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Abstract. In this paper, we consider vector-valued Bergman–Orlicz spaces
which are generalization of classical vector-valued Bergman spaces. We char-
acterize the dual space of vector-valued Bergman–Orlicz space, and study the
boundedness of the little Hankel operators, hb, with operator-valued symbols b,
between different weighted vector-valued Bergman–Orlicz spaces on the unit
ball Bn. More precisely, given two complex Banach spaces X, Y , we charac-
terize those operator-valued symbols b : Bn → L(X,Y ) for which the little Hankel
operator hb : A

Φ1
α (Bn,X) → AΦ2

α (Bn, Y ), extends into a bounded operator, where
Φ1 and Φ2 are either convex or concave growth functions.

1. Introduction and statement of results

Throughout this paper, we fix a positive integer n and let

C
n = C× · · · × C

denote the n-dimensional Euclidean space. For

z = (z1, . . . , zn), w = (w1, . . . , wn),
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in Cn, we define the inner product of z and w by

〈z,w〉 = z1w1 + · · · + znwn,

where wk is the complex conjugate of wk. The resulting norm is then

|z| =
√
〈z, z〉 =

√
|z1|2 + · · ·+ |zn|2.

We know that Cn is a Hilbert space whose canonical basis consists of the
following vectors:

e1 = (1, 0, . . . , 0), e2 = (0, 1, 0, . . . , 0), . . . , en = (0, . . . , 0, 1).

The open unit ball in Cn is the set

Bn = {z ∈ C
n : |z| < 1}.

When α > −1, the weighted Lebesgue measure dνα in Bn is defined by

(1.1) dνα = cα(1− |z|2)α dν(z),

where dν is the Lebesgue measure in Cn and

(1.2) cα =
Γ(n+ α + 1)
n! Γ(α+ 1)

is the normalizing constant so that dνα becomes a probability measure on Bn.
A function defined on the unit ball Bn will be called a vector-valued func-
tion when it takes its values in some vector space. If X is a complex Banach
space, a vector-valued function f : Bn → X (a X-valued function) is said to
be strongly holomorphic in Bn if for every z ∈ Bn and for every k ∈ {1, . . . , n},
the limit

lim
λ→0

f(z + λek)− f(z)
λ

exists in X , where λ ∈ C is different to zero. The space of all X-valued
strongly holomorphic functions on Bn will be denoted by H(Bn,X). We will
also denote by H∞(Bn,X) the space of all bounded X-valued holomorphic
functions. Let X� denote the space of all bounded linear functionals x� : X
→ C (the topological dual space of X). We say that f : Bn → X is weakly
holomorphic if for every x� ∈ X�, the scalar-valued function x�(f) : Bn → C

is holomorphic in the usual sense. An important result by N. Dunford [9]
shows that a vector-valued function is strongly holomorphic if and only if it
is weakly holomorphic. So, vector-valued holomorphic functions are vector-
valued weakly or strongly holomorphic functions.
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1.1. The conjugate X of the complex Banach space X. In the
sequel, we will need the “conjugate” notion of a complex Banach space X .

We will use the following definition and notation which can be found in
[12]. Let x ∈ X , x� ∈ X� and λ ∈ C, we define

(λx�)(x) := λx�(x).

We also use the notation

〈x, x�〉X,X� = x�(x)

which will represent the ‘inner product’ in the complex Banach space X . We
remark that

〈λx, x�〉X,X� = λ〈x, x�〉X,X� = 〈x, λx�〉X,X� ,

so that we have a regular rule of an inner product.
The complex conjugate x of x ∈ X is the functional on X� defined by

x(x�) = 〈x, x�〉X,X� ,

for every x� ∈ X�. Let

X = {x : x ∈ X}

the complex conjugate of the Banach space X . With the norm

‖x‖X := sup
‖x�‖X�=1

|x(x�)|,

X becomes a Banach space. Moreover, we have ‖x‖X = ‖x‖X for any x ∈ X ,
so that X and X are isometrically anti-isomorphic.

1.2. Vector-valued Bergman spaces. In the sequel, we will inte-
grate vector-valued measurable functions in the sense of Bochner. Let X be
a complex Banach space.

Definition 1.1. A function s : Bn → X is called a “vector-valued” sim-
ple function if it has the form

s =
k∑

i=1

xiχAi
,

where k is a nonnegative integer, (Ai)ki=1 is a finite sequence of pairwise
disjoint members of the σ-algebra of Bn such that

⋃k
i=1 Ai = Bn and x1, x2,

. . . , xk are finite distinct values of X . We have Ai = s−1({xi}) and χA : Bn

→ {0, 1} denotes the characteristic function of A. We denote by S(Bn,X)
the set of simple functions.
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Definition 1.2 (Borel σ-algebra on X). A function f : Bn → X is a
Borel σ-algebra on X with respect to the measure να in the unit ball Bn if
there exists a sequence of simple functions (sk)k≥1 ⊂ S(Bn,X) such that

(1.3) sk → f να-a.e. as k → ∞.

Definition 1.3 (Bochner–Lebesgue space). A function f : Bn → X is
Bochner integrable with respect to the measure να in the unit ball Bn if
there exists a sequence of simple functions (sk)k≥1 ⊂ S(Bn,X) such that

(i) sk → f να-a.e. as k → ∞,

(ii)
∫
Bn

‖sk(z)− f(z)‖X dνα(z) → 0 as n → ∞.

A sequence of simple functions that satisfy assertion (i) and (ii) is called
an approximant sequence for f . For 0 < p < ∞, the Bochner–Lebesgue space
Lp
α(Bn,X) consists of all vector-valued measurable functions f : Bn → X

such that

‖f‖pp,α,X :=
∫
Bn

‖f(z)‖pX dνα(z) < ∞.

The vector-valued Bergman space Ap
α(Bn,X) is the closed subspace of

Lp
α(Bn,X) consisting of holomorphic functions.
It is known (see [4]) that, for any 1 < p < ∞, the dual of the Bergman

space Ap
α(Bn,X), (Ap

α(Bn,X))�, identifies with Ap′

α (Bn,X
�) where p′ is the

conjugate exponent of p, under the duality pairing

〈f, g〉α,X :=
∫
Bn

〈f(z), g(z)〉X,X� dνα(z),

with f ∈ Ap
α(Bn,X) and g ∈ Ap′

α (Bn,X
�).

For 0 < p < ∞, the weak Bochner–Lebesgue space Lp,∞
α (Bn,X) consists

of all vector-valued measurable functions f : Bn → X for which

‖f‖Lp,∞
α (Bn,X) :=

(
sup
λ>0

λpνα
(
{z ∈ Bn : ‖f(z)‖X > λ}

))1/p
< ∞.

The weak vector-valued Bergman space Ap,∞
α (Bn,X) is defined by

Ap,∞
α (Bn,X) = H(Bn,X) ∩ Lp,∞

α (Bn,X).

For f ∈ L1
α(Bn,X) and z ∈ Bn, the Bergman projection Pαf of f is the in-

tegral operator defined by

Pαf(z) =
∫
Bn

Kα(z,w)f(w) dνα(w),
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where Kα(z,w) = 1
(1−〈z,w〉)n+1+α is the Bergman reproducing kernel. In this

case, Pαf is also a X-valued holomorphic function. We recall the following
well-known result that will be used later [3].

Proposition 1.4. Let α > −1, there exists a constant C > 0 such that

for any f ∈ L1
α(Bn,X),

να
(
{z ∈ Bn : ‖Pαf(z)‖X > λ}

)
≤ C

‖f‖1,α,X

λ
.

Let X , Y be two complex Banach spaces and α > −1. We have the
following two lemmas whose proof can be found in [12].

Lemma 1.5. Let T : X → Y be a bounded linear operator. If f : Bn → X
is να-Bochner integrable in the unit ball, then Tf : Bn → Y is να-Bochner
integrable in the unit ball and we have∫

Bn

Tf(z) dνα(z) = T

(∫
Bn

f(z) dνα(z)
)
.

Lemma 1.6. If f : Bn → X is a να-Bochner integrable vector-valued

function in the unit ball, then we have the inequality∥∥∥∥
∫
Bn

f(z) dνα(z)
∥∥∥∥
X

≤

∫
Bn

‖f(z)‖X dνα(z).

1.3. Vector-valued Bergman–Orlicz spaces. We say that a func-
tion Φ is a growth function if it is a continuous and non-decreasing function
from [0,∞) onto itself. We say that a growth function Φ is of lower type
0 < p ≤ 1 if there exists C > 0 such that, for s > 0 and 0 < t ≤ 1,

(1.4) Φ(st) ≤ C tpΦ(s).

We say that a growth function Φ is of upper type q ≥ 1 if there exists C > 0
such that, for s > 0 and t ≥ 1,

(1.5) Φ(st) ≤ C tqΦ(s).

We say that Φ satisfies the Δ2-condition if there exists a constant K > 1
such that, for any s ≥ 0,

(1.6) Φ(2s) ≤ KΦ(s).

Observe the equivalence between the properties (1.5) and (1.6).
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Let X be a complex Banach space. For Φ a growth function, the vector-
valued Orlicz space LΦ

α(Bn,X) is the space of all vector-valued measurable
functions f : Bn → X such that for some λ > 0,

‖f‖Φ,α,X,λ :=
∫
Bn

Φ
(
‖f(z)‖X

λ

)
dνα(z) < ∞.

The vector-valued Bergman–Orlicz space AΦ
α (Bn,X) is defined by

AΦ
α (Bn,X) = H(Bn,X) ∩ LΦ

α(Bn,X).

For 0 < p < ∞, when Φ(t) = tp, we recover the classical vector-valued
Bergman space Ap

α(Bn,X) defined in Subsection 1.2.
Recall that two growth functions Φ1 and Φ2 are said equivalent if there

exists some constant c such that

cΦ1(ct) ≤ Φ2(t) ≤ c−1Φ1(c−1t) for all t > 0.

Such equivalent growth functions define the same Orlicz space. Let us define
two classes of growth functions of our interest in this paper.

Definition 1.7. We call L the set of growth function Φ of lower type p,
for some 0 < p ≤ 1, such that the function t �→ Φ(t)

t is non-increasing. For
Φ ∈ L of lower type p, we say that Φ ∈ Lp.

Definition 1.8. We call U the set of growth function Φ of upper type
q, for some q ≥ 1, such that the function t �→ Φ(t)

t is non-decreasing. For
Φ ∈ U of upper type q, we say that Φ ∈ U

q.

Examples of growth functions of particular interest include

Φ1(t) =
( t

log(e+t)

)p
, 0 < p ≤ 1 and Φ2(t) =

(
t log(e+t)

)q
, 0 < q < ∞.

We have Φ1 ∈ Lp and Φ2 ∈ U q for q > 1. Clearly, the functions in L or U

satisfy the Δ2-condition. Note that if Φ ∈ U , then Φ is of lower type 1.
For Φ ∈ L (resp. U ), without loss of generality, possibly replacing Φ by
the equivalent growth function

∫ t
0

Φ(s)
s ds, we may always suppose that Φ is

concave (resp. convex) and Φ is a C 1 function with derivative Φ′ �
Φ(t)
t (see

[7] for the proof for the case Φ ∈ L ).
For Φ ∈ U ∪ L , we define on LΦ

α (Bn,X) the Luxemburg (quasi)-norm

(1.7) ‖f‖lux
Φ,α,X := inf

{
λ > 0 :

∫
Bn

Φ
(‖f(z)‖X

λ

)
dνα(z) ≤ 1

}

which is finite for f ∈ LΦ
α(Bn,X) (see [15]).
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In order to give the dual of AΦ
α (Bn,X) when Φ ∈ U , we need to recall the

notion of complementary function of a growth function [14]. For Φ ∈ U , we
recall that the complementary function of Φ, is the function Ψ: R+ → R+,
defined by

Ψ(s) = sup
t∈R+

{ts− Φ(t)}.

One easily checks that if Φ ∈ U , then Ψ is also a growth function of lower
type such that t �→ Ψ(t)

t is non-decreasing but which may not satisfy the Δ2-
condition. The fact that Ψ also satisfies the Δ2-condition is relevant in our
results here. We thus introduce another class of growth functions.

Definition 1.9. For Φ ∈ U , we say that Φ satisfies the ∇2-condition
whenever both Φ and its complementary satisfy the Δ2-condition.

Several characterizations that guarantee that a growth function has a
complementary function satisfying the Δ2-condition are known. One of
these characterizations is the Dini condition which we recall here. We say
that Φ ∈ U satisfies the Dini condition if there exists a constant C > 0 such
that, for t > 0,

(1.8)
∫ t

0

Φ(s)
s2 ds ≤ C

Φ(t)
t

.

So when Φ satisfies (1.8), then Φ satisfies the ∇2-condition [5, Proposi-
tion 3]. Under this condition, we will show that the space AΨ

α (Bn,X
�) is

the topological dual space of AΦ
α(Bn,X).

If Φ and Ψ are a pair of complementary growth functions, then using
the fact that st ≤ Ψ(s) + Φ(t), for s, t ≥ 0, we obtain the following Hölder’s
type inequality

(1.9)
∫
Bn

‖f(z)‖X‖g(z)‖Y dνα(z) ≤ 2‖f‖lux
Φ,α,X‖g‖

lux
Ψ,α,Y ,

where X and Y are complex Banach spaces and f ∈ AΦ
α (Bn,X), g ∈

AΨ
α (Bn, Y ).
The following proposition extends [17, Proposition 4.4]. The proof is

similar.

Lemma 1.10. Let X a complex Banach space, Φ ∈ L and α > −1. Sup-
pose that Φ satisfies the Dini condition

(1.10)
∫ ∞

1

Φ(s)
s2 ds < ∞.

Then A1,∞
α (Bn,X) embeds continuously into AΦ

α (Bn,X).
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1.4. Vector-valued Lipschitz spaces. The radial derivative of a
vector-valued holomorphic function f : Bn → X denoted Nf is defined for
z ∈ Bn by

(1.11) Nf(z) =
n∑

j=1

zj
∂f

∂zj
(z).

For β ≥ 0, we denote by Γβ(Bn,X) the space of vector-valued holomorphic
functions f : Bn → X for which there exists an integer k > β such that

‖f‖β,X = ‖f(0)‖X + sup
z∈Bn

(
1− |z|2

)k−β
‖Nkf(z)‖X < ∞,

where Nk = N ◦N ◦ · · · ◦N k−times. As in the scalar case, the definition
of the space Γβ(Bn,X) is independent of the integer k used. The space
Γβ(Bn,X) will be called the vector-valued holomorphic Lipschitz space and
for β = 0, the class Γβ(Bn,X) coincides with the usual vector valued Bloch
space B(Bn,X). We recall that f ∈ B(Bn,X) if

‖f‖B(Bn,X) := ‖f(0)‖X + sup
z∈Bn

(1− |z|2)‖Nf(z)‖X < ∞.

It is known (see [3]) that, for 0 < p < 1, the dual of the Bergman space
Ap

α(Bn,X), coincides with Γβ(Bn,X
�) with β = (n+ 1 + α)

(1
p − 1

)
under

the duality pairing

〈f, g〉α,X = ck

∫
Bn

〈f(z),Mα
k g(z)〉X,X�(1− |z|2)k dνα(z),

k > β, is an integer, g ∈ Γβ(Bn,X
�), f ∈ Ap

α(Bn,X) and Mα
k is the differen-

tial operator of order k defined by (2.22).
For Φ a growth function, we associate the function

ρΦ(t) =
1

tΦ−1
(1
t

) .
The function ρΦ is quite relevant in the study of Orlicz space of analytic
functions (see [7], [11], and the references therein). Note in particular that
in the case of Ap

α(Bn,X), Φ(t) = tp and ρ(t) = t
1

p
−1, hence f ∈ Γβ(Bn,X),

where β = (n+ 1 + α)
(1
p − 1

)
if

‖Nkf(z)‖X ≤ C
(
1− |z|2

)−k
ρ((1− |z|2)n+1+α).

From this observation, we will make the following generalization. Let ρ be a
positive continuous increasing function from [0,∞) onto itself and let γ > 0.
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We say that ρ is of upper type γ on [0, 1] if there exists a constant C such
that

ρ(st) ≤ Csγρ(t),

for s > 1 and st ≤ 1. We will call a weight, a function ρ which is a continuous
nondecreasing function from [0,∞) onto itself, which is of upper type γ,
for some γ > 0. We recall the following fact from [19, Proposition 3.10]: if
Φ ∈ Lp and ρ(t) = 1

tΦ−1( 1

t
) , then ρ is a weight of upper type 1

p − 1.
Now, for α > −1 and a weight ρ (of upper type γ), we define the

weighted Lipschitz space Γα,ρ(Bn,X) as the space of holomorphic functions
f ∈ H (Bn,X) such that, for some integer k > γ(n+ 1 + α) and a positive
constant C > 0, we have∥∥Nkf(z)

∥∥
X

≤ C
(
1− |z|2

)−k
ρ((1− |z|2)n+1+α), z ∈ Bn.

We will also need a logarithmic version of the above space, LΓα,ρ(Bn,X),
defined as the space of holomorphic functions f in Bn such that, for some
k > γ(n+ 1 + α) and a positive constant C > 0, we have

∥∥Nkf(z)
∥∥
X

≤ C
(
1− |z|2

)−k
ρ((1− |z|2)n+1+α)

(
log

1
1− |z|2

)−1
, z ∈ Bn.

One can show that, as in the weighed classical Lipschitz spaces in Part 2
of [17, Proposition 2.11], these spaces are independent of k. As a conse-
quence, the spaces Γα,ρ(Bn,X) and LΓα,ρ(Bn,X) become Banach spaces
under the norms

‖f‖Γα,ρ(Bn,X) = ‖f(0)‖X + sup
z∈Bn

(1− |z|2)k‖Nkf(z)‖X
ρ
(
(1− |z|2)n+1+α

) ,

‖f‖LΓα,ρ(Bn,X) = ‖f(0)‖X + sup
z∈Bn

(1− |z|2)k‖Nkf(z)‖X
ρ
(
(1− |z|2)n+1+α

) ∣∣log(1− |z|2)
∣∣,

where k is a fixed integer strictly greater than γ(n+ 1 + α).

1.5. Little Hankel operators with operator-valued symbols.
Given two complex Banach spaces X and Y , we denote by L(X,Y ) the
space of all bounded linear operators T : X → Y endowed with the norm

‖T‖L(X,Y ) = sup
‖x‖X=1

‖Tx‖Y = sup
‖x‖X=1,‖y�‖Y �=1

|〈Tx, y�〉Y,Y � |,

where T ∈ L(X,Y ). Then L(X,Y ) is a Banach space. We consider
an operator-valued function b : Bn → L

(
X,Y

)
and we suppose that b ∈

DUALITY AND LITTLE HANKEL OPERATORS ON BERGMAN–ORLICZ SPACES 39
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H
(
Bn,L(X,Y )

)
. The little Hankel operator with operator-valued symbol b,

denoted hb, is defined for z ∈ Bn by

hbf(z) =
∫
Bn

b(w)
(
f(w)

)
(1− 〈z,w〉)n+1+α

dνα(w), f ∈ H∞(Bn,X).

In the sequel, we will assume that the symbol b satisfies the following con-
dition:

(1.12)
∫
Bn

‖b(w)‖L(X,Y )

|1− 〈z,w〉|n+1+α
dνα(w) < ∞ for every z ∈ Bn.

It is easy to check that if b satisfies (1.12), then the little Hankel operator hb

is well defined on H∞(Bn,X).
The boundedness properties of the little Hankel operator in the classical

case (that is, when X = Y = C) have been extensively studied and many
results are now well known [6,13,22]. In recent years, the study of the little
Hankel operator hb, with operator-valued holomorphic symbols b, between
vector-valued Bergman spaces, Ap

α(Bn,X) and Aq
α(Bn, Y ), have gained some

interest and the boundedness properties are now well-established [1,3,12].
We are here concerned with the question of characterizing the operator-

valued holomorphic symbols b for which the little Hankel operator hb extends
into a bounded operator from AΦ1

α (Bn,X) into AΦ2
α (Bn, Y ) where Φi, i = 1,2,

is a concave or convex growth function. Our results here extend the results
in [17] to the vector-valued setting with the same parameters.

1.6. Statement of results. Our first interest in this paper is the char-
acterization of the dual space of the vector-valued Bergman–Orlicz spaces
when Φ is in U (resp. L ). We obtain the following results, which extend
the duality results for classical vector-valued Bergman spaces [3,12].

Theorem 1.11. Let X be a complex Banach space, α > −1 and Φ ∈ U .
Let Ψ be the complementary function of Φ and suppose that Φ satisfies the

∇2-condition. Then the topological dual space
(
AΦ

α (Bn,X)
)�

of AΦ
α (Bn,X)

can be identified with AΨ
α

(
Bn,X

�
)
(with equivalent norms) under the duality

pairing

〈f, g〉α,X =
∫
Bn

〈f(z), g(z)〉X,X� dνα(z),

where f ∈ AΦ
α (Bn,X) and g ∈ AΨ

α (Bn,X
�). Moreover,

‖g‖lux
Ψ,α,X� � sup

‖f‖lux
Φ,α,X=1

|〈f, g〉α,X |.
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Theorem 1.12. Let X be a complex Banach space, α > −1, Φ ∈ Lp and

ρ(t) = 1
tΦ−1( 1

t
) . Then the topological dual space

(
AΦ

α (Bn,X)
)�

of AΦ
α (Bn,X)

can be identified with Γα,ρ

(
Bn,X

�
)
under the duality pairing

〈f, g〉α,X = C−1
k,α

∫
Bn

〈f(z),Mα
k g(z)〉X,X� dνα+k(z),

k > (n+1+α)
( 1
p − 1

)
is an integer, f ∈ AΦ

α (Bn,X), g ∈ Γα,ρ(Bn,X
�), Ck,α

and Mα
k are respectively the constant and the differential operator defined by

(2.22) and (2.23). Moreover,

‖g‖Γα,ρ(Bn,X�) � sup
‖f‖lux

Φ,α,X=1

∣∣〈f, g〉α,X∣∣.
Our second interest in this paper is the study of the boundedness of the

little Hankel operators, hb, from AΦ1
α (Bn,X) to AΦ2

α (Bn, Y ). We do not use
a specific method but combine several techniques some of them appearing
in [17] or used in the case of vector valued Bergman spaces in [3].

Before stating the results on Hankel operators, we need to make another
assumption on the operator-valued symbol b. More precisely, we assume
that the operator-valued symbol b satisfies the following condition:

(1.13)
∫
Bn

‖b(z)‖L(X,Y ) log
( 1
1− |z|2

)
dνα(z) < ∞.

Let X and Y be two complex Banach spaces. Our contribution to the
boundedness problem of the little Hankel operator with operator-valued sym-
bol is the following.

Theorem 1.13. Let Φ ∈ U such that Φ satisfies the ∇2-condition,
and α > −1. Then the Hankel operator hb extends into a bounded opera-
tor from AΦ

α(Bn,X) into AΦ
α (Bn, Y ) if and only if its symbol b belongs to

B
(
Bn,L(X,Y )

)
.

Theorem 1.14. Let Φ1 ∈ L , α > −1 and Φ2 ∈ L . If the Hankel oper-
ator hb extends into a bounded operator from AΦ1

α (Bn,X) into AΦ2
α (Bn, Y ),

then its symbol b belongs to Γα,ρ1

(
Bn,L(X,Y )

)
with ρ1(t) = 1

tΦ−1
1 ( 1

t
) . Con-

versely, if b ∈ Γα,ρ1

(
Bn,L(X,Y )

)
, then there exists a bounded operator Tb

from AΦ1
α (Bn,X) into L1

α(Bn, Y ) such that hb = PαTb.

As a direct consequence, we have the following result.

Corollary 1.15. Let Φ1,Φ2 ∈ L , α > −1. Suppose that Φ2 satis-
fies the Dini condition (1.10). Then the Hankel operator hb extends into
a bounded operator from AΦ1

α (Bn,X) into AΦ2
α (Bn, Y ) if and only if its sym-

bol b belongs to Γα,ρ1

(
Bn,L(X,Y )

)
with ρ1(t) = 1

tΦ−1
1 ( 1

t
) .
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Theorem 1.16. Let Φ ∈ L , α > −1. Then the Hankel operator hb ex-
tends into a bounded operator from AΦ

α(Bn,X) into A1
α(Bn, Y ) if and only if

its symbol b belongs to LΓα,ρ

(
Bn,L(X,Y )

)
with ρ(t) = 1

tΦ−1( 1

t
) .

Theorem 1.17. Let Φ1 ∈ L and Φ2 ∈ U , ρi(t) = 1
tΦ−1

i ( 1

t
) and assume

that Φ2 satisfies the ∇2-condition. Then the Hankel operator hb extends
into a bounded operator from AΦ1

α (Bn,X) into AΦ2
α (Bn, Y ) if and only if its

symbol b belongs to Γα,ρ

(
Bn,L(X,Y )

)
, where

ρ :=
ρ1

ρ2
.

Theorem 1.18. Let Φ1 and Φ2 ∈ U , and ρi(t) = 1
tΦ−1

i ( 1

t
) . Let Ψ2 be the

complementary function of Φ2. We suppose that

(i) Φ2 satisfies the ∇2-condition,

(ii) Φ−1
1 (t)Ψ−1

2 (t)
t is nondecreasing or

Φ−1
2 ◦Φ1(t)

t is nonincreasing.
Then the Hankel operator hb extends into a bounded operator from AΦ1

α (Bn,X)
into AΦ2

α (Bn, Y ) if and only if its symbol b belongs to Γα,ρΦ

(
Bn,L(X,Y )

)
,

where

ρΦ :=
ρ1

ρ2
.

1.7. Plan of the paper. The paper is divided into four sections. In
Section 2, we recall some preliminary notions on vector-valued holomorphic
functions and we also give the proofs of some important results. Section 3
contains the proof of Theorem 1.11 and 1.12 on the dual of the vector-valued
Bergman–Orlicz spaces AΦ

α (Bn,X) for Φ ∈ U and for Φ ∈ L . In the last
section, each subsection is devoted to the study, in each case, of the bound-
edness of the little Hankel operator, hb, from AΦ1

α (Bn,X) into AΦ2
α (Bn, Y ),

with Φi ∈ L or U , i = 1, 2.
Finally, all over the text, X and Y will denote two complex Banach

spaces, the real parameter α will be chosen such that α > −1 and C will
be a positive constant not necessary the same at each occurrence. We will
also use the notation Ck to express the fact that the constant depends on
the underlined parameters k. Given two quantities A and B, the notation
A � B means that A ≤ CB for some positive uniform constant C. When
A � B and B � A, we write A � B.

2. Preliminaries

In this section, we recall some known results and establish some auxil-
iary results that are needed in our study, we extend to Orlicz setting some
classical results known for the vector-valued Bergman spaces.

D. BÉKOLLÈ, T. MFOUAPON and E. L. TCHOUNDJA42



Analysis Mathematica 50, 2024

DUALITY AND LITTLE HANKEL OPERATORS ON BERGMAN–ORLICZ SPACES 13

2.1. Some properties of growth functions. We collect in this sub-
section some properties of growth functions we shall use later. We start
with these two useful lemmas which give a relation between functions in the
classes L and U .

Lemma 2.1 (see [16, Section 2]). The following assertion holds:

Φ ∈ L if and only if Φ−1 ∈ U .

Lemma 2.2 (see [16, Section 2]). Let Φ ∈ U , and Ψ the complementary
function of Φ. We have for any t ≥ 0,

t ≤ Φ−1(t)Ψ−1(t) ≤ 2t.

This lemma implies the following three lemmas.

Lemma 2.3. Let A be a Borel set of Bn. Let Φ and Ψ two complemen-
tary functions. We have the following estimate of the Luxemburg norm of χA

in LΨ
α (Bn, dνα).

(2.1) ‖χA‖
lux
Ψ,α � να(A)Φ−1

( 1
να(A)

)
.

Proof. By the definition of the Luxemburg norm (1.7), we have

‖χA‖
lux
Ψ,α = inf

{
λ > 0 :

∫
A
Ψ
(1
λ

)
dνα(z) ≤ 1

}

= inf
{
λ > 0 : Ψ

(1
λ

)
να(A) ≤ 1

}
= inf

{
λ > 0 : λ ≥

1
Ψ−1

( 1
να(A)

)}.
Then ‖χA‖

lux
Ψ,α = 1

Ψ−1( 1

να(A)
) . By Lemma 2.2, we obtain (2.1). �

Lemma 2.4. Let Φ1 ∈ L and Φ2 ∈ U , and Ψ2 the complementary func-
tion of Φ2. Let Φ be such that

Φ−1(t) = Φ−1
1 (t)Ψ−1

2 (t).

Then Φ ∈ L .

Lemma 2.5. Let Φ1 be a growth function and Φ2 ∈ U , ρi(t) = 1
tΦ−1

i ( 1

t
)

and Ψ2 the complementary function of Φ2. Then, if

ρΦ =
ρ1

ρ2
,

we also have

(2.2) Φ−1(t) � Φ−1
1 (t)Ψ−1

2 (t)

and vice-versa.
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The following lemma whose proof is in [16] will be also useful.

Lemma 2.6. Let Φ1 and Φ2 be in U , and Ψ2 the complementary func-

tion of Φ2. Let Φ be such that Φ−1(t) = Φ−1
1 (t)Ψ−1

2 (t). We suppose that Φ2
satisfies the ∇2-condition, and that

Φ−1
2 ◦Φ−1

1 (t)
t

is nonincreasing. Then Φ ∈ L .

The following can be adapted from [20].

Proposition 2.7 (Volberg, Tolokonnikov). For Φ1 and Φ2 two growth

functions of lower type and α > −1, the bilinear map (f, g) �→ fg sends

LΦ1
α (Bn)×LΦ2

α (Bn) onto LΦ
α(Bn), with the inverse mappings of Φ1, Φ2 and Φ

related by

Φ−1 = Φ−1
1 × Φ−1

2 .

Moreover, there exists some constant c such that

‖fg‖lux
Φ,α ≤ c‖f‖lux

Φ1,α‖g‖
lux
Φ2,α.

2.2. Density in AΦ

α
(Bn,X) where Φ ∈ U or L . In this subsec-

tion, X is a complex Banach space and α > −1.

Lemma 2.8. The space of simple functions S(Bn,X) forms a dense sub-

space of the vector-valued Orlicz space LΦ
α(Bn,X), where Φ ∈ U or L .

Proof. Let f ∈ LΦ
α(Bn,X), then there exists λ > 0 such that∫
Bn

Φ(λ‖f(z)‖X) dνα(z) < ∞.

Since f : Bn → X is a Borel σ-algebra on X with respect to the mea-
sure να in the unit ball Bn, let a sequence of simple functions (tk)k≥1
⊂ S(Bn,X) such that

(2.3) tk → f να-a.e. as k → ∞.

Let sk = tkχ{z∈Bn:‖tk(z)‖X≤2‖f(z)‖X} is a sequence of simple functions
from Bn to X which converges to f να-a.e. and satisfies ‖sk(z)− f(z)‖X
≤ 3‖f(z)‖X . Using the increasing of Φ, we have

Φ
(λ
3
‖sk(z)− f(z)‖X

)
≤ Φ(λ‖f(z)‖X) ∈ L1

α(Bn).
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So by the dominated convergence theorem for real-valued functions, the con-
tinuity of Φ and the fact that Φ(0) = 0, it follows that∫

Bn

Φ
(λ
3
‖sk(z)− f(z)‖X

)
dνα(z) → 0,

that is

∀ε > 0,∃k0 ∈ N : k > k0 =⇒
∫
Bn

Φ
(λ
3
‖sk(z)− f(z)‖X

)
dνα(z) < ε.

From this, using the fact that Φ is of lower type p for Φ ∈ L or of lower
type 1 for Φ ∈ U , we have

∀ε > 0,∃k0 ∈ N : k > k0 =⇒
∫
Bn

Φ
( λ

3K
‖sk(z)− f(z)‖X

)
dνα(z) ≤ 1,

with Kp = 2Cε where C is the constant in the definition of lower type (1.4).
That is

k > k0 =⇒ ‖sk − f‖Φ,α,X ≤
3K
λ

,

hence sk → f in LΦ
α (Bn,X). �

The proof of the following result can be adapted from [21, Proposition
2.6].

Lemma 2.9. Suppose Φ ∈ U or L . Given a function f ∈ AΦ
α (Bn,X),

let fr defined for z ∈ Bn by fr(z) := f(rz), where 0 < r < 1. Then

lim
r→1−

‖fr − f‖lux
Φ,α,X = 0.

In particular, the space of all bounded vector-valued holomorphic functions,
H∞(Bn,X), is dense in AΦ

α(Bn,X).

Proof. Given a function f ∈ AΦ
α (Bn,X), let fρ defined for z ∈ Bn by

fρ(z) := f(ρz), where 0 < ρ < 1. Then fρ is holomorphic in the set {z ∈ Bn :
|z| < 1/ρ} hence is bounded on Bn. We first recall that there exists λ > 0
such that ∫

Bn

Φ
(
2
‖f(z)‖X

λ

)
dνα(z) < ∞.

For ε > 0, there exists δ = δ(ε) > 0 such that

(2.4)
∫
{z∈Bn:1−δ<|z|<1}

Φ
(
2
‖f(z)‖X

λ

)
dνα(z) < ε.
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Let η ∈ ]0, δ[, we have Bn = {z ∈ Bn : |z| ≤ 1−η}∪{z ∈ Bn : 1−η < |z| < 1}.
The function z �→ fr(z)− f(z) is uniformly continuous on any compact sub-
set of {z ∈ Bn : |z| ≤ 1− η} then, there exists R = R(η, ε) > 0 such that for
any r ∈ (R, 1) and z ∈ Bn : |z| ≤ 1− η,

(2.5) ‖fr(z)− f(z)‖X < ε.

For r ∈
(
max

(
R, 1−δ

1−η

)
, 1
)
,

(2.6)
∫
{z∈Bn:|z|≤1−η}

Φ
(
‖fr(z)− f(z)‖X

λ

)
dνα(z) < Φ

( ε

λ

)
.

Using the fact that Φ is increasing, we have∫
{z∈Bn:1−η<|z|<1}

Φ
(
‖fr(z)− f(z)‖X

λ

)
dνα(z)(2.7)

≤

∫
{z∈Bn:1−η<|z|<1}

Φ
(
2‖f(z)‖X

λ

)
dνα(z)

+
∫
{z∈Bn:1−η<|z|<1}

Φ
(
2‖fr(z)‖X

λ

)
dνα(z).

Since η < δ, we have {z ∈ Bn : 1− η < |z| < 1} ⊂ {z ∈ Bn : 1− δ < |z| < 1}.
From (2.4), we have∫

{z∈Bn:1−η<|z|<1}
Φ
(
2‖f(z)‖X

λ

)
dνα(z)(2.8)

≤

∫
{z∈Bn:1−δ<|z|<1}

Φ
(
2‖f(z)‖X

λ

)
dνα(z) < ε.

Since r ∈
(
max

(
R, 1−δ

1−η

)
, 1
)
, we have {w ∈ Bn : r(1− η) < |w| < r} ⊂ {w ∈

Bn : 1− δ < |w| < 1}, and taking w = rz, and by (2.4), we have∫
{z∈Bn:1−η<|z|<1}

Φ
(
2‖fr(z)‖X

λ

)
dνα(z)(2.9)

≤
1
r2n

∫
{w∈Bn:1−δ<|w|<1}

Φ
(
2‖f(w)‖X

λ

)
dνα(w) <

1
r2n ε.

Using (2.9) and (2.8) in (2.7), we have

(2.10)
∫
{z∈Bn:1−η<|z|<1}

Φ
(
‖fr(z)− f(z)‖X

λ

)
dνα(z) <

( 1
r2n + 1

)
ε.
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From (2.10) and (2.6), we obtain

(2.11)
∫
Bn

Φ
(
‖fr(z)− f(z)‖X

λ

)
dνα(z) < Φ

( ε

λ

)
+
( 1
r2n + 1

)
ε.

Taking r such that 2r2n ≥ 1 in (2.11), we have

(2.12)
∫
Bn

Φ
(
‖fr(z)− f(z)‖X

λ

)
dνα(z) < Φ

( ε

λ

)
+ 3ε.

From this, using the fact that Φ is of lower type p for Φ ∈ L or of lower
type 1 for Φ ∈ U , we have

(2.13)
∫
Bn

Φ
(
‖fr(z)− f(z)‖X

λB

)
dνα(z) ≤ 1,

with Bp = 2C
(
Φ
(
ε
λ

)
+ 3ε

)
, where C is the constant in the definition of lower

type (1.4). Hence,

(2.14) ‖fr − f‖lux
Φ,α,X ≤ λB.

Since ε is arbitrary, letting ε → 0 in (2.14), we obtain

lim
r→1−

‖fr − f‖lux
Φ,α,X = 0.

This finishes the proof. �

Corollary 2.10. Suppose Φ ∈ U or L . Then the space of all vector-

valued holomorphic polynomials P(Bn,X) is dense in AΦ
α(Bn,X).

2.3. Some results on vector-valued Bergman spaces. In this sub-
section, X and Y are complex Banach spaces and α > −1.

The following reproducing kernel formula also holds for vector-valued
Bergman spaces. The proof can be found in [12, Proposition 2.1.2].

Proposition 2.11. Let f ∈ A1
α(Bn,X). We have, for any z ∈ Bn

f(z) =
∫
Bn

f(w)
(1− 〈z,w〉)n+1+α

dνα(w).

We recall the following facts whose details can be found in [12]. Let
f ∈ H(Bn,X) and f(z) =

∑∞
k=0 fk(z), z ∈ Bn the homogeneous expansion

of the function f , where fk is an homogeneous holomorphic polynomial of
degree k with coefficients in X . For any two real parameters α and t such
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that neither n+α nor n+α+ t is a negative integer, we define an invertible
operator Rα,t : H(Bn,X) → H(Bn,X) as

(2.15) Rα,tf(z) :=
∞∑
k=0

Γ(n+ 1 + α)Γ(n+ 1 + α+ k + t)
Γ(n+ 1 + α+ t)Γ(n+ 1 + α+ k)

fk(z).

where z ∈ Bn and Γ is the classical Euler Gamma function.

Proposition 2.12. Let α > −1, f ∈ A1
α(Bn,X) and t > 0. Then

Rα,tf(z) =
∫
Bn

f(w)
(1− 〈z,w〉)n+1+α+t

dνα(w),

for any z ∈ Bn.

Corollary 2.13. Suppose t > 0 and 1<r<∞. If b∈Ar
α

(
Bn,L(X,Y )

)
then the equality∫

Bn

〈b(z)
(
f(z)

)
, g(z)〉Y,Y � dνα(z) =

∫
Bn

〈
(
Rα,tb(z)

) (
f(z)

)
, g(z)〉Y,Y �dνα+t(z)

holds whenever f ∈ H∞(Bn,X) and g ∈ H∞(Bn, Y
�).

The following theorem gives us several conditions that are equivalent to
be in the vector-valued Bloch space.

Theorem 2.14 [12]. Suppose t > 0 and α > −1. If f ∈ H(Bn,X), then
the following conditions are equivalent.

(i) The function f is in B(Bn,X).
(ii) We have f = Pαg for some g ∈ L∞(Bn,X).
(iii) The function fα,t(z) := (1− |z|2)tRα,tf(z) is in L∞(Bn,X).
Moreover,

‖f‖B(Bn;X) � ‖g‖∞,X � ‖fα,t‖∞,X .

We recall the following property of vector-valued Bloch spaces that can
be found in [12].

Lemma 2.15. Let α > −1. Then B(Bn,X) ⊂ Ap
α(Bn,X), for any 1 ≤

p < ∞.

To finish this subsection, we recall the duality theorem for the vector-
valued Bergman space A1

α(Bn,X) (see [2]). The result is stated as follows.

Theorem 2.16 (duality). The dual space (A1
α(Bn,X))� of A1

α(Bn,X)
can be identified with B(Bn,X

�) under the pairing defined by

〈f, g〉α,X =
∫
Bn

〈f(z), g(z)〉X,X� dνα(z),

for any f ∈ H∞(Bn,X) and g ∈ B (Bn,X
�), with equivalent norms.
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2.4. Vector-valued measures. (See [9,10,18].) In this subsection, we
concentrate on vector-valued measures and, more specifically, on the theory
of integration with respect to such measures. Throughout this subsection,
Σ is a σ-algebra of Bn, and να the normalized measure defined in (1.1).

Definition 2.17. Let X a Banach space. A function m : Σ → X is
called a finitely additive vector measure if m

(⋃k
n=1 En

)
=

∑k
n=1 m(En) for

all finite collections {En}
k
n=1 of pairwise disjoint sets. If, in addition, m sat-

isfies

(2.16) m

( ∞⋃
n=1

En

)
=

∞∑
n=1

m(En),

for all sequence of pairwise disjoint sets {En}
∞
n=1 ⊆ Σ, where the series is

convergent in the norm topology of X , then m is simply called a vector-
valued measure. We also say that m is σ− additive on Σ. If m : Σ → R+

and satisfies (2.16) then m is called a positive measure.

Example 2.18 [9]. Let T : L1(Bn) → X be a continuous linear operator.
For each Lebesgue measurable set E ⊆ Bn, define m(E) to be T (χE) (χE

denotes the characteristic or indicator function of E). Then m is a vector-
valued measure.

Definition 2.19. Let m : Σ →X be a vector-valued measure. The vari-
ation of m is the extended nonnegative measure denoted by |m| and defined
for E ∈ Σ by

|m|(E) := sup
Π

∑
A∈Π

‖m(A)‖X

where the supremum is taken over all finite partitions Π of E. If |m|(Bn)<∞,
then m is of bounded variation.

Example 2.20. Let λ be the Lebesgue measure in Bn and m a measure
of the type discussed in Example 2.18. Since ‖m(E)‖X ≤ λ(E)‖T‖, it is
clear that |m|(Bn) ≤ ‖T‖, so that m is of bounded variation.

Proposition 2.21. A vector-valued measure of bounded variation is

countably additive if and only if its variation is also countably additive.

Definition 2.22. Given a Banach space X , if m is an X�-valued mea-
sure of bounded variation, and s =

∑k
i=1 aiχAi

is a simpleX-valued function,
then we define the integral of s by

∫
Bn

s(z) dm(z) =
k∑

i=1

〈ai,m(Ai)〉X,X�.
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Since
∣∣∫

Bn
s(z) dm(z)

∣∣ ≤ ‖s‖∞|m|(Bn), using the density of simple func-
tions in L∞(Bn,X), we extend the continuous linear functional

∫
Bn

s(z)dm(z)
to any X-valued bounded function.

Definition 2.23. Let m : Σ → X be a vector-valued measure. We say
that m is absolutely continuous with respect to να (i.e. να-continuous)
also denoted by m � να, if and only if m(E) = 0 whenever E ∈ Σ satis-
fies να(E) = 0.

Definition 2.24. Let X be a complex Banach space, α > −1 and
Φ ∈ U . Let Ψ be the complementary function of Φ. We define the
space V Φ

α (Bn,X) as the space of all countably additive vector-valued mea-
sure m : Σ → X (να-continuous) for which the supremum

sup
{ ∑

A∈Π

|λA|‖m(A)‖X :
∥∥∥∥∑
A∈Π

λAχA

∥∥∥∥
lux

Ψ,α

≤ 1
}

is finite. Here the supremum is taken over all finite partitions Π of Bn. This
supremun is called the Φ-variation of m and it is denoted by ‖m‖Φ,α,X .

Remark 2.25. A simple argument allows us to replace ‖m(A)‖X by
|m|(A) in the previous definition, we thus obtain

‖m‖Φ,α,X = sup
{ ∑

A∈Π

|λA||m|(A) :
∥∥∥∥∑
A∈Π

λAχA

∥∥∥∥
lux

Ψ,α

≤ 1
}
.

As in the theory of Orlicz spaces, the structure of V Φ
α (Bn,X) will be

analyzed with the introduction of the norm

‖m‖V Φ
α (Bn,X) = inf

{
λ > 0 : sup

Π

∑
A∈Π

να(A)Φ
(
‖m(A)‖X
λ να(A)

)
≤ 1

}
,

the supremum is taken over all finite partitions Π and the convention 0
0 = 0

is used.

Proposition 2.26 [18, Theorem 19]. Let X be a complex Banach space,
α > −1 and Φ ∈ U . For any vector-valued measure m ∈ V Φ

α (Bn,X), we have

‖m‖V Φ
α (Bn,X) ≤ ‖m‖Φ,α,X ≤ 2‖m‖V Φ

α (Bn,X).

Theorem 2.27 [18, Theorem 11]. Let X be a complex Banach space,
α > −1 and Φ ∈ U . Then V Φ

α (Bn,X) is a complex Banach space.

Now we can give this characterization of vector-valued measures of
bounded Φ-variation in Bn who extends to the Orlicz setting what is known
for vector-valued Lebesgue spaces.
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Lemma 2.28 [10]. Let X be a complex Banach space, α > −1 and

Φ ∈ U . Let Ψ be the complementary function of Φ and suppose that Φ
satisfies the ∇2-condition. For any vector-measure m ∈ V Φ

α (Bn,X), there

exists h ∈ LΦ
α(Bn,R+) such that

d|m| = h dνα and ‖h‖lux
Φ,α � ‖m‖V Φ

α (Bn,X).

Proof. For m ∈ V Φ
α (Bn,X), the set function |m| is να-continuous posi-

tive measure. The Radon-Nikodym theorem provides a non negative function
h ∈ L1

α(Bn,R+) such that

(2.17) |m|(A) =
∫
A
h(z) dνα(z), A ∈ Σ.

Using the duality of LΦ
α(Bn) (see [8, Theorem 2.5]), we have

‖h‖lux
Φ,α = sup

{∣∣∣∣
∫
Bn

h(z)s(z) dνα(z)
∣∣∣∣ : s ∈ LΨ

α (Bn), ‖s‖lux
Ψ,α ≤ 1

}
.

Approximating the supremum with the use of simple functions in LΨ
α (Bn)

and using (2.17) we obtain that

‖h‖lux
Φ,α = sup

{ ∑
A∈Π

|λA||m|(A) :
∥∥∥∥∑
A∈Π

λAχA

∥∥∥∥
lux

Ψ,α

≤ 1
}

= ‖m‖Φ,α,X .

The desired result follows at once using Proposition 2.26. �

This allows, as in the scalar valued case, to get the duality result for
vector-valued Orlicz-spaces. The proof is adapted from the proof in the
classical weighted vector-valued Lebesgue spaces [10].

Theorem 2.29. Let Φ ∈ U , α > −1 and Ψ the complementary function

of Φ. Suppose that Φ satisfies the ∇2-condition. Let X be a Banach space.
Then the topological dual space (LΦ

α(Bn,X))� of LΦ
α(Bn,X) can be identified

with V Ψ
α (Bn,X

�) under the duality pairing

(2.18) 〈f,m〉α,X =
∫
Bn

f(z) dm(z),

where f ∈ LΦ
α(Bn,X) and m ∈ V Ψ

α (Bn,X
�). Moreover,

‖m‖V Ψ
α (Bn,X�) � sup

‖f‖lux
Φ,α,X=1

|〈f,m〉α,X |.
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Proof. We first suppose thatm ∈ V Ψ
α (Bn,X

�) and define the functional

∧
m : LΦ

α(Bn,X) → Cf �→
∧

m(f) =
∫
Bn

f(z) dm(z).

It is clear that
∧

m is linear and is well defined on LΦ
α (Bn,X). Indeed, by

Lemma 2.28, there exists h ∈ LΨ
α (Bn,R+) such that

(2.19) d|m|(z) = h(z) dνα(z) and ‖h‖lux
Ψ,α � ‖m‖V Ψ

α (Bn,X�).

Let f ∈ LΦ
α(Bn,X), using (2.19) and Hölder’s inequality (1.9), we have

∣∣∧
m(f)

∣∣ ≤ ∫
Bn

‖f(z)‖Xd|m|(z) =
∫
Bn

‖f(z)‖Xh(z) dνα(z)

≤ 2‖f‖lux
Φ,α,X‖h‖

lux
Ψ,α � ‖f‖lux

Φ,α,X‖m‖V Ψ
α (Bn,X∗).

We conclude that
∧

m is bounded on LΦ
α(Bn,X) and∥∥∧

m

∥∥
(LΦ

α(Bn,X))� := sup
‖f‖lux

Φ,α,X=1

∣∣∧
m(f)

∣∣ � ‖m‖V Ψ
α (Bn,X�).

Conversely, let G be a bounded linear functional on LΦ
α(Bn,X). Let us

show that there exists m ∈ V Ψ
α (Bn,X

�) such that G =
∧

m. For every set
A ∈ Σ, the mapping

m(A) : X → C x �−→ 〈x,m(A)〉X,X� = G(xχA)

is linear and continuous. Indeed, by the continuity of G, using (2.1) we have

|m(A)x| = |G(xχA)| ≤ ‖G‖(LΦ
α(Bn,X))�‖xχA‖

lux
Φ,α,X

� ‖G‖(LΦ
α(Bn,X))�να(A)Ψ

−1
( 1
να(A)

)
‖x‖X .

Then,

‖m(A)‖X∗ = sup
‖x‖X=1

|m(A)x| � ‖G‖(LΦ
α(Bn,X))�να(A)Ψ

−1
( 1
να(A)

)
.(2.20)

The mapping m : Σ → X� is countably additive and να-continuous.

‖m‖Ψ,α,X� = sup
{ ∑

A∈Π

|λA|‖m(A)‖X� :
∥∥∥∥∑
A∈Π

λAχA

∥∥∥∥
lux

Φ,α

≤ 1
}

= sup
{ ∑

A∈Π

∣∣〈|λA|x,m(A)〉X,X�

∣∣ : ∥∥∥∥∑
A∈Π

λAχA

∥∥∥∥
lux

Φ,α

≤ 1, ‖x‖X = 1
}
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≤ sup
{ ∑

A∈Π

∣∣〈yA,m(A)〉X,X�

∣∣ : ∥∥∥∥∑
A∈Π

yAχA

∥∥∥∥
lux

Φ,α,X

≤ 1
}

Now, using the fact that 〈yA,m(A)〉X,X� = |〈yA,m(A)〉X,X� |eiθA , θA ∈ R, we
have

‖m‖Ψ,α,X� = sup
{ ∑

A∈Π

〈e−iθAyA,m(A)〉X,X� :
∥∥∥∥∑
A∈Π

yAχA

∥∥∥∥
lux

Φ,α,X

≤ 1
}

≤ sup
{ ∑

A∈Π

〈zA,m(A)〉X,X� :
∥∥∥∥∑
A∈Π

zAχA

∥∥∥∥
lux

Φ,α,X

≤ 1, 〈zA,m(A)〉X,X� ≥ 0
}

= sup
{ ∑

A∈Π

G(zAχA) :
∥∥∥∥∑
A∈Π

zAχA

∥∥∥∥
lux

Φ,α,X

≤ 1
}

= sup
{
G

( ∑
A∈Π

zAχA

)
:
∥∥∥∥∑
A∈Π

zAχA

∥∥∥∥
lux

Φ,α,X

≤ 1
}

≤ ‖G‖(LΦ
α(Bn,X))� .

From Definition 2.24 and Proposition 2.26, we have m ∈ V Ψ
α (Bn,X

�) and

‖m‖V Ψ
α (Bn,X�) ≤ ‖G‖(LΦ

α(Bn,X))� .

For every σ-step function s =
∑k

i=1 xiχAi
, we have

G(s) = G

( k∑
i=1

xiχAi

)
=

k∑
i=1

G(xiχAi
) =

k∑
i=1

m(Ai)xi =
∫
Bn

s(z) dm(z).

To finish the proof, it remains to show that (2.18) remains true for func-
tions in LΦ

α(Bn,X) which is a direct consequence of the density in Lemma
2.8. �

Definition 2.30. Let X be a complex Banach space and m : Σ → X be
a measure of bounded variation. We define the Bergman projection of the
vector measure m as the analytic function in the unit ball Bn given by

Pαm(z) =
∫
Bn

dm(w)
(1− 〈z,w〉)n+1+α , z ∈ Bn.

Since supz∈Bn

1
|1−〈z,w〉|n+1+α ≤ 1

(1−|z|)n+1+α , then Pαm is well defined. We are
now ready to obtain the boundedness of the Bergman projection on the
vector-valued Lebesgue Orlicz space LΦ

α(Bn,X). We will use the following
result from [8, Theorem 6.2] proved for n = 1 and the same proof works for
any n.
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Theorem 2.31. Let Φ ∈ U and α > −1. Suppose Φ satisfies the
∇2-condition. Then the positive Bergman projection P+

α is bounded on the

Orlicz space LΦ
α(Bn), where P+

α h(z) =
∫
Bn

h(w) dνα(w)
|1−〈z,w〉|n+1+α .

We deduce the following result which is important in the proof of the
duality result in the case of convex Orlicz functions.

Theorem 2.32. Let Φ ∈ U and α > −1. Suppose Φ satisfies the
∇2-condition. Then the Bergman projection Pα is bounded from V Φ

α (Bn,X)
onto AΦ

α (Bn,X).

Proof. Since m ∈ V Φ
α (Bn,X), from Lemma 2.28, there exists a nonneg-

ative function h in LΦ
α (Bn,R+) such that d|m|(z) = h(z) dνα(z) and ‖h‖lux

Φ,α

� ‖m‖V Φ
α (Bn,X). Now, for each z ∈ Bn we have

‖Pαm(z)‖X =
∥∥∥∥
∫
Bn

dm(w)
(1− 〈z,w〉)n+1+α

∥∥∥∥
X

≤

∫
Bn

d|m|(w)
|1− 〈z,w〉|n+1+α

=
∫
Bn

h(w) dνα(w)
|1− 〈z,w〉|n+1+α

= P+
α h(z).

To finish the proof, we now make use of Theorem 2.31 to obtain that
‖P+

α h‖lux
Φ,α � ‖h‖lux

Φ,α � ‖m‖V Φ
α (Bn,X). Then

‖Pαm‖lux
Φ,α,X � ‖m‖V Φ

α (Bn,X). �

2.5. Some useful estimates. The following result will be very useful
in many situations.

Theorem 2.33 [21, Theorem 1.12]. Let α > −1. For β ∈ R, let

Iα,β(z) :=
∫
Bn

(1− |w|2)α dνα(w)
|1− 〈z,w〉|n+1+α+β

, z ∈ Bn.

(i) If β = 0, there exists a constant C > 0 such that

Iα,β(z) ≤ C log
1

1− |z|2
.

(ii) If β > 0, there exists a constant C > 0 such that

Iα,β(z) ≤ C
1

(1− |z|2)β
.

(iii) If β < 0, there exists a constant C > 0 such that

Iα,β(z) ≤ C.
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The next lemma is a generalization of the inequality∫
Bn

‖f(z)‖X(1− |z|2)(
1

p
−1)(n+1+α) dνα(z) � ‖f‖p,α,X,

known for vector-valued Bergman spaces with exponent 0 < p < 1 (see [3,
Lemma 15]). As in the classical weighted vector-valued Bergman spaces, this
lemma is crucial to characterize the dual space

(
AΦ

α(Bn,X)
)� of AΦ

α (Bn,X)
for Φ ∈ L . The proof follows exactly as in [17, Lemma 3.1].

Lemma 2.34. Let α > −1, Φ ∈ L and ρ(t) = 1
tΦ−1( 1

t
) . There is a con-

stant C > 1 such that for any f ∈ AΦ
α (Bn,X),

(2.21)
∫
Bn

‖f(z)‖Xρ((1− |z|2)n+1+α) dνα(z) ≤ C‖f‖lux
Φ,α,X.

This lemma will be crucial to characterize the boundedness of Hankel
operators from AΦ1

α (Bn,X) into AΦ2
α (Bn, Y ), Φ1,Φ2 ∈ L . The next techni-

cal results are easy extension to the vector-valued case of the results in the
scalar case proved in [17]. We will use them in Section 4.

Lemma 2.35. Let α > −1, Φ ∈ U . Let x ∈ X , w ∈ Bn and t > 0. Then
the function

fx
w(z) =

x

(1− 〈z,w〉)t
, z ∈ Bn,

belongs to H∞(Bn,X) and to AΦ
α(Bn,X) and we have

‖fx
w‖

lux
Φ,α,X �

‖x‖X

(1− |w|2)tΦ−1
( 1

(1−|w|2)n+1+α

) , for t > n+ 1 + α.

Lemma 2.36. Let α > −1 and Φ ∈ Lp. Let x ∈ X , w ∈ Bn and k >
(n+ 1 + α)

( 1
p − 1

)
. Then the function

fx
w(z) = Φ−1

( 1
(1− |w|2)n+1+α

) (1− |w|2)n+1+α+k

(1− 〈z,w〉)n+1+α+k
x, z ∈ Bn,

is uniformly in AΦ
α(Bn,X). Precisely, there exists C > 0 independent of w

such that

‖fx
w‖

lux
Φ,α,X ≤ C‖x‖X .

Lemma 2.37. Let α > −1 and Φ ∈ Lp. Let x ∈ X , an integer

k > (n+ 1 + α)
(1
p
− 1

)

DUALITY AND LITTLE HANKEL OPERATORS ON BERGMAN–ORLICZ SPACES 55



Analysis Mathematica 50, 2024
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and fix w ∈ Bn. Then the function

ϕx
w(z) = log

(
1− 〈z,w〉

1− |w|2

)
Φ−1

( 1
(1− |w|2)n+1+α

) (1− |w|2)n+1+α+k

(1− 〈z,w〉)n+1+α+k
x,

z ∈ Bn, belongs to H∞(Bn;X) and to AΦ
α (Bn,X); and there exists C > 0,

independent of w and x such that

‖ϕx
w‖

lux
Φ,α,X ≤ C‖x‖X .

Lemma 2.38. Let α > −1 and Φ ∈ U q. Let Ψ be the complementary
function of Φ. Let x ∈ X and w ∈ Bn. Then the function

fx
w(z) = Ψ−1

( 1
(1− |w|2)n+1+α

) (1− |w|2)n+2+α

(1− 〈z,w〉)n+2+α
x, z ∈ Bn,

is uniformly in AΦ
α(Bn,X). More precisely, there exists C > 0 independent

of w such that

‖fx
w‖

lux
Φ,α,X ≤ C‖x‖X .

2.6. Differential operators and equivalent norms for Γα,ρ(Bn;X).
Given a positive integer k, we define the differential operator Mα

k by

(2.22) Mα
k := [(n+α+k)I+N ]◦· · · ◦ [(n+α+2)I+N ]◦ [(n+α+1)I+N ],

where I is the identity operator and N is the differential operator given in
(1.11). There exists Ck,α > 0 such that for any x ∈ X ,

(2.23) Mα
k

( x

(1− 〈z,w〉)n+1+α

)
=

Ck,αx

(1− 〈z,w〉)n+1+α+k
,

It is easy to see that for every f ∈ A1
α(Bn;X),

(2.24) Mα
k f(z) = Ck,α

∫
Bn

f(w)
(1− 〈z,w〉)n+1+α+k

dνα(w), z ∈ Bn.

By using Proposition 2.11, Lemma 1.5, the Fubini Theorem and (2.24),
we easily obtain the following result.

Lemma 2.39. For all f ∈ H∞(Bn,X) and g ∈ H∞(Bn,X
�), the follow-

ing equality holds:∫
Bn

〈f(z), g(z)〉X,X� dνα(z) = C−1
k,α

∫
Bn

〈f(z),Mα
k g(z)〉X,X� dνα+k(z),

where Ck,α is defined by (2.23). The above identities are valid for vector-
valued holomophic functions when both sides make sense.
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The following lemma will be very useful in the sequel. The proof is similar
as in the classical vector-valued Bergman space in [3, Lemma 20].

Lemma 2.40. Let {ak} a sequence of positive numbers. For any positive
integer k, let Mk the differential operator of order k defined by

Mk = (a0I +N) ◦ (a1I +N) ◦ · · · ◦ (ak−1I +N).

For a weight ρ of upper type γ, f belongs to Γα,ρ(Bn,X) if and only if there
exists an integer k > γ(n+ 1 + α) and a positive constant C > 0 such that

‖Mkf(z)‖X ≤ C(1− |z|2)−kρ
(
(1− |z|2)n+1+α

)
.

The same is true for LΓα,ρ(Bn,X).

As a consequence of this fact, we will write the equivalent norms of f in
terms of Mα

k . More precisely, we have the following result:

Corollary 2.41. Let Mα
k the differential operator of order k defined

in (2.22). For a weight ρ of upper type γ, for vector-valued holomorphic
functions, we have

(i) f ∈ Γα,ρ(Bn,X) if only if there exists an integer k > γ(n+1+α) such
that

sup
z∈Bn

(1− |z|2)k‖Mα
k f(z)‖X

ρ
(
(1− |z|2)n+1+α

) < ∞.

(ii) f ∈ LΓα,ρ(Bn,X) if only if there exists an integer k > γ(n+ 1 + α)
such that

sup
z∈Bn

(1− |z|2)k‖Mα
k f(z)‖X

ρ
(
(1− |z|2)n+1+α

) ∣∣log(1− |z|2)
∣∣ < ∞.

Moreover, the following hold :

‖f‖Γα,ρ(Bn,X) � ‖f(0)‖X + sup
z∈Bn

(1− |z|2)k‖Mα
k f(z)‖X

ρ
(
(1− |z|2)n+1+α

) ,

‖f‖LΓα,ρ(Bn,X) � ‖f(0)‖X + sup
z∈Bn

(1− |z|2)k‖Mα
k f(z)‖X

ρ
(
(1− |z|2)n+1+α

) ∣∣log(1− |z|2)
∣∣.

The proof of some of our results obtained here will be based on the fol-
lowing lemmas. See [3] for their proofs.

Lemma 2.42. Let f ∈ H∞(Bn,X) and g ∈ H∞(Bn, Y
�). Suppose that

b ∈ H(Bn,L(X,Y )) is such that (1.12) and (1.13) hold. Then

〈hb(f), g〉α,Y =
∫
Bn

〈
b(z)

(
f(z)

)
, g(z)

〉
Y,Y � dνα(z).
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Lemma 2.43. Let f ∈ H∞(Bn,X) and z ∈ Bn. For b ∈ H(Bn,L(X,Y ))
satisfying (1.12) and (1.13), the function

gz(w) :=
f(w)

(1− 〈w, z〉)n+1+α
, w ∈ Bn,

belongs to H∞(Bn,X) and the following identity holds:

hb(f)(z) = Ck

∫
Bn

Mα
k

(
b(w)

(
gz(w)

))
dνα+k(w),

where k is any positive integer and Ck is a positive constant depending only
on k.

Lemma 2.44. Let f ∈ H∞(Bn,X) and g ∈ H∞(Bn, Y
�). Suppose that

b ∈ H(Bn,L(X,Y )) is such that (1.12) and (1.13) hold. Then we have

〈hb(f), g〉α,Y =
∫
Bn

〈
b(z)

(
f(z)

)
, g(z)

〉
Y,Y � dνα(z)(2.25)

= Ck

∫
Bn

〈Mα
k

(
b(z)

(
f(z)

))
, g(z)〉Y,Y � dνα+k(z).

3. Duality for vector-valued Bergman–Orlicz spaces

In this section, we prove Theorem 1.11 and Theorem 1.12 about the
characterisation of the topological dual space of AΦ

α (Bn,X) for Φ ∈ L ∪U .

3.1. Duality of AΦ

α
(Bn,X), for Φ ∈ U . We will first prove the fol-

lowing embedding result which is of independent interest.

Lemma 3.1. For Φ ∈ U , the following inclusion holds:

AΦ
α(Bn,X) ⊂ A1

α(Bn,X).

Proof. Let f ∈ AΦ
α(Bn,X) such that ‖f‖lux

Φ,α,X > 0. Since Φ ∈ U , using

the fact that t �→ Φ(t)
t is nondecreasing, we have for all z ∈ Bn,

‖f(z)‖X
‖f‖lux

Φ,α,X

≥ 1 =⇒
Φ
(

‖f(z)‖X

‖f‖lux
Φ,α,X

)
‖f(z)‖X

‖f‖lux
Φ,α,X

≥ Φ(1)(3.1)

⇐⇒ ‖f(z)‖X ≤
‖f‖lux

Φ,α,X

Φ(1)
Φ
(
‖f(z)‖X
‖f‖lux

Φ,α,X

)
.
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From the relation (3.1) and the definition of ‖.‖lux
Φ,α,X we have∫

Bn

‖f(z)‖X dνα(z)(3.2)

=
∫
{z: ‖f(z)‖X

‖f‖lux
Φ,α,X

<1}
‖f(z)‖X dνα(z) +

∫
{z: ‖f(z)‖X

‖f‖lux
α,Φ,X

≥1}
‖f(z)‖X dνα(z)

≤ να(Bn)‖f‖lux
Φ,α,X +

‖f‖lux
Φ,α,X

Φ(1)

∫
{z∈Bn: ‖f(z)‖X

‖f‖lux
Φ,α,X

≥1}
Φ
(
‖f(z)‖X
‖f‖lux

Φ,α,X

)
dνα(z)

≤ ‖f‖lux
Φ,α,X +

‖f‖lux
Φ,α,X

Φ(1)

∫
Bn

Φ
(
‖f(z)‖X
‖f‖lux

Φ,α,X

)
dνα(z) ≤ ‖f‖lux

Φ,α,X +
‖f‖lux

Φ,α,X

Φ(1)
.

Then f ∈ A1
α(Bn,X) and ‖f‖1,α,X ≤

(
1 + 1

Φ(1)

)
‖f‖lux

Φ,α,X . The proof is com-
plete. �

In a similar manner, we could also obtain the following embedding result.

Lemma 3.2. For Φ ∈ L , the following inclusion holds:

A1
α(Bn,X) ⊂ AΦ

α (Bn,X).

We will now prove the duality result in Theorem 1.11 which extends
the classical duality result for vector-valued Bergman space, Ap

α(Bn,X), for
p > 1. We recall it here for the reader’s convenience.

Theorem 3.3. Let X be a complex Banach space, α > −1 and Φ ∈ U .
Let Ψ be the complementary function of Φ and suppose that Φ satisfies the
∇2-condition. Then the topological dual space

(
AΦ

α(Bn,X)
)�

of AΦ
α (Bn,X)

can be identified with AΨ
α (Bn,X

�) (with equivalent norms) under the duality
pairing

〈f, g〉α,X =
∫
Bn

〈f(z), g(z)〉X,X� dνα(z),

where f ∈ AΦ
α (Bn,X) and g ∈ AΨ

α (Bn,X
�). Moreover,

‖g‖lux
Ψ,α,X� � sup

‖f‖lux
Φ,α,X=1

|〈f, g〉α,X |.

Proof. We first suppose that g ∈ AΨ
α (Bn,X

�) and define the functional

Jg : AΦ
α(Bn,X) → C, f �−→ Jg(f) =

∫
Bn

〈f(z), g(z)〉X,X� dνα(z).
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It is clear that Jg is linear and well defined on AΦ
α (Bn,X). Indeed, it follows

from Hölder’s inequality (1.9) that Jg is bounded on AΦ
α (Bn,X) and

‖Jg‖(AΦ
α(Bn,X))� ≤ 2‖g‖lux

Ψ,α,X�.

Conversely, given J ∈ (AΦ
α(Bn,X))�, let us show that J = Jg for some g ∈

AΨ
α (Bn,X). The Hahn–Banach Theorem gives an extension J̃ ∈ (LΦ

α(Bn,X))�
with the same norm. Using Theorem 2.29 there exists a vector-valued mea-
sure m ∈ V Ψ

α (Bn,X
�), with Ψ-variation equals to ‖J‖, for which

J̃(f) =
∫
Bn

f(z) dm(z),

for every f ∈ LΦ
α(Bn,X). Define g = Pαm, by Theorem 2.32 we get g ∈

AΨ
α (Bn,X

∗). Let us show that J = Jg. For f ∈ P(Bn,X), we can write
f(z) =

∑
|β|≤N zβxβ , where each xβ ∈ X,N ∈ N and z ∈ Bn. By using Fu-

bini’s Theorem and the reproducing kernel property, we have∫
Bn

〈f(z), g(z)〉X,X� dνα(z) =
∫
Bn

〈 ∑
|β|≤N

zβxβ , Pαm(z)
〉

X,X�

dνα(z)

=
∑

|β|≤N

∫
Bn

zβPαm(z)(xβ) dνα(z)

=
∑

|β|≤N

∫
Bn

zβ
(∫

Bn

dm(w)
(1− 〈z,w〉)n+1+α

)
(xβ) dνα(z)

=
∑

|β|≤N

∫
Bn

∫
Bn

zβdm(w)(xβ)
(1− 〈w, z〉)n+1+α

dνα(z)

=
∑

|β|≤N

∫
Bn

(∫
Bn

zβ dνα(z)
(1− 〈w, z〉)n+1+α

)
dm(w)(xβ)

=
∑

|β|≤N

∫
Bn

wβdm(w)(xβ) =
∫
Bn

∑
|β|≤N

wβxβ dm(w)

=
∫
Bn

f(w) dm(w) = J̃(f) = J(f).

Hence, J = Jg for functions in AΦ
α (Bn,X) since the set of vector-valued holo-

morphic polynomials is dense in AΦ
α (Bn,X) by Corollary 2.10. This com-

pletes the proof of the theorem. �
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3.2. Duality of AΦ

α
(Bn, X), for Φ ∈ L . Here we give the proof of

Theorem 1.12 about the characterization of the topological dual space of
AΦ

α (Bn,X) in the case Φ ∈ L . Our proof is adapted from the proof in the
classical weighted Bergman–Orlicz spaces in [17]. We recall Theorem 1.12
here for the reader’s convenience.

Theorem 3.4. Let X be a complex Banach space, α > −1, Φ ∈ Lp and

ρ(t) = 1
tΦ−1( 1

t
) . Then the topological dual space (AΦ

α(Bn,X))� of AΦ
α (Bn,X)

can be identified with Γα,ρ(Bn,X
�) under the duality pairing

〈f, g〉α,X = C−1
k,α

∫
Bn

〈f(z),Mα
k g(z)〉X,X� dνα+k(z),

k > (n+1+α)
( 1
p − 1

)
is an integer, f ∈ AΦ

α (Bn,X), g ∈ Γα,ρ(Bn,X
�), Ck,α

and Mα
k are the constant and the differential operator defined by (2.22) and

(2.23). Moreover,

‖g‖Γα,ρ(Bn,X�) � sup
‖f‖lux

Φ,α,X=1
|〈f, g〉α,X |.

Proof. We first suppose that g ∈ Γα,ρ(Bn;X�). Given a positive integer
k > (n+ 1 + α)

(1
p − 1

)
, we define the functional, with Ak,α := C−1

k,α,∧
g : AΦ

α(Bn,X) → C,

f �→
∧

g(f) = Ak,α

∫
Bn

〈f(z),Mα
k g(z)〉X,X�(1− |z|2)k dνα(z).

It is clear that
∧

g is linear and is well defined on AΦ
α(Bn,X). Indeed, let

f ∈ AΦ
α (Bn,X), by Corollary 2.41 and Lemma 2.34, we have

∣∣∧
g(f)

∣∣ = Ak,α

∣∣∣∣
∫
Bn

〈f(z),Mα
k g(z)〉X,X∗(1− |z|2)k dνα(z)

∣∣∣∣
≤ Ak,α

∫
Bn

‖f(z)‖X‖Mα
k g(z)‖X∗(1− |z|2)k dνα(z)

= Ak,α

∫
Bn

(1− |z|2)k‖Mα
k g(z)‖X∗

ρ
(
(1− |z|2)n+1+α

) ρ
(
(1− |z|2)n+1+α

)
‖f(z)‖X dνα(z)

≤ Ak,α sup
z∈Bn

{
(1− |z|2)k‖Mα

k g(z)‖X∗

ρ
(
(1− |z|2)n+1+α

) }∫
Bn

‖f(z)‖Xρ
(
(1−|z|2)n+1+α

)
dνα(z)

� ‖g‖Γα,ρ(Bn;X∗)‖f‖
lux
Φ,α,X ,
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we conclude that
∧

g is bounded on AΦ
α (Bn,X) and

∥∥∧
g

∥∥ � ‖g‖Γα,ρ(Bn;X�).

Conversely, let
∧

be a bounded linear functional on AΦ
α (Bn,X). Let us

show that there exists g ∈ Γα,ρ(Bn,X
∗) such that

∧
=

∧
g. Since, by Lemma

3.2, A1
α(Bn,X) ⊂↪→ AΦ

α (Bn,X) and
∧

is bounded from AΦ
α(Bn,X) into C,

then
∧

is also in (A1
α(Bn,X))∗. By Theorem 2.16, there exists g ∈ B(Bn,X

�)
such that

(3.3)
∧
(f) =

∫
Bn

〈f(z), g(z)〉X,X� dνα(z),

for all f ∈ A1
α(Bn,X). Since B(Bn,X

�) ⊂ A1
α(Bn,X

�) (see Lemma 2.15),
we have g ∈ A1

α(Bn,X
�). For any positive integer k, we have Mα

k g ∈
A1

α+k(Bn,X
�), (see [3]). Applying Lemma 2.39 in (3.3), we obtain that

(3.4)
∧
(f) =

1
Ck,α

∫
Bn

〈f(z),Mα
k g(z)〉X,X� dνα+k(z)

for all f ∈ A1
α(Bn,X). Now let x ∈ X and w ∈ Bn. Let

fx
w(z) = Φ−1

[ 1
(1− |w|2)n+1+α

] (1− |w|2)n+1+α+k

(1− 〈z,w〉)n+1+α+k
x

=
(1− |w|2)k

(1− 〈z,w〉)n+1+α+kρ
(
(1− |w|2)n+1+α

) x, z ∈ Bn,

where k is a fixed integer satisfying k > (n+ 1 + α)
( 1
p − 1

)
. Using Lemma

2.36, we see that fx
w is uniformly in AΦ

α (Bn,X) and there exists C > 0 in-
dependent of w such that ‖fx

w‖
lux
Φ,α,X ≤ C‖x‖X . Since

∧
∈
(
AΦ

α(Bn,X)
)�,

then

(3.5) |
∧

(fx
w) | ≤

∥∥∧∥∥‖fx
w‖

lux
Φ,α,X ≤ C

∥∥∧∥∥‖x‖X .

By the identity (3.4) and the reproducing kernel property, we have

∧
(fx

w) =
1

Ck,α

∫
Bn

〈
fx
w(z),M

α
k g(z)

〉
X,X∗(1− |z|2)k dνα(z)

=
1

Ck,α

∫
Bn

〈
(1− |w|2)k

(1− 〈z,w〉)n+1+α+kρ
(
(1− |w|2)n+1+α

) x,Mα
k g(z)

〉
X,X∗

× (1− |z|2)k dνα(z)

=
1

Ck,α

(1−|w|2)k

ρ
(
(1−|w|2)n+1+α

) ∫
Bn

〈
1

(1−〈z,w〉)n+1+α+k
x,Mα

k g(z)
〉

X,X∗

× (1− |z|2)k dνα(z)
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=
1

Ck,α

(1− |w|2)k

ρ
(
(1−|w|2)n+1+α

) ∫
Bn

〈
x,

(1− |z|2)k

(1−〈w, z〉)n+1+α+k
Mα

k g(z)
〉

X,X∗

dνα(z)

=
1

Ck,α

(1− |w|2)k

ρ
(
(1−|w|2)n+1+α

)〈x,

∫
Bn

(1− |z|2)k

(1−〈w, z〉)n+1+α+k
Mα

k g(z) dνα(z)
〉

X,X�

=
cα

ck+αCk,α

(1− |w|2)k

ρ
(
(1−|w|2)n+1+α

)〈x,∫
Bn

Mα
k g(z)

(1−〈w, z〉)n+1+α+k
dνα+k(z)

〉
X,X�

=
1

Ak,α

(1− |w|2)k

ρ
(
(1− |w|2)n+1+α

)〈x,Mα
k g(w)

〉
X,X� ,

where Ak,α = ck+αCk,α

cα
and cα is defined in (1.2). Using (3.5), we have

‖Mα
k g(w)‖X� = sup

‖x‖X=1

∣∣〈x,Mα
k g(w)〉X,X�

∣∣
= Ak,α

ρ
(
(1−|w|2)n+1+α

)
(1− |w|2)k

sup
‖x‖X=1

∣∣∧(fx
w)

∣∣ ≤ CAk,α
ρ
(
(1−|w|2)n+1+α

)
(1− |w|2)k

∥∥∧∥∥.
According to Corollary 2.41, we conclude that g ∈ Γα,ρ(Bn,X

∗) and
‖g‖Γα,ρ(Bn,X∗) � ‖

∧
‖.

To finish the proof, it remains to show that (3.3) remains true for func-
tions in AΦ

α (Bn,X) which is a direct consequence of the density ofH∞(Bn,X)
in AΦ

α(Bn,X) by Lemma 2.9. �

4. Hankel operators between vector-valued Bergman–Orlicz
spaces

This section is devoted to the study of the boundedness of the little
Hankel operator, hb, between two Bergman–Orlicz spaces AΦ1

α (Bn,X) and
AΦ2

α (Bn, Y ) with Φi ∈ U or L , i = 1, 2.

4.1. Hankel operators from AΦ

α
(Bn,X) into AΦ

α
(Bn, Y ), Φ ∈ U .

We consider in this subsection the boundedness of Hankel operators, hb, from
AΦ

α (Bn,X) into AΦ
α (Bn, Y ) for Φ a convex growth function. Our result is

contained in Theorem 1.13 that we give a proof here.

Proof. Suppose that hb is a bounded linear operator from AΦ
α (Bn,X)

into AΦ
α (Bn, Y ) with norm ‖hb‖ = ‖hb‖AΦ

α(Bn,X)→AΦ
α(Bn,Y ). Let x ∈ X and t >

n+ 1 + α. For z ∈ Bn, let

fx
z (w) =

x

(1− 〈w, z〉)t
, w ∈ Bn.
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By Lemma 2.35, fx
z ∈ H∞(Bn,X) and

(4.1) ‖fx
z ‖

lux
Φ,α,X �

‖x‖X

(1− |z|2)tΦ−1
( 1

(1−|z|2)n+1+α

) .
Therefore, with this particular fx

z and using Proposition 2.12, we have

hb(fx
z )(z) =

∫
Bn

b(w)
(
fx
z (w)

)
(1− 〈z,w〉)n+1+α

dνα(w)

=
∫
Bn

b(w)(x)
(1− 〈z,w〉)n+1+α+t

dνα(w) = (Rα,tb(z))(x).

Then, applying the mean value property, Hölder’s inequality (1.9), (4.1) and
(2.1) we have ∥∥(Rα,tb(z))(x)

∥∥
Y
= ‖hbf

x
z (z)‖Y

≤
1

να
(
B
(
z, 1−|z|

2

)) ∫
Bn

‖hbf
x
z (w)‖Y χB(z,1−|z|)(w) dνα(w)

≤
2

να
(
B
(
z, 1−|z|

2

))‖hbf
x
z ‖

lux
Φ,α,Y ‖χB(z,1−|z|)‖

lux
Ψ,α

�
2‖hb‖‖x‖X

(1− |z|2)tΦ−1
( 1

(1−|z|2)n+1+α

)Φ−1
( 1
να(B(z, 1− |z|))

)
�

2‖hb‖‖x‖X
(1− |z|2)t

.

Since x ∈ X is arbitrary and ‖x‖X = ‖x‖X , we get that

∥∥Rα,tb(z)
∥∥
L(X,Y ) = sup

‖x‖X=1

∥∥(Rα,tb(z))(x)
∥∥
Y
�

‖hb‖

(1− |z|2)t
.

By Theorem 2.14, this implies that b is in the Bloch space B(Bn,L(X,Y ))
with

‖b‖B(Bn,L(X,Y )) � ‖hb‖.

Conversely, suppose that b ∈ B(Bn,L(X,Y )). We recall that Φ satisfies ∇2,
then by Theorem 1.11, the topological dual space of AΦ

α(Bn,X) coincides
with AΨ

α (Bn,X
�). Let f ∈ H∞(Bn,X), g ∈ H∞(Bn, Y

�) and t > 0. By
Lemma 2.42, we have

〈hb(f), g〉α,Y =
∫
Bn

〈
b(z)

(
f(z)

)
, g(z)

〉
Y,Y ∗

dνα(z).
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Then, by Lemma 2.15, Corollary 2.13, Theorem 2.14, and Hölder’s inequality
(1.9), we obtain that

∣∣〈hb(f), g〉α,Y
∣∣ = ∣∣∣∣

∫
Bn

〈
b(z)

(
f(z)

)
, g(z)

〉
Y,Y ∗

dνα(z)
∣∣∣∣

=
∣∣∣∣
∫
Bn

〈
(Rα,tb(z))

(
f(z)

)
, g(z)

〉
Y,Y ∗

dνα+t(z)
∣∣∣∣

≤

∫
Bn

∥∥∥Rα,tb(z)
(
f(z)

)∥∥∥
Y
‖g(z)‖Y ∗ dνα+t(z)

≤

∫
Bn

∥∥Rα,tb(z)
∥∥
L(X,Y )

∥∥f(z)∥∥
X
‖g(z)‖Y ∗ dνα+t(z)

�

∫
Bn

∥∥(1− |z|2)tRα,tb(z)
∥∥
L(X,Y )‖f(z)‖X‖g(z)‖Y ∗ dνα(z)

� ‖b‖B(Bn,L(X,Y ))

∫
Bn

‖f(z)‖X‖g(z)‖Y ∗ dνα(z)

≤ 2‖b‖B(Bn,L(X,Y ))‖f‖
lux
Φ,α,X‖g‖lux

Ψ,α,Y � .

Therefore, by duality, we obtain

‖hb‖ = sup
‖f‖lux

Φ,α,X=1
‖g‖lux

Ψ,α,Y �=1

∣∣〈hb(f), g〉α,Y
∣∣ � ‖b‖B(Bn,L(X,Y )).

The proof of the Theorem is complete. �

4.2. Hankel operators from AΦ1

α
(Bn,X) into AΦ2

α
(Bn, Y ), Φ1,Φ2

∈ L . In this subsection, we will give the proofs of Theorem 1.14 and Corol-
lary 1.15. We recall Theorem 1.14 here for the reader’s convenience.

Theorem 4.1. Let Φ1 ∈ L , α > −1 and Φ2 ∈ L . If the Hankel oper-
ator hb extends into a bounded operator from AΦ1

α (Bn,X) into AΦ2
α (Bn, Y ),

then its symbol b belongs to Γα,ρ1
(Bn,L(X,Y )) with ρ1(t) = 1

tΦ−1
1 ( 1

t
) . Con-

versely, if b ∈ Γα,ρ1

(
Bn,L(X,Y )

)
, then there exists a bounded operator from

AΦ1
α (Bn,X) into L1

α (Bn, Y ), which we denote by Tb, such that hb = PαTb.

Proof. First assume that hb extends into a bounded operator from
AΦ1

α (Bn,X) into AΦ2
α (Bn, Y ), with norm ‖hb‖ = ‖hb‖AΦ1

α (Bn,X)→A
Φ2
α (Bn,Y ).

We want to show that b ∈ Γα,ρ1
(Bn,L(X,Y )). Since hb : AΦ1

α (Bn,X) →
AΦ2

α (Bn, Y ) is a bounded operator, by Theorem 1.12, we have

(4.2) |〈hb(f), g〉α,Y | ≤ ‖hb‖‖f‖
lux
Φ1,α,X‖g‖Γα,ρ2(Bn,Y �),
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for every f ∈ AΦ1
α (Bn,X) and g ∈ (AΦ2

α (Bn, Y ))∗ = Γα,ρ2
(Bn, Y

�). Let x ∈ X ,
y� ∈ Y �, and an integer k such that k > γ = (n+1+α)(1/p− 1), where p is
such that Φ1 ∈ Lp. Let w ∈ Bn and let g(z) = y� and

fx
w(z) = Φ−1

1

[ 1
(1− |w|2)n+1+α

] (1− |w|2)n+1+α+k

(1− 〈z,w〉)n+1+α+k
x

=
(1− |w|2)kx

(1− 〈z,w〉)n+1+α+kρ1
(
(1− |w|2)n+1+α

) .
It is clear that g ∈ Γα,ρ2

(Bn, Y
�) with ‖g‖Γα,ρ2(Bn,Y �) = ‖y�‖Y � . We also have,

by Lemma 2.36, that the function fx
w is uniformly in AΦ1

α (Bn,X). More pre-
cisely, there exists C > 0, independent of w, such that ‖fx

w‖
lux
Φ1,α,X

≤ C‖x‖X .
Hence by (4.2),

(4.3)
∣∣〈hb(fx

w), g〉α,Y
∣∣ ≤ C‖hb‖‖x‖X‖y�‖Y ∗ .

Applying Lemma 2.42, (2.23), Lemma 1.5 and the reproducing kernel prop-
erty, we have that

〈hb(fx
w), g〉α,Y =

∫
Bn

〈
hb(fx

w)(z), g(z)
〉
Y,Y ∗ dνα(z)

=
∫
Bn

〈
b(z)

(
fx
w(z)

)
, g(z)

〉
Y,Y � dνα(z)

=
∫
Bn

〈
b(z)

(
(1− |w|2)k

(1− 〈z,w〉)n+1+α+kρ1
(
(1− |w|2)n+1+α

)x), y�〉
Y,Y �

dνα(z)

=
(1− |w|2)k

ρ1
(
(1− |w|2)n+1+α

) ∫
Bn

〈
b(z)(x)

(1− 〈w, z〉)n+1+α+k
, y�

〉
Y,Y �

dνα(z)

=
(1− |w|2)k

ρ1
(
(1− |w|2)n+1+α

)〈∫
Bn

b(z)(x)
(1− 〈w, z〉)n+1+α+k

dνα(z), y�
〉

Y,Y �

=
(1− |w|2)k

ρ1
(
(1− |w|2)n+1+α

)〈∫
Bn

1
Ck,α

Mα
k

(
b(z)(x)

(1− 〈w, z〉)n+1+α

)
dνα(z), y�

〉
Y,Y �

=
(1− |w|2)k

ρ1
(
(1− |w|2)n+1+α

) 1
Ck,α

〈
Mα

k

(∫
Bn

b(z)(x)
(1− 〈w, z〉)n+1+α

dνα(z)
)
, y�

〉
Y,Y �

=
(1− |w|2)k

ρ1
(
(1− |w|2)n+1+α

) 1
Ck,α

〈
Mα

k (b(w)(x)) , y�
〉
Y,Y � .
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Thus,

〈
Mα

k (b(w)(x)), y
∗
〉
Y,Y � = Ck,α

ρ1
(
(1− |w|2)n+1+α

)
(1− |w|2)k

〈
hb(fx

w), g
〉
α,Y

.

Since x ∈ X and y∗ ∈ Y are arbitrary, and ‖x‖X = ‖x‖X , from (4.3), we
deduce that

‖Mα
k b(w)‖L(X,Y ) = sup

‖x‖X=1
‖y∗‖Y ∗=1

∣∣〈Mα
k (b(w)(x)), y

∗
〉
Y,Y �

∣∣

= Ck,α
ρ1
(
(1− |w|2)n+1+α

)
(1− |w|2)k

sup
‖x‖X=1
‖y∗‖Y ∗=1

∣∣〈hb(fx
w), g〉α,Y

∣∣

≤ CCk,α
ρ1
(
(1− |w|2)n+1+α

)
(1− |w|2)k

‖hb‖.

Then

sup
w∈Bn

{(1− |w|2)k‖Mα
k b(w)‖L(X,Y )

ρ1
(
(1− |w|2)n+1+α

) }
� ‖hb‖.

By Corollary 2.41, we have that b ∈ Γα,ρ1
(Bn,L(X,Y )) and ‖b‖Γα,ρ1 (Bn,L(X,Y ))

� ‖hb‖.
Conversely, assume that b ∈ Γα,ρ1

(Bn,L(X,Y )) and let us prove that
hb extends to a bounded operator from AΦ1

α (Bn,X) into A1,∞
α (Bn, Y ). Let

Tb : AΦ1
α (Bn,X) → L1

α(Bn, Y ) be defined by

Tbf(z) =
1

Ck,α
(1− |z|2)kMα

k

(
b(z)

(
f(z)

))
, f ∈ AΦ1

α (Bn,X), z ∈ Bn,

where k > (n+ 1 + α)
(1
p − 1

)
and Mα

k is the differential operator given in
(2.22). It is clear that Tb is linear and is well defined on AΦ1

α (Bn,X). Indeed,
let f ∈ AΦ1

α (Bn,X), by Corollary 2.41 and Lemma 2.34, we have∫
Bn

‖Tbf(z)‖Y dνα(z) =
∫
Bn

∥∥∥ 1
Ck,α

(1− |z|2)kMα
k

(
b(z)

(
f(z)

))∥∥∥
Y
dνα(z)

≤
1

Ck,α

∫
Bn

(1− |z|2)k‖Mα
k b(z)‖L(X,Y )

∥∥f(z)∥∥
X
dνα(z)

=
1

Ck,α

∫
Bn

(1−|z|2)k‖Mα
k b(z)‖L(X,Y )

ρ1
(
(1− |z|2)n+1+α

) ρ1
(
(1−|z|2)n+1+α

)∥∥f(z)∥∥
X
dνα(z)
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� sup
z∈Bn

{(1−|z|2)k‖Mα
k b(z)‖L(X,Y )

ρ1
(
(1− |z|2)n+1+α

) }∫
Bn

ρ1
(
(1−|z|2)n+1+α

)∥∥f(z)∥∥
X
dνα(z)

� ‖b‖Γα,ρ1(Bn,L(X,Y ))‖f‖
lux
Φ1,α,X .

We conclude that Tb is bounded from AΦ1
α (Bn,X) into L1

α(Bn, Y ) and

(4.4) ‖Tbf‖1,α,Y � ‖b‖Γα,ρ1(Bn,L(X,Y ))‖f‖
lux
Φ1,α,X .

It is easy to check that hb = PαTb. Indeed, by Lemma 2.43, we have

PαTbf(z) =
∫
Bn

Tbf(w)
(1− 〈z,w〉)n+1+α

dνα(w)

=
∫
Bn

1
Ck,α

(1− |w|2)kMα
k

(
b(w)

(
f(w)

))
(1− 〈z,w〉)n+1+α

dνα(w)

=
1

Ck,α

∫
Bn

Mα
k

(
b(w)

(
f(w)

(1− 〈w, z〉)n+1+α

))
dνα+k(w)

=
1

Ck,α

∫
Bn

Mα
k

(
b(w)

(
gz(w)

))
dνα+k(w) = hb(f)(z),

where gz(w) =
f(w)

(1−〈w,z〉)n+1+α . Moreover, by Proposition 1.4 and (4.4) we
have

‖hbf‖A1,∞
α (Bn,Y ) = ‖PαTbf‖A1,∞

α (Bn,Y )

� ‖Tbf‖1,α,Y � ‖b‖Γα,ρ1(Bn,L(X,Y ))‖f‖
lux
Φ1,α,X .

So hb extends into a bounded operator from AΦ1
α (Bn,X) into A1,∞

α (Bn, Y ),
and

‖hb‖ = sup
‖f‖lux

Φ1,α,X=1
‖hb(f)‖A1,∞

α (Bn,Y ) � ‖b‖Γα,ρ1 (Bn,L(X,Y )). �

Proof of Corollary 1.15. We observe that the necessity is given by
Theorem 1.14. The sufficiency condition follows from Lemma 1.10 and the
second part of Theorem 1.14. �

4.3. Hankel operators from AΦ

α
(Bn,X) into A1

α
(Bn, Y ), Φ ∈ L .

In this subsection, we will give the proof of Theorem 1.16 which generalizes
the case hb : A

p
α(Bn,X) → A1

α(Bn, Y ) with 0 < p < 1 (see [3]).
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Proof. We first prove the sufficiency of the theorem. We suppose that
b ∈ LΓα,ρ(Bn,L(X,Y )). Applying Lemma 2.43, for f ∈ H∞(Bn,X), we get

hb(f)(z) =
1

Ck,α

∫
Bn

Mα
k

(
b(w)

(
f(w)

))
(1− 〈z,w〉)n+1+α

dνα+k(w).

Thus, by Lemma 1.6, Theorem 2.33, Corollary 2.41 and Lemma 2.34, we
have

‖hb(f)‖1,α,Y =
1

Ck,α

∫
Bn

∥∥∥∥
∫
Bn

Mα
k

(
b(w)

(
f(w)

))
(1− 〈z,w〉)n+1+α

dνα+k(w)
∥∥∥∥
Y

dνα(z)

≤
1

Ck,α

∫
Bn

∫
Bn

∥∥∥∥Mα
k

(
b(w)

(
f(w)

))
(1− 〈z,w〉)n+1+α

∥∥∥∥
Y

dνα+k(w) dνα(z)

≤
1

Ck,α

∫
Bn

∫
Bn

‖Mα
k b(w)‖L(X,Y )‖f(w)‖X
|1− 〈z,w〉|n+1+α

dνα+k(w) dνα(z)

=
cα+k

cαCk,α

∫
Bn

∫
Bn

(1− |w|2)k‖Mα
k b(w)‖L(X,Y )‖f(w)‖X

|1− 〈z,w〉|n+1+α
dνα(w) dνα(z)

=
cα+k

cαCk,α

∫
Bn

(∫
Bn

dνα(z)
|1− 〈z,w〉|n+1+α

)

× (1− |w|2)k‖Mα
k b(w)‖L(X,Y )‖f(w)‖X dνα(w)

=
cα+k

Ck,α

∫
Bn

(∫
Bn

(1− |z|2)α dν(z)
|1 − 〈z,w〉|n+1+α

)

× (1− |w|2)k‖Mα
k b(w)‖L(X,Y )‖f(w)‖X dνα(w)

�

∫
Bn

log
( 1
1− |w|2

)
(1− |w|2)k‖Mα

k b(w)‖L(X,Y )‖f(w)‖X dνα(w)

=
∫
Bn

(1− |w|2)k‖Mα
k b(w)‖L(X,Y )

ρ
(
(1− |w|2)n+1+α

) log
( 1
1− |w|2

)
× ρ

(
(1− |w|2)n+1+α

)
‖f(w)‖X dνα(w)

≤ sup
z∈Bn

{(1− |z|2)k‖Mα
k b(z)‖L(X,Y )

ρ
(
(1− |z|2)n+1+α

) log
( 1
1− |z|2

)}

×

∫
Bn

ρ
(
(1− |w|2)n+1+α

)
‖f(w)‖X dνα(w)

� ‖b‖LΓα,ρ(Bn,L(X,Y ))‖f‖
lux
Φ,α,X.
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So hb extends into a bounded operator from AΦ
α(Bn,X) into A1

α(Bn, Y ), and

‖hb‖ = sup
‖f‖lux

Φ,α,X=1
‖hbf‖A1

α(Bn,Y ) � ‖b‖LΓα,ρ(Bn,L(X,Y )).

Conversely, we assume that hb extends into a bounded operator from
AΦ

α(Bn,X) into A1
α(Bn, Y ), with ‖hb‖ := ‖hb‖AΦ

α(Bn,X)→A1
α(Bn,Y ). Then we

have, by Theorem 2.16, for every f ∈ AΦ
α (Bn,X) and g ∈ (A1

α(Bn, Y ))� =
B(Bn, Y

�),

(4.5) |〈hb(f), g〉α,Y | ≤ ‖hb‖‖f‖
lux
Φ,α,X‖g‖B(Bn,Y �).

Now, take x ∈ X , y� ∈ Y � and an integer k such that k > (n+1+α)(1
p − 1),

Fix w ∈ Bn and let gw(z) = [log(1− 〈z,w〉)] y�, and

fx
w(z) = Φ−1

( 1
(1− |w|2)n+1+α

) (1− |w|2)n+1+α+k

(1− 〈z,w〉)n+1+α+k
x

=
(1− |w|2)k

(1− 〈z,w〉)n+1+α+kρ
(
(1− |w|2)n+1+α

) x,
where log is the principal branch of the logarithm. We have seen, by Lemma
2.36, that the function fx

w is uniformly in AΦ
α (Bn,X) and it is well known

that gw is uniformly in B (Bn, Y
�). Thus, by relation (4.5), we obtain that

(4.6) |〈hb(fx
w), gw〉|α,Y � ‖hb‖‖x‖X‖y�‖Y � .

Applying Lemma 2.42 for those particular vector-valued holomorphic
functions fx

w and gw, we obtain that

〈hb(fx
w), gw〉α,Y =

∫
Bn

〈
hb(fx

w)(z), gw(z)
〉
Y,Y ∗ dνα(z)

=
∫
Bn

〈
b(z)

(
fx
w(z)

)
, gw(z)

〉
Y,Y � dνα(z)

=
∫
Bn

〈
b(z)

(
(1− |w|2)k

(1− 〈z,w〉)n+1+α+kρ
(
(1− |w|2)n+1+α

) x), gw(z)
〉

Y,Y �

dνα(z)

=
(1− |w|2)k

ρ
(
(1−|w|2)n+1+α

)
×

∫
Bn

〈 b(z)(x)
(1− 〈w, z〉)n+1+α+k

,
[
log(1− 〈z,w〉)

]
y�
〉
Y,Y �

dνα(z)
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=
(1− |w|2)k

ρ
(
(1− |w|2)n+1+α

)
×

〈∫
Bn

b(z)(x)
(1− 〈w, z〉)n+1+α+k

log(1− 〈w, z〉) dνα(z), y�
〉

Y,Y �

.

Now, using the fact that log(1− 〈w, z〉) = log(1− |w|2) + log
(1−〈w,z〉

1−|w|2

)
,

we have

〈
hb(fx

w), gw
〉
α,Y

=
(1− |w|2)k

ρ
(
(1− |w|2)n+1+α

)
×

〈∫
Bn

b(z)(x)
(1− 〈w, z〉)n+1+α+k

log(1− |w|2) dνα(z), y�
〉

Y,Y �

+
(1− |w|2)k

ρ
(
(1− |w|2)n+1+α

)
×

〈∫
Bn

b(z)(x)
(1− 〈w, z〉)n+1+α+k

log(
1− 〈w, z〉

1− |w|2
) dνα(z), y�

〉
Y,Y �

= I1 + I2,

where

I1 =
(1− |w|2)k

ρ
(
(1− |w|2)n+1+α

)
×

〈∫
Bn

b(z)(x)
(1− 〈w, z〉)n+1+α+k

log(1− |w|2) dνα(z), y�
〉

Y,Y �

,

and

I2 =
(1− |w|2)k

ρ
(
(1− |w|2)n+1+α

)
×

〈∫
Bn

b(z)(x)
(1− 〈w, z〉)n+1+α+k

log
(1− 〈w, z〉

1− |w|2

)
dνα(z), y�

〉
Y,Y �

.

To estimate I1, using (2.23), Lemma 1.5 and the reproducing kernel property
gives

I1 =
(1−|w|2)k log(1−|w|2)
ρ
(
(1− |w|2)n+1+α

) 〈∫
Bn

b(z)(x)
(1− 〈w, z〉)n+1+α+k

dνα(z), y�
〉

Y,Y �

=
(1−|w|2)k log(1−|w|2)
ρ
(
(1− |w|2)n+1+α

) 〈∫
Bn

1
Ck,α

Mα
k

(
b(z)(x)

(1−〈w, z〉)n+1+α

)
dνα(z), y�

〉
Y,Y �
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=
1

Ck,α

(1− |w|2)k log(1− |w|2)
ρ
(
(1− |w|2)n+1+α

)
×

〈
Mα

k

(∫
Bn

b(z)(x)
(1− 〈w, z〉)n+1+α

dνα(z)
)
, y�

〉
Y,Y �

=
1

Ck,α

(1− |w|2)k

ρ
(
(1− |w|2)n+1+α

) log(1− |w|2)
〈
Mα

k (b(w)(x)), y
�
〉
Y,Y � .

For I2, we observe that

I2 =
(1− |w|2)k

ρ
(
(1− |w|2)n+1+α

)
×

〈∫
Bn

b(z)(x)
(1− 〈w, z〉)n+1+α+k

log
(1− 〈w, z〉

1− |w|2

)
dνα(z), y�

〉
Y,Y �

=
〈∫

Bn

b(z)

(
(1− |w|2)k log (1−〈z,w〉

1−|w|2 )x

ρ
(
(1− |w|2)n+1+α

)
(1− 〈z,w〉)n+1+α+k

)
dνα(z), y�

〉
Y,Y �

=
〈∫

Bn

b(z)
(
log

(1− 〈z,w〉

1− |w|2

)
fx
w(z)

)
dνα(z), y�

〉
Y,Y �

.

Then,

(4.7) I2 =
〈∫

Bn

b(z)
(
ϕx
w(z)

)
dνα(z), y�

〉
Y,Y �

,

where ϕx
w(z) = log

(1−〈z,w〉
1−|w|2

)
fx
w(z). From Lemma 2.37, we have that ϕx

w ∈

H∞(Bn,X) and there exists a constant C > 0, independent of w and x, such
that

‖ϕx
w‖

lux
Φ,α,X ≤ C‖x‖X .

From (4.7), Lemma 2.42 and (4.5), we obtain the following estimate of I2:

|I2| =
∣∣∣∣
〈∫

Bn

b(z)(ϕx
w(z)) dνα(z), y

�

〉
Y,Y �

∣∣∣∣ = ∣∣〈hb(ϕx
w), y

�〉α,Y
∣∣(4.8)

� ‖hb‖‖ϕ
x
w‖

lux
Φ,α,X‖y�‖B(Bn,Y �) ≤ C‖hb‖ ‖x‖X‖y�‖Y �.

Since I1 = 〈hb(fx
w), gw〉α,Y − I2, by (4.6) and (4.8), we have

|I1| ≤ |〈hb(fx
w), gw〉α,Y |+ |I2| � ‖hb‖‖x‖X‖y�‖Y � .
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Since ‖x‖X = ‖x‖X , we get that

1
Ck,α

(1− |w|2)k

ρ
(
(1− |w|2)n+1+α

)∣∣log(1− |w|2)
∣∣∣∣〈Mα

k (b(z)(x)) , y�
〉
Y,Y �

∣∣
= |I1| � ‖hb‖‖x‖X‖y�‖Y � .

Since x ∈ X , y� ∈ Y � are arbitrary, we deduce that

‖Mα
k b(w)‖L(X,Y ) = sup

‖x‖X=1
‖y�‖Y �=1

∣∣〈Mα
k (b(w)(x)) , y∗

〉
Y,Y �

∣∣

�
ρ
(
(1− |w|2)n+1+α

)
(1− |w|2)k

∣∣log(1− |w|2)
∣∣ ‖hb‖.

The desired result follows immediately by Corollary 2.41. �

4.4. Hankel operators from AΦ1

α
(Bn, X) into AΦ2

α
(Bn, Y ), Φ1 ∈

L ∪ U , Φ2 ∈ U . In this subsection, we give the proof of Theorem 1.17
which generalizes the case hb : A

p
α(Bn,X) → Aq

α(Bn, Y ) with 0 < p < 1 and
q > 1 and also the proof of Theorem 1.18, which generalizes the case
hb : A

p
α(Bn,X) → Aq

α(Bn, Y ) with 1 < p ≤ q < ∞, whose proofs can be found
in [3,12]. We start with the proof of Theorem 1.17 that we recall here for
the reader’s convenience.

Theorem 4.2. Let Φ1 ∈ L and Φ2 ∈ U , ρi(t) = 1
tΦ−1

i ( 1

t
) and assume

that Φ2 satisfies the ∇2-condition. Then the Hankel operator hb extends into
a bounded operator from AΦ1

α (Bn,X) into AΦ2
α (Bn, Y ) if and only if its symbol

b belongs to Γα,ρ(Bn,L(X,Y )), where

ρ = ρΦ :=
ρ1

ρ2
.

Proof. We assume that hb extends into a bounded operator from
AΦ1

α (Bn,X) into AΦ2
α (Bn, Y ), with ‖hb‖ := ‖hb‖AΦ1

α (Bn,X)→A
Φ2
α (Bn,Y ). Then

by Theorem 1.12, we have, for every f ∈ AΦ1
α (Bn,X) and g ∈ (AΦ2

α (Bn, Y ))�
≡ AΨ2

α (Bn, Y
�),

(4.9) |〈hb(f), g〉α,Y | ≤ ‖hb‖‖f‖
lux
Φ1,α,X‖g‖lux

Ψ2,α,Y ∗.

Now, take x ∈ X, y� ∈ Y � and an integer k with k > (n+ 1+α)
( 1
p − 1

)
+ 1.

Fix w ∈ Bn and let

fx
w(z) = Φ−1

1

( 1
(1− |w|2)n+1+α

) (1− |w|2)k−1

(1− 〈z,w〉)k−1 x
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and

gy
∗

w (z) = Ψ−1
2

( 1
(1− |w|2)n+1+α

) (1− |w|2)n+2+α

(1− 〈z,w〉)n+2+α
y∗.

By Lemma 2.36 (resp. Lemma 2.38), we have fx
w ∈ H∞(Bn;X) (resp. gy

∗

w

∈ H∞(Bn, Y
∗)) and there exist C1, C2 independent of w, x and y∗ such that

‖fx
w‖

lux
Φ1,α,X ≤ C1‖x‖X and ‖gy

∗

w ‖lux
Ψ2,α,Y ∗ ≤ C2‖y

∗‖Y ∗ .

Applying the inequality (4.9) to fx
w and gy

�

w , we have∣∣〈hb(fx
w), g

y∗

w 〉α,Y
∣∣ ≤ ‖hb‖‖f

x
w‖

lux
Φ1,α,X‖gy

∗

w ‖lux
Ψ2,α,Y ∗(4.10)

≤ C1C2 ‖hb‖‖x‖X‖y∗‖Y ∗ .

Applying Lemma 2.42 for those particular vector-valued holomorphic func-
tions fx

w and gy
�

w , and using Lemma 2.5, (2.23), Lemma 1.5 and the repro-
ducing kernel property, we have that

〈hb(fx
w), g

y∗

w 〉α,Y =
∫
Bn

〈
hb(fx

w)(z), g
y∗

w (z)
〉
Y,Y ∗ dνα(z)

=
∫
Bn

〈
b(z)

(
fx
w(z)

)
, gy

∗

w (z)
〉
Y,Y ∗ dνα(z)

= (1− |w|2)n+1+α+kΦ−1
( 1
(1− |w|2)n+1+α

)

×

∫
Bn

〈 b(z)(x)
(1− 〈w, z〉)n+1+α+k

, y∗
〉
Y,Y ∗

dνα(z)

=
(1− |w|2)k

ρ
(
(1− |w|2)n+1+α

)〈∫
Bn

b(z)(x)
(1− 〈w, z〉)n+1+α+k

dνα(z), y∗
〉

Y,Y ∗

=
(1− |w|2)k

ρ
(
(1− |w|2)n+1+α

)〈∫
Bn

1
Ck,α

Mα
k

(
b(z)(x)

(1− 〈w, z〉)n+1+α

)
dνα(z), y∗

〉
Y,Y ∗

=
1

Ck,α

(1− |w|2)k

ρ
(
(1− |w|2)n+1+α

)〈Mα
k

(∫
Bn

b(z)(x) dνα(z)
(1− 〈w, z〉)n+1+α

)
, y∗

〉
Y,Y ∗

=
1

Ck,α

(1− |w|2)k

ρ
(
(1− |w|2)n+1+α

)〈Mα
k (b(w)(x)), y

∗
〉
Y,Y ∗ .

Then

〈
Mα

k (b(w)(x)), y
∗
〉
Y,Y � = Ck,α

ρ
(
(1− |w|2)n+1+α

)
(1− |w|2)k

〈hb(fx
w), g

y∗

w 〉α,Y .
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Since x ∈ X , y� ∈ Y � are arbitrary and ‖x‖X = ‖x‖X , by (4.10), we have

‖Mα
k b(w)‖L(X,Y ) = sup

‖x‖X=1
‖y∗‖Y ∗=1

∣∣〈(Mα
k b(w))(x), y

∗
〉
Y,Y �

∣∣

= Ck,α
ρ
(
(1− |w|2)n+1+α

)
(1− |w|2)k

sup
‖x‖X=1
‖y∗‖Y ∗=1

∣∣〈hbf
x
w, gw〉α,Y

∣∣

≤ C1C2Ck,α
ρ
(
(1− |w|2)n+1+α

)
(1− |w|2)k

‖hb‖.

The desired result follows immediately by Corollary 2.41.
Conversely, assume that b ∈ Γα,ρ(Bn,L(X,Y )) and let us prove that hb

extends to a bounded operator from AΦ1
α (Bn,X) into AΦ2

α (Bn, Y ). For every
f ∈ H∞(Bn,X) and g ∈ H∞(Bn, Y

∗), by Lemma 2.42 and Lemma 2.44 we
have

∣∣〈hb(f), g〉α,Y
∣∣ = ∣∣∣∣

∫
Bn

〈
hb(f)(z), g(z)

〉
Y,Y ∗ dνα(z)

∣∣∣∣
=

∣∣∣∣
∫
Bn

〈
b(z)

(
f(z)

)
, g(z)

〉
Y,Y � dνα(z)

∣∣∣∣
= Ck

∣∣∣∣
∫
Bn

〈
Mα

k

(
b(z)

(
f(z)

))
, g(z)

〉
Y,Y � dνα+k(z)

∣∣∣∣
≤ Ck

∫
Bn

∣∣〈Mα
k

(
b(z)

(
f(z)

))
, g(z)〉Y,Y �

∣∣ dνα+k(z)

≤ Ck

∫
Bn

∥∥Mα
k

(
b(z)

(
f(z)

))∥∥
Y
‖g(z)‖Y � dνα+k(z)

≤ Ck

∫
Bn

∥∥Mα
k b(z)

∥∥
L(X,Y )

∥∥f(z)∥∥
X
‖g(z)‖Y � dνα+k(z)

= Ck
cα+k

cα

∫
Bn

(1− |z|2)k
∥∥Mα

k b(z)
∥∥
L(X,Y )‖f(z)‖X‖g(z)‖Y � dνα(z)

= Ck
cα+k

cα

∫
Bn

(1− |z|2)k‖Mα
k b(z)‖L(X,Y )

ρ
(
(1− |z|2)n+1+α

)
× ρ

(
(1− |z|2)n+1+α

)
‖f(z)‖X‖g(z)‖Y � dνα(z).
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Thus,

(4.11) |〈hb(f), g〉α,Y | ≤ Ck
cα+k

cα

∫
Bn

bα,k(z)h(z) dνα(z),

where

bα,k(z) =
(1− |z|2)k‖Mα

k (b(z))‖L(X,Y )

ρ
(
(1− |z|2)n+1+α

)
and

h(z) = ρ
(
(1− |z|2)n+1+α

)
‖f(z)‖X‖g(z)‖Y � .

Since b ∈ Γα,ρ(Bn,L(X,Y )) then bα,k ∈ L∞(Bn) and by Corollary 2.41, we
have

(4.12) ‖bα,k‖L∞(Bn) ≤ ‖b‖Γα,ρ(Bn,L(X,Y ))

By Proposition 2.7, the function z �→ h(z) = h1(z)h2(z) ∈ LΦ
α(Bn) with

h1(z) = ρ1
(
(1− |z|2)n+1+α

)
‖f(z)‖X ∈ LΦ1

α (Bn)

and

h2(z) =
‖g(z)‖Y ∗

ρ2
(
(1− |z|2)n+1+α

) ∈ LΨ2

α (Bn).

Moreover, we have

(4.13) ‖h‖lux
Φ,α,C � ‖f‖lux

Φ1,α,X‖g‖lux
Ψ2,α,Y � .

From the relation (4.11), using (4.12) and (4.13), we have

∣∣〈hb(f), g〉α,Y
∣∣ � ∣∣∣∣

∫
Bn

bα,k(z)h(z) dνα(z)
∣∣∣∣

� ‖bα,k‖L∞(Bn)‖h‖
lux
Φ,α,C � ‖b‖Γα,ρ(Bn,L(X,Y ))‖f‖

lux
Φ1,α,X‖g‖lux

Ψ2,α,Y � .

Then hb extends into a bounded operator from AΦ1
α (Bn,X) into AΦ2

α (Bn, Y )
and

‖hb‖ = sup
‖f‖lux

Φ1,α,X=1
‖g‖Ψ2,α,Y �

∣∣〈hb(f), g
〉
α,Y

∣∣ � ‖b‖Γα,ρ(Bn,L(X,Y )). �

We can adapt the proof of Theorem 1.17 to prove Theorem 1.18 and we
outline the main argument here.
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Proof. From Theorem 1.11 we see that condition (i) implies that the
dual space (AΦ2

α (Bn, Y ))∗ of AΦ2
α (Bn, Y ) identified with AΨ2

α (Bn, Y
∗). From

Lemma 2.6, condition (ii) implies that Φ ∈ Lp for some 0 < p ≤ 1. The
whole proof follows the lines of the proof of Theorem 1.17. We omit the
details. �
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