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Abstract. We present some results on the periodicity of an entire function
f(z) with its differential-difference polynomials. For instance, we obtain that if
f™ + L(f) is a periodic function with period ¢, then f(z) must be a periodic func-
tion with period ¢, where f(z) is a transcendental entire function with hyper-order

less than one and N(r, }) = S(r, f), L(f) is a differential-difference polynomial in
f with constant coefficients and degree less than n.

1. Introduction and main results

Recently, the periodicity of transcendental meromorphic functions, re-
lated to complex differential polynomials or complex difference polynomials,
is considered in [7,9-12,14,16], where the main intention is to obtain f(z) is a
periodic function when the complex differential polynomials or complex dif-
ference polynomials of f are periodic functions. These works were inspired
by Yang’s Conjecture (see [8,16]), which is given by observing the mero-
morphic solutions on complex differential equation f(z)f”(z) = p(z)sin? 2,
where p(z) is a non-zero polynomial with real coefficients and real zeros, see
more details on the meromorphic solutions in [8]. Yang’s Conjecture can be
stated as follows.
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Yang’s Conjecture. Let f be a transcendental entire function and k be
a positive integer. If ff*) is a periodic function, then f is also a periodic
function.

In the paper, we proceed to consider the periodicity of transcendental
entire functions related to complex differential-difference polynomials. Ob-
serve the non-linear differential equation

3 1
(1.1) f(2)> 4+ f"(z) = = sin3z,
4 4
f(z) =sinz is a transcendental entire solution of (1.1). Heittokangas,
Korhonen and Laine [5, p. 338] showed that (1.1) has at least two meromor-
V3 1
2

phic solutions, namely, fi(z) =sinz and fo(2) = cosz — , sinz. After-

wards, Yang and Li [19, Theorem 4] obtained
THEOREM A. There exist exactly three entire solutions of (1.1), namely
fi(z) =sinz, fa(z) = —\é?’ cosz — ysinz, f3(z) = \é?’ cosz — y sinz.

Our proceeding observation, the existence of entire solutions of the dif-
ference counterpart of (1.1), is obtained directly by Yang and Laine [18,
Theorem 2.5].

THEOREM B. The non-linear difference equation
3 3 1.
(1.2) f(2)° + 4f(z+ 1) = ~4 sin 37z

exists exactly the following three entire solutions: f1(z) =sinmz, fao(z) =

L V3 _ 1 V3
—ysinmz 4+ Y’ cosmz and f3(z) = —,sinmz — V,” cosTz.

The recent improvements on equations (1.1) and (1.2) can be found in
[1,6,13]. It is interesting to find that all entire solutions of (1.1) and (1.2)
are periodic functions, and the functions in the right hand sides of (1.1) and
(1.2) are periodic as well. In addition, (1.1) may be extended to

FEP+ 50" + 6D+ 2m) + S 2m) = = sinde (k23)
and (1.2) also may be extended to
3 1
f(2)3+ 4f(z + 1)+ fz+2k)+ f(z+2k+1) = ~4 sin3nz (k>1).

Let L(f) be a nonconstant differential-difference polynomial in f with con-
stant coefficients, that is,

L(f) = Z aij f9 (2 + ¢;)™,
]
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where a;; are constants and m;; are positive integers. Hence, it is natural
to ask the following question by the above observations.

QUESTION 1.1. Let L(f) be defined as the above and max{m;;} < n.
Does it follow that the entire function f(z) is a periodic function if

(1.3) S+ L(f)

is a periodic function?

We first to discuss two cases which are not included in Question 1.1.

(i) If max{m;;} = n =1, then Question 1.1 is not true. For example, we
assume that

_ 14 V3, _1_ V3., _
f(z)=cre” + el T2 T2 0Z 4 pae(m2m B2 4 o2
where c1, co, c3 are constants, then
f _ f//l — 26_2.

Obviously, 2e~7 is a periodic function, however, these f(z) are not periodic
functions when ¢q, ¢o, ¢3 are non-zero constants. Another example, the func-
tion f(z) = ze® satisfies f(2)+ f(z+7) = —7we® and f(2) — f'(2) = —e” here,
—me? and —e? are periodic functions, but ze? is a non-periodic function.

(ii) Recall a result given by Rényi and Rényi [15, Theorem 2], namely, if
P(f(z)) is a periodic function, where P(z) is a non-zero polynomial, then
the transcendental entire function f(z) is also a periodic function. Hence, if
L(f) =0, then Question 1.1 is true for all transcendental entire solutions by
Rényi and Rényi’s result.

In what follows, we assume that the reader is familiar with the basic
notations and fundamentals of Nevannlinna theory [3,20]. Denote p2(f) the
hyper-order of growth of a meromorphic function f(z). The preliminary
results on Question 1.1 are also considered by Liu, Wei and Yu [11], Lii and
Zhang [14], Latreuch and Zemirni [7]. We recall a result given by Lii and
Zhang [14, Theorem 1.2, Remark 1.2] as follows.

THEOREM C. Let f(z) be a transcendental entire function of p2(f) < 1,
n>2andk>1. If f(2)" +apf®(2) + - + a1 f'(2) is a periodic function,
then f(z) is periodic as well. Furthermore, if n =2 or n > 4, the hypothesis
p2(f) < 1 is not necessary, where ay, ..., ai are constants, at least one of
them is non-zero.

In addition, Question 1.1 can also be considered from the uniqueness
problem of meromorphic solutions of complex differential-difference equa-
tions. Such results can be found in Yang [17], Heittokangas, Korhonen and
Laine [5], Yang and Laine [18]. In most cases, the uniqueness results can be
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obtained for large n. For example, see Yang and Laine [18, Theorem 2.6] as
follows.

THEOREM D. Letn >4 be an integer and L(z, f) be a linear differential-
difference polynomial of f, not vanishing identically, and let h(z) be a mero-
morphic function of finite order. Then the differential-difference equation
f™+ L(z, f) = h possesses at most one admissible transcendental entire so-
lution of finite order such that all coefficients of L(z, f) are small functions
of f. If such a solution f exists, then f is of the same order as h.

From Theorem D, we obtain that if f(2)"™ + L(f) is a periodic function
with period ¢, that is

f" + L) = f(z+ )" + L(f (2 + ¢)) =: h(z).

Question 1.1 is true with the conditions that f(z) is of finite order, n > 4
and L(f) is a linear differential-difference polynomial. Now, we state our
first result as follows.

THEOREM 1.2. Let f(z) be a transcendental entire function of pa(f) < 1
with N(r, Jlf) = S(r, f), L(f) be defined as the above and n > 2. If f™+ L(f)
is a periodic function with period c, then f(z) is a periodic function with
period c.

Theorem 1.2 improves Theorem C from the differential polynomials to
differential-difference polynomials. And we provide a different proof with the
proof of Theorem C in [14]. We also remark that Lii and Zhang ’s method
to deal with the case n = 2,4 and our method in the paper are not valid for
transcendental entire functions po(f) > 1 when L(f) includes the difference
operator or differential-difference operator. Here, we proceed to consider the
periodicity of f(2)%2+ f(z+ c). Assume that f(z)% + f(z + c) is a periodic
function with period 1, namely,

fEP+f+o)=Ffz+n)?+ f(z+c+n),

then

(f(2) = flz+n)(f(2)+ f(z+n) = f(z+c+n) = f(z+c).

We conjecture that all the solutions of the above equation are periodic func-
tions with period n. But we have not succeed in doing that. With an
additional condition, we obtain

THEOREM 1.3. If f(2)? + f(2 +¢) is a nonconstant periodic entire func-
tion with period ¢ and f(z) = p(z) + "2, where p(z) is a polynomial and
h(z) is an entire function. Then p(z) must be a constant and f(z) is a peri-
odic function with period ¢ or 2c.
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THE PERIODICITY OF DIFFERENTIAL-DIFFERENCE POLYNOMIALS 131

Finally, the results on Fermat type functional equations [4] can be
applied to consider the periodicity of non-linear difference polynomials
FR)"+ fz+e)"+ f(z+2¢)" +--- + f(2+ ke)". We obtain

THEOREM 1.4. Let f(z) be a transcendental meromorphic function and
n be positive integers. If n > (2k +1)2 and f(2)" + f(z+¢)" + f(z + 2¢)" +
<4 f(z 4 ke)™ is periodic function with period n, then f(z) is a periodic
function with period 2nc or nn.

REMARK 1.5. It is an open question for us on the periodicity of f(z)" +
fG4+ea)"+ f(z4+c)"+ -+ f(z+ k)™ with f(z), where ¢q, co, ..., ¢k are
distinct constants.

2. Lemmas
The following two lemmas are important in difference analogues of
Nevanlinna theory, also play an important part in the present paper.

LEMMA 2.1 [2, Lemma 8.3]. Let f be a nonconstant meromorphic func-
tion with hyper-order pa(f) <1, ¢ € C. Then

T(r,f(z+¢c)=T(r, f)+ S(r, f),

outside of a possible exceptional set with finite logarithmic measure.

LEMMA 2.2 [2, Theorem 5.1]. Let f be a nonconstant meromorphic func-
tion with hyper-order pa(f) <1, ¢ € C. Then

m(“fﬁéf)

outside of a possible exceptional set with finite logarithmic measure.

) =)

We can obtain the following result by the above two lemmas.

LEMMA 2.3. Let f(z) be a meromorphic function with hyper-order
p2(f) <1 and let L(f) be a nonconstant linear differential-difference poly-
nomial of f(z) and A.f = f(z+c¢) — f(2). Then

(A
TOALS

outside of a possible exceptional set with finite logarithmic measure.

) =09,

To prove Theorem 1.2, we need the following lemma, which can be ob-
tained from the proof of the classical result T'(r, P(f)) = nT'(r, f) + S(r, f),
see [20, Theorem 1.12].
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LEMMA 2.4. Let f(z) be a meromorphic function and P(f) = a,(2)f(2)"
+-- 4 a1(2)f(2) + ag(z), where an(z) (£0), an_1(2), ..., ag(z) are small
functions with respect to f(z) in the sense of T'(r,a;) = S(r, f), j =1,2,...,n.
Then

m(r, P(f)) = nm(r, f) + S(r, f).

LEMMA 2.5 [20, Theorem 1.62]. Let f;(z) be meromorphic functions,
fe(z) (E=1,2,...,n—1) be nonconstant functions satisfying Z?:l fi=1
andn > 3. If fn(z) 0, and

SON(r )+ 0= D3NS < (o o) T ),
j=1 J j=1

where A <1, k=1,2,...,n—1, then f,(z) = 1.

LEMMA 2.6 [20, Theorem 1.60]. Let f1(2), fa(2), f3(z) and fi(z) be
meromorphic functions and f1(z), fa(z) be nonconstant, satisfying

4
> filz) =1
j=1
If
4 ) A
ZN<fj>+3ZN(T’fJ)<()‘+0(1))T(7"7fk), k=1,2,
j:l j:1
where A <1, then fs =1 or fa=1or fs+ fu=1.

3. Proofs of theorems

PROOF OF THEOREM 1.2. Assume that f™ + L(f) is a periodic function
with period c¢. Then

f(2)"+L(f(2) = f(z+ )" + L(f(z + ¢)),
that is
(3.1) f)" = f(z+ )" = L(f(z+¢)) = L(f(2)).

We discuss two cases for L(f) in the following.

Case 1. If L(f) is a linear differential-difference polynomial, that is all
mj; = 1, then (3.1) can be rewritten as follows,
(3.2)
(f(2) = F+0) (f)" T+ F ()" f et )+ + f(z+0)" ) =L(AcS).
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THE PERIODICITY OF DIFFERENTIAL-DIFFERENCE POLYNOMIALS 133

If f(z)— f(z+¢) =0, then f(z) is a periodic function with period c. If
f(z) = f(z+¢) #0, then (3.2) implies that

f(Z)”—l + f(z)”—2f(z +e) 4+ flz+ C)n—l

_pnify . JETO fE+o" ™ L(Af)
= f(2) (1+ fe) T )_— Ag
Using Lemma 2.2 and N (r, }) = S(r, f), we obtain
fz+0) flz+o)" 1 _
T(r,l—i— £(2) +-+ F(z)n1 ) = S(r, f).

By Lemma 2.3 and Lemma 2.4, we obtain

(n - 1)m(r,f) = S(T,f),

which is impossible for n > 2, since f(z) is a transcendental entire function.

Case 2. If L(f) is a non-linear differential-difference polynomial with
1 < max{m;;} < n, then

(3.3) f)" = flz+)"
= (f() = fE+))(fE" T+ "2zt e)+- -+ fz+)" )
= Z Gijf(j)(z +ci4 )™ — Z aijf(j)(z + ¢;)™

= Zaij(f(j)(z feit o)™ — fO(z 4 ci)™).
ij

If f(2) = f(z+¢) =0, then f(z) is a periodic function with period c. If
f(2) = f(z+¢) # 0, then we see that

FOG+et+am = fO+e)™ _ fOE+ate) = fD(E+a) (f)
fz+¢) = f(2) N flz+c) = f(2) s

where
Li(f) = f9(z+ci+e)mo!
9+ + o)™ 2 Oz d ) 44 fD (24 )™ !
FO(z 4 ¢; +¢)mi—t FO (2 4 ¢p)mia—t

= f(Z)mij_l +o Tt f(z)mij_l

m;—1
Flzymot Flay™
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From the lemma of the logarithmic derivative, Lemma 2.2, Lemma 2.4 and

the condition N (r, }) = S(r, f), we see m(r,L1(f)) = (my — 1)m(r, f) +

S(r, f). We also obtain

m(r, fF" L fF)" 2 f (a4 e)+ -+ fz+ c)"_l)

gy (107G TG

Thus, from (3.3), we get

(n—1)m(r, f) = (mi; — Lym(r, f) + S(r, f),
and so

(n—mij)m(r, f) = S(r, f),
which is impossible for transcendental entire function f. [

PROOF OF THEOREM 1.3. We only need to consider the case that f(z)
is of pa(f) > 1, the case pa(f) < 1 is proved in Theorem 1.2. From f(z) =
p(z) + e"?)| where h(z) is a transcendental entire function and f(z)% +
f(z+c) is a periodic function with period ¢, we obtain

(3.4) 23 £ op(2)el) 4 (1 — 2p(z + ¢))e 50 — 2h(zte) _ phl(a+2c)
= p(z+¢)? +p(z+2¢) — p(2)? — p(z +c).

If p(z) is not a constant, then p(z+4c)%2+p(z+2¢) —p(2)% —p(z+c) 20,
since that p(2)% + p(z + ¢) remains a nonconstant polynomial, which is not
a periodic function. By Lemma 2.5, we get that one of the exponential
functions in (3.4) is a rational function, which is impossible, since f(z) is a
transcendental entire function.

If p(2) is a constant p, then p(z + ¢)? 4+ p(z + 2¢) — p(2)? — p(z +¢) = 0.
We rewrite (3.4) as

(35) e2h(z) + 2p€h(z) + (1 o 2p)eh(z+c) _ e2h(z+c) _ eh(z+2c) —0.
If p #£ 0, we have
(3.6)
1o (1-2p) =) | 1 (2h(z+0)—h(z) | b nrao)-ne) _
2p 2p 2p 2p

Obviously, —21p eM?) is not a constant, otherwise f (z) is a constant. If p # %

(1-2p) Jh(z+c)—h(z)
2p

and we assume that — = A, where A is a non-zero constant.
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Substitute the above into (3.6), we have

1-2p AN pete) _ 2pA?
<4p2A+2p—1)€ =1-4 (1—2p)2°

For avoiding a contradiction, we should have

1—2p A 2pA?
=0, 1-A-— = 0.
4p2 A + 2p — 1 0, (1—2p)2 0

, 12;12;’ = —1 follows by the above system, so we have e

thus f(z) is a periodic function with period c.
_(1=2p) eh(z+e)—h(z)
2p

Therefore h(z) = ghlzto)

We proceed to consider is not a constant. From
Lemma 2.6, we will discuss three cases as follows:
Case 1. If 211062}’(”0)_}‘(3) =1, then (3.6) implies that

(3‘7) _(1 _ 2p)eh(z+c)—2h(z) + eh(z—i—2c)—2h(z) -1

For avoiding a contradiction to the second main theorem of Nevanlinna,
eMz+0)=2h(2) an(g M=+20)=2h(2) are non-zero constants, so ef(#+26)—h(zte) ig
also a non-zero constant, so e*t9==) {5 Thus, we have e*79) is a con-
stant with the assumption in this case, a contradiction to f is transcendental.

Case 2. If 21peh(z+20)_h(z) =1, then
(3.8) _(1 _ 2p)eh(z+c)—2h(z) + e2h(z—i—c)—2h(z) -1

For avoiding a contradiction to the second main theorem of Nevanlinna, we
can get eMzt0)=2h(2) and 2h(2+€)=2h(2) gre non-zero constants, then eM*+¢)
is a constant, which is a contradiction again to f(z) is transcendental.
Case 3. If 211762}‘(”0)_}‘(2) + 21peh(z+20)_h(z) = 1, then e2h(z+0)=h(2) and
ehz+26)=h(z) are non-zero constants. From (3.6), we obtain
Lo _ (1=29) nero-n() _
2p 2p '

We also have
(2]9 - 1)€h(z+c)—2h(z) — (2]9 o 1)eh(z+2c)—2h(z+c) =1,

h(z+2c)—4h(z) _

hence, we have e = (2;;1)3, Combining e"(z+20)=h(2)

is a con-

stant, we get €"?) is a constant, a contradiction again.
If p =, from (3.6), we have

(39) _eh(z) + e2h(z-i-c)—h(z) + eh(z+20)—h(z) -1
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Obviously, —e(*) # 1. By Lemma 2.5,

(3.10) e2h(zta)=h(z) — 1 _oh(z) 4 ch(=+20-h(z) _
or
(3.11) ehzt20)—h(z) — | _oh(z) | o2h(zHe)=h(z) _ ()

The system (3.10) give a contradiction. In fact, rewrite the system (3.10) as
follows:

(3.12) p2h(z+e) _ h(z)  h(z42¢) _ ,2h(2)

) )

Then, we have

e8h(z) — e4h(z+2c) _ €2h(z+c) — eh(z)’
which is a contradiction with f(z) being transcendental. The second equa-
tion of (3.11) implies that e?(*+¢) = ¢2"(2) then f(z) is a periodic function
with period 2¢ by the system (3.11).
The final case p = 0. From (3.5), we have

(3.13) 2M=) y phla+e) _ p2hlte) _ ph(=+20) _
that is
(3.14) e2(2)=2h(z+c) | —h(zte) _ h(z+20)=2h(z+e) _

Obviously, e "#+¢) £ 1. By Lemma 2.5,

(3.15) e2h(z)_2h(z+c) =1, e—h(z-i-c) _ eh(z—i—2c)—2h(z—&-c) -0,
or
(3.16) _h(zH20)=2h(z4e) _ 1 o2h(2)=2h(z+e) 4 o—h(zte) — .

The equations of (3.15) give that f(z) is a periodic function with period c.
The system (3.16) implies that e?(*) = —eh(=+¢) that is f(2)%+ f(z+¢)=0,
which is a contradiction to the condition of Theorem 1.3. [

PROOF OF THEOREM 1.4. If f(2)"+ f(z+¢)"+ -+ f(z+ k)" is a
periodic function with period 7, then

FR)"+fz+e)"+ -+ f(z+ k)"
=flz+n)"+flztetn)" +-+ flz+ketn)"
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THE PERIODICITY OF DIFFERENTIAL-DIFFERENCE POLYNOMIALS 137

Since f(z) is a transcendental meromorphic function, we have

G\ | (fz+ctn)yn flz+ket+m)yn
1
@ (") e ) e 0T
. L fz+onn o Sz ko)
-1 —1 =1

Ty ) e ()
Using the classical result for Fermat functional equations [4], we know that
n > (2k +1)%, we obtain fgf(Jr)"), f(zjj(c;r"), - f(z}r(kc)Jr") and fSCZ(JF)C), -

FzHke) are all non-zero constants. Set /@) = A, Flatn) B, then

f(z) f(2) f(2)
fz+c+n) _ fz+¢) f(z+c+n) _ 4B
f(2) f(z)  flz+¢ ’

and
flzt+ke+n) _ flz+c) flz+2c)  flz+ketn) _ 4k
f(2) fz) fe+eo)  f+(k=1)c) '

Hence, (3.17) can be written as

If B™ = 1, which means that f(z)" = f(z+n)". Hence, f(z) is a periodic
function with period nn.

If B"#1, then 1+ A"+ A?" ...+ A" =0, which implies that Ak+1n =1
thus we have f(z) is a periodic function with period (k + 1)n. O
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