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Abstract. In this paper, we consider vector-valued Bergman—Orlicz spaces
which are generalization of classical vector-valued Bergman spaces. We char-
acterize the dual space of vector-valued Bergman—Orlicz space, and study the
boundedness of the little Hankel operators, h;, with operator-valued symbols b,
between different weighted vector-valued Bergman—Orlicz spaces on the unit
ball B,,. More precisely, given two complex Banach spaces X, Y, we charac-
terize those operator-valued symbols b: B, — £(X,Y") for which the little Hankel
operator hy : A2 (B, X) — A22(B,,,Y), extends into a bounded operator, where
®; and P, are either convex or concave growth functions.

1. Introduction and statement of results

Throughout this paper, we fix a positive integer n and let
C"=Cx---xC
denote the n-dimensional Fuclidean space. For

z2=1(21,.-.,2n), w=(wy,..., W),
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in C", we define the inner product of z and w by
(z,w) = z21w1 + -+ + Zpwy,

where wy, is the complex conjugate of wy. The resulting norm is then

|2l = V{z,2) = Iz 4 [zl

We know that C" is a Hilbert space whose canonical basis consists of the
following vectors:

e1 =(1,0,...,0), e2=(0,1,0,...,0), ..., e, =(0,...,0,1).
The open unit ball in C" is the set
B, ={zeC":|z] <1}.
When a > —1, the weighted Lebesgue measure dv,, in B, is defined by
(1.1) dve = co(1 — |2/H)* dv(2),
where dv is the Lebesgue measure in C" and

F'n+a+1)

(1.2) = iT(a+ 1)

is the normalizing constant so that dr, becomes a probability measure on B,,.
A function defined on the unit ball B,, will be called a vector-valued func-
tion when it takes its values in some vector space. If X is a complex Banach
space, a vector-valued function f: B, — X (a X-valued function) is said to
be strongly holomorphic in B, if for every z € B,, and for every k € {1,...,n},
the limit

o £ Aer) = £(2)
A—0 A

exists in X, where \ € C is different to zero. The space of all X-valued
strongly holomorphic functions on B,, will be denoted by H(B,,, X). We will
also denote by H*>°(B,,, X) the space of all bounded X-valued holomorphic
functions. Let X* denote the space of all bounded linear functionals x*: X
— C (the topological dual space of X). We say that f: B, — X is weakly
holomorphic if for every x* € X*, the scalar-valued function z*(f): B,, — C
is holomorphic in the usual sense. An important result by N. Dunford [9]
shows that a vector-valued function is strongly holomorphic if and only if it
is weakly holomorphic. So, vector-valued holomorphic functions are vector-
valued weakly or strongly holomorphic functions.
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1.1. The conjugate X of the complex Banach space X. In the
sequel, we will need the “conjugate” notion of a complex Banach space X.

We will use the following definition and notation which can be found in
[12]. Let z € X, 2* € X* and A € C, we define

(Ax™)(z) := Az™(z).
We also use the notation
(z,2") x x+ = 2" (x)
which will represent the ‘inner product’ in the complex Banach space X. We
remark that
Az, %) x x+ = Mz, 2")x x+ = (2, \&™) x x+,

so that we have a regular rule of an inner product.
The complex conjugate x of x € X is the functional on X* defined by

z(2*) = <33>33*>X7X*7
for every a* € X*. Let
X={zr:2eX}
the complex conjugate of the Banach space X. With the norm
Jzlly == sup |z(z")],
[zl x==1

X becomes a Banach space. Moreover, we have ||z|| x = ||z|| y for any z € X,
so that X and X are isometrically anti-isomorphic.

1.2. Vector-valued Bergman spaces. In the sequel, we will inte-
grate vector-valued measurable functions in the sense of Bochner. Let X be
a complex Banach space.

DEFINITION 1.1. A function s: B,, — X is called a “vector-valued” sim-
ple function if it has the form

k
S = E xiXAm
i=1

where k is a nonnegative integer, (Ai)’;-“:1 is a finite sequence of pairwise

disjoint members of the o-algebra of B,, such that Ule A; =B, and x1, 29,
..., Ty are finite distinct values of X. We have 4; = s~ 1({x;}) and xa: B,
— {0, 1} denotes the characteristic function of A. We denote by S(B,, X)
the set of simple functions.
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DEFINITION 1.2 (Borel o-algebra on X). A function f: B, — X is a
Borel g-algebra on X with respect to the measure v, in the unit ball B,, if
there exists a sequence of simple functions (s;)g>1 C S(Bj, X) such that

(1.3) sp — [ ve-a.e. as k — oc.

DEFINITION 1.3 (Bochner-Lebesgue space). A function f: B, — X is
Bochner integrable with respect to the measure v, in the unit ball B,, if
there exists a sequence of simple functions (s;)r>1 C S(Bj, X) such that

(i) sk — f ve-a.e. as k — oo,
(ii) an lIsk(2) — f(2)||x dva(z) — 0 as n — oc.

A sequence of simple functions that satisfy assertion (i) and (ii) is called
an approximant sequence for f. For 0 < p < oo, the Bochner—Lebesgue space
L5(B,, X) consists of all vector-valued measurable functions f: B, — X
such that

17 0 = / 1£(2) 1 dva(z) < oo.
B,

The vector-valued Bergman space AL(B,,X) is the closed subspace of
LE(B,, X) consisting of holomorphic functions.
It is known (see [4]) that, for any 1 < p < oo, the dual of the Bergman

space AL (B, X), (AL(B,, X))*, identifies with AP (B,,, X*) where p’ is the
conjugate exponent of p, under the duality pairing

(. gax = / (F(2),9(2) x 30+ dva(2),

with f € AB(B,, X) and g € A% (B,,, X*).
For 0 < p < oo, the weak Bochner—Lebesgue space LE™(B,,, X) consists
of all vector-valued measurable functions f: B,, — X for which

1/p
1 llao.,x) = (sup Vva({z € Bu: [ £(2)lx > A})) T < oo
A>0

The weak vector-valued Bergman space A5 (B, X) is defined by
AP (B, X) = H(B,, X) N LE>(B,, X).

For f € LL(B,,X) and z € B, the Bergman projection P, f of f is the in-
tegral operator defined by

Puf(z) = / Koz, w) f(w) dv(w),
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where K, (z,w) = ni1ia 18 the Bergman reproducing kernel. In this

1
(1—(zw))
case, P, f is also a X-valued holomorphic function. We recall the following

well-known result that will be used later [3].

PROPOSITION 1.4. Let o« > —1, there exists a constant C' > 0 such that
for any f € LL(By, X),

I/a({Z €B, : [|Paf(2)|lx > )\}) <C Hf”;\,a,X'

Let X, Y be two complex Banach spaces and o« > —1. We have the
following two lemmas whose proof can be found in [12].

LEMMA 1.5. LetT: X —'Y be a bounded linear operator. If f: B, — X
18 Vo-Bochner integrable in the unit ball, then Tf: B, — Y is v,-Bochner
integrable in the unit ball and we have

/Bn Tf(2) dva(2) = T< /B 6 dva<z)).

LEmMMA 1.6. If f: B, — X is a vo-Bochner integrable vector-valued
function in the unit ball, then we have the inequality

H IREL2S

1.3. Vector-valued Bergman—Orlicz spaces. We say that a func-
tion @ is a growth function if it is a continuous and non-decreasing function
from [0,00) onto itself. We say that a growth function @ is of lower type
0 < p <1 if there exists C' > 0 such that, for s >0 and 0 <t <1,

= / A dva(s)

(1.4) O(st) < CtPd(s).

We say that a growth function @ is of upper type ¢ > 1 if there exists C' > 0
such that, for s > 0 and ¢t > 1,

(1.5) O(st) < CtId(s).

We say that ¢ satisfies the As-condition if there exists a constant K > 1
such that, for any s > 0,

(1.6) D(2s) < K®(s).
Observe the equivalence between the properties (1.5) and (1.6).
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Let X be a complex Banach space. For ® a growth function, the vector-
valued Orlicz space LE(B,,, X) is the space of all vector-valued measurable
functions f: B, — X such that for some A > 0,

[ fll®,0.xx = /B <I><Hf(i)HX> dva(z) < oo.

The vector-valued Bergman-Orlicz space A2 (B,,, X) is defined by
AZ (By, X) = H(By, X) N LY (B, X).

For 0 < p < oo, when ®(t) =P, we recover the classical vector-valued
Bergman space AL (B,,, X) defined in Subsection 1.2.

Recall that two growth functions ®; and ®5 are said equivalent if there
exists some constant ¢ such that

c®y(ct) < Py(t) < ¢ 1@y (¢ ) for all t > 0.

Such equivalent growth functions define the same Orlicz space. Let us define
two classes of growth functions of our interest in this paper.

DEFINITION 1.7. We call .Z the set of growth function ® of lower type p,
for some 0 < p <1, such that the function t +— Qit) is non-increasing. For
® ¢ .Z of lower type p, we say that ® € .Z,.

DEFINITION 1.8. We call % the set of growth function ® of upper type
q, for some ¢ > 1, such that the function ¢ +— e i non-decreasing. For
® € % of upper type g, we say that & € 9.

Examples of growth functions of particular interest include
t

ilt) = <log(e+t)

We have ®; € .Z), and 3 € %9 for ¢ > 1. Clearly, the functions in %" or %
satisfy the As-condition. Note that if ® € %, then ® is of lower type 1.
For ® € £ (resp. %), without loss of generality, possibly replacing ® by

the equivalent growth function fg @gs)

)p, 0<p<1and ®(t) = (tlog(e+1))?, 0 < g < .

ds, we may always suppose that ® is
concave (resp. convex) and ® is a €’ function with derivative @ « Cbit) (
[7] for the proof for the case ® € .Z ).

For ® € % U.%, we define on L?(B,,, X) the Luxemburg (quasi)-norm

(1.7) £, := inf {A >0 /]B @(“f(i)”x) dva(2) < 1}

which is finite for f € L2(B,,, X) (see [15]).

see
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In order to give the dual of A®(B,,, X) when ® € %, we need to recall the
notion of complementary function of a growth function [14]. For & € %, we
recall that the complementary function of @, is the function W: Ry — R,
defined by

U(s) = sup {ts — (1)}

One easily checks that if ® € %, then VU is also a growth function of lower
type such that ¢ — qut) is non-decreasing but which may not satisfy the Ao-

condition. The fact that ¥ also satisfies the As-condition is relevant in our
results here. We thus introduce another class of growth functions.

DEFINITION 1.9. For ® € %, we say that ® satisfies the Va-condition
whenever both ® and its complementary satisfy the As-condition.

Several characterizations that guarantee that a growth function has a
complementary function satisfying the As-condition are known. One of
these characterizations is the Dini condition which we recall here. We say
that ® € % satisfies the Dini condition if there exists a constant C' > 0 such
that, for ¢ > 0,

(1.8) /0 (I)S(;) ds < C@Et).

So when @ satisfies (1.8), then & satisfies the Va-condition [5, Proposi-
tion 3]. Under this condition, we will show that the space AY (B,, X*) is
the topological dual space of A2(B,,, X).

If ® and ¥ are a pair of complementary growth functions, then using
the fact that st < W(s) + ®(¢), for s,t > 0, we obtain the following Holder’s
type inequality

(1.9) /B 17 xllg)ly dvalz) < 201 f116%, x gl v

where X and Y are complex Banach spaces and f € A®(B,,X), g¢
AY(B,,Y).

The following proposition extends [17, Proposition 4.4]. The proof is
similar.

LEMMA 1.10. Let X a complex Banach space, ® € £ and o > —1. Sup-
pose that ® satisfies the Dini condition

(1.10) /100 (5) 45 < oo,

52
Then AE™ (B, X) embeds continuously into A2 (B, X).
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1.4. Vector-valued Lipschitz spaces. The radial derivative of a
vector-valued holomorphic function f: B,, — X denoted N f is defined for
z € B, by

(1.11) Nf(z)=>z

For 8 > 0, we denote by I'g(B,,, X) the space of vector-valued holomorphic
functions f: B,, — X for which there exists an integer k& > 3 such that

#1156 = 1£O)l1x + sup (1= [=)* IN"F ()] < oo,

where N¥ = NoNo..-oN k—times. As in the scalar case, the definition
of the space I'g(B,,X) is independent of the integer k& used. The space
I's(By,, X) will be called the vector-valued holomorphic Lipschitz space and
for B =0, the class I'g(B,,, X) coincides with the usual vector valued Bloch
space B(B,, X ). We recall that f € B(B,,, X) if

1 1l58..x) = [If(0)]lx + 5;115(1 — [zP)INf(2)]lx < oo.

It is known (see [3]) that, for 0 < p < 1, the dual of the Bergman space
AL (B,,, X), coincides with I'z(B,, X*) with 8= (n+ 1+ oz)(; — 1) under
the duality pairing

(o = n [ (1) MEg(:) -1 = ) doa(2),
]Bn
k> (3, is an integer, g € I3(B,,, X*), f € A%(B,,, X) and M is the differen-
tial operator of order k defined by (2.22).
For ® a growth function, we associate the function
1

pa(t) = tCD_l(i) :

The function pg is quite relevant in the study of Orlicz space of analytic
functions (see [7], [11], and the references therein). Note in particular that

in the case of AL (B, X), ®(¢t) =t? and p(t) = tzl)_l, hence f € I'g(B,, X),
where 5 = (n+ 14—04)(117 —1) if

IN*F(2)llx <C(1- \z|2)_kp((1 — |22yt

From this observation, we will make the following generalization. Let p be a
positive continuous increasing function from [0, c0) onto itself and let v > 0.
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We say that p is of upper type 7 on [0,1] if there exists a constant C' such
that

p(st) < Cs7p(t),

for s > 1 and st < 1. We will call a weight, a function p which is a continuous
nondecreasing function from [0,00) onto itself, which is of upper type 7,
for some v > 0. We recall the following fact from [19, Proposition 3.10]: if
¢ € %, and p(t) = tqul(l)v then p is a weight of upper type 117 — 1.

Now, for a > —1 and a weight p (of upper type ), we define the
weighted Lipschitz space I'y ,(By,, X) as the space of holomorphic functions
f € H(B,,X) such that, for some integer k > vy(n + 1+ «) and a positive

constant C' > 0, we have
INEF(2)|| < C(1—[22) Fp((1 = [22)"1H4), 2 €B,.

We will also need a logarithmic version of the above space, LT'y (B, X),
defined as the space of holomorphic functions f in B,, such that, for some
k> ~(n+ 1+ «a) and a positive constant C' > 0, we have

1

-1
. z€B,.
1—|z|2) S

HNkf(Z)HX < C(l — ‘z|2)—kp((1 . ‘Z|2)n+1+a) <10g

One can show that, as in the weighed classical Lipschitz spaces in Part 2
of [17, Proposition 2.11], these spaces are independent of k. As a conse-
quence, the spaces I'y ,(B,, X) and LI'y ,(B,,X) become Banach spaces
under the norms

(1= [2P)IN*f(2)llx
||fHFa,p(]B3n,X) = ||f(O)HX + zSEU]B%Ii p((l - ‘Z|2)n+1+a) ’

(1= [=P)HIN"F (2)]lx 2
= 0 + su log(1 — |2z|7)],
HfHLFa,p(]B%mX) 1£(0)]lx zeIBEl p((l _ |Z|2)n+1+a) ‘ g( |2 )‘

where k is a fixed integer strictly greater than v(n + 1+ «).

1.5. Little Hankel operators with operator-valued symbols.
Given two complex Banach spaces X and Y, we denote by L£(X,Y) the
space of all bounded linear operators T: X — Y endowed with the norm

1Tl zxyy = sup [[Tx|y = sup (Tz,y") v,y

ll]lx =1 lzllx=1, ]y lly«=1

Y

where T € L(X,Y). Then L(X,Y) is a Banach space. We consider
an operator-valued function b: B,, — .C(X ,Y) and we suppose that b€
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H(IB%W L(X, Y)) The little Hankel operator with operator-valued symbol b,
denoted hy, is defined for z € B, by

hbf(z):/B ( b)) . FeHe (B, X).

1 — (z,w))ntita ¢

In the sequel, we will assume that the symbol b satisfies the following con-
dition:

b(w
(1.12) / 1H (<Z)!UL>(|2(+?+OC dvg(w) < oo for every z € B,,.
B, - )

It is easy to check that if b satisfies (1.12), then the little Hankel operator hy
is well defined on H*(B,,, X).

The boundedness properties of the little Hankel operator in the classical
case (that is, when X =Y = C) have been extensively studied and many
results are now well known [6,13,22]. In recent years, the study of the little
Hankel operator hy, with operator-valued holomorphic symbols b, between
vector-valued Bergman spaces, A% (B,,, X) and A%(B,,,Y), have gained some
interest and the boundedness properties are now well-established [1,3,12].

We are here concerned with the question of characterizing the operator-
valued holomorphic symbols b for which the little Hankel operator h; extends
into a bounded operator from A% (B,,, X) into A% (B,,,Y) where ®;, i = 1,2,
is a concave or convex growth function. Our results here extend the results
in [17] to the vector-valued setting with the same parameters.

1.6. Statement of results. Our first interest in this paper is the char-
acterization of the dual space of the vector-valued Bergman—Orlicz spaces
when @ is in % (resp. .Z). We obtain the following results, which extend
the duality results for classical vector-valued Bergman spaces [3,12].

THEOREM 1.11. Let X be a complex Banach space, « > —1 and ® € % .
Let W be the complementary function of ® and suppose that ® satisfies the
Va-condition. Then the topological dual space (AS(BTL,X))* of A2(B,, X)
can be identified with AY (B,,, X*) (with equivalent norms) under the duality
pairing

(f, G = / (f(2), 9(2))x x- dva(2),

where f € A2(B,,, X) and g € AY (B, X*). Moreover,

lux

l9llwle,x- = sup [{f;g)ax]

1187, x =1
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THEOREM 1.12. Let X be a complex Banach space, a > —1, ® € £, and
p(t) = t¢_11(1)' Then the topological dual space (AS(IB%H,X))* of A2(B,,, X)

can be identified with Iy , (IB%n, X *) under the duality pairing

(f, g)arx = O / 2), MEG(2)) x.x- dvasn(2),

k>(n+1 —I—oz)(p —1) is an integer, f € A2(B,, X), g € To,p(Bn, X*), Cra
and M} are respectively the constant and the differential operator defined by
(2.22) and (2.23). Moreover,

lglle, @, xo >~  sup |[{f@ax]|
1157, x =1

Our second interest in this paper is the study of the boundedness of the
little Hankel operators, hy, from A2t (B, X) to A2 (B,,,Y). We do not use
a specific method but combine several techniques some of them appearing
in [17] or used in the case of vector valued Bergman spaces in [3].

Before stating the results on Hankel operators, we need to make another
assumption on the operator-valued symbol b. More precisely, we assume
that the operator-valued symbol b satisfies the following condition:

(1.13) /B 102) ey o _1|Z‘2) dva(2) < .

Let X and Y be two complex Banach spaces. Our contribution to the
boundedness problem of the little Hankel operator with operator-valued sym-
bol is the following.

THEOREM 1.13. Let ® € % such that ® satisfies the Vo-condition,
and o« > —1. Then the Hankel operator hy extends into a bounded opera-
tor from A2(B,, X) into A2(B,,Y) if and only if its symbol b belongs to
B(B,,L(X,Y)).

THEOREM 1.14. Let &1 € L, a > —1 and 5 € £. If the Hankel oper-
ator hy, extends into a bounded operator from AL (B,, X) into A®*(B,,Y),

then its symbol b belongs to T'q, p, (B, L(X,Y)) with pi(t) = t@,ll(l). Con-

versely, if b € L'y p, (Bn,ﬁ(X,Y)), then there exists a bounded operator Ty
from A21(B,, X) into LL(B,,Y) such that hy = P,T}.

As a direct consequence, we have the following result.

COROLLARY 1.15. Let 1,99 € &, a > —1. Suppose that Py satis-
fies the Dini condition (1.10). Then the Hankel operator hy extends into
a bounded operator from A**(B,, X) into A2 (B,,,Y) if and only if its sym-
bol b belongs to Ta,p, (B, L(X,Y)) with pi(t) = t<I>1‘11(1)'
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THEOREM 1.16. Let ® € £, a > —1. Then the Hankel operator hy ex-
tends into a bounded operator fmm A2(B,,, X) into AL(B,, Y) if and only if

its symbol b belongs to LT ,(Bn, L(X,Y)) with p(t) = @,1(1).

THEOREM 1.17. Let &1 € £ and 3 € %, pi(t) = . (1) and assume

that ®o satisfies the Vao-condition. Then the Hankel opemtor hy extends
into a bounded operator from A*(B,, X) into A22(B,,,Y) if and only if its
symbol b belongs to L'y, (IB%n,E(X,Y)), where

P1
P2
THEOREM 1.18. Let @1 and ®9 € %, and p;(t) =

complementary function of ®5. We suppose that
(i) @9 satisfies the Vo-condition,
(ii) q’fl(t)t‘Pgl(t)

p =

e ( ) Let Uy be the

: . O, o (t) - . .
18 nondecreasmg or ¢ 15 nonincreasing.

Then the Hankel operator hy, extends into a bounded operator from A2 (B, X)
into A2*(B,,,Y) if and only if its symbol b belongs to T py (Bn, L(X,Y)),
where

P1

po = .
P2

1.7. Plan of the paper. The paper is divided into four sections. In
Section 2, we recall some preliminary notions on vector-valued holomorphic
functions and we also give the proofs of some important results. Section 3
contains the proof of Theorem 1.11 and 1.12 on the dual of the vector-valued
Bergman-Orlicz spaces A2 (B, X) for ® € % and for ® € .Z. In the last
section, each subsection is devoted to the study, in each case, of the bound-
edness of the little Hankel operator, hy, from A1 (B,, X) into A%2(B,,Y),
with ®;, € L or %,i=1,2.

Finally, all over the text, X and Y will denote two complex Banach
spaces, the real parameter o will be chosen such that o > —1 and C will
be a positive constant not necessary the same at each occurrence. We will
also use the notation C} to express the fact that the constant depends on
the underlined parameters k. Given two quantities A and B, the notation
A < B means that A < CB for some positive uniform constant C. When
A< Band B < A, we write A = B.

2. Preliminaries

In this section, we recall some known results and establish some auxil-
iary results that are needed in our study, we extend to Orlicz setting some
classical results known for the vector-valued Bergman spaces.
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2.1. Some properties of growth functions. We collect in this sub-
section some properties of growth functions we shall use later. We start

with these two useful lemmas which give a relation between functions in the
classes .Z and % .

LEMMA 2.1 (see [16, Section 2]). The following assertion holds:
e ifandonlyif e ¥.

LEMMA 2.2 (see [16, Section 2]). Let ® € %, and ¥ the complementary
function of ®. We have for any t > 0,

t<d Y )T (t) < 2t
This lemma implies the following three lemmas.

LEMMA 2.3. Let A be a Borel set of B,,. Let ® and ¥ two complemen-
tary functions. We have the following estimate of the Luxemburg norm of x a
in LY (B, dvy).

(21) el = (97, )

PROOF. By the definition of the Luxemburg norm (1.7), we have

1
lux — X <
Il lnf{)\>0./A\I/<)\>dua(z) - 1}

:inf{A>0:\Il<i)ua(A)§l}:inf{A>0:>\2

1)
vt (VQ%A))

. By Lemma 2.2, we obtain (2.1). O

lux

Then HXAH\I/,a = \1/—1(1 o)

LEMMA 2.4. Let &1 € £ and $o € %, and Vo the complementary func-
tion of ®o. Let ® be such that

OH(t) = D (1) Ty (1),
Then ® € Z.
LEMMA 2.5. Let ®1 be a growth function and ®o € U, pi(t) = tq’fll(i)
and Vo the complementary function of ®s. Then, if
P1

pe =
P2

we also have
(2.2) () = B ()W (1)

and vice-versa.
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The following lemma whose proof is in [16] will be also useful.

LEMMA 2.6. Let &1 and $o be in %, and Vo the complementary func-
tion of ®y. Let ® be such that ®~1(t) = 7 (1)U, 1(t). We suppose that ®q
satisfies the Vo-condition, and that

0y o @1 (1)
t
is monincreasing. Then ® € £.

The following can be adapted from [20].

PropPOSITION 2.7 (Volberg, Tolokonnikov). For ®1 and ®9 two growth
functions of lower type and o > —1, the bilinear map (f,g) — fg sends
L21(B,) x L2(B,,) onto LE(B,,), with the inverse mappings of ®1, By and ®
related by

=0, x o,
Moreover, there exists some constant ¢ such that
1 1 1
1f9llee < cllflle)allgllea-
2.2. Density in A2(B,,, X) where ® € % or .#. In this subsec-

tion, X is a complex Banach space and a > —1.

LEMMA 2.8. The space of simple functions S(B,, X) forms a dense sub-
space of the vector-valued Orlicz space LE (B, X), where ® € % or .

PrROOF. Let f € L2(B,, X), then there exists A > 0 such that

/ & (AIF(2)]1x) dvalz) < oo.

n

Since f: B, — X is a Borel g-algebra on X with respect to the mea-
sure v, in the unit ball B,, let a sequence of simple functions (tz)r>1
C §(B,,, X) such that
(2.3) tr = [ vg-a.e. as k — oo.

Let sp = teX{zeB..:|tn(2)|x <2lf ()| x} 1S @ sequence of simple functions

from B, to X which converges to f v,-a.e. and satisfies ||sx(2) — f(2)|x
< 3||f(2)]|x. Using the increasing of ®, we have

2 (k=) ~ FRx) < B AIFE)x) € LAB,).
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So by the dominated convergence theorem for real-valued functions, the con-
tinuity of ® and the fact that ®(0) = 0, it follows that

/Bn @(;\ [Isk(2) — f(z)||X> dva(2) = 0,
that is

A
Ve 0,3k € N: k> ky —> / 2 (2 lselz) ~ F()lx) dva(z) < =
B,

From this, using the fact that ® is of lower type p for ® € £ or of lower
type 1 for & € %, we have

A
Ve 0,3k €N: k> ky —> / o, ()~ F()x) dva(2) < 1.
L Pk

with KP = 2Ce where C' is the constant in the definition of lower type (1.4).
That is

3K
k>ky = |sk— flloax < )\
hence s, — f in LE(B,, X). O

The proof of the following result can be adapted from [21, Proposition
2.6].

LEMMA 2.9. Suppose ® € % or . Given a function f € A2 (B,,X),
let f, defined for z € B, by f.(z) := f(rz), where 0 < r < 1. Then

lim || f» = fllg%,x = 0.
r—1

In particular, the space of all bounded vector-valued holomorphic functions,
H>® (B, X), is dense in AL (B, X).

PROOF. Given a function f € A2(B,, X), let [, defined for z € B,, by
fo(2) :== f(pz), where 0 < p < 1. Then f, is holomorphic in the set {z € B, :
|z| < 1/p} hence is bounded on B,,. We first recall that there exists A > 0

such that
/Bn <I><2 Hf(i)HX) dve(z) < o0.

For € > 0, there exists 0 = d(g) > 0 such that

£ ()l x
(2.4) /{ZEBn:1—6<z<l} @(2 ) ) dv,(z) < e.
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Letn €10,0[, wehave B,, = {z € B,,: 2| <1—-n}uU{z B, : 1—n < |z| < 1}.
The function z — f,.(z) — f(2) is uniformly continuous on any compact sub-
set of {z € By, : |z| <1—n} then, there exists R = R(n,e) > 0 such that for
any r € (R,1) and z € B, : [2] <1 —n,

(2.5) 1fr(2) = F(2)llx <e.

For r € (max (R, %:g), 1),

(2.6) /{ZGBH:|Z|S1_W} @(“f’"(z) _Af(z)HX> dva(z) < @(i)

Using the fact that ® is increasing, we have

/{ZEBnil—n<|z|<1} ® < e —)\f(z) HX> dva(2)

2Hf(z)||x>
d dvy
= /{ze]B%nzl—n<|z|<1} ( A (Z)

. / (I)<2||fr(2)||x> dval).
{z€B,:1-n<|z|<1} A

Since n < 0, we have {z € B, :1—n<|z]| <1} C{z€B,:1-0<|z| <1}
From (2.4), we have

(2.8) /{zeanl—n<|z|<1} @(2“f&z)||x> dve(2)

< / <I><2||f(z)HX> dve(z) < e.
{z€B,,:1-0<]|z|<1} A

Since r € (max (R 1_5),1), we have {w € B, : r(1 —n) < |w| <r} C{w €

(2.7)

»1—p
B, :1—6 < |w| <1}, and taking w = rz, and by (2.4), we have
201 fr
{z€B,,:1—n<|z|<1} A
1 2 1
oy oMYty < L
ren {weB,,:1-6<|w|<1} A rn

Using (2.9) and (2.8) in (2.7), we have

(2.10) /{zeanl—n<|z|<1} (p(HfT(Z) _)\f(Z)HX) dva(z) < <r;” + 1>€’
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From (2.10) and (2.6), we obtain

ey [T <a(5) < (4 o1)e

Taking r such that 272" > 1 in (2.11), we have

(2.12) /B <I><Hf7"(z) _)\f(z”'X) dvg(2) < @(i) + 3e.

From this, using the fact that ® is of lower type p for & € & or of lower
type 1 for & € %, we have

(2.13) /BRCDCIfT(Z)/\—éf(Z)Hx) dva(2) <1,

with BP =2 C(@(i) + 36), where C' is the constant in the definition of lower
type (1.4). Hence,

(2.14) 1fr = Fll$% x < AB.

Since ¢ is arbitrary, letting e — 0 in (2.14), we obtain
lim [|f, — fll8% x = 0.
r—1-

This finishes the proof. [

COROLLARY 2.10. Suppose ® € % or L. Then the space of all vector-
valued holomorphic polynomials P(B,, X) is dense in A2(B,, X).

2.3. Some results on vector-valued Bergman spaces. In thissub-
section, X and Y are complex Banach spaces and oo > —1.

The following reproducing kernel formula also holds for vector-valued
Bergman spaces. The proof can be found in [12, Proposition 2.1.2].

PROPOSITION 2.11. Let f € AL(B,, X). We have, for any z € B,

f(w
fz) = /Bn (1- <z’iu>))n+l+a dva(w).

We recall the following facts whose details can be found in [12]. Let
f€HB,,X)and f(z) => 72, fu(z), =z € B, the homogeneous expansion
of the function f, where f; is an homogeneous holomorphic polynomial of
degree k with coefficients in X. For any two real parameters a and ¢ such
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that neither n + a nor n 4+ « 4t is a negative integer, we define an invertible
operator R*! : H(B,, X) — ’H(Bn, X) as

F'n+1+a)l'(n+1+a+k+t)

2.15 R f(
(2.15) /(z Fn+1+a+t)F(n+1+a+k)

fre(2).

where z € B,, and I' is the classical Euler Gamma function.
PROPOSITION 2.12. Let a > —1, f € AL(B,,X) and t > 0. Then

a f
R f(z) = /]B (1- <Z’1f};;31+1+a+t dva(w),
for any z € B,.

COROLLARY 2.13. Suppose t > 0 and 1<r<oc. If be AL, (B,, L(X,Y))
then the equality

/B (b(2)(f(2))9(2))viy dVa(Z)Z/ ((R™'0(2)) (f(2)),9(2)) vy dVate()

B,
holds whenever f € H®(B,,X) and g € H*(B,,Y™).

The following theorem gives us several conditions that are equivalent to
be in the vector-valued Bloch space.

THEOREM 2.14 [12]. Suppose t > 0 and o > —1. If f € H(B,,, X), then
the following conditions are equivalent.

(i) The function f is in B(B,, X).
(ii) We have f = P,g for some g € L>®(B,, X).
(iii) The function foi(2) == (1 — |2[)IR¥!f(2) is in L>®°(B,, X).
Moreover,
[ lBB.5x) = lI9lloo,x = ([ fatlloo,x-

We recall the following property of vector-valued Bloch spaces that can
be found in [12].

LEMMA 2.15. Let a > —1. Then B(B,,X) C AL(B,, X), for any 1 <
p < oo.

To finish this subsection, we recall the duality theorem for the vector-
valued Bergman space AL (B, X) (see [2]). The result is stated as follows.

THEOREM 2.16 (duality). The dual space (AL (B,, X))* of Al(B,,X)
can be identified with B(B,,, X*) under the pairing defined by

o = [ gD dua2),
for any f € H*(B,,X) and g € B(B,,, X*), with equivalent norms.
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2.4. Vector-valued measures. (See [9,10,18].) In this subsection, we
concentrate on vector-valued measures and, more specifically, on the theory
of integration with respect to such measures. Throughout this subsection,
¥ is a o-algebra of B,,, and v, the normalized measure defined in (1.1).

DEFINITION 2.17. Let X a Banach space. A function m: ¥ — X is
called a finitely additive vector measure if m( U]:L=1 E,) = Z]:L=1 m(E,,) for
all finite collections {E, }*_, of pairwise disjoint sets. If, in addition, m sat-
isfies

(2.16) m(U ) Zm

n=1

for all sequence of pairwise disjoint sets {E,} -, C X, where the series is
convergent in the norm topology of X, then m is simply called a vector-
valued measure. We also say that m is o— additive on . If m: ¥ — R*
and satisfies (2.16) then m is called a positive measure.

EXAMPLE 2.18 [9]. Let T: L'(B,,) — X be a continuous linear operator.
For each Lebesgue measurable set E C B,,, define m(E) to be T(xg) (xE
denotes the characteristic or indicator function of E). Then m is a vector-
valued measure.

DEFINITION 2.19. Let m: ¥ — X be a vector-valued measure. The vari-

ation of m is the extended nonnegative measure denoted by |m| and defined
for £ € ¥ by

[m|(E) := sup > lIm(A)]x
Acll

where the supremum is taken over all finite partitions IT of E. If |m|(B,,) < oo,
then m is of bounded variation.

ExaMpPLE 2.20. Let A\ be the Lebesgue measure in B,, and m a measure
of the type discussed in Example 2.18. Since |m(E)|x < AE)||T|, it is
clear that |m|(B,) < ||T||, so that m is of bounded variation.

PROPOSITION 2.21. A wvector-valued measure of bounded wvariation is
countably additive if and only if its variation is also countably additive.

DEFINITION 2.22. Given a Banach space X, if m is an X*-valued mea-
sure of bounded variation, and s = Zle a;X A, is a simple X-valued function,
then we define the integral of s by

/B s(z)dm(z) = Z(ai,m(Ai»X,X*.
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Since UBn s(z) dm(z)| < ||s||sc|m|(By), using the density of simple func-
tions in L> (B, X), we extend the continuous linear functional [; s(z)dm(z)
to any X-valued bounded function.

DEFINITION 2.23. Let m: ¥ — X be a vector-valued measure. We say
that m is absolutely continuous with respect to v, (i.e. v4-continuous)
also denoted by m < v,, if and only if m(FE) =0 whenever E € X satis-
fies v, (E) = 0.

DEFINITION 2.24. Let X be a complex Banach space, a > —1 and
®e%. Let U be the complementary function of ®. We define the
space V.2 (B,,, X) as the space of all countably additive vector-valued mea-
sure m: ¥ — X (v4-continuous) for which the supremum

lux
sup{Z\AAmm x5 daxa gl}

Aell Aell
is finite. Here the supremum is taken over all finite partitions 1I of B,,. This
supremun is called the ®-variation of m and it is denoted by ||m||®.q x-

REMARK 2.25. A simple argument allows us to replace |[|[m(A)|x by
|m|(A) in the previous definition, we thus obtain
lux
< 1}.
U«

I Aaxa
Aell

As in the theory of Orlicz spaces, the structure of V,*(B,, X) will be

analyzed with the introduction of the norm

[m(A4)| x
||m||vg}>(IB%n, x) = 1nf{)\ > 0: sup Z Vo(A < Ava(A) <1y,

I pen

Imllgax = sup{ S [l lm] (4

Aell

the supremum is taken over all finite partitions Il and the convention 8 =0
is used.

PROPOSITION 2.26 [18, Theorem 19]. Let X be a complex Banach space,
a>—1and ® € %. For any vector-valued measure m € V.2(B,,, X), we have

Imllve®,x) < lmlle.cx < 2(mllves, x)-

THEOREM 2.27 [18, Theorem 11]. Let X be a complex Banach space,
a>—1and ® € %. Then V.2 (B, X) is a complex Banach space.

Now we can give this characterization of vector-valued measures of
bounded ®-variation in B,, who extends to the Orlicz setting what is known
for vector-valued Lebesgue spaces.
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LEMMA 2.28 [10]. Let X be a complex Banach space, o> —1 and
O ec Y. Let U be the complementary function of ® and suppose that ©
satisfies the Vo-condition. For any vector-measure m € V.2(B,, X), there
exists h € LE(B,,R.) such that

dm| = hdva and |Ih]g% = [mllve s, x)-

PrOOF. For m € V.2(B,, X), the set function |m| is v,-continuous posi-

tive measure. The Radon-Nikodym theorem provides a non negative function
h € LL(B,,R.) such that

(2.17) Iml(A) = / h(z) dva(z), A€
A
Using the duality of LE(B,,) (see [8, Theorem 2.5]), we have

1Al = sup {\ / 2) dva(2)

Approximating the supremum with the use of simple functions in LY (B,,)
and using (2.17) we obtain that

s LYB.). sl <1},

lux

DS Aaxa

Aell

hl, = sup{ S allml(A

Aell

< 1} = Imllo.ax.

,CM

The desired result follows at once using Proposition 2.26. [

This allows, as in the scalar valued case, to get the duality result for
vector-valued Orlicz-spaces. The proof is adapted from the proof in the
classical weighted vector-valued Lebesgue spaces [10].

THEOREM 2.29. Let ® € %, a > —1 and WV the complementary function
of ®. Suppose that © satisfies the Vo-condition. Let X be a Banach space.
Then the topological dual space (LE(B,, X))* of LE(B,, X) can be identified
with V.Y (B,,, X*) under the duality pairing

(2.18) (f o = / £(2) dm(2),

where f € LE(B,,, X) and m € V.Y (B,, X*). Moreover,

Imllye @, xo =  sup  |[(f,m)ax|-
[1F115%,, x =1
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PrOOF. We first suppose that m € V.Y (B,,, X*) and define the functional
A: L2(B,, X) = Cf = A, ( / f(z)dm(z

It is clear that A, is linear and is well defined on L2 (B,, X). Indeed, by
Lemma 2.28, there exists h € LY (B,,, R, ) such that

Vo ~

(2.19) dlm|(2) = h(z) dva(z) and |hlly% < lmllve s, x-)-

Let f € LY (B, X), using (2.19) and Hélder’s inequality (1.9), we have

/||f )l xdjml (= / 1£(2)lxh(z) dva(2)

1 1 1
<2l flle)e,xIhlve S e, xlmllvy @, x)-

We conclude that A, is bounded on LE (B, X) and

H/\mH(Lg(BmX))* = ”f”sup A (N] S Imlve®, x+)-

Conversely, let G be a bounded linear functional on L (B, X). Let us
show that there exists m € V¥ (B,,, X*) such that G = A, . For every set
A € X, the mapping

m(A): X - C z+— (z,m(A))x x» = G(xxa)
is linear and continuous. Indeed, by the continuity of G, using (2.1) we have

(m(A) x| = |Gz xa)| < |GllLz@,.x)"

lux

1
-1
S Gz, xp a8, lellx,
Then,
1
2.2 A)llx- = Az| S @ V(AT :
220) m(A)lx- = s pm(4)el 5 [Glasce, 00 val DY, )

The mapping m: ¥ — X* is countably additive and v,-continuous.

lux
> Aaxal| < 1}
(e

Aell

lux
DS daxal <1 alx = 1}

Aell O,

il o = sup{ S alllm(A) - :

Aell

:sup{z |<|)\A|93,m )X X+

Aell
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lux
Ssup{Z\(yA,m( xx+] || yaxa Sl}
D, X

Aell Aell
Now, using the fact that (ya,m(A4))x x+ = |(ya,m(A))x x+
have

ef4 0, € R, we

lux
Imlw,a,x = Sup{ > (e P rya,m(A)x x| D vaxa < 1}
Aell A€ll P, X
lux
< Sup{ D (zam(A)) xx- 1 || zaxa <1, (za,m(A))x,x- = 0}
A€ell A€ell D0, X
lux
= Sup{ D Gzaxa) | Y zaxa < 1}
Aell Aell D0, X
lux
= sup {G< Z ZAXA> : Z ZAXA < 1} < |Gll(z2®,,x))-
AcTl Acll @0, X

From Definition 2.24 and Proposition 2.26, we have m € V.Y (B, X*) and
Imllve @, x < 1Gllem,,x)-

For every o-step function s = Zle TiXA,, We have

k

= G(Zi;xiXAZ) = ZE;G(JJZ-XAJ = Zm(AZ)xZ = /Bn s(z) dm(z).

i=1

To finish the proof, it remains to show that (2.18) remains true for func-
tions in L (B, X) which is a direct consequence of the density in Lemma
28. O

DEFINITION 2.30. Let X be a complex Banach space and m: 3 — X be
a measure of bounded variation. We define the Bergman projection of the
vector measure m as the analytic function in the unit ball B,, given by

B dm(w) ;
Pym(z) = /Bn (1 (z,w))m+1+e € B,.

Since sup,¢p |1_<Z’u}>‘n+1+a < (1_|Z|§n+1+a, then P,m is well defined. We are
now ready to obtain the boundedness of the Bergman projection on the
vector-valued Lebesgue Orlicz space L2 (B, X). We will use the following
result from [8, Theorem 6.2] proved for n = 1 and the same proof works for
any n.
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THEOREM 2.31. Let ® € % and o> —1. Suppose & satisfies the
Vo-condition. Then the positive Bergman pmjectz’on Pt is bounded on the

Orlicz space LE(B,,), where P h(z f]B% |1 )

Z W ‘n+1+o¢ .

We deduce the following result which is important in the proof of the
duality result in the case of convex Orlicz functions.

THEOREM 2.32. Let & € % and o> —1. Suppose ® satisfies the

Va-condition. Then the Bergman projection Py, is bounded from V.2 (B, X)
onto A2 (B, X).

PROOF. Since m € V.2(B,,, X), from Lemma 2.28, there exists a nonneg-
ative function h in L? (B,,,Ry) such that d|m|(z) = h(z) dva(z) and Hh||IuX
=~ ||m|lye s, x)- Now, for each z € B,, we have

[FamZ)ll = H/ 1— n+1+a
b%
d|m|(w) h(w) dya(rw)
< _ i
- /]Bn 1= (z,w)[rH1*e /]B;n 11— (z,w)ptl+a — 7@ h(z)

To finish the proof, we now make use of Theorem 2.31 to obtain that
[P Rl8% S IRI8% = Imllvs, x)- Then

D ~

1Paml|§%, x S lmllve, x)- O

2.5. Some useful estimates. The following result will be very useful
in many situations.

THEOREM 2.33 [21, Theorem 1.12]. Let o > —1. For € R, let
1— 2 a(q »
I, 5(2) ::/ (1= [w")® dva(w) z € By.

B, |1 _ <Z’w>|n+1+a+ﬁ’

(i) If B =0, there exists a constant C' > 0 such that

I,5(z) <Clog RS

(ii) If B > 0, there exists a constant C > 0 such that

1
(1= 21?7

(iii) If B < 0, there ezists a constant C > 0 such that

Ia,ﬁ(z) § C

Iaﬁ(z) S C
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The next lemma is a generalization of the inequality
/B 17 )x (@ = 2570 dre (2) S 1 llpax

known for vector-valued Bergman spaces with exponent 0 < p < 1 (see [3,
Lemma 15]). As in the classical weighted vector-valued Bergman spaces, this
lemma is crucial to characterize the dual space (A2 (B,, X ))* of A2(B,, X)
for @ € Z. The proof follows exactly as in [17, Lemma 3.1].

LEMMA 2.34. Let a > —1, ® € £ and p(t)
stant C > 1 such that for any f € A2(B,,, X),

_ 1 : i
= to-1(1y- There is a con

(2.21) / L xp((L = [ 4) dug () < CJLFIES .

This lemma will be crucial to characterize the boundedness of Hankel
operators from A%t (B,,, X) into A%2 (B,,Y), ®1, P € .. The next techni-
cal results are easy extension to the vector-valued case of the results in the
scalar case proved in [17]. We will use them in Section 4.

LEMMA 2.35. Leta>—1, e . Letx € X, w e B, andt > 0. Then
the function
. x
= €B
fw(z) (1 (z,w>)t’ z ns

belongs to H*®(B,,, X) and to A2(B,,, X) and we have

]| x
Ifolleex S , fort>n+14+a.
v (1 - |w|2)tq)_1((l_|w‘21)n+1+a)

LEMMA 2.36. Let « > —1 and ® € .%,. Let xc€ X, weB, and k >
(n+1+ oz)(}u —1). Then the function

x, z€B,,

1 (1 o |w|2)n+1+a+k
) (1 _ <z,w>)"+l+o‘+k ’

fu(z) = @—1<(1  Jw[2)n+ta

is uniformly in A2 (B,, X). Precisely, there exists C > 0 independent of w
such that

I175118%, x < Cllzllx.

LEMMA 2.37. Let « > —1 and ® € .Z,. Let x € X, an integer
1
k> (n+1+a)(p —1)
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and fix w € B,,. Then the function

1— (z,w> B 1 (1 _ |w|2)n+l+a+k

Pu(z) = log ) | @ 1( 2 n+1+a) ntltatk L

1 — Jwl (1= [wl?) (1= (z,w))
z € B, belongs to H®(B,; X) and to A2(B,, X); and there exists C' > 0,
independent of w and x such that

lefl18%,x < Cll=llx.
LEMMA 2.38. Let a> —1 and ® € %9. Let U be the complementary

function of ®. Let x € X and w € B,,. Then the function

1 ) (1 o |w|2)n+2+a
(

x o —1
fulz) =1 ((1 — Jw[2)ntte ) (1 — (z, w))n+2te T, z€DBy,

is uniformly in A2(B,,X). More precisely, there exists C > 0 independent
of w such that

I75118% x < Cllz]lx-

2.6. Differential operators and equivalent norms for ', ,(B,; X).
Given a positive integer k, we define the differential operator M} by

(2.22) MY :=[(n+a+k)I+N]o---o[(n+a+2)I+N]o[(n+a+1)I+N],

where [ is the identity operator and N is the differential operator given in
(1.11). There exists Cj o > 0 such that for any « € X,

T Cr,a®

(2.23) M ((1 - <z,w>)n+l+a> T (1= (2, w))rHitath’

It is easy to see that for every f € Al (B,; X),

(224)  MOf(2) = Cha /B 0 JZ;‘;LHMM dva(w), z€B,.

By using Proposition 2.11, Lemma 1.5, the Fubini Theorem and (2.24),
we easily obtain the following result.

LEMMA 2.39. For all f € H>®(B,, X) and g € H*(B,,, X*), the follow-
g equality holds:

[ @0 dral2) = Ol [ {56 MEg - v (o)
B, B

n

where Cy, o is defined by (2.23). The above identities are valid for vector-
valued holomophic functions when both sides make sense.
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The following lemma will be very useful in the sequel. The proof is similar
as in the classical vector-valued Bergman space in [3, Lemma 20].

LEMMA 2.40. Let {ax} a sequence of positive numbers. For any positive
integer k, let My the differential operator of order k defined by

My, = (apl + N)o (a1l + N)o---o(ag_1I + N).

For a weight p of upper type v, f belongs to I'y ,(By, X) if and only if there
exists an integer k > y(n+ 1+ «) and a positive constant C > 0 such that

[ Mif(2)|lx <O —|2[%)Fp((1 = |22) o).

The same is true for LTy ,(By, X).

As a consequence of this fact, we will write the equivalent norms of f in
terms of M. More precisely, we have the following result:

COROLLARY 2.41. Let M} the differential operator of order k defined
in (2.22). For a weight p of upper type -y, for vector-valued holomorphic
functions, we have

(i) f € Lo, p(By, X) if only if there exists an integer k > y(n+ 14 ) such
that

o (1= RV IME Sl
B, p((l _ |Z|2)n+1+a)

(i) f € LTy ,(Bp, X) if only if there exists an integer k > ~v(n + 1+ «)

such that
(1= |2)FIMg f(2)llx

sup
B, p((l _ |z‘2)n+1+a)

Moreover, the following hold:

|log(1 — \z|2)‘ < 0.

(1= 2" Mg f(2)llx
~ 0
s = WO+ sup & TR

(1— [P f(2)]
I£1er .0 = W@l + sup =77 Xog(1 — [2[*)]-

The proof of some of our results obtained here will be based on the fol-
lowing lemmas. See [3] for their proofs.

LEMMA 2.42. Let f € H®(B,,X) and g € H>®(B,,Y™*). Suppose that
beHB,, L(X,Y)) is such that (1.12) and (1.13) hold. Then

<hb(f)7 g>a,Y - /IB <b(Z) (f(z))ag(z)>y7y* dVa(Z).
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LEMMA 2.43. Let f € H®(B,,X) and z € B,,. Forbe H(B,,L(X,Y))
satisfying (1.12) and (1.13), the function

f(w)

g=(w) := (1— (w,2))n+i+ar Y € Bn,

belongs to H>®(B,,, X) and the following identity holds:

h(f)(2) = Ci / ME (b(w) (9 (1)) ) i (w),

n

where k is any positive integer and C}. is a positive constant depending only
on k.

LEMMA 2.44. Let f € H®(B,,X) and g € H>®(B,,Y™*). Suppose that
be H(B,, L(X,Y)) is such that (1.12) and (1.13) hold. Then we have

(2.25) (o) gy = [ ()9 ()

n

e / (M2 (b(2) (F(2))), 9(2) vy dvosi(2).

n

3. Duality for vector-valued Bergman—Orlicz spaces

In this section, we prove Theorem 1.11 and Theorem 1.12 about the
characterisation of the topological dual space of A®(B,,, X) for ® € L U% .

3.1. Duality of Ai’ (B, X), for ® € 7. We will first prove the fol-
lowing embedding result which is of independent interest.

LEMMA 3.1. For ® € %, the following inclusion holds:
A2(B,, X) c AL(B,, X).

PROOF. Let f € A®(B,, X) such that ||fH£1‘J’(‘1X > 0. Since ® € %, using

the fact that ¢t — q)it) is nondecreasing, we have for all z € B,,,

o @l
) I‘I‘;\(h‘)xnx S <||”ff<|z(§|’|(lx> =z e(1)
®,0X £, o

Wl o (171
= WO a0y s«
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From the relation (3.1) and the definition of \\||$§ y we have

(3.2) / 1) 1x dva(2)

/{ Hf( )llx dve /{ 7}||f 2)lix dva(2)

Hng‘XaX HfH};Xq,X

we 8% (IIf(z)Hx>
< B g [{ oy 2 ) ot

P, X

LR

115 [ (1) 118 x
< lux ;O @ da < lux &y .
I+ g™ [ @ () ) < Il gt

Then f € AL(B,, X) and || f]l1,0x < (1+ @(11))||f‘|lql>l,>éc,X' The proof is com-
plete. [
In a similar manner, we could also obtain the following embedding result.

LEMMA 3.2. For ® € .Z, the following inclusion holds:
AL (B, X) C A3 (B, X).

We will now prove the duality result in Theorem 1.11 which extends
the classical duality result for vector-valued Bergman space, A% (B, X), for
p > 1. We recall it here for the reader’s convenience.

THEOREM 3.3. Let X be a complex Banach space, « > —1 and & € % .
Let U be the complementary function of ® and suppose that ® satisfies the
Va-condition. Then the topological dual space (AS(IB%H,X))* of A2(B,, X)
can be identified with AY (B,,, X*) (with equivalent norms) under the duality
pairing

() = / (f(2), 9(2))x x- dva(2),

where f € A2(B,,, X) and g € AY (B,,, X*). Moreover,

lux

l9lle,x- = sup [(f9)ax|:
1155, <=1

ProOF. We first suppose that g € AY (B,,, X*) and define the functional

Ty AZ(B,. X) 5 C, [ Jy(f) = / (F(2),9(2)) xx- dva(2).
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It is clear that J, is linear and well defined on A2 (B,,, X). Indeed, it follows
from Holder’s inequality (1.9) that .J, is bounded on A2 (B, X) and

[ Tgll (a2 @, x)) < 2M9l18% x+-

Conversely, given J € (A2(B,,, X))*, let us show that J = J, for some g €

AY(B,,, X). The Hahn-Banach Theorem gives an extension J € (L2(B,,, X))*

with the same norm. Using Theorem 2.29 there exists a vector-valued mea-
sure m € V.Y (B,, X*), with W-variation equals to ||.J||, for which

- / f(z)am()

for every f € L®(B,,X). Define g = P,m, by Theorem 2.32 we get g €
AY(B,, X*). Let us show that J = J,. For f & P(B,,X), we can write

f(2) =2 18<n 2Pz, where each 25 € X, N € N and z € B,,. By using Fu-
bini’s Theorem and the reproducing kernel property, we have

[ s aae = [ (X Sorin) i)

1BI<N XX

= 3 [ Pamle)(ws) a2

18]<N /Bn

-5 L2 e

IBI<N
zﬁdm (x8)
/ / n+l+a dl/ (Z)

IBI<N
XL ffwcfiiiilwa) i
= 6|<N/ wldm(w )(x3) / %:Nw xg dm(w

:/B Flw) dm(w) = J(f) = J(f).

Hence, J = J, for functions in A% (B,,, X) since the set of vector-valued holo-
morphic polynomials is dense in A (B,,, X) by Corollary 2.10. This com-
pletes the proof of the theorem. [
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3.2. Duality of AE(IB%n, X), for ® € . Here we give the proof of
Theorem 1.12 about the characterization of the topological dual space of
A2(B,,, X) in the case ® € .. Our proof is adapted from the proof in the
classical weighted Bergman-Orlicz spaces in [17]. We recall Theorem 1.12
here for the reader’s convenience.

THEOREM 3.4. Let X be a complex Banach space, o > —1, ® € £, and
p(t) = tq)_ll(l). Then the topological dual space (A2 (B,, X))* of A2(B,, X)

can be identified with T'y ,(By,, X*) under the duality pairing
(9o = G [ (72 ME 92D xx: dvass(2),
]Bn

k>(n+1 —l—oz)(}l7 — 1) is an integer, f € A2(B,,X), g € FapBn, X*), Cra
and M} are the constant and the differential operator defined by (2.22) and
(2.23). Moreover,

lglr.,@.x) >~ sup [(f,9)axl-
1%, x =1

ProoOF. We first suppose that g € I'y, ,(B,; X*). Given a positive integer
E>n+1+ Oz)(zl7 — 1), we define the functional, with Ay , := Ck_i,

Ay As(Bn, X) = C,
o Ay(F) = Ao / (F(2) MEg(2)) xx- (1 — 22)F dva(2).

It is clear that /\, is linear and is well defined on A%2(B,,, X). Indeed, let
f € A2(B,, X), by Corollary 2.41 and Lemma 2.34, we have

‘/\g(f)‘ = Ak,a

/ (F(2), MEG(2) xx- (1 — |22)F dva(2)

n

= Ak,a/B 1F )M g (=) x- (1 = [2*)* dva(2)

_ (1= [P | Mg g =) x- .
= [0 ety (0= @l dale)

" (<|f|_)\l||MZafHa }/ 1) ((1 = =12 4) dv2)

S llglir., @.x 1 8%, x

< Ak,a sup
Ze]Bn
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we conclude that /\ is bounded on A%2(B,, X) and H/\gH Sgllr.,@,5x)-

Conversely, let A be a bounded linear functional on A%(B,,, X). Let us
show that there exists g € 'y, ,(By,, X™) such that A = A ,. Since, by Lemma
3.2, AL(B,,X) C, A2(B,,X) and A is bounded from A?(B,,X) into C,
then ) is also in (AL (B, X))*. By Theorem 2.16, there exists g € B(B,,, X*)
such that

(3.3) A = / (F(2), 9(2)) x.x- dva(2),

for all f € Al(B,,X). Since B(B,,X*) C AL(B,, X*) (see Lemma 2.15),
we have g € AL(B,,X*). For any positive integer k, we have Mg €
Al (Bn, X*), (see [3]). Applying Lemma 2.39 in (3.3), we obtain that

(3.4) ND= g [ UE Mg dvain)

for all f € AL(B,,X). Now let z € X and w € B,,. Let

B 1 (1 _ ‘w‘2)n+1+a+k

x _ 1

fu(z) =@ [(1 _ ‘w‘2)n+l+a} (1= (z,w))nt1tath X
1— lwl2)*

— ( [wl®) z, z€DB,,

(1 _ <27w>)n+1+a+kp((1 _ ‘w‘2)n+l+a) ’

where k is a fixed integer satisfying k > (n+ 1+ a)(; — 1). Using Lemma
2.36, we see that fZ is uniformly in A®(B,,, X) and there exists C' > 0 in-

dependent of w such that ||fff,\|g“;X < C||z||x. Since A € (AS(IB%H,X))*,
then

(3.5) NG < IAIIFEIES x < ClIAINZx.

By the identity (3.4) and the reproducing kernel property, we have

1
AN = | (2 MEG) (1 = 1) do(e)

1 (1 — w]?)* .
" Cra / <<1 ()it p((1— Juf2)mriea) DMK g(z)>X,X*
X (1= [22)F dva(2)

1 (1= Jw]?)* / < 1 >
Ck,a p((1_|w|2)n+1+a) B,, (1—<Z,u) )n+1+a+k Z, kg(z) ‘x-

)
x (1= [2")* dva(2)
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_ 1 (=[P (1— |22 .
 Cra p((1—|w|2)"+1+a)/ <x (1— (w, >)n+1+a+kng(z)>X’X* dva(2)
_ 1 et (R EO LI

~ Cra p((1—[w[?)n+i+e) <x / (1—(w ,z>)n+1+a+kMk:9(z) dVa(Z)>X7X*

o (1= |w[?) ) Mgg(z) y
 rtaCa p((l—\w\2)"+1+“)< /E (1 (w,z) et Pk )>X,X*

1 (1— |w|2)k
Apa p((1 — Jw|2)rt1te) (x, M g(w)>X7X
where Ay, o = cwsza and ¢, is defined in (1.2). Using (3.5), we have

1M g(w)llx- = sup [{z, Mg(w))x.x-

llzllx=1

p((1_|w|2)n+1+a) wp V\ fr |< CAka ((1_|w|2)n+1+a)

- Aka
’ (I =[w®)*  ae=t (1 — Jw|?)*

Il

According to Corollary 2.41, we conclude that g € I'y ,(B,, X*) and

l9llr, ,5,.x S IAI-
To finish the proof, it remains to show that (3.3) remains true for func-

tions in A®(B,,, X) which is a direct consequence of the density of H>(B,,, X)
in A2(B,,, X) by Lemma 2.9. O

4. Hankel operators between vector-valued Bergman—Orlicz
spaces

This section is devoted to the study of the boundedness of the little
Hankel operator, hy, between two Bergman-Orlicz spaces A% (B,,, X) and
A% (B,,Y) with &, € % or Z,i=1,2.

4.1. Hankel operators from A% (B,,, X) into A2 (B,,,Y), ® € %.
We consider in this subsection the boundedness of Hankel operators, hy, from
A2(B,, X) into A2 (B,,Y) for ® a convex growth function. Our result is
contained in Theorem 1.13 that we give a proof here.

PROOF. Suppose that hy is a bounded linear operator from A%(B,, X)

into AY (By,Y") with norm ||hy|| = ||hsl| 428, x)— a2 (B, v)- Let © € X and ¢ >
n+1+a. For z € B, let
2 (w) = v w € B,.

(1= (w,2))"’
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By Lemma 2.35, f¥ € H>*(B,,, X) and

[E41PS
(41) 17215 x .
(1 - |Z|2)t¢_1((1_‘2‘21)n+1+a)

Therefore, with this particular f¥ and using Proposition 2.12, we have

mire) = [ D )

- /IB% (1- <z(lulj)>§:3rl+a+t dva(w) = (R*'b(2))(x).

Then, applying the mean value property, Holder’s inequality (1.9), (4.1) and
(2.1) we have

lE e @)y = Iz )y
= (B( 1 1—\2\)) /]B% [hof7 (W) [y X B(z,1-)2)) (W) dVa(w)
Ve Z, 9 .

2

<
va(B (2 '57))
< 2| o[l x <I>‘1< 1
(1- \z|2)t<p—1((1_‘2‘21)n+1+a) Vo(B(z,1

1 1
1o f2 190, X Bz 1~ 12 [Wa

) < 2hsllll=]x
—lzD)/ (A=)

Since x € X is arbitrary and ||z||x = ||z| y, we get that

17|
1— 2"

By Theorem 2.14, this implies that b is in the Bloch space B(B,, £(X,Y))
with

[ Rb(2 HE(XY)_ Sup H<R°"tb(z))(x>Hy5(

llzllx=

16l 3B,.,cx vy < Nl

Conversely, suppose that b € B(B,,, £L(X,Y)). We recall that ® satisfies Vs,
then by Theorem 1.11, the topological dual space of A®(B,,X) coincides
with AY(B,, X*). Let f€ H®(B,, X), g€ H®(B,,Y*) and ¢t >0. By
Lemma 2.42, we have

(). a)er = [ (M) 02),, vl

Y,Y*
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Then, by Lemma 2.15, Corollary 2.13, Theorem 2.14, and Hélder’s inequality
(1.9), we obtain that

|<hb(f)7 g>a,Y‘ =

| (o000, an

(@D (R):9)), | dvesal2)

Y,Y

/HRMb ()|, 9y dvase(2)

ly+ dvati(2)

< / 1B*0(2)| 1y 172l (2)

= [ 0= PR g a2 - )

< llsge, £oxr) / 17 xllg(=) v~ dvalz)

< 2||bHB(1B;n,c(X,y))Hf||$§,x||9”l\iflffl,y*-

Therefore, by duality, we obtain

[holl = ”f”SUP |<hb(f)ag>a,Y‘ S HbHB(Bmc(x,y))-
ol

The proof of the Theorem is complete. [J

4.2. Hankel operators from Ail (B,,, X) into Azz (Bn,Y), &1, P,
€ Z. In this subsection, we will give the proofs of Theorem 1.14 and Corol-
lary 1.15. We recall Theorem 1.14 here for the reader’s convenience.

THEOREM 4.1. Let &1 € L, a > —1 and ®y € Z. If the Hankel oper-
ator hy, extends into a bounded operator from A2 (B,, X) into A2*(B,,Y),
then its symbol b belongs to I'y p, (B, L(X,Y)) with p1(t) = tq)_ll(l). Con-
versely, if b € I'y p, (Bn,E(X,Y)), then there exists a bounded operator from
A2 (B, X) into LY, (B,,,Y), which we denote by Ty, such that hy = P,Ty.

PROOF. First assume that h, extends into a bounded operator from
Agl(IBin,X) into A% (B,,Y), with norm |[/h|| = thHAil(Bn,X)—>A§2(Bn,Y)'

We want to show that b€ Iy, (B,, £(X,Y)). Since hy: A2 (B,,X) —
A% (B,,Y) is a bounded operator, by Theorem 1.12, we have

(4.2) [(rs( ), 9oy | < Mol FIS e xNIglIr, 8oy
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for every f € A2 (B,,, X) and g € (A22(B,,,Y))* =Ty, (B,,Y*). Letz € X,
y* € Y*, and an integer k such that k >~y = (n+ 14 «a)(1/p— 1), where p is
such that ®; € .Z,. Let w € B,, and let g(z) = y* and

. B 1 (1 o | |2)n+1+a+k
fulz) =7 [(1 _ |w|2)n+1+a} 1- <:}w>)n+1+a+k z

_ (1= |w]?)rx
(1 — (z,w))ntltatky ((1 _ |w|2)n+1+a)‘

It is clear that g € I'a p, (B, V™) with ||g|lr, . ®,,y+) = [[y*[ly+. We also have,
by Lemma 2.36, that the function f2 is uniformly in A®*(B,, X). More pre-
cisely, there exists C' > 0, independent of w, such that wa||$f‘a x < C|lz|| x.
Hence by (4.2),

Applying Lemma 2.42, (2.23), Lemma 1.5 and the reproducing kernel prop-
erty, we have that

139y = [ FD(E),0(:) )y (2

B,

= [ 09Dy ()

- /]B <b(z) <(1 - (z,w>)n+l(+1a:k|;ul|z()f i) :E>,y*>Y7Y* dve(2)
B A
- Pl((l(l—_lllllg)z")i”“) </B (1- (qifzi()iz-l+a+k dVa(Z),y*>Y7Y*

= e L e (g e ) )

- p1(<1( 1—_|u|f|0|>3+1+a) RSO AP e d”a(z)>’y*>y,w

1 — |w 2\ k 1 X
/)1((1(— |u|)|2|)n)+1+a) Ck,a< i (b(w)(x)),y >y7y*'
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Thus,

p1 ((1 _ |w|2)n+1+a)

<Mlg(b(w)($))>y*>Y7Y* = Ck:,a (1 _ |’UJ|2)k <hb(f$1)¢g>a7y

Since x € X and y* € Y are arbitrary, and ||z|x = [|z| y, from (4.3), we
deduce that

IMEN ey = o0 KO )y

llz]|x=1
lly*[ly==1
p1 ((1 _ |w|2)n+1+a)
- Ck,a sup hb fff, s 9)aY
1oy 2, [0y
ly*lly==1
o1 ((1 _ |w|2)n+1+a)

Then

1 — [w|?)¥||MEb
ap {0 LTI e <
SR pi(( Py

By Corollary 2.41, we have that b € Ty , (B, £(X,Y)) and ||b]|_ 1 (B, LX)
S Nl
Conversely, assume that b € I'y ,, (B, £(X,Y)) and let us prove that

)
hy, extends to a bounded operator from A%t (B,,, X) into A (B,,Y). Let
Ty,: A2 (B, X) — LL(B,,Y) be defined by

Tof(z) = (L= 2P ME(b(2) (f(2), | € AZ'(By, X), 2 € By,

1
Ck e
where k> (n+ 1+ a)( - 1) and M} is the differential operator given in

(2.22). Tt is clear that Tj is linear and is well defined on A®*(B,,, X). Indeed,
let f € A®1(B,, X), by Corollary 2.41 and Lemma 2.34, we have

Lims@yant = [ o0 - 00|, )

Y

< o | A TR IMEE oo 112 )

1—1|z M2b(z
e AVIME e | yrrtia))| ] dvae)

- Cra o ((1 _ |Z|2)n+1+a)
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{(1_|Z‘2)k||Ml?b(z)H£(X’Y)}/pl((l—|z|2)"+1+0‘)Hf(Z)HXdVa(Z)

p1((1 = [z[2)nti+e) B,
lux

S ||bHra,pl(BmL(X7y))Hf||<1>1,a,X-

sup
ZEBn

~

We conclude that T}, is bounded from A% (B,,, X) into L. (B,,,Y) and

(4.4) 1T oy < Wbl s, )| F ISk
It is easy to check that hy, = P,T},. Indeed, by Lemma 2.43, we have

Ty f (w
Pabe(Z) = /IB%n (1 . <Zb7{£>)q)1+1+a dlja(w)

/ b (1= [w)R Mg (b(w) (f(w)))
B,

(1 _ <Z, w>)n+1+a

- C’i,a /ﬂ%n Mg <b(w) <(1 - (”lf,(:;))n-i-l-i-a)) Aok (w)

— Ci,a /Bn M (b(w) (gz(w))) dvasr(w) = ho(f)(2),

Vo (W)

fw)

(1—(w,z)ise

where g,(w) = Moreover, by Proposition 1.4 and (4.4) we

have

Ihe fllare= s, vy = [PaTbf | o=, v

lux

STty S 0l oy 1 o x-

So hy extends into a bounded operator from A% (B,,, X) into Ay (B,,,Y),
and

[holl = sup [[ho(f)lap>e,.v) S [0l @.coxvy- O

1185, x=1

PrOOF OF COROLLARY 1.15. We observe that the necessity is given by
Theorem 1.14. The sufficiency condition follows from Lemma 1.10 and the
second part of Theorem 1.14. [

4.3. Hankel operators from A®(B,,, X) into Al (B,,Y), ® € .
In this subsection, we will give the proof of Theorem 1.16 which generalizes
the case hy: AL (B, X) — AL(B,,Y) with 0 < p < 1 (see [3]).
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PROOF. We first prove the sufficiency of the theorem. We suppose that
be Ll ,(Bn, L(X,Y)). Applying Lemma 2.43, for f € H>(B,,, X), we get

@ = o [ D) dveraton

Thus, by Lemma 1.6, Theorem 2.33, Corollary 2.41 and Lemma 2.34, we
have

1 M (b(w)(f(w)
[he(F)]1,0,y = Cr / /B k_( (2 wg)nﬂzzﬁ dvati(w) Ydua(z)
= Cka w) 753_01)_2(1 YdVa—i-k(w) dva(z)

Meb(w
_Cka/ / H ' HE(XYHf( )HXdVa+k(’w)dVa(z)

|1 _ Z w>|n+1+a

dve (w) dvy(2)

(1= Jwl)* (Mg b(w)] I1f (w)llx
Catk // L(X)Y)

caCla |1 — (z,w)|nt1te

_ Catk dve(z)
=i /. </ - <z,w>|n+1+a>
(1= ) HIMEB)] oy 1 () x dvia ()
s (1~ =) dv(2)
A </ - <z,w>\n+1+a>
(1= ) ML) oy 1 () x doia ()
1 (3
S [ 108 (1 ) 1= PV UMED )l L 0) o)
(1= ) IMEb(w) | vy |
B /B p((1 = [w]2)n+1+) log <1 - |w|2)
% p((1 = fwf2)™152) | £ (w)]]x dva(w)

< sup {(1 - |Z|2)k||M]?‘b(Z)||L(X,Y) log< 1 )}

2€B, p((1— Jz[2)mtite) 1— |22

< / p((1 = w21+ || £ () x dva ()
B,

S bllor, ,@..cocm 185, x-
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So hy extends into a bounded operator from A2 (B,,, X) into AL (B,,Y), and

[holl = sup  [[hofllas@,.v) S 10llir, ,@..c0x)-

[F1187%, x=1

Conversely, we assume that h; extends into a bounded operator from
A2(B,, X) into AL(B,,Y), with ||hy| := ol a2 (B, x)— A1 (B,,v)- Then we
have, by Theorem 2.16, for every f € A2(B,,X) and g € (AL(B,,Y))* =
B(B,,Y™),

(4.5) [(ho(F), Day| < ol F1I5% x 91158, 3)-

Now, take x € X, y* € Y* and an integer k such that & > (n+1 +oz)(110 —1),
Fix w € B,, and let g,,(z) = [log(1 — (z,w))] y*, and
fu(z) =@

B 1 (1 o |w|2)n+1+a+k
1(( )( .

1— |w|2)n+1+a 1— <Z’w>)n+1+a+k
(1= Jw[?)F
:I»',
(1 _ <Z,w>)n+l+a+kp((1 _ |w|2)n+1+a)

where log is the principal branch of the logarithm. We have seen, by Lemma
2.36, that the function fZ is uniformly in A®(B,, X) and it is well known
that g, is uniformly in B (B,,Y™). Thus, by relation (4.5), we obtain that

(4.6) [(ho(fia)s gwdlay S 1Rl x [y

Applying Lemma 2.42 for those particular vector-valued holomorphic
functions f¥ and g,,, we obtain that

Y-

(12l = [ (0 FDE)s 00y dval2)

B,
= [ 0000y vl

= z (1 N |w|2)k X z Vol Z
- /Bn<b( ><<1 (2w rethp((1 — fuf2)r ) ) out )>Y,Y*d (2)
(1 - )

p((l _ |w|2)n+1+a)

8 /]Bg <(1 — <’Lifz)>()ill+a+k’ [log(l - (z,w>)]y*>Y’Y* dVa(Z)
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(1= Jwf*)*

- p((1 — |w2)n+1i+e)
b(2)(x
) </ (L= (o etsas 981 = (. 2) dua<z>,y*>

Now, using the fact that log(1l — (w, z)) = log(1 — \w\ ) + log( —(w, z>)7

1—|w|?

Y,Y*

we have

(1= Jwf?)®
p((1 = [w]?)r+ite)

b(z)(x
X </Bn (1- (wfz)>()n3—1+a+k log(1 — ‘w‘2)dya(z)’y*>

(1= Jwf?)*
p((1 — [w[2)nt1ite)

b(z)(x 1— (w. .
X </Bn (1- <’wfz)>§nll+a+k log( ) <|w|2>)dua(z),y >YY* =1, + I,

)

<hb(f$1)7 gw>a7y —

Y,Y*

+

Lo Py
p((1 = fuf2yri+e)

oo i),

Y,Y*

and

Lo (P
p((1 = fuf2yri+e)

0 el i )

To estimate I, using (2.23), Lemma 1.5 and the reproducing kernel property
gives

_ (1= [w*)*log(1—Jwl?) b(z) (x) )
L = ((1 — |w|2)n+1+a) </]B% (1— (w, Z>)n+1+a+k dvy(2),y >Y7Y*

- p&i"'_)fifgnﬂli"' </ or M (1o s ) al20) vy
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_ 1 (1= wP)*log(1 — |w]?)
Ch p((l _ ‘w‘2)n+1+a)

(e Lo g d”“(z)>’y*>y,w

1 (1= Jwl?)*

B Cra p((1 = Jw[?)nt1te) log(1 — |w|2)<Ml?(b(w)(33))»y*>y,y*-

For Iy, we observe that

(1= Jw|?)k
p((l _ |w|2)n+l+a)

b(2)(x) 1 — (w,2) \
) </ (1 = {u, pyrass 98 (4 ) dva2)y >Y,Y*
(1~ [wl?)klog ({51 )a \
- </ ) <p(<1 — w?)m1te) (1 - <z,w>>n+1+a+k> dalz)y >Y,Y*

= < /Bn b(z) <1og <11__<‘2f‘g> )fg(z)) dal2), y*>y,y*'

Ir, =

Then,

(4.7 = { [ vaea) ()
B, Y,y
where ¢%(z) = log (11__<@’)1|‘;>)f£(z). From Lemma 2.37, we have that % €
H>(B,,, X) and there exists a constant C' > 0, independent of w and z, such
that
e llas x < Clllx.

From (4.7), Lemma 2.42 and (4.5), we obtain the following estimate of Is:

= [(h(e), ¥ )ay |

@8 18l = ([ o) )

B, Y,Y+

1
S [l o x 19" 18w,y < Cllihsll ] x l[y*[ly--

Since It = (hp(f5), Gw)a,y — I2, by (4.6) and (4.8), we have

(| < [(ho(fio) gw)ay | + 2| S (ol x [y |y
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Since ||z||x = |||y, we get that

1 (1—|w]?)k ‘lo (1- ‘w‘2)H<Ma (b(2)(x)) *>
Cho p((1— [w]2)nt1+a) 08 K Y )y

= [0S o[l 7]

Since x € X, y* € Y* are arbitrary, we deduce that

IMED(w) | px vy = P (M (b(w)(2)) 4 )yy-
ly* Iy~ =1

p((l _ |w|2)n+1+a)
™ (1~ |wl?)*flog(1 — |wl?)

Y-

| [

The desired result follows immediately by Corollary 2.41. [J

4.4. Hankel operators from A%:(B,,, X) into A% (B,,,Y), ®; €
LIU, o € 7. In this subsection, we give the proof of Theorem 1.17
which generalizes the case hy: AL (B, X) — A%4(B,,Y) with 0 <p < 1 and
q > 1 and also the proof of Theorem 1.18, which generalizes the case
hy: AL(B,, X) — A&(B,,Y) with 1 < p < g < oo, whose proofs can be found
in [3,12]. We start with the proof of Theorem 1.17 that we recall here for
the reader’s convenience.

THEOREM 4.2. Let &1 € £ and Py € U, pi(t) = tq)fll(l) and assume

that ®o satisfies the Vo-condition. Then the Hankel operator hy extends into
a bounded operator from A2t (B,,, X) into A®2(B,,,Y) if and only if its symbol
b belongs to I'y ,(Bp, L(X,Y)), where
P1
p=rps:="".
P2

PROOF. We assume that h;, extends into a bounded operator from
A2 (B, X) into A%2(B,,,Y), with ||k := 1h6ll 421 (s, x) s 4%2 (5, yy- Then

by Theorem 1.12, we have, for every f € A21(B,,, X) and g € (A% (B,,,Y))*
= AY:(B,,Y"),

(4.9) [ () 9ay | < hollllF1IS e x 915y

Now, take x € X,y* € Y* and an integer k with £ > (n+1 —i—oz)(; —1)+1.
Fix w € B,, and let

. 1 1 (1— |wf*)k!
fu(z) = & ((1 _ ‘w‘2)n+l+a) (1— (z,w))k-1 z
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and

gy* (z) _ \I;—l 1 (1 _ |w|2)n+2+a y*.
w 2 (1 _ ‘w‘2)n+1+a (1 _ <Z’w>)n+2+a

By Lemma 2.36 (resp. Lemma 2.38), we have f* € H*®(B,;X) (resp. g&
€ H*(B,,Y™)) and there exist Cy, Cy independent of w, x and y* such that

1 Il
[follesax < Cillzllx  and gy (07 0y« < Colly™[ly-
Applying the inequality (4.9) to f% and g% , we have

(4.10) | (ho (1), 9 Doy | < IRl ILF 1850 x 9% 1185 0.y~
< LGy [ Al x ly ™[y

Applying Lemma 2.42 for those particular vector-valued holomorphic func-
tions f% and gi, , and using Lemma 2.5, (2.23), Lemma 1.5 and the repro-
ducing kernel property, we have that

(1) Doy = | ((E) 0% D)y dval2)

n

- /]B (b(2) (f5(2)), 98 (2))y,y- dva(2)

1
_ 2\n+1+a+kg—1
= @yt ()

X /Bn <(1 B <£fz)>§:ll+a+k’y*>yy* dve(z)
(1= w]?)* b(2) () .
~ p((1— [wf2)rrita) < / (1= (w, 2) o o ()Y >Y,Y*
(1= [w]?)" b(2)(x) .
p((1 = [wp2ym+i+o </ CkaMk ( — (w, >>"+1+a> a2y >Y,Y*

A U A B

1 1 — |lwl?)* N .
- Ck:,a p((l(_ ‘w|‘2)|nz-l+a) <Mk w)(z)),y >Y,Y*'

8

Then

p((l _ |w|2)n+1+a)

<Ml?(b(w)(x))7y*>y7y* = Ck,a (1 . |w|2)k <hb(f$),gg;>a,y.
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Since x € X, y* € Y* are arbitrary and ||z||x = [|z| y, by (4.10), we have

[MED(w)| £ox vy = ” Snup_l |<(M1?b(w))(ﬂf),y*>yﬁy*
ly* lv-=1

((1 _ |w|2)n+1+a)
(1 — [w[?)

— Ck7ap Sup |<hbf’lcf)7gw>ayy|

llz]| x=1
lylly-=1

((1 _ |w|2)n+1+a)

p

170

The desired result follows immediately by Corollary 2.41.

Conversely, assume that b € I', ,(B,,, £(X,Y)) and let us prove that h,

extends to a bounded operator from A%t (B, X) into A22(B,,,Y). For every
feH®B,, X) and g € H*(B,,Y™"), by Lemma 2.42 and Lemma 2.44 we

have

|<hb(f)7 g>a,Y‘ =

[ (D0 (2

/B (b(2)(£(2)), 9(2))y.y. dva(2)

j@ (Mi(0(2)(£(2))):9(2)) v,y dvasnl(2)

<C, / (M2 (b(=2) (£(2))), 9(2)) vy

dVa—i—k(Z)

Y+ dVa—i—k(z)

<C, / 122 (6(=) (£(2))) ||y N9(2)]

< i [ 1M o | FO ) - (2

=G [ (= MMV | ¢ LS9

Ca

y+ dvg(2)

n

o ca_,_k/ (1= 2P IMEb() ) £ x vy
= Lk
Ca Jo,  p((1—[z)ntite)

x p((1= [P £ (2)llx g (2)]

Y~* dI/a(Z).
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Thus,

@) ()] £ G [ B RG) i),
« B,
where
ki) = (L IO ey
p((1— |22yt 4e)
and

h(z) = p((1 = [2)" ) [ £ () x Ng(2) [y~

Since b € I'y (B, £(X,Y)) then b** € L>°(B,,) and by Corollary 2.41, we
have

(4.12) 16%F | Lo,y < N1Bllr, B, c0x¥)

By Proposition 2.7, the function z + h(z) = hq(2)h2(z) € LE(B,,) with
hi(z) = pr((L = 2" )1 (2) 1 x € Lg* (Bn)

and

_ lg(2) |y~ w,
ha(z) = /32((1 - ‘z|2)”+1+0‘) € Ly*(Bn).

Moreover, we have

(4.13) IRllg% e S 11850, x NI a v

From the relation (4.11), using (4.12) and (4.13), we have

[(ho(f), 9oy | S

/B bR (2)h(2) dvg(2)

k 1 1 1
S8 RS e S ol ey 1T I

Then hy, extends into a bounded operator from A%*(B,,, X) into A22 (B,,,Y)
and

Aol = ”fnlfxllp 1|<hb(f)7g>a,y| Slolr, @, coxyy- B

||9||\112,a,v*

We can adapt the proof of Theorem 1.17 to prove Theorem 1.18 and we
outline the main argument here.
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ProOOF. From Theorem 1.11 we see that condition (i) implies that the
dual space (A22(B,,Y))* of A%2(B,,,Y) identified with AY2(B,,,Y*). From
Lemma 2.6, condition (ii) implies that ® € .Z}, for some 0 <p < 1. The
whole proof follows the lines of the proof of Theorem 1.17. We omit the
details. [J
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