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Abstract. This paper is devoted to the development of Beckenbach’s the-
ory of the meromorphic minimal surfaces. We consider the relationship between
the number of separated maximum points of a meromorphic minimal surface and
the Baernstein’s T"-function. The results of Edrei, Goldberg, Heins, Ostrovskii,
Wiman are generalized. We also give examples showing that the obtained esti-
mates are sharp.

1. Introduction

In the years 1960-1970 Beckenbach and collaborators generalized the
original Nevanlinna’s theory of value distribution of meromorphic func-
tions by introducing the theory of meromorphic minimal surfaces [3-5]. In
1993 Fujimoto [11] generalized Nevanlinna’s theory to minimal immersions
from M to R™ where M is a Riemann surface of parabolic type.

A surface S is called minimal if the mean curvature of S vanishes at all
points on the surface [6]. Let us remind the main definitions and results of
Beckenbach’s theory. We say that the surface

S = {x = (z1,20,23) € R®: z; = 23(u,v), i =1,2,3, (u,v) € D C R2}

is given in terms of isothermal parameters u,v ([3]) if E = G, F = 0, where
x;(u,v), i =1,2,3, are twice continuously differentiable real-valued functions
for (u,v) € D C R2. Here E, F, G are the coefficients of the first fundamen-
tal form for the surface S
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where x(u,v) = (1(u,v), z2(u,v), z3(u,v)). A necessary and sufficient con-
dition for a regular surface S, given in terms of isothermal parameters, to
be minimal is that the coordinate functions z;(u,v), i = 1,2, 3, are harmonic
on D ([6]).
Let us recall now some facts from the theory of harmonic functions.
The point zy € Cis an isolated singular point of a function z(z) = x(u,v),
if in a neighborhood of a point zy the function z(z) is harmonic. If the point
zp € C is an isolated singular point of the harmonic function z(z), then in
the neighborhood of a point zy the function x(z) can be presented by a series
of the form

(1.1) x(z) = clogr + Z *(ag cos k@ + by sin k@),  (by = 0),

k=—00

where z — zy = re’®. Expansion (1.1) is an analogue of Laurent’s series of

a harmonic function. This expansion allows us to define poles, logarithmic
poles and essential singular points [23]. Point zp € D is called regular for
the function z(z), if for the representation (1.1) in a neighborhood of the
point 2o we have ¢ =0 and mingz 420 {k} > 0. If ming: 220 {k} =1 > 1
and z(zg) = ag, then the point z is called an ag-point of order t of the har-
monic function. In particular, if ag = 0 then the point zj is called a zero of
order t of the harmonic function.

We say that a point zg € D is a pole of order t = |l| of the function z(z),
if in the representation (1.1) we have mingz 4240 {k} =1 < 0. On the other
hand, if in (1.1) we have ¢ # 0 and mingz 14249 {k} > 0 then the point z is
called a logarithmic pole. If in (1.1) there are infinitely many coefficients with
negative indices, such that ai + bi # 0, then we say that zy is an essential
singular point of the function z(z).

We say that a harmonic function x(z) is a meromorphic harmonic func-
tion in the domain D if, except for the poles, there are no more singular
points of the function z(z) in D (z = u + iv).

DEFINITION [3]. The surface S = {z1(u,v), z2(u,v), z3(u,v)} is called a
meromorphic minimal surface (m.m.s., for short) in a domain D if the pa-
rameters u, v are isothermal (i.e. E = G and F = 0 for each (u,v) € D) and
the coordinate functions z1 (u,v), 2 (u,v), x3(u,v) are single-valued and har-
monic in D, except for the poles.

In this paper we shall consider meromorphic minimal surfaces defined on
the whole complex plane C.
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We say that a surface S is an entire minimal surface if the coordinate
functions are harmonic in C. A point zg € D is called a pole of m.m.s. in a
domain D, if at least one of the coordinate functions x;(z),z2(2), z3(2) has
a pole at zyp. Moreover if 1, s, I3 are the orders of the poles of functions
x1(2), x2(z), x3(z) accordingly, then | = max {1, 2,13} is called the order of
the pole of a m.m.s. at zg. A meromorphic minimal surface S cannot have a
logarithmic poles [3]. A point zp € D is called an a = (a1, ag, az)-point of a
surface S, if zp is an a;-point of the harmonic function z;(z), i = 1,2, 3. Let
l; be the order of an a;-point of the function z;(z). Then | = min {ly, 2,13}
is the order of an a-point of a surface S. The a-points and the poles of a
m.m.s. are isolated [3].

For m.m.s. S, Beckenbach and Hutchison defined the following three
functions: m(r,a,S) — a proximity function of S; N(r,a,S) — an a-points
counting function of S; and H(r,a,S) — a wisibility function, which are de-
fined in the following way:

! 027T log™ ||x(re®)||df  for a = oo,

27
m(r,a,S) = -
( ) { ! 02 log™ df for a # oo,

1
27 [|[x(rei®)—al|

where log" z = max{logz,0} for x>0, [|x(2)|| = \/2}(2) + 23(2) + 23(2)
(z = re’);

T n(p,oo,S)—n(O,oo,S)

0
N(r,a,S) = { . n(p7a7s)_t;(07a75')
0 P

dp +n(0,00,5)logr for a= oo,
dp+n(0,a,S)logr for a # oo,
where n(r,a,S) and n(r, o0, S) denote, respectively, the number of a-points

(a € R3) and the number of poles of meromorphic minimal surface S in the
disc {z: |z| < r}, counted according to multiplicity;

Hra.8) = {OT - for a = oo,
0 5 dp for a # oo,
where
hp,a,S) = 1 / Alog |x(u,v) — a|duds, A= 4+ &
2w A,(0) 0u2 81)2

is the Laplace operator and A,(0) = {z € C: |z| < p}. Notice that N(r,a,S)
vanishes almost everywhere in R? so the most important function in Beck-
enbach’s theory is H(r,a, S).

The function T'(r, S) = m(r,00,5) + N(r,00,5) is called the character-
istic of a meromorphic minimal surface S.
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In [3] Beckenbach and Hutchison get an analogue of Nevanlinna’s first
fundamental theorem for minimal surfaces. They prove that if S is a mero-
morphic minimal surface then for each a € R? U {cc},

m(r,a,S) + N(r,a,S)+ H(r,a,S) =T(r,S)+O(1) (r — c0).

Beckenbach and Cootz in [4] generalize Nevanlinna’s second fundamental
theorem to minimal surfaces. The theorem says that for a meromorphic
minimal surface S and points a; € R* U {cc} (k= 1,...,q) we have the in-
equality

q
Zm(r, ag,S) <27(r,S) + O(log (rT(r,S))), r¢€E, r— oo,
k=1

where F is a set of finite measure.

If f(2) is a meromorphic function then Sy = (Re f(2),Im f(2),0) is a
plane surface, so it is also meromorphic minimal surface. It is clear that in
this case for a € C we have

1 [ 1
m(r,a,f)zzﬂ/o log™ oy 40

1 2 N 1
= log , df = m(r,a,Sy),
2 0

where a = (Rea,Ima,0). Moreover,
m(r,oo,f):m(r,oo,Sf), N(r,a,f):N(r,a,Sf),
H(Tyaa Sf) =0, T(Ta f) :T(Tv Sf)
Therefore Beckenbach’s theory is a generalization of the classic Nevanlinna

theory of distribution of values of meromorphic functions ([13,18]).
The number

A = lim inf log T'(r, 5)
T—00 logr
is called the lower order of S and

m(r,a,S)
i(a,S) = h;r_1>10r01f T(r. 5)

is called the Nevanlinna defect of S in the point a
For a m.m.s. S for any a € R? we have 0 < §(a ,S) < 1 and by the Second

Fundamental Theorem we have }_, cpai o0y 0(a, S) < 2. In 2004 Rhoads and

Analysis Mathematica 49, 2023
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Weitsman generalized Nevanlinna’s lemma of the logarithmic derivative for
meromorphic minimal surfaces [28].

In 1979, Marchenko applied Petrenko’s theory of the growth of mero-
morphic functions ([19], see also [27]) to the theory of meromorphic minimal
surfaces. In [19] were defined the quantities

+ 1
E(T', a, S) _ ma.X|z|:7" 10g+ Ix(z)—al] for a 7é 00,
maXIZIZT log HX(’Z)H fOI' a= oo
and
. L(ra, )

The value f(a,S) is called the magnitude of deviation of the meromorphic
minimal surface S at the point a. It is clear that d(a, S) < f(a, S) for each
a € R®U{oo}. A sharp upper estimate of 3(a, S) for surfaces of the finite
lower order was presented in [19].

THEOREM A [19]. If S is a meromorphic minimal surface of a finite
lower order \, then for each a € R® U {oo} we have

A
B(a.S) < B = {sm Jor A< 5,

TA for)\>;.

The sharp upper estimate of the magnitude of deviation for meromor-
phic functions of finite lower order was obtained by Petrenko in 1969 [25].
Petrenko proved that for a meromorphic function f(z) of finite lower order A
and any a € C we have ((a, f) < B()\) (Paley’s hypothesis, 1932).

The sharp upper estimate of the sum of deviations was given by
Marchenko and Shcherba in 1990 as a solution of Petrenko’s problem given
in his monograph [26]. They proved that for a meromorphic function f(z)
of finite lower order A the inequality ) . B(a, f) < 2B()) holds [22].

In 2004 Ciechanowicz and Marchenko applied a quantity measuring the
number of separated maximum modulus points of a meromorphic function
to obtain an upper estimate of deviation for meromorphic functions ([7], see
also [20]). We defined in [16] a similar quantity for meromorphic minimal
surfaces.

Let ¢(r) be a positive, nondecreasing convex function of logr for r > 0,
such that ¢(r) = o(T'(r,S)) and py(r,c0,S) be the number of component
intervals of the set

{6+ 1og [x(re)|| > 6(r))}

possessing at lest one maximum modulus point of the function ||x(re®)]|.
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812 A. KOWALSKI and I. I. MARCHENKO

Moreover, let us denote py (00, S) = liminf, o py(r, 00, 5). We set
P(00, ) = sup py(o0, 5).
{¢}

In [16] we get an upper estimate of the magnitude of deviation for a mero-
morphic minimal surface of the finite lower order.

THEOREM B. For a meromorphic minimal surface S of the finite lower
order A\, we have

A Zf A > 1

15(0073) ﬁ(OO,S) =2
B(00,8) < ¢ 4™y if p(c0,S) =1 and A<},
TA TA

(ooS) sin B(o0.S) if p(co,S)>1 and ﬁ(oé,S) < %

COROLLARY. For a meromorphic minimal surface S of the finite lower

order X\, we have
~ A
< .
P00, S) < max(l, [5(00,5”)

Moreover if f(oc0,S) > 0 then 1 < p(o0, S) < +oc.

2. Main results

THEOREM 1. Let S be a meromorphic minimal surface of the finite lower
order \ < p(o<2>7S)' Then

A
log* u(r,S) _ p(ec.9) TA
> 7 -
;ro)\s) (5(00,5) 1+ cos ﬁ(oo,S))’

lim su
sl T(r,S)  ~ sin_
B(
where p(r, S) = min,|—, l[x(2)|l-

In the case of the meromorphic functions the result of Theorem 1 was
obtained by Marchenko [21].

COROLLARY 2. Let S be a meromorphic minimal surface of the finite
lower order \ < 5 Then

. log™ u(r, S) A
> _

hiri}s;ip T(r.S) > sinmh (6(c0,S) — 14 cosTA),

where p(r,S) = min|,_, [|x(z)]|.

In the case of meromorphic functions Corollary 2 was obtained earlier
by Goldberg and Ostrovskii [13,24].
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COROLLARY 3. Suppose that S is a meromorphic minimal surface of fi-

nite lower order \ < p(o<2>75') and §(o00,S) > 1 — cos ﬁ(;?s). Then there exists

a sequence of circles {z: |z| =ri}, rr — 00, on which ||x(z)| tends to oo
uniformly with respect to arg z.

COROLLARY 4. Suppose that S is a meromorphic minimal surface of fi-
nite lower order \ < ; and §(00,S) > 1 —coswA. Then there is a sequence

Ty — 00, such that ||x(rne?)|| tends uniformly to oo for 6 € [0,27].
In the case of meromorphic functions the result of Corollary 4 was ob-
tained earlier by Goldberg and Ostrovskii ([13], see also [24]) and Edrei [9].
It is necessary to admit that in 1939 Teichmiiller [30] proved that for the

meromorphic function f(z) of the order p < 3 such that d(co, f) > 1 —cos7p
it holds for all 6 € [0, 27] that

limsup| f(re”?)| = oco.
r—00

Therefore Teichmiiller get the result of Corollary 4 in the case of meromor-
phic functions such that §(co, f) > 7™ where e >0 (0 < e < 1).

l—ecosmp’
~ COROLLARY 5. Let S be an entire minimal surface of lower order A <
PS)  Then there eists a sequence of circles {z: |z| =i}, 1 — 00, on
which ||x(z)]| tends to oo uniformly with respect to arg z.

COROLLARY 6. Let S be an entire minimal surface of lower order \ < %
Then there exists a sequence of circles {z: |z| = ri}, 1y — 00, on which
Ix(z)]| tends to oo uniformly with respect to arg z.

In the case of entire function the result of Corollary 6 was obtained by
Heins [15] in 1948 and in case when f(z) is an entire function of order p < %
by Wiman [31] in 1905.

- COROLLARY 7. Let S be an entire minimal surface of lower order A <
p(o;),S)‘ Then for any a € R® we have §(a, S) = 0.

COROLLARY 8. Let S be an entire minimal surface of lower order A < %
Then for any a € R? we have §(a, S) = 0.

Result of Corollary 8 was obtained by Tafel in 1970 ([29, Theorem 9.4,
p. 118], see also [2, p. 40]).

3. Auxiliary results
Let S = {x(2) = (z1(2),z2(2),23(2)): z € C} be a meromorphic minimal
surface and let ¢(r) be a positive nondecreasing convex function of log r such
that ¢(r) = o(T'(r,S)). We consider the function given by
ug(2) = max { log[|x(2)|, ¢(|2]) }-
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We say that the function u(z) is d—subharmonic function on D if u(z) can
be represented as the difference of two subharmonic functions on D.
In [16] we proved the following lemma.

LEMMA 9. The function ug(z) is a §-subharmonic function in C, i.e.
ug(2) = ur(2) = ua(2),
where uy(z),uz(2) are subharmonic functions in C and

1

2m
/ ug(re’®) do = N(r, 00, 9).
2w 0

Let (see [1,16])
m*(r,0,uy) = sup /u¢(re ?) de,
\E|=20 2T JE
T*(r,0,uy) = m*(r,0,us) + N(r,00,5),

where 7 € (0,00), 6 € [0,7], E is a measurable set and |E| is the Lebesgue
measure of E. Now for each ¢ € (0, 4+00), consider the set

Fy = {re" uy(re'?) > t},
and let
Ug(re'?) = sup {t : re'? € F}'},

where F}" is the symmetric rearrangement of the set F} (see [14]). The func-
tion @y (re’?) is non-negative and non-increasing in the interval [0, 7], even
with respect to ¢ and for each fixed r equimeasurable with u,(re’?). More-
over, it satisfies the equalities:

tig(r) = max { log max [x(2)ll, #(r) },

|z
Ug(re') = max { log min [|x(2)]]; ¢(r)},

1 ? :
m*(r,0,uy) = / Ug(re'?) dep.
0

™

From Baernstein’s theorem ([1]), the function 7*(r, 6, ug) is subharmonic in
D={re?:0<r<oc0,0<6 <7}, continuous in D U (—00,0) U (0,00) and
logarithmically convex in r > 0 for each fixed 6 € [0,7]. Moreover,

T*(r,0,u4) = N(r,00,5),
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T*(r,muy) =T(r,S) +o(T(r,S)) (r— o0),
ﬂ¢(rei9)

(%T*(r,@,ud)) = for 6 € [0, 7] and r € (0,00)

such that there are no zeros nor poles of ||x(2)|| on the circle {z : |z| = r}.
Let a(r) be a real-valued function of a real variable r and define

h —h\ __ 9
La(r) = liminf a(re?) +a(re™) — 2a(r) .
h—0 h?
When a(r) is twice differentiable in r, then La(r) =7 § (r & a(r)).
In [16] (see also [17]) we proved the following lemma.
LEMMA 10. Let S = {x(z) = (z1(2),x2(z),23(2)) : z € C} be a meromor-

phic minimal surface. For almost all 0 € [0, 7] and for all v > 0 such that
the function ||x(z)|| has neither zeros nor poles in {z : |z| = r}, we have

P5(r,00,5) O (r, )
s a0
LEMMA 11 [20]. Let the function f(x) be non decreasing on the interval

[a,b] and let p(x) be a non negative function having a bounded derivative of
the interval [a,b]. Then

LT*(r,0,uy) > —

b
/ F(@)p(@) dz < F(B)p(b) — f(a)pla) — / o (2)f(z) dz.

We will remind now definition of the Pdlya peaks for a monotonic func-
tions [26]. Let T'(r) be a increasing and continuous for r > r¢ function of a
finite lower order A.

The sequence {ry} is called a sequence of Pdélya peaks of the function
T'(r) if there are a sequences {ax}, {Ax} and {ex} of nonnegative numbers
such that

lim ap = hm g =0, hm A = hm aErE =
k—o0 k—o0 —00

and for all r € [agrg, Axri] holds the following inequality
r\A

(3.1) T(r) > (1-)( ) ().
Tk

for k > ko. We recall the lemma, which allows to estimate growth of TS;’“).

LEMMA A [26, p. 40]. Let Si and Ry, be two sequences such that

lim S), = hm Ry, = hm B

=0
k—o0 k—o0 Sk ’
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and for each k the numbers 2Sy and 2Ry are Pdlya peaks of the function
T(r). Then for each positive number e there exists ko(e) such that for each
k > ko we have

T(25y) , T(2Ry) _ E/Rk T(r)
2

Si Ry s T

In our later considerations instead of the function 7'(r) we will be using
the Nevallina’s characteristic function of the growth of m.m.s. S of the finite
lower order A and {r;} will be a sequence of Pélya peaks for this function.
By t(erm) of a sequence of Pélya peaks it is possible to estimate the growth
of T(rg,S

7. From Lemma A we have
k

(3.2)

T(2Sx,S) | T(2Ry,S) <€/R" TS 4 (e = 00).
2

A A A+1

4. Proof of Theorem 1

If p(c0,S) =400 then by Theorem B we have ((c0,S)=0. Thus
d(00,8) =0, so the right-hand side of the inequality in the statement of
Theorem 1 is equal to zero and left side is non-negative.

Let now p(00, S) < co. If §(00,5) < 1 —cos ﬁ(;):s) then Theorem 1 is ob-

viously. Let §(o0,S) > 1 — cos ;ii(go)\S)' Then §(c0,.S) > 0 and for every ¢(r)

we have py(00,S) > 1. We shall first consider the case A > 0. We put (see
[10,12,20))

o(r) = T*(r,p,ugp)sin __ de,
0= [ e 2

where T*(r, p, up) = T*(re"?,up). Since T*(re',uy) is a convex function of
log r, it follows that for all » > 0 and h > 0 we have

T*(Teha ©, ’LL¢) + T (Te_ha 2 U¢) - QT*(T‘, 2 U¢) > 0.
Thus by Fatou’s lemma for all » > 0 we have

T Y
4.1 Lo(r) > / LT*(r,0,ue)sin __ dg > 0.
(41) M)z [ 1 ougsn . o

It follows from this inequality that o(r) is a convex function of logr, and so
ro’(r) is an increasing function on (0, 00). Therefore, for almost all r > 0
d

Lo(r)=r dr (ra’(r)).
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It follows from (4.1) and Lemma 10 that for almost all » > 0

d ’ g 1/7\3)(7"7 0, S) (9%5(7“, 9) . )\0
. > — .
(4.2) Tdr (ro’(r)) > /0 - 20 sin Bo(r, 00, 5) do

By definition py(r, 0o, S) takes only the integral values. Thus for r > rg we
have py(00,S) < py(r,00,S). From this and (4.2) it follows that for almost
all ¥ > rg

™ py(00, S) diuy(r, 0) Y

d, , )
(4.3) T g (ro'(r)) > —/0 - g9 o B(00, ) de.

If there are neither zeros nor poles of ||x(z)| on the circle {z : |z| = r} for
7 > 0, the function uy(r,0) = max (log ||x(re'?)||, #(r)) fulfills the Lipschitz
condition in §. Therefore uy(r, ) also fulfills the Lipschitz condition on [0, 7]
(see [14]). It implies that the function u4(r,6) is absolutely continuous on
[0, 7]. Integrating twice by parts, we have for almost all r > rq

p2 (00, S
(4.4) TCZ“ (ro’(r)) > _p¢( - )'dd)(r,ﬂ) sin ﬁ(b(:; 9)
AT
+ Apy (00, S)T*(r, 7, uy) cOS
Py (00, )T™( ¢) Pi(00,9)

— Apy(00, S)N (1,00, 8) + A2 (r) := h(r) + XNa(r).

Dividing both sides of (4.4) by 1 and integrating by parts over the inter-
val [2S), Ri], where S, Ry are the sequences described in (3.2) we have

R R R
* h(r) g [ o(r) t1do
(4.5) /23k A1 dr + X /2$k AL dr < /2$k A dr (ro’(r))dr =1.
Invoking Lemma 11 we get

(4.6) I< Z;(L)

Rk Rk /
+ )\/ g (;) dr.
2

25}, Sk T

The function o(r) is a convex function of logr on the interval (0, +00), i.e.
g(t) = o(e!) is convex on (—oo, 00).Thus the function g(t) satisfies a Lipschitz
condition on each interval [a,b] C (0,400), so is also absolutely continuous
on each interval. Then the function o(r) = g(logr) is also absolutely con-
tinuous on the intervals [a,b] C (0,+00). Integrating by parts the integral
in the inequality (4.6) we have

(4.7) /2 " "'(;") i — /2 feol(r)  _o(B) 028 | /jk o)

A A A A+1 :
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By (4.5), (4.6) and (4.7) we have

(4.8) /jk ) g < (Ul(r) + AU(T))

g, T PA-1 oY

Ry,

25,
By definition of o(r) we get
(4.9) 0<o(R)<7m(l4+0(1))T(R,S) <2rT(R,S) (R— ).

The function ro’(r) is non-decreasing on (0, 00), hence

2R 2R ro’ (r
#(2R) > ¢(2R) — o(R) = / o () dr = / ) g

R R r
) 2R dr ,
> Ro'(R) . Ro'(R) log 2.
R

Consequently, for R > Ry we have

1 27
) ! < < )
(4.10) Ro'(R) < log 2 o(2R) < log 2 T (2R, S)

Moreover, in view of the monotonicity of Ro’(R) we have for R > 1
(4.11) Ro'(R) > 0'(1) = C.
By (4.8), (4.9), (4.10) and (4.11) we have
R
* h(r) 1 T(2Ry, S) C
<2 — .
/QS,C A+l dr < 7r<log2 + )\> Rg (2Sk)A (k= o0)
It follows from the (3.2) that for k > ko(e)
R R
* h(r) *T(r,S)
/25’c AL d7’<8/25k PAH dr.

Therefore there exists a sequence 7y, € [2S), R] such that h(ry) < eT'(ry, S).
Since Sy — oo it follows that r, — oo as k — oo.
Recalling the definition of h(r) we have for k > kg

(4.12) T* (g, T, ugp) COS

OO,S) p¢(00,5)

]/3\37(0075) < 7T>\ )\71'
™ Pyl

A - A
- N(Tk>0075)—u¢(Tk,7r)sinA T

]/Q\(z)(OO,S) p¢(OO,S)> < 6T(’r‘k,5).
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The quantity py(oco,.S) is an entire non-negative number. Since p(oo, S) =
sup, Pe(00, S) there is the function ¢(r), such that pg(oo, ) = p(oo, S). If
we apply the inequality (4.12) to the function ¢ then we have

TA AT TA

4.13 N T*(ry, T, Up) COS _ - N(ry, 00,8
GI8) poc,g) T 09 5o, 5) T o, 5) (o S)
~ . AT
— Ug(rg, ™) sin B(c0, ) <eTl(r,S) (k> ko).
Since
T*(r,m, ug) = 1/ ug(r,0)do 4+ N(r,00,5)
T Jo
1 2 N
:%/O ul (r,0) 0+ N(r,00,5)

27
_ ;ﬂ /0 Ix(re®)[| d0 + o(T(r, ) + N(r, 00, S)

=m(r,00,8) + N(r,00,5) + o(T(r,S)) =T(r,S) + o(T(r,S)),
then by (4.13) we have

A TA TA

T(Tka f) COS N(Tka 0, S)

p(c0, 5) p(00,8) P, 9)
— Ug(ry, ™) sin ﬁ(;),\S) <eT(r,S) (k— o0).

Since §(00, S) =1 — limsup,_, o NC(FT(T?%)S) then

N(r,00,8) < (1—46(c0,S)+e)L(r,S) (r>rp).
Hence

g (r, m) = max ( min log [[x(2)]], ¢(r)) = max (minlog™ [x()|, 6(r))

|z|=r

< minlog" ||x(2)[| + ¢(r) = log™ u(r,S) + o(T(r,S)) (r — o).

|z|=r
Thus
N T(ry,S)cos - 1—6(00,8) +¢)T(ry, S
500, 8) TIES) €08 5 ey = oo, ) (L~ 0(00:8) +6)T(ri )

A
—log™ u(ry, S) sin 5 i <eT(r,S) (k— o0).

(00,5)
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Therefore

sin A lim sup log™ pu(r, 5)
p(00,S) roee  T(r,S)
> ™ (5(00 S) — 1+ cos ™ —E)
~ ploo, 5) ’ p(oo, 5)

—E.

Taking € — 0% we get statement of Theorem 1 for A > 0. The proof for
A = 0 can be obtained similarly (see [20]). O

5. Examples

We consider the surface S(f) given by the relations

z1(2) = Re[3f(2) — f2(2)],
(5.1) 2(2) = Reli(3f(2) + f*(2))],
z3(2) = Re[3%(2)],

where f(z) is a meromorphic function [19]. Then the coordinate functions
are harmonic in C. From [8, p. 94|, to prove that S(f) is a m.m.s. it is
enough to show that

> () =0

where
g1(2) =3f(2) = [2(2), 92(2) = i3 (2) + [7(2)), g3(2) = 3f*(2).
By basic computations we see that
1x(2)I = 91f (2)]* + | £ (2)[° + 6(Im [ f (2)]Im [f*(=)]
—Re[f(2)[Re[f*(2)]) + 9(Re[f*(2)])*.

We consider the set E(r) = {6 € [0,27]: |f(re'?)| > 4}. If z =re'?, 0 € E(r)
then we have

()] = [£(2)|° = 12|f(2)]* = ilf(Z)lﬁ-

Then log* [|x(z)|| > 3log™ | f(2)| + O(1) (r — c0). On the other hand, for
z=re" 0 c B(r) we get

(5.2) Ix(2)[2 < O1f () + |£(2)|° + 21If (2)* < 31 F(2)I°.
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Then log™ ||x(2)|| < 3log™ |f(2)] + O(1) (r — o0). Thus we obtain

(5.3) m(r,00,5(f)) = 3m(r,00, f) + O(1), T — oc.

It is casy to see that N(r,00,S(f)) = 3N(r, 00, f), so by (5.3) we have
T(r,S(f)) =3T(r, )+ O(1),

which implies that
6(00, S(f)) = d(c0, f).

ExXAMPLE 12. We consider the entire function

= (1)t
(o) =eosve =3 (ol

The function ¢1(z) is of order p = 3 (A = p) and |p1(z)| = |cos /x| < 1 for
x > 0. For each n € N we consider now the function

. B . \/ . 0 (_1)kznk
1(z) = p1(2") = cosVz —kZ:;) (2%)!

The entire function [ (z) is of order p = 3 (A = p) and |Fy(z)| < 1 for z > 0.
We consider now the surface S(F)) with the coordinate functions de-
scribed in (5.1). By (5.2) we get [x(z)| < /31 for  >0. For entire

minimal surface S(F1) we have p(oco,S(F1)) =n and the lower order is

n AOO,S F1
A= 1 = PEoSE),

The example of surface S(Fy) proves that the condition A
p(o0,S)
57

< p(ogvs) ln

Corollary 5 can not be replaced by condition A\ < ?

ExXAMPLE 13. In the paper [30] (see also [13, p. 282]) Teichmiiller cre-
ated for each p, 0 < p < J, the meromorphic function f,(z) of order p (A = p)
such that 6(oco, f,) =1 —cosmp and |f,(—r)| < 2 for > 0.

For each n € N and A > 0 such that 7); < % we consider the function

Fy(z) = ("),

It is easy to see that Fh(z) is a meromorphic function of lower order A
(A= p), 6(c0,Fp) =1 —cos ™ and |Fy(3/—7)| = |f»(—7)| < 2 for r > 0. We
consider now the surface S(Fs) with the coordinate functions described in
(5.1). By (5.2) we get ||x(3/—r)| < 8V/31 for » > 0. For meromorphic min-
imal surface S(F») we have p(oo, S(Fy)) = n, the lower order of S(Fy) is A,
1> = ﬁ(oqg(Fg)) and §(c0, S(F)) =1 — cos ™ =1 — cos ﬁ(ooer')EFg))'
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Therefore the example of surface S(Fh) proves that the condition

d(00,8) > 1— cos ﬁ(;)‘s) in Corollary 3 can not be replaced by condition

d(00,5) > 1— cos ﬁ(;ro):S)'
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