}, j€{0,1,...,b7" =1} },
and thus #7,, = a ' xbl=N=4#P.

4.2. Horizontal translation. One can see from the figures in Fig-
ure 1 that each horizontal row of rectangles is a horizontal translation of
other rows. Therefore, any row can be described by the amount of horizon-
tal translation vector with respect to the bottom row. Given a tiling 73, the
horizontal translation length will be denoted by d. (i) withi =0,...,a"* —1,
starting from the bottom row. Thus the i’th row of 7,; can be given as

(4.2) R+ j(b,0) + (di(d),ia), j=0,1,...,b67 " —1.

Note that d.(0) = 0. One can see that the sequence d,(7) is similar to the
y coordinate of the van der Corput sequence in the sense that d. (i) = v(7)b.
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3/4

1/2

1/4

1/8

o
1/4 1

(a) The wan der Corput sequence for
N = 32 and the associated van der Corput
tiling for the rectangle with sides a = 1/8
and b= 1/4. See Section 4.2 for d..

1

3/4

a1

1/2

g2

1/4

o
1/16 1

o

(b) The wvan der Corput sequence for
N = 64 and the associated van der Corput
tiling for the rectangle with sides a = 1/4
and b =1/16.

Figure 1: The N -points van der Corput sequence and the associated van der Corput
tiling. Remark that each tile contains only one van der Corput point.

Finally, we introduce the following notation which will be used in Sec-
tion 4.3 below. Let 7,; be a tiling, and x € £ with > a. For each
0€{0,1,...,27t — 1}, define

(4.3) HO =1[0,1) x [tz, (£ + 1)z).

It is the horizontal strip of height x at the £’th row. We consider the first

)

column of 7, in each Hg . More precisely, define

(44) T (2)={R(p) € Top: Rp;) c HY, i €{0,1,... a7} — 1}}.

Recall (4.1). Hence, for each £ € {0,1,...,27! — 1}, there exist sub-indices
iy =it with 0<ig<ii <- - <i(gay 1 <a ' —1 such that 7.9 (z) =
{R(p;,): uwe{0,1,...,(z/a) — 1}}. See Example 4.1 below. 7

Now, sort the horizontal drifts for R(p;,) € 7;(? () in an ascending or-
der. To do this, let o: {0,1,...,(z/a)—1} S u > o(u) € {0,1,...,(z/a) — 1}
be a permutation such that

(4.5) R(p;,) € [0,1) x [(a(u) —l—EZ)a, (U(u) +1 —i—EZ)a)
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for every u € {0,1,...,(x/a) —1}. Namely, the row of R(p;, ) € 7;(7? () is
determined by o(u) mod fx/a. Consequently, one has
0<di(0(0)) <du(o(1)) <--- <du(o((z/a) —1)).
Note also that for every u € {0,1,...,(x/a) — 1}, we have

d.(0()) = u]<[x _ u;bb

as 1/N = ab, and thus it follows that

(16)  dilofut 1) —dio(uy) = TP b ab

EXAMPLE 4.1. See Figure 1(a). Consider 7,; with (a,b) = (1/8,1/4).
Let x = 1/2. Then we see

7-1/81/4 1/2) = {R(po), R(p2), R(ps), R(ps) },
7-1/8 1/4 (1/2) = {R(p1), R(p3), R(ps), R(p7) }-

:(0)

For the former family, we have 0 =45’ < 2 =14
thus

:(0) (0)

<4=1iy <6= (0)

, and

c(0)=0, o(l)=2, o(2)=1, o(3)=3.

For the latter, we have 1 = 16 ) <3 = zgl) <b= zg ) <T7= z(l) and

For x = 1/4, we have

T a(1/4) = {R(po), R(pa)}, T13,,,(1/4) = {R(p2), R(pe)},
T (1/4) = {R(p). R(ps)}. T, 4(1/4) = {R(ps). R(pr) ).
In this case, we have o = id.
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Tx,y(Rl) Tx,y(R:.;)

" Pry(Ro)) Pry(R2)]
() 2 o PP PSP PR N o Lot T s S PO

NN N N~

Vx(m—2)T Vi(m) TVx(m+2)T
Vilm-1)  Vy(m+1) Vi(m+3)

‘// / / \\
Pxy(Ro) Pxy(R1)

Px,y(R2)
—

Pry(R3)
—

I
|
|
|
|
55 5 B

—— —— —— ——

Vilm) Vilm+1) Vi(m+2) Vim+3)

Figure 2: Pairing construction for R € 7;(2 (z). Here we abbreviate R(ps,) and Vi) as
Ry and Vg, respectively. The light gray rectangles belong to T.,. The dashed ones

are V9. The integer m is defined in (4.7): it is chosen in such a way that VC,;(Z), or
Pz,y(R) will be placed (almost) at the horizontal center of R € 7;(? ().

4.3. Pairing. In thissection, we consider two collections of van der Cor-
put tilings 7, and 7T, ,, with z > a, y < b, and zy < ab. Then, in Lemma
4.2 below, we will define a pairing between the rectangles from each col-
lection: this means we will create a correspondence between the rectangles
from each collection. To begin with, we first comment on the pairing pro-
cedure described in Lemma 4.2. The procedure is slightly involved, but the
idea is simple. (See Figure 2.)

Analysis Mathematica 50, 2024



164 M. HIRAYAMA and D. KARAGULYAN

Note that there cannot exist bijective pairing between R € 7,; and
Q € Ty y since #T, = 1/(ab) < 1/(zy) = #7Tz . We will associate to each
R € T, a collection of ab/(xy)-many adjacent tiles from 7, ,. Hence, the
union of such tiles defines a rectangle of height x and width ab/x. It remains
to determine the position where to place the collection. For our purpose,
constructing a function which fulfills the desired properties of Proposition
3.1, we need to proceed with this task a concrete way such that the resulting
pairing will admit a nice geometric structure which eventually leads us to
the definition of the function. To obtain such a geometric structure, roughly
speaking, we will associate to R € 7, the rectangles @ € 7, intersecting
with R at the horizontal center of it. Here we need to take the horizontal
translations of tilings into account, and we will make use of the properties
summarized in Section 4.2.

Now, we prove the following lemma.

LEMMA 4.2 (pairing lemma). Let a,b,z,y € € so that x > 5a, y < b and
xzy < ab, and n > 5. Then for any R € T, one can find a collection Py, (R)
C Tz, consisting of adjacent tiles from T, so that the following properties
hold:

(1) #Pry(R) = ab/(xy).

(2) The union |JPyry(R) = UQer,y(R) Q is a rectangle of height x and
width ab/x such that T, (|JPry(R)) D my(R) and my(|JPry(R)) C ma(R).
In particular, every Q € Py ,(R) intersects with R. Furthermore m;(R)

\ 72 (U Puy(R)) consists of two components (intervals), each of them has
a length of at least 2b/n.

(3) For different R € Ty, the corresponding unions (rectangles) U @
QEP:,y(R)
have disjoint interiors, and

0.1?= | ( U Q>.

RE%,I; Qelpzyy(R)

PROOF. Let N =1/(ab), and let P = {po,p1,...,pn—1} be the van der
Corput set. We will use the notation prepared in Section 4.2, for instance,
(4.3) and (4.4). Note here that d, will be used as the horizontal translation
length of 7, ; throughout the proof.

We divide our argument into two steps. In the first step, we define
pairing for R € 7, which belongs to the bottom row of 7, ,, that is, the

horizontal strip HQ(CO). Then in the second step, we define paring for R € 7,
which belongs to the other rows of 7 ,.

Step 1. In this step, we will define P, ,(R) for R € T, with R C Hg(co).

To begin with, we consider 7;(2) (z). As was observed above, there exist in-
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dices 0 = ig < i1 <+ <i(z/q)—1 < a ' —1such that 7;(7?)) () ={R(pi,): u €
{0,1,...,(z/a) — 1}}.
For k=0,1,...,(z/(ab)) — 1, let

b b
Vok) = [k, (k1)) x[0,2) € H.

Note that pu(Vy(k)) = ab = p(R). In view of (4.6), for every u € {0,1,...,

. . 0
(x/a)—1}, one sees that V,,(u) is well-placed with respect to R(p;,) € 7;(71)) (z)
in the sense that O R(pi,) C Dot Vi(u). Here and below, for a rectangle
R = [u1,u3) X [v1,v2), let et R = {u1} X [v1,v2). Take m € N such that

2b ab 2b
<m <b-—
n T n

or equivalently

2x (n—2)x
<m< .
an an
For instance, one can choose an integer m so that
T
2a

for n > 5 large. To distinguish we denote the m above by mg. One has
mo ‘;b = b/2, that is, the integrer mg determines the half of the width of

R e 7;(?)) (). (The purpose of taking mg like this will be clear in Lemma 5.2

below.)
Now we pair R(p;,) with the tiles from 7., that fully fall inside
Ve (u+myg) or intersect Qe Va (u 4+ myg), that is, define

(48) Pr,y(R(pzu)) = {Q € E,y: Q - VZE(’LL + mo)}
U{Q € Tey: QN O Va(u +mg) # @}

(See Remark 4.3 below for the formulation of (4.8).) Thus for each u €

{0,1,...,(xz/a) — 1}, one has QN R(p;,) # 0 for every Q € Py y (R(pi,))-
Note that Py, (R(p;,)) will be disjoint for distinct u € {0,1, ..., (z/a) — 1}.

It follows from the construction above that for every R = R(p;,) € 7;(?)) (2),

ueA{0,1,...,(x/a) — 1}, we have #P; y(R) = ab/(zy), and Ugep, ,(r) Q i
a rectangle of height x and width ab/z. Further, due to the specific choice
(4.7) of mo, we see that mo(Ugep, () @) is placed at the middle of 7 (R),

thus, in particular, 7, (R) \ﬂx(Uerx J(R) Q) consists of two intervals such

(4.7) m =

that each of them has a length of at least 2b/n. Hence, properties (1) and
(2) are fulfilled.
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Next, we define pairing for remaining tiles from 7,; that belong to
HQ(EO). We recall that the tiling 7, in Hg(co) is just a translations of the
rectangles in 7;(2) (x) by j(b,0), j=1,...,b=1 — 1. Note also that for each
u=0,1,...,(z/a) — 1, one has

Ot (R(pi,) +(6,0)) € Dt (Va(w) + 5 (8,0)) = D Ve (u +5” )

for j =1,...,b~' — 1. Hence repeating the argument above, we can associate
to every R € Ty in 1Y atile from Tz,y that fully fall inside V. (k) for some
ke {0,1,...,(z/ab) — 1}. We have defined P, ,(R) for every R € T, with

Rc HY.

REMARK 4.3. Note that for R(p; ) € 7;(2) (z) considered in Step 1 above,
we have

Px,y(R(piu)) = {Q S E,yi Q C Vx(u + mo)}

in fact. However, for R € T, with R C Hg(f), atile Q) € T, that intersecting

Vw(g) partially will exists, where V}EM) is the counterpart of V, at Hg(f) (see

(4.9) below), and hence there will be a missmatch between P, ,(R) and v
as in Figure 2. (Essentially, this is caused by the miss-match of tiles: for
instance, the tile Q(g2) in Figure 1(b) does not match R(p2) in Figure 1(a).)
This justifies the definition of P, ,(R) in (4.8).

Step 2, Recall that, each horizontal row of tiling 7, in Hg(f) =0,1)
x [lx,({+1)x), £=1,...,271 — 1, is a horizontal translation of the tilling

in Hg(co). To define P, ,(R) for R € T, with R C Hg(f), consider

(4.9) VO@) = kc;b,(kJrl)C;b) « [z, (¢ + 1)) + (du(£x/a),0) ¢ HY

xT

for k=0,1,...,(z/(ab)) — 1. Recall that d, is the horizontal translation
length for 7, 4. In view of (4.2), note that each R € 7;(7? (z) can be given as

R =Ry + (d«(fz/a),(lz/a)a) = Ry + (d«(fx/a), lx)

for some Ry € 7;(?)) (). Hence, by the same argument for R € 7;(?)) (x), one

can associate to each R € 7;(5)) (x) a collection P, ,(R), the set defined as
in (4.8) with replacing my by my = mg + di(¢z/a). Therefore, repeating
the same construction as in Step 1, one can associate to each R € Ty a
collection P, ,(R), and the properties (1) and (2) will follow. Since every
Q € T,y belongs to a (unique) family P, ,(R) for some R € 7,3, we have
property (3). O
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5. Construction of a positive function

In this section, we construct a positive function that will play a crucial
role in the proof of Proposition 3.1. To this end, we will make use of the
pairing procedure developed in Section 4 for a sequence of van der Corput
tilings, and define certain figures in Section 5.2. For the construction of fig-
ures, we use some ideas from [3, Chapter IV]. In Section 5.3, a key feature
of such figures is summarized in Lemma 5.4. Next, in Section 5.4, we will
define a positive function associated with each such a figure using the ge-
ometric structure, (5.6) below, and glue them to obtain an aimed function
defined on [0,1)2. We prove Lemma 5.5 summarizing key features of the
function at the end of Section 5.4.

5.1. Notation and assumptions. Let by > by > -+ > by, with b; € &,
where n > 5 be a power of two, and A € (0,1/{2n(n—1)}). (Recall that
& =1{1/2k €[0,1) : k € N}.) Throughout this section, suppose that the se-
quence {bk}i’;l decay fast enough so that the following three conditions are
fulfilled:

(5.1) bpbnt1 > br—1bpyo > -+ > babay—1 > bibay,
(5.2) b’zzl <X forallke{n+1,...,2n—1},
and

(5.3) b];;:l <A forall ke {1,2,...,n—1}.

For each pair (b,—k,nb, k1) € € X &, consider the tiling Ty, , nb. .\ i1
where k€ {0,1,...,n —1}. In view of (5.1) and (5.3), given a tile R €
To,, 1 mbnsrsrs ONE can associate to it a collection

an—k—17nbn+k+2 (R) - 77)7171@71,nbn+k+2
by Lemma 4.2. For the sake of simplicity, we may write

7-];3 = 77)717k7nbn+k+1 Y

Pk(R) = Pb (R) for R S 77@-]_ — %n,k,hnanrk

bk

for k € {0,1,...,n — 1}. Note here that we use a convention
Po(R) ={R} for ReT_1="T.

One has Pi(R) C T, where R € T_q for k € {0,1,...,n— 1}.

Analysis Mathematica 50, 2024



168 M. HIRAYAMA and D. KARAGULYAN
Given a rectangle R = [x1,22) X [y1,¥2), n € N, and

Ty — X1
we{o,xg—xl— )

)

let
(5.4) R@) = [or+wor+w+ ™) ).

Note that R*(w) C R, with m,(R*(w)) C 7,(R) and my(R*(w)) = my(R), and
p(R*(w)) = (1/n)u(R).

5.2. A geometric construction. We now define chains of “admis-
sible” tiles from the sequence {7;}7_), and then construct certain figures.
First, consider a truncation of the form (5.4) for tiles from each 7. Then,
for every k € {0,1,...,n — 1}, one has

M(RLEJTk R*(WR)> = i

for every wgr € [0, (n —1)b,1x+1). Note here that w = wg can vary with each
R € Ti.. We will fix certain choice of w, with the aid of Lemma 4.2, in Lemma
5.2 below.

We can show the following lemma due to the big difference (5.2) between
the sides of tiles in Ty for k € {0,1,...,n — 1}, and the proof is independent
of pairing procedure.

LEMMA 5.1. Suppose (5.2). Then for arbitrary choices of translation
vectors {wr} we have

M(Ul U R*(WR)> > ;

k=0 ReTx

PRrROOF. For each k € {0,1,...,n— 1}, let

Wk = U R*(wR).
ReTy

One has u(Wy) = 1/n as mentioned above, and thus
n—1 n—1
u([0,1>2\ U Wk> =/H<1 ~ L, (2,y)) dxdy
k=0 k=0

n—1
<1- 2:/]1%c dzdy + Z /lwkllwg dxdy = Z /EW;C]lW@ dzdy.
k=0

0<k<t<n 0<k<t<n
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For k < /£, observe that for a given R € T, we have

#{AEEZAQR*(OJR)#@}Snbn+k+l/n+2— bn+k+1 +9

nbp 4041 B nbp 41
and
* * nbn-ﬁ-é-i—l .
p(B(wp) N A% (wA)) Sbpg 7 7 = buibnresn.
Hence

/ka]lwe dzdy < Z ,u< |_| R*(wr) N A*(WA)>

ReT AeTy:
ANR* (wr)#0

brik by —1bnik
< Z <ng+ o4 2) X bp—kbptor1 = Z ( " ;:Jr i +an—kbn+é+1)
ReTs, b+l ReT:

1 2by, ¢
+ an—kbn+é+1) = 4 oo

1 (bn—kbn+k+l
2 nn4k+1

= nbp_kbnyrst n

as #T = 1/(nby_kbpiky1). In view of (5.2), it follows that

N<[0>1)2\:LJ;:)WI<:> < Z /llwkllwg dxdy

0<k<t<n

Sn(n—l)(l n an+g+1) én(n—1)<1 +2)\> - 1
2 n?  nbyiri1 2 n?2 n 2

1

n—1)" This implies the lemma. [J

since \ < on(

Using Lemma 4.2, with the aid of (5.3), we next fix w = wp in (5.4) for
each R € Ty, and construct chains of (truncated) tiles from {7}7-; . As

was mentioned in Section 5.1, given a tile Ry € T, one can associate to it a
collection Py (Rp) C 71 by Lemma 4.2.

LEMMA 5.2. Suppose (5.3). Let Ry € Tyo. One can choose w = wp, €
[0,(n —1)bp41) so that every Ry € Pi(Ry) intersects with Ri(w) in such a
way that

T2 (R1) C ma(Rp(w)),  my(R1) D my(Rp(w)).

PrROOF. Write [z,x 4 nb,y1) X [y,y +b,) for Ry € Typ. Taking w =
(n — 1)by41/2 implies

b1 nbp 11
T+ w+ 9 =x+ 9
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and hence R{(w) C Ry is placed at the middle of Ry. Since we have
T+ nbn1 em U Q
2 xX
QEPL(Ro)

by Lemma 4.2(2), with the aid of (4.7), it follows that Ugep, (g,) @ intersects

with Rf(w). To obtain the first half of the claim, it remains to compare the
widths of Ugep, (r,) @ and Rj(w) as both are rectangles. By Lemma 4.2(2),

one has
nbnbn-l—l
M<ﬂ-x< U Q)) - bn-1

Q€P1(Ro)
Here, by (5.3) with k =n — 1, we have

i _1“ < Anbngr = Ao p (e (Ro(w) < i (ma(Bo(w)))

as A < 2n(n1—l)' Therefore, one has

m( U Q)cmmz;(w)),

QeP1(Ro)

and which implies the first claim.
Since the truncation R & R*(w) preserves the height of R, one has

my (R1) 2 my(Ro) = my(Ro(w))

by Lemma 4.2(2). The proof of Lemma 5.2 is obtained. [

Using Lemma 4.2 recursively, given a tile Ry € P1(Ry) C T, one can
associate to it a collection Py(Ry), and for every Ro € Po(Ry) C Tz, one can
associate to it P3(Rz2), and so forth. Here, by the same argument as in
Lemma 5.2, for each Ry € P1(Rp), one can take wg, € [0,(n — 1)b,12) so
that every Ro € Pa (Ry) intersects with Rj(wg,) in such a way that

(5.5) me(Ra) C 7 (Ri(wr,)),  7my(R2) D my (Ri(Wr,))-
Note here that by Lemma 5.2 one has

T (Ri(wr,)) C 72 (Ro(wr,))
as my (Ri(wr,)) C g (R1), and

Ty (Ri(wr,)) D 7y (Ro(wr, )
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as my (Rj(wr,)) = my (R1). By a recursive use of the argument above, for
every chain of tiles Ry € Py (Rg—1), one can take wg, € [0,(n — 1)by414%)
such that

(5.6)

T (R 1(WR, ) CTa(Ry,_5(WR, ) C -+ C ma(Ri(wr,)) C7a (Ro(wr,))
my(Ry1(wWr, ) D7y(Ry_5(wr,_,)) D - D my(Ri(wr,)) Dy (R5(wr ))-
In particular (5.6) yields
(5.7) Ryp1(wr, )N Ry _o(wr,_,)N - NRy(wr,) = Ry _1(wr,_,) N Ro(wr,)-

We will call the sets of the form (5.7) core rectangles. One sees that each
core rectangle has height b, and width bs,, where b, = u(my(R;(wr,))) and
ban = p(mx(R:_1(wr,_,))). In Section 5.4, we will define a positive function
such that its support is contained in these core rectangles determined by
(5.7).

We proceed with the construction of chains of tiles and figures. Once
the translation parameters wpg, are chosen so that (5.6) is fulfilled, they will
remain unchanged in the sequel. Henceforth, the parameter wg, will be
omitted from Rj(wg,) and it is abbreviated as

Ry, = Ry(wr,)

for simplicity of notation.
Now, we define subsets of [0,1)? as follows. Given a tile Ry € Ty, define

BO(RO) = RS)
and for each k € {1,...,n — 1}, define By (Ry) C [0,1)? by

Bi(Ro)= |J BRI, BaRo)= J U &,

Ri€P; (Ro) Ri€Py (Rg) Ro€Py (R1)

Bar)= U U U U R

Ri€P1(Ro) Ra€P2(Ri1)  Ru—2€Pu_2(Ru—s) Ruo1€Pnu_1(Ru_2)
see Figure 3. Set
F(Ry) = Bo(Ro) U B1(Rp) U B2(Ro)U---UBp_1(Rp),
and define A = {F(Ry) C [0,1)?: Ry € To}. Note that we have

I
nbpbpi1  p(Ro)’
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By
,,,,, i S I L B
1
e e L
bn
By
R RS
v 0 0
<> < >
bn+3 bn+2
< »
blH—l

>
nbpsq

Figure 3: Examples of By for k =0,1,2. The gray rectangles are R, RY, and R5. They
are 1/n’th part of the tiles (the rectangles with broken lines) Ro, R1, and Rz, respectively.
We see that B1 consists of two R} ’s, and Bz consists of two R3’s in this figure, and
hence there are two “core” rectangles determined by (5.7).

since each F'(Rp) € A is indexed by a unique Ry € Ty and every Ry has the
identical area. For simplicity of notation, we may write By and F' instead
of Bi(Rp) and F'(Ry), respectively.

REMARK 5.3. We can state Lemma 5.1 in terms of I’ as follows: one
has

(5.9) u( U F> > ;

FeA

Indeed, by Lemma 4.2(3), we see that every tile R € T, k € {0,1,...,n—1},
participates in the pairing procedure described above and each tile is paired
with exactly one set F' = F'(Ry) € A. It follows that

n—1
Jr=U U #.
FeA k=0 RETx

and hence we have (5.9) by Lemma 5.1.

5.3. Small intersection property of figures. Let

p(R_y)
(5.10) a = M(EZ)I
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for k € {1,2,...,n—1}. One has

o — p(Ry—1) _ b k41001
1(Ry) br—kbnskt1

Note that g > 1 as u(Ry) > p(R}) > -+ > p(R)_;) by (5.1). Note also that
(5.11)

Qe Qe—1qe X p(RE) = g g1 X p(Ry_1) = -+ = q1 x p(RY) = p(Rp).
By Lemma 4.2(1), one sees that

bn—k1+1bn
(5.12) #Pr(Ri—1) = #Px (Rj_y) = " F 1 =,

bn—kbntkt1

for every Ry_1,Rj,_; € Pr—1(Rig—2), k=2,...,n—1.

In the following lemma, we show that due to the big difference (5.3)
between their sides, the collections By(Ry), k =0,1...,n — 1, have a very
small intersection with each other. Hence, the total area of the figure F'(Ry)
is almost the same as the sum of individual sets By (Rp).

LEMMA 5.4. Assume (5.3). Let Ry € To. Then we have
1(F(Ro))

> i #(Bi(Ro)) ~

that is, the area of each F' € A is close to the sum of its components.

PRrROOF. By definition and Lemma 4.2(1), with the aid of (5.11) and
(5.12), we have

w(Br(Ro)) = q1q2 - - - qx < p(Ry,) = p(Ry) = brbrya
for every k € {0,1,...,n — 1}. It follows that

1-XA<

)

n—1

(5.13) > i(Bi(Ro)) = nbpbn i1 = p(Ro) = nu(Rp).
k=0

By the construction of F' = F(Ry), one has
p(F) = pu(Bo) + pu(B1\ Bo) + p(B2 \ B1) + -+ + pu(Bp—1\ Bn-2)
= p(RG) + (bn—1 — bn)q1bnt2 + (bp—2 — bp—1)q1q2bp43 + - - -
+ (b1 — b2)q1q2 - - - gn—1ban,
and thus
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1 (bn—1—bn)q1bnr2 | (bp—2 — by_1)q1q2bny3
— i1 4 +...
n{ p(Rg) 1(Rg)
(b1 — b2)q1G2 - - - gn—1b2n
+ .
ety }

Here, for every k € {1,...,n — 1}, it follows from (5.11) and (5.3) that

(bt = bn—k+1)q1 - @kbnykt1r  (bn—k — bp—kr1)q1 -~ @rborrtr

(R qi-qr X p(Ry)
_ bn—kbn:k+1 - bn—k—i—lb:—i-k—i-l 1 bn—k11 Y
(1) (1) bn—k
Hence
F F —(n—1)A
PP DA
> k—o M(Br(Ro)) np(Rg) n

The opposite estimate u(F) < S 775 u(Bi(Ro)) is clear. The proof of
Lemma 5.4 is obtained. [

5.4. Geometric construction of a function. As we have seen in
Section 5.2, each F(Ry) € A, Ry € Ty, contains core rectangles determined
by the property (5.7). In view of (5.12), one sees that for each F(Ry) there
are ¢1qs - - - ¢n—1 many such rectangles. To obtain an aimed function associ-
ated with F'(Ry) € A, for each Ry € Ty, we will place a mass at each core
rectangle in such a way that they are distributed uniformly along the vertical
direction. More specifically, we do as follows.

Let Ry € Tp, and let ¢, = q1g2 - - - ¢n—1. See (5.10) for g. One has

(5.14) o PR p(RY) (B o) p(BG)_ buban

UopRD) p(Ry) (R ) Ry )  biban
As was mentioned above ¢, is the number of core rectangles contained in
F(Rp). In fact, due to (5.7), such rectangles are contained in Ry, and thus
cp is the total number of truncated rectangles R} _; that intersect with Rg.
We enumerate core rectangles as

{7 CRs:5=0,1,...,¢cp —1}.

For p € (0,b2y,), define the set s, as the rectangle with side length p (width)
and « = b1ba, /bp41 (height). For each 7;, we place a single s, inside it in
such way that

Cn

615)  mis)cmby, mls)=n ([ G+)).
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B,
B,
bun o
‘ I RS Ro| *
I I b, BO
| R§
oo . |
) bun - -
b ! nbn: bn+1
(a) The gray rectangle is R;. The vertical, (b) Ezample with 3 generations

long rectangles are R, _,: each one has
sides b1 (height) and bz, (width). FEach
rectangle s, has height a = bibay /bny1
and width p(< ban).

Figure 4: Placement of s,’s (black rectangles)

The exact = coordinate of s, inside 7} is not important. Since

bn o b1bap
Cn B bnt1

by (5.14), one can achieve (5.15), and hence the rectangles are distributed
uniformly along vertical direction such that

u<7r<L:Jl 59)) = b = ()

See Figure 4. Now, for each Ry € Ty and the associated F(Ry) € A, we
define a positive function h = hpr, by

Nnbpby 1 : * *
(5.16) hi(2) = u(sp)gn , itz € s, Cxj for some 77,
’ 0, otherwise,

where pu(s,) = pa, the area of s,. Hence one has supph C R C Ry. The
purpose of distributing the support of hp, like this will be clear in Lemma
5.5(3) below.

Analysis Mathematica 50, 2024



176 M. HIRAYAMA and D. KARAGULYAN

Since each F(Ry) € A is indexed by Ry € T, the definition of function
hg, in (5.16) can be extended to a positive function f on the unit square as
follows:

(517) Fz)= ) hr,(2).
Ro€To

LEMMA 5.5. Let f be defined as in (5.17).
(1) We have f >0 and || f]|r: = 1.

(2) For every Ry € Ty, k € {0,1,...,n— 1} and Ry € P (Rk—1), with a
convention that R = Ry for k =0, we have

1 / 1
. fdxdy=n and fdxdy = 1.
M(Rk) R’,; /-L(Rk) Ry

(3) For every Ry € Ty and a dyadic rectangle A C Ry with height x and
width y, so that x < by, y = nby+1 we have that

1
M(A)/Afdxdyzl.

ProoOF. By (5.17), we have

10 = [ fdody= Y [ hndody

Ro€To

Here, it follows from the construction of h = hp, that

/hR0 dzdy = hr, dxdy = / hr, dzdy
Ro R:

_ nbnbn-l—l
N(Sp)cn
Thus

nbnbn-l—l

x p(supph N RY) =
( V= splen

X pi(sp)cn = nbpbpy1 = p(Ro).

£l = D n(Ro) =1.

Ro€To

Next, we show (2). By construction, one has

b?’LbTL *
/ fdxdy = / hdzdy = " L wu(supp h N Ry,)
Ry R; 1(sp)cn
nb,by, nb,by,
= X sk Gt = -
w(8p)q1 -+ gn—1 Qe
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Thus we have

1 nb bn+l nbpbp 1
dxdy = = =n
R* / fdxdy = () q1- - qr bbn1

since q1 -+ qr—1qK X p(R;) = p(Rg) = bubyyr from (5.11).
For the latter half of (2), we have

fdxdy = / hdxdy = / hdxdy = fdxdy
Ry Ry . R;

177

since supph is contained in the core rectangles s, C R}, _| N Rj C R; by

(5.15) and (5.7). It then follows from the first assertion that

/R fudy = [ fdudy = np(R5) = (o).

Now, we show (3). Since the support of f is (or the rectangles s,) dis-

tributed uniformly along the vertical direction, it follows that

/ fdxdy = fdxdy.

Ry

Thus, in view of (2) of this lemma, one has

/fd:zdy Lor [ ey

(A) by JR,
acnb b1 Mbpyt
= = = —1.
M(A) bn , (o) = wyby, Yy

The proof of Lemma 5.5 is obtained. [
REMARK. Note that for every F(Ry) € A one has

/ hr, dzdy = hr, dzdy.
(Ro) Ro

Hence it follows that

. = L vdy — 1(Ro)
1(F (Ro)) /F(RO) iy dvdy = w(F(Rp)) /Ro hr, dzdy

Here, in view of Lemma 5.4 with the aid of (5.13), we have

1(Ro) > p(F(Ro)) = (1 = A)p(Ro).
Thus we obtain
1

1
1< / hr, dxdy < .
W(F(Ro)) Jrry L=A

u(F(Ro))
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6. Proof of Proposition 3.1

In this section, we conclude the proof of Proposition 3.1. Recall that
we are given two infinite disjoint subsets C, D C N, then Fo and Fp be
the corresponding bases as in (1.1). Proposition 3.1 is deduced from the
following result:

PROPOSITION 6.1. Assume (1.2). For everye > 0 and everyn > 5 which
is a power of two, there exists a function f € L>([0,1)?), with f >0 and
I fller = 1, for which there exist two disjoint subsets E,N C [0,1)%, with
w(E) >1/3 and u(N) < e, such that for every z € E there exists a dyadic
rectangle R from Fp, with z € R, such that

1 n
(6.1) M<R>/Rfd‘”dy2 .

and for every z € [0,1)2\ N and any dyadic rectangle R € F¢, with z € R,
we have

1
(6.2) W(R) /Rfdxdy <3.

In Section 6.2, we will prove a rectangle removal lemma (Lemma 6.2) to
determine the set N C [0,1)? in Proposition 6.1, and then prove Proposition
6.1 in Section 6.3. In Section 6.4, we prove Proposition 3.1.

6.1. Notation and assumptions. We will continue to use some no-
tation from Section 5.
Define the collections

cz{;k E[O,l]:keC} and D:{le e[o,1]:sep}.

Note that C is the set of lengths of dyadic rectangles R € F¢, and the same
is true for D. Below, we write D = {by, }nen-.
For each b,, € D, we define

an:sup{aGC:a<bn}, and an:inf{aGC:a>bn}.
Then note that condition (1.2) is equivalent to the following condition

. . d'n bn _
(6.3) hnrr_1>1£f (max { b a }> =0.

n

In view of (6.3), we can obtain the following assertions. Let n > 5 be a power
of two, and A € (0,1/{2n(n—1)}). Given b; € D, i =1,...,n, with (5.3),
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we can choose b; € D, i =n+1,...,2n, with (5.1) and (5.2), such that for
every k=0,1,...,n—1

b 1
(6.4) Il < \b, and TR < 7
n+1 Antk n
(6.5) ikl bk and bkl _)\an—k’
bptk+1 Ap—k—1 Qp ket bp—k

where ag = 1 as a convention.

6.2. Removal lemma. We denote the axis-parallel dyadic rectangles
with side lengths = and y by A, ,, where z is the length of the vertical side
and y is that of the horizontal one. Let

We = {Ayy € Fo i AgyNsupp f # 0},
where f is the positive function defined in (5.17).

LEMMA 6.2. Assume we have (6.3). Let f be a positive function defined
as in (5.17). Given € € (0,1), one can choose a sufficiently small A € (0,1)
and a set N C [0,1)? in such a way that the following properties hold:

(1) For every z € [0,1)2\ N and A € W¢ with A > z one has

1
M(A)/Afdazdyg&

(2) u(N) <e.

ProoOF. We divide our argument into the following two cases with re-
spect to the range of , the height of A = A, ,: 1) x € (by, 1] and 2) x < by,.
Depending on the case we will define sets denoted by Ny, Ny C [0,1)2. For

these sets, the integral averages are expected to be large so they will consti-
tute N and will need to be removed.

Case 1: = € (by,1]. Then there is k € {1,2,...,n — 1,n} such that z €
(bn—k+1, bn—k], with a convention by = 1.
1-i): Assume y > nb,4k. By Lemma 5.5(2), for each rectangle A = A, ,,

one has
/Af(z)dZS > /Rf(z)dZS > u(R).

ReTi—1: ReTi—1:
RNAH#(D RNAH#(D

Here observe that

n(A)

(6.6) #{Reﬁ_lzRﬁA;&@}gi’)ﬂ(R).
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bn-k+1

Figure 5: Intuition behind formula (6.6): one needs to estimate the number of gray
rectangles that intersect A = Ay partially. Since bn—k+1 < & and nbpyr <y the total
measure of such rectangles is small.

Indeed, since my(A) is dyadic, one has

Z Y
ReTy,_1: RNA < 2
# Tt 70} = bn—k+t1 <nbn+k * >
Ty T Ty T Y p(A)
- +2 < +2 =3
bp—it10n+re bneks1 Mbp—ikbpykt1  Dp—py1 Nbpyr p(R)
with the aid of (5.1). (See Figure 5.) Thus, it follows that

1 1 1(A) _
u(A) IRCEE u(a) B () <R =3

1-ii) Assume y < nb, 1. Then, by the second inequality of (6.4), we cannot
have b, <y < nb,yk (recall that y € C). Hence, we can assume that y <
botk: For ke {1,2,...,n}, let N1 ={Az, € We: x € (by—ky1,bn—k), ¥ €
(0,bn+4k]}. Define

Nyp= [J A and leLnJNLk
AeN k k=1

(recall that we let by = 1).
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Case 2): x < by,
2-i): y > nbp41. For each rectangle A = A, ,, due to the dyadicity of all
rectangles involved

1 1
/WQA“”“:mm

as #{Rop € To: RN A # 0} = y/(nbpt1). For RyN A(# (), by Lemma 5.5(3)
one has

_ 1 4 z)dz
Z /Am'%0 fle)dz= 1(A) nbyi1 /RomA fz)d

Ro€To;
RoNA#D

/’ f(2)dz = u(Ron A) = " u(Ro)
RoNA n

since the support of f (or the rectangles s,) is distributed uniformly along
the vertical direction. It follows that

1 1 y 1(Ro) nbpbp 11
z)dz = Ry) = = =1.
/L(A) /Af( ) N(A) nbn+1 bn N( 0) nbnbn—i-l nbnbn+1

2-ii): y < mbyy1. Similar to above, by the second inequality of (6.4), we
can assume that y < b,41. Define

Ny = U Agy.

Az,yEWc:
2€(0,b,], y€(0,br+1]

Note in fact that we have Ny C Ny. Indeed, let x € (0,b,] y € (0, by 1]
Then there is k € {1,...,n — 1} such that y € (b,4x+1,bntk), with the con-
vention that ba,41 = 0. For each y € (b 411, bpn1r], one has A, , C Az, for
any & = Zj € (by—k+1,bn—] since z < b, < b,,_py1 < T Since Az, , belongs
to Ny j defined in case 1-ii), one has Ny C N;.

It follows that letting

N = Ny U Ny

will imply the first assertion. Note that N = N; since No C Ny as observed.

Next, we will show (2) which claims that the Lebesgue measure of
N = N; can be made arbitrarily small. To see it, given F' = F(Rp) € A,
set N'= Uy_y Nk, and N(F) =Ugaen.anrzpy A Then note that N =
Urea N(F). In what follows, we will show p(N(F')) < eu(Ro). Once it is
shown, we have (2). Indeed, with the aid of (5.8), one has

pN) < Y p(N(F)<e > p(Ro) =ex =ec.

F=F(Ry)EA F=F(Ry)eA
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Below, for k € {1,...,n}, we let

Ny u(F) = U A.
{AEN: 1, ANF#£D}

Thus N(F) = p_; N1k (F) since N = Ny. For each k € {1,...,n}, the rect-
angle A = A, ,, with € (by,—p41,bn—k], ¥ € (0,by1] satisfies
(67) /L(Aw,y) =2y < pnkOntk < Abn—k’-‘,—lbn-i-k’

by the first inequality of (6.5). Note here that b, j11b,. is the area of
R;_,. Hence, repeating the same argument as in the proof of Lemma 5.4,
by replacing Bj,_; with Ny ,(F'), we will get

(N (F)) = u( U Nl,k<F>> < WN(F))
k=1 k=1

with the aid of (6.4) and (6.5). Here for each k € {1,...,n} one has

(N1 E(F)) < @1 Qe10n—knrk < AGL - @h—10n—k110p4k = Abnbnya
by (6.7) and (5.11). It follows that

UN(F)) < u(NLp(F)) <A bpbpsy = Anbnbagt = Au(Ro).
k=1 k=1

The proof of Lemma 6.2 is obtained. [

6.3. Proof of Proposition 6.1. Let f be the positive function de-
fined in (5.17). Hence we have || f||z: = 1 by Lemma 5.5(1).
By construction and Lemma 5.5(2) it follows that for every R* we have

1
w(R*) Jr

(Recall here that R* is an abbreviation of R*(wg) for R € Tj.) Note that
my(R*) is dyadic. However, the rectangle R* is not dyadic since neither is
7. (R*) in general. In order to fix this issue we now consider two dyadic,
adjacent rectangles that are horizontal translations of R* and that cover R*
(see Figure 6).

Denote the dyadic rectangles by R} and R} . Note that Ry, Rj, € Fp.
Note also that u(R}) = p(R5,) = p(R*) and thus

1 1 1
< .
H(R) /R Jdrdy = (ge) /R Jdrdy+ gy /R f dudy
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R R*

R*

e
dl R

dr

Figure 6: The gray rectangle in the middle is R* while the other two are its dyadic
translations R}, and R},.. They are inside of R, the dashed rectangle.

Hence for at least one rectangle K (R*) € {R}}, R}, } we will have

1 n
6.8) WK (R)) /m*)f drdy =

by Lemma 5.5(2). Here note that K(R*) € Fp as mentioned above. Ac-
cording to the definition, with the aid of Lemma 4.2(2), we see that both
R}, and R} are inside of R, and thus K (R*) C R.

Now, for each R* we consider the union of all such rectangles K (R*) for
which (6.8) holds. Specifically, let

n—1
E =] | K(R.

k=0 ReTx
Then, due to Lemma 5.1 (or Remark 5.3), we have u(E’) > 1/2. Define
E=FE\N,

where N C [0,1)? is defined in Lemma 6.2. Since u(N) < € by Lemma 6.2(2),
one has u(E) > 1/3. We also automatically have the first assertion for every
point in E by (6.8).

Next, we will prove the second statement. Since ENN = and N is
defined through the cases 1-ii) and 2-ii) in the proof of Lemma 6.2, it is
enough to show the second assertion for R € F¢ belonging to the cases 1-i)
and 2-i) there. Note here that the estimate (6.6) is verified for every R € F¢
with sides considered in the other cases 1-i) and 2-i). Hence one can obtain

for every z € [0,1)2\ N and every R € F¢ with R > z. Proposition 6.1 is
proven. []

REMARK 6.3. We remark that instead of the unit square, we could do
the same constructions inside any dyadic square. For our purposes in Propo-
sition 3.1 it will be more convenient to consider a partition of the unit square
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into smaller, dyadic squares and carry out the same constructions inside each
tiny square. Then, inside each square ) we will find the corresponding sets
E, N satisfying the bounds u(N) < u(Q)e and p(E) > (1/3)u(Q). The es-
timates (6.1) and (6.2) will hold for rectangles that are strictly inside the
partition squares. So to prove the analog of Proposition 6.1 in this case, it
will remain to take care of rectangles from F¢ that is not entirely contained
inside a partition square. For this, we can write R = ngl R;, where R; en-
tirely belongs to a partition square. Note that since all the rectangles are
dyadic then the rectangles R; will have identical sizes. Then the property
(6.2) can be achieved as follows:

1 1< 1
dxdy = dxd Coh.
iy Jy 2o N;/L(Rj)/gf =

J

6.4. Proof of Proposition 3.1. For every k € N, let ¢, = ¢/2F 1,
Let {ny}ren be an increasing sequence of positive integers. For each k € N,
consider a partition P, of the unit square into dyadic squares @), ; of size
1/2™. Inside each square Q) ;, we repeat the same procedure as in Propo-
sition 6.1 as described in Remark 6.3. Hence we will find positive func-
tions fi; € L with || fy ;]2 = #(Qk,;), and Ej,j, Ny, ; C Q,; with p(Ej, ;)
> (1/3)pu(Qr,5) and p(Ny ;) < exp(Qr,j) such that (6.1) and (6.2) holds with
n > 2max{k®, M3} which is a power of two. Namely, for every z € Ej ; there
exists a dyadic rectangle R € Fp with R > z such that

1 n
6.9 /fk7-d93dy > > max{k® M3},
and for every z € Q. ; \ Nk ; and any dyadic rectangle R € {R € F¢: R C

Qr,j} with R 3 z, one has

1

(6.10) W(R)

/ frjdxdy < 3.
R

Define

22nk 22nk 22nk

E = |_| Epj, Np= |_| Nij;, and fp = ka,j-
j=1 j=1 Jj=1

Then for each k € N one has u(Ey) > 1/3, u(Ng) < e and || fgllz: < 1.
Now, given L € N to be determined later, define

L L L 1
E:(UEk>\<UNk>, and fzzszk.
k=1 k=1 k=1
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Then one has

PR T PR
<SP <3 <

for some C € (0,2), and for every z € E there exists a dyadic rectangle
R € Fp with R > z such that

i (1R) / fdzxdy > / fr dzdy

n _ max{k3, M3}

1 1 /
> Jr,jdxdy > >
k2 u(R) Jp'"

I<:22 k? =M

by (6.9). We also have for every z € E' and any dyadic rectangle R € F¢,
with z € R,

1 L o1
dxdy <
Y RLUED

by (6.10) with the aid of Remark 6.3.
It remains to show u(E) > 1 — e. Note first that

L L L
A(VEAES SITCAED S it
k=1 k=1 k=1 k=1

Thus it is enough to show H(Ui:l Ey) > 1—(g/2), and this will be achieved
by making nj grow sufficiently fast and taking L sufficiently large. For k € N,
we let E(k) = E1U---U Eg. Note that if n; grows fast then the partition at
step k + 1 can be made so small that Fyq \ E(k) will fill up almost 1/3rd
of the complement of F (k). Hence, by taking L large enough we can achieve
the bound u(E(L)) > 1 — (¢/2). It then follows that

L £ g
uE) 2 w(B() - u( U M) >1- 5 -5 =1
k=1

The proof of Proposition 3.1 is obtained. [

Appendix A. The Haar wavelet and its properties
For simplicity, we will formulate the multivariate Haar system only in
dimension 2. More general formulations can be found in [1,11]. Our presen-

tation follows the notations of [11].
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We recall the definition of the one dimensional Haar system {h,, },,cn:

hi(z)=1 (zeTh),

and if
m=2"+i (keNuU{0}, i=1,...,2%)
then
2k/2if e (5, 20
ho(z) = —2F/2 ifz e (giﬂ,;k)
0 if o & [0 5]

At inner points of discontinuity, h,, is defined as the mean value of the limits
from the right and from the left, and at the endpoints of T' as the limits from

inside of the interval. The two dlmenswnal Haar system {H (m,n) } (m.n)eN? is

defined as follows:

Hipon)(2,y) = hin(2) X hy(y)  ((z,y) € T?).

For z € T?, let H(z) be the spectrum of the Haar system at z, i.e.,
H(z) = {(m,n) € N*: H,, ,)(z) # 0}.

We denote by Ay 5(z) the dyadic rectangle with sides 1/2% and 1/2° that
contains z.

The next property connects the convergence of the rectangular Fourier—
Haar sums with the differentiation of integrals with respect to the basis of
dyadic rectangles. (See, e.g., [7, Ch. 3, §1] or [1, Ch. 1, §6].) Below, by [a, 8]
with a,b € N and a < b we mean the set {a,a +1,...,b}.

PROPOSITION A.1. Let f € LY(T?), z € T? and (m,n) € N2. Then the
following assertions hold: let m =2F +i and n=2°+j, withi=1,...,2F
and j=1,...,2%

(1) If H(z) N ([2F +1,m] x [2° + 1,n]) # 0, then

1 /
,UI(AI{)-FI,S—FI(Z)) Ak+1,5+1(z)

(2) If H(z)N([2F +1,m] x [2°+ 1,n]) = 0, then

Stmm) f(2) = Sar1 9001y f(2) =

1

S(mm)f(z) = S(2’“,25)f(z) = N(Aks(z)) /Ak @) fdwdy
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In other words for each z € T? and every m,n € N, we have

1
Al S = dxd
(A1) D= 0 ) /Imyn(z)f vy,

where I, () is a dyadic rectangle with sides 1/2% and 1/2% or 1/2F*! and
1/257! containing 2.
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