
Analysis Math., 48 (1) (2022), 111–125
DOI: 10.1007/s10476-022-0118-x

ON A THEOREM OF A. AND C. RÉNYI AND A
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Abstract. A theorem of A. and C. Rényi on periodic entire functions states
that an entire function f(z) must be periodic if P (f(z)) is periodic, where P (z) is
a nonconstant polynomial. By extending this theorem, we can answer some open
questions related to the conjecture of C. C. Yang concerning periodicity of entire
functions. Moreover, we give more general forms for this conjecture and we prove,
in particular, that f(z) is periodic if either P (f(z))f (k)(z) or P (f(z))/f (k)(z) is
periodic, provided that f(z) has a finite Picard exceptional value. We also inves-

tigate the periodicity of f(z) when f(z)n + a1f
′(z) + · · ·+ akf

(k)(z) is periodic.
In all our results, the possibilities for the period of f(z) are determined precisely.

1. Introduction

Periodicity of entire functions is associated with numerous difficult prob-
lems despite its simple concept. It has been studied from different aspects,
such as uniqueness theory, composite functions, differential and functional
equations; see [8] and references therein. In this paper, special attention is
paid to the problem of the periodicity of entire functions f(z) when partic-
ular differential polynomials generated by f(z) are given to be periodic. By
using concepts from Nevanlinna theory (see, e.g., [4,15]), we can extend the
following result due to Alfréd and Catherine Rényi.
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112 Z. LATREUCH and M. A. ZEMIRNI

Theorem A [12, Theorem 2]. Let Q(z) be a nonconstant polynomial
and f(z) be an entire function. If Q(f(z)) is a periodic function, then f(z)
must be periodic.

With the help of the extensions of Theorem A together with other results
from Nevanlinna theory, we study the problem mentioned above and answer
some related open questions. In particular, we are interested in the following
conjecture and its variations.

Conjecture 1 (generalized Yang’s conjecture). Let f(z) be a transcen-

dental entire function and n, k be positive integers. If f(z)nf (k)(z) is a peri-
odic function, then f(z) is also a periodic function.

This conjecture is originally stated in [5] for n = 1 and has been known
as Conjecture of C.C. Yang. The present form of Conjecture 1 is stated in
[7]. The case k = 1 of Conjecture 1 was settled in [13, Theorem 1] for n = 1,
and in [7, Theorem 1.2] for n ≥ 2.

In the following, we will present three results related to Conjecture 1,
which are the main subject of this paper. We recall that the order and the
hyper-order of an entire function f(z) are defined, respectively, by

ρ(f) = lim sup
r→∞

log T (r, f)

log r
, ρ2(f) = lim sup

r→∞
log log T (r, f)

log r
,

where T (r, f) is the Nevanlinna characteristic function of f(z).
Regarding the case when k ≥ 2 in Conjecture 1, we mention the following

result.

Theorem B [7, Theorem 1.2]. Let f(z) be a transcendental entire func-

tion and n, k be positive integers. Suppose that f(z)nf (k)(z) is a peri-
odic function with period c, f(z) has a finite Picard exceptional value, and
ρ(f) < ∞, then f(z) is a periodic function with period c or (n+ 1)c.

If n = 1 and f(z) has a non-zero Picard exceptional value, then [6, Theo-
rem 1.1] reveals that the conclusion of Theorem B occurs without condition
on the growth. The case when n = 1 and f(z) has 0 as a Picard excep-
tional value is proved in [9, p. 455]. Recently, Theorem B was improved in
[11, Theorem 1.1] to hold for entire functions with ρ2(f) < 1 having a finite
Borel exceptional value.

The idea of allowing n to be negative integer in Conjecture 1 is consid-
ered in [10], where the following particular result is obtained.

Theorem C [10, Theorem 1.5]. Let f(z) be a transcendental entire func-

tion and k be a positive integer. Suppose that f (k)(z)/f(z) is a periodic func-
tion with period c, and f(z) has a Picard exceptional value d �= 0. Then f(z)
is a periodic function with period c.
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The conclusion of Theorem C is not true in general when d = 0, as shown
in [10] by taking f(z) = ee

iz+z .
Another variation of Conjecture 1 is addressed in [11], where the dif-

ferential polynomial f(z)nf (k)(z) is replaced with f(z)n + a1f
′(z) + · · · +

akf
(k)(z). In this regard, we present the following result, which combines

[11, Theorem 1.2 and Remark 1.2(ii)].

Theorem D. Let f(z) be a transcendental entire function, and let n, k
≥ 1 be integers and a1, . . . , ak be complex constants. Suppose that f(z)n +
a1f

′(z) + · · ·+ akf
(k)(z) is a periodic function with period c, and one of the

following conditions holds:

(1) n = 2 or n ≥ 4,

(2) n = 3 and ρ2(f) < 1.

Then f(z) is periodic with period c or nc.

The rest of the paper is devoted to improving Theorems A–D, and it is
organized as follows. We prove two extensions of Theorem A in Section 2,
which will be used to prove the results of Section 3. In Section 3, we improve
and generalize Theorems B and C. Meanwhile, Section 4 contains results
improving the Case (2) in Theorem D.

2. On a Theorem of A. and C. Rényi

Let f(z) be an entire function. The notation S(r, f) stands for any quan-
tity satisfying S(r, f) = o(T (r, f)) as r → ∞ possibly outside an exceptional
set of finite linear/logarithmic measure. A meromorphic function g(z) is said
to be small function of f(z) if and only if T (r, g) = S(r, f).

The question addressed here is whether the conclusion of Theorem A can
still hold if the polynomial in f(z), Q(f), is replaced with a rational function
in f(z), P1(z, f)/P2(z, f), with coefficients being small functions of f(z). In
this section, we treat this question for particular rational functions, and we
discuss the sufficient conditions that we offered. Before stating our results,
we recall some notations. First, we introduce a quantity δP assigned to a
polynomial

P (z) = cν1
zν1 + · · · + cν�

zν� , � ≥ 2, ν1 < · · · < ν�,

where cνs
�= 0 for all s = 1, . . . , �, and defined by δP := gcd(ν2 − ν1, . . . ,

ν� − ν�−1). For example, if P (z) = zn + zm+n (m > 0), then δP = m. No-
tice that when ν1 = 0, then δP = gcd(ν2, . . . , ν�). The functions N(r, f) and
N(r, 1/f) are, respectively, the integrated counting functions for the poles
and the zeros of f(z) in the disc |z| ≤ r with counting the multiplicities.
Analogously, the functions N(r, f) and N(r, 1/f) are, respectively, the in-
tegrated counting functions for the poles and the zeros of f(z) in the disc
|z| ≤ r ignoring the multiplicities.

Analysis Mathematica 48, 2022
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We proceed now to state and prove our results.

Theorem 2.1. Let g(z) be a transcendental entire function such that
N(r, 1/g) = S(r, g), A(z) be non-vanishing meromorphic function satisfying
T (r,A) = S(r, g), and let Q(z) be a polynomial with at least two non-zero
terms. If A(z)Q(g(z)) is periodic of period c, then g(z) is periodic of period c
or δQc.

From Theorem A, we see that the conditions on Q(z) and on zeros of
g(z) can be dropped in Theorem 2.1 if A(z) is constant. In case of Q(z) is a
monomial and A(z) is nonconstant, the conclusion of Theorem 2.1 does not
hold in general. In fact, we can always find functions A(z) and g(z) for which
A(z)g(z)n is periodic, but g(z) is not periodic, where n is a positive integer.

This can be seen, for example, by taking A(z) = e−nz and g(z) = ee
iz+z.

The occurrence of the possibility when g(z) is of period δQc can be seen

by taking g(z) = ez/3 and Q(z) = z3 + z6 + z9, where δQ = 3. In this case,
Q(g(z)) = ez + e2z + e3z is of period c = 2πi while g(z) is of period 3c = 6πi.

The following result is a modification of Theorem 2.1, which treats the
case when irreducible rational function in f(z) is periodic.

Theorem 2.2. Let g(z) be a transcendental entire function such that
N(r, 1/g) = S(r, g), A(z) be non-vanishing meromorphic function satisfying
T (r,A) = S(r, g), and let Q(z) be a polynomial with at least two non-zero
terms. Suppose that A(z)Q(g(z))/g(z) is periodic of period c. Then g(z) is
periodic of period 2c if Q(z) = c0 + c1z + c2z

2, where c0c2 �= 0. Otherwise,
g(z) is periodic of period c or δQc.

The case when Q(z) has the form Q(z) = c0 + c1z+ c2z
2 in Theorem 2.2

and g(z) is of period 2c may occur. For example, the function g(z) = ee
z

is
of period 2πi while Q(g(z))/g(z) is of period πi, where Q(z) = 1 + cz + z2

and c ∈ C.
In the proofs of Theorems 2.1 and 2.2, we will use gc and Ac to stand for

g(z+ c) and A(z+ c), respectively. Also, we will frequently use the following
lemma.

Lemma 2.3 [15, Theorem 1.62]. Let f1(z), . . . , fn(z), where n ≥ 3, be
meromorphic functions which are nonconstant except probably fn(z). Sup-
pose that

∑n
j=1 fj(z) = 1 and fn(z) �≡ 0. If

n∑

i=1

N
(
r,

1

fi

)
+ (n−1)

n∑

i=1
i�=j

N(r, fi) < (λ+ o(1))T (r, fj), j = 1, 2, . . . , n− 1,

as r → ∞ and r ∈ I , where λ < 1 and I ⊂ [0,∞) is a set of infinite linear
measure. Then fn(z) ≡ 1.
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Proof of Theorem 2.1. Let Q(z) =
∑�

s=1 cνs
zνs , where � ≥ 2, ν1 <

· · · < ν� and cνs
�= 0 for all s = 1, . . . , �. Since A(z)Q(g(z)) is periodic of

period c, it follows that

(2.1) Ac

�∑

s=1

cνs
gνs

c = A

�∑

s=1

cνs
gνs.

Since T (r,A) = S(r, g), it follows from (2.1) that T (r, gc) ∼ T (r, g) as r → ∞
probably outside an exceptional set of finite linear measure. Let m ∈
{1, . . . , �}. Dividing (2.1) by cνm

A(z)g(z)νm results in

(2.2)
Ac

A

�∑

s=1

cνs

cνm

gνs
c

gνm
−

�∑

s=1
s �=m

cνs

cνm

gνs−νm = 1.

Clearly Ac

A
gνs
c

gνm
is nonconstant for all s �= m. Then by Lemma 2.3, we obtain

(gc
g

)νm

=
A

Ac
.

Since this is true for every m = 1, . . . , �, it follows that

(gc
g

)ν2−ν1

= · · · =
(gc
g

)ν�−ν�−1

= 1.

This means g(z) is periodic of period c or δQc. �
Proof of Theorem 2.2. Let Q(z) be as in Proof of Theorem 2.1. If

ν1 �= 0, then Q(z)z−1 is a polynomial, and hence the results follows from
Theorem 2.1. So, we assume that ν1 = 0. Similarly as in the proof of The-
orem 2.1, one can see that T (r, gc) ∼ T (r, g) as r → ∞ probably outside an
exceptional set of finite linear measure. Next we distinguish two cases.

Case 1: ν2 = 1. By periodicity of A(z)Q(g(z))/g(z), we have

(2.3)
Acc0
gc

+Acc1 +Ac

�∑

s=3

cνs
gνs−1
c − Ac0

g
−Ac1 −A

�∑

s=3

cνs
gνs−1 = 0.

Dividing (2.3) by c1A(z) and using Lemma 2.3 yield A(z+ c) ≡ A(z). Using
this, and multiplying (2.3) by g(z)/c0, we find

(2.4)
g

gc
+

�∑

s=3

cνs

c0
ggνs−1

c −
�∑

s=3

cνs

c0
gνs = 1.
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If � = 2, then the sums in (2.4) are vanished, and therefore g(z) is periodic
of period c. We suppose then that � ≥ 3. Notice that ggνs−1

c is nonconstant
unless ν3 = 2. Also, notice that g/gc and ggc cannot be constants simultane-
ously. Hence, if ggc is nonconstant or ν3 > 2, then by applying Lemma 2.3
on (2.4), we obtain that g(z) is periodic of period c. Next, we suppose that
ν3 = 2 and g/gc is nonconstant. Then again from Lemma 2.3 and (2.4) we
obtain that

(2.5) ggc = c0/c2,

which implies that g(z) is periodic of period 2c. We show next that this
case can occur only if � = 3. Assume that � ≥ 4. We obtain from (2.5) that

g(z) = eα(z) and g(z + c) = (c0/c2)e
−α(z), where α(z) is an entire function.

Then from (2.4) we obtain

�∑

s=4

cνs

c0
(c0/c2)

νs−1e−(νs−2)α(z) −
�∑

s=4

cνs

c0
eνsα(z) = 0,

which is not possible by Borel’s lemma [15, Theorem 1.51]. Thus � = 3, and
therefore Q(z) = c0 + c1z + c2z

2.

Case 2: ν2 ≥ 2. In this case, we have

(2.6)
Acc0
gc

+Ac

�∑

s=2

cνs
gνs−1
c − Ac0

g
−A

�∑

s=2

cνs
gνs−1 = 0.

Dividing (2.6) by Ac0
g results in

(2.7)
Acg

Agc
+

Ac

A

�∑

s=2

cνs

c0
ggνs−1

c −
�∑

s=2

cνs

c0
gνs = 1.

Here we notice that Ac

A ggνs−1
c is nonconstant unless ν2 = 2. Also, Acg

Agc
and

Ac

A ggc cannot be constants simultaneously. If Ac

A ggc is nonconstant or ν2 > 2,
then from (2.7) and Lemma 2.3 we obtain that Ac/A = gc/g. Then replacing
Ac/A with gc/g in (2.6) results in

�∑

s=2

cνs
gνs

c −
�∑

s=2

cνs
gνs = 0.

By Theorem 2.1, we deduce that g(z) is periodic of c or δQc.

Now, if Acg
Agc

is nonconstant and ν2 = 2, then from (2.7) and Lemma 2.3

we obtain

(2.8) ggc =
c0
c2

A

Ac
.
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On the other hand, dividing (2.6) by Acc0
gc

results in

(2.9) −
�∑

s=2

cνs

c0
gνs

c +
Agc
Acg

+
A

Ac

�∑

s=2

cνs

c0
gcg

νs−1 = 1.

Hence from (2.9) and Lemma 2.3 we obtain

(2.10) gcg =
c0
c2

Ac

A
.

From (2.8) and (2.10), it follows that gcg = ±c0/c2. Similarly as previous
case (1), we deduce that g(z) is periodic of period 2c and Q(z) has, in this
case, the form Q(z) = c0 + c2z

2. �

3. Results on Yang’s conjecture

We start this section by proving the following result, which improves
Theorem B.

Theorem 3.1. Let f(z) be a transcendental entire function and n, k be

positive integers. Suppose that f(z)nf (k)(z) is a periodic function with period
c, and one of the following holds:

(i) f(z) has the value 0 as Picard exceptional value, and ρ2(f) < ∞.

(ii) f(z) has a nonzero Picard exceptional value.

Then f(z) is a periodic function with period c or (n+ 1)c.

Proof. By the assumption, f(z) has the form f(z) = eh(z) + d, where
h(z) is an entire function, and d ∈ C.

From Theorem B, we need only to consider the case when h(z) is a tran-
scendental entire function.

Case (i): d = 0. Since f(z)nf (k)(z) is a periodic function of period c, it
follows that

f(z)nf (k)(z) = f(z + c)nf (k)(z + c).

Substituting f(z) = eh(z), where ρ(h) < ∞, into this equation gives

(3.1) e(n+1)Δh(z) =
Bk(z)

Bk(z + c)
,

where Δh(z) = h(z + c)− h(z) and

(3.2) Bk(z) = (h′(z))k +Qk−1(z),

and Qk−1(z) is a differential polynomial in h′ with constant coefficients and
of degree k − 1.
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Assume that Δh(z) is a transcendental entire function. Then (3.1) yields

∞ = ρ
(
e(n+1)Δh

)
= ρ

( Bk(z)

Bk(z + c)

)
≤ ρ(h) < ∞,

which is a contradiction. Thus Δh(z) is a polynomial. Now, assume that
Δh(z) is a nonconstant polynomial of degree p ≥ 1, namely,

(3.3) h(z + c) = h(z) + P(z) and deg(P) = p.

Then (3.1) can be seen as a linear difference equation

(3.4) Bk(z + c) = e−(n+1)P(z)Bk(z).

From this and [1, Theorem 9.2], we obtain that ρ(Bk) ≥ ρ
(
e(n+1)P)+ 1 =

p+ 1. Hence

(3.5) ρ(h′) ≥ ρ(Bk) ≥ p+ 1.

From (3.2) we have Bk(z + c) = (h′(z + c))k +Qk−1(z + c). Since Qk−1(z)
is a polynomial in h′(z) and its derivatives with constant coefficients, we
obtain, by making use of (3.3), that

(3.6) Bk(z + c) = (h′(z))k +Qk−1(z) + Lk−1(z).

The term Lk−1(z) is a differential polynomial in h′(z) of degree k − 1 with
polynomial coefficients that are coming from P(z) and its derivatives. On
the other hand, by substituting (3.2) into (3.4), we get

(3.7) Bk(z + c) = e−(n+1)P(z)((h′(z))k +Qk−1(z))

It follows from (3.6) and (3.7) that

(h′(z))k = −Qk−1(z)− Lk−1(z)

1− e−(n+1)P(z)
,

which results in

kT (r, h′) ≤ (k − 1)T (r, h′) +O(rp) +O(log r),

and hence ρ(h′) ≤ p, which contradicts (3.5). Thus Δh(z) is a constant.
In this case, one can easily see from (3.2) that Bk(z + c) = Bk(z). Thus
e(n+1)(h(z+c)−h(z)) = 1, that is, f(z) is a periodic function of period c
or (n+ 1)c.
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Case (ii): d �= 0. In this case, we have

(3.8) f(z)nf (k)(z) = Bk(z)
n∑

j=0

(
n

j

)

dn−je(j+1)h(z),

where d �= 0 and Bk(z) is defined as in (3.2). From Theorem 2.1, we obtain
that f(z) is periodic of period c. This completes the proof. �

In the following result we extend Theorem C to hold for f (k)(z)/f(z)n.

Theorem 3.2. Let f(z) be a transcendental entire function, and let

k ≥ 1 and n ≥ 2 be integers. Suppose that f (k)(z)/f(z)n is a periodic func-
tion with period c, and one of the following holds:

(i) f(z) has the value 0 as Picard exceptional value, and ρ2(f) < ∞.

(ii) f(z) has a non-zero Picard exceptional value.

Then f(z) is a periodic function with period c, 2c or (n− 1)c.

Proof. Since f (k)(z)/f(z)n is periodic with period c, it follows that

(3.9)
f(z + c)n

f (k)(z + c)
=

f(z)n

f (k)(z)
.

By substituting the form f(z) = eh(z) + d in (3.9), we obtain

(3.10)
1

Bk(z + c)

(
eh(z+c) + d

)n
e−h(z+c) =

1

Bk(z)

(
eh(z) + d

)n
e−h(z),

where Bk(z) is defined in (3.2). Next, we distinguish the cases related to d.

Case (i): d = 0. In this case, (3.10) becomes

e(n−1)Δh(z) =
Bk(z + c)

Bk(z)
.

Then, from proof of Theorem B when h(z) is polynomial, and from proof
Theorem 3.1(i) when h(z) is transcendental, we obtain that f(z) is a periodic
function with period c or (n− 1)c.

Case (ii): d �= 0. In this case, the result follows directly from Theo-
rem 2.2. This completes the proof. �

If we replace the monomial f(z)n by a polynomial with at least two non-
zero terms in Theorem 3.1 and Theorem 3.2, then the restriction on the
growth in Case (i) in both theorems is no more needed.

Theorem 3.3. Let f(z) be a transcendental entire function, P (z) be a
polynomial with at least two non-zero terms, and k ≥ 1 be an integer. Sup-
pose that P (f(z))f (k)(z) is a periodic function with period c, and f(z) has a
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120 Z. LATREUCH and M. A. ZEMIRNI

finite Picard exceptional value. Then f(z) is a periodic function with period c
or δP c.

Proof. Let P (z) =
∑n

j=1 bνj
zνj .

Case (i): d = 0. In this case we have

(3.11) P (f(z))f (k)(z) = Bk(z)
n∑

j=1

bνj
e(νj+1)h(z),

where Bk(z) is defined in (3.2). From Theorem 2.1, we deduce that f(z) is
periodic with period c or δP c.

Case (ii): d �= 0. In this case, we have

P (f(z))f (k)(z) = Bk(z)
n∑

j=1

bνj

( νj∑

s=0

ase
(s+1)h(z)

)

,

where as =
(νj

s

)
dνj−s. By changing the order of the sums in the previous

equality, we get

P (f(z))f (k)(z) = Bk(z)
νn∑

s=0

cse
(s+1)h(z), cs = as

νn∑

j=s

bj .

From Theorem 2.1, we conclude that f(z) is a periodic function with pe-
riod c. �

Theorem 3.3 generalizes and improves [14, Corollary 1.5 and Theo-
rem 1.6] (see also [8, Corollary 5.1 and Theorem 5.14]).

Theorem 3.4. Let f(z) be a transcendental entire function, P (z) be a
polynomial with at least two non-zero terms, and let k ≥ 1 be an integer.
Suppose that f (k)(z)/P (f(z)) is a periodic function with period c, and f(z)
has a finite Picard exceptional value. Then f(z) is a periodic function with
period c, 2c or δP c.

Proof. We follow the proof of Theorem 3.3 by using Theorem 2.2. �
Theorem 3.4 generalizes and improves [14, Theorem 1.7] (see also [8,

Theorem 5.16]).

4. On a variation of Yang’s conjecture

Recall that the p-iterated order of an entire function f(z) is defined by

ρp(f) = lim sup
r→∞

logp T (r, f)

log r
,
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ON THE PERIODICITY OF ENTIRE FUNCTIONS 121

where log1 r = log r and logp = log(logp−1 r). The finiteness degree i(f) of
f(z) is defined to be

i(f) :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0 if f(z) is a polynomial,

min{j ∈ N : ρj(f) < ∞} if there exists some j ∈ N

for which ρj(f) < ∞,

∞ otherwise.

We find that the condition on the growth in Case (2) of Theorem D can
be relaxed to i(f) < ∞.

Theorem 4.1. Let f(z) be a transcendental entire function, and let
k ≥ 1 be an integer and a1, . . . , ak be complex constants. If f(z)3+a1f

′(z)+
· · · + akf

(k)(z) is a periodic function with period c and i(f) < ∞, then f(z)
is periodic with period c, 2c or 3c.

We find also that the condition i(f) < ∞ can be dropped at the ex-
pense of allowing some restrictions on the zeros of f . In fact, we replace the
condition i(f) < ∞ with Θ(0, f) > 0, where

Θ(0, f) := 1− lim sup
r→∞

N
(
r, 1

f

)

T (r, f)
.

Theorem 4.2. Let f(z) be a transcendental entire function, and let
k ≥ 1 be an integer and a1, . . . , ak be complex constants. If f(z)3+a1f

′(z)+
· · ·+akf

(k)(z) is a periodic function with period c and Θ(0, f) > 0, then f(z)
is periodic with period c or 3c.

To prove Theorems 4.1 and 4.2, we start first with general preparations.
Since f(z)3+a1f

′(z)+ · · ·+akf
(k)(z) is periodic with period c, it follows

(4.1) f(z + c)3 − f(z)3 = −
k∑

j=1

aj
[
f (j)(z + c)− f (j)(z)

]
.

If
∑k

j=1 aj [f
(j)(z + c)− f (j)(z)] ≡ 0, then f(z + c)3 − f(z)3 ≡ 0. Therefore,

f(z) is periodic with period c or 3c. Thus, in what follows we sup-

pose that
∑k

j=1 aj [f
(j)(z + c)− f (j)(z)] �≡ 0. Moreover, we suppose that

f(z + c)− f(z) �≡ 0. Then (4.1) can be written as

(4.2) f(z + c)2 + f(z + c)f(z) + f(z)2 = −
k∑

j=1

aj
f (j)(z + c)− f (j)(z)

f(z + c)− f(z)
.
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Let H(z) denotes the right hand side of (4.2). Then H(z) is an entire func-
tion satisfying

(4.3) T (r,H) = O
(
log T (r,Δf) + log r

)
, r �∈ E,

where Δf(z) = f(z + c)− f(z) and E ⊂ [0,∞) is a subset of finite linear
measure. By using the notation w(z) := f(z + c)/f(z), (4.2) is rewritten as

(4.4) w2 + w + 1 =
H

f2
.

By definition of Δf , we have

(4.5) f =
Δf

w − 1
.

Substituting (4.5) into (4.4), we get

(4.6)
w2 + w + 1

(w − 1)2
=

H

(Δf)2
.

Suppose now that w is constant. Then from (4.3), (4.4) and (4.5) we
obtain

2T (r, f) = T (r,H)=O
(
log T (r,Δf)+ log r

)
= O

(
log T (r, f)+ log r

)
, r �∈E,

which is a contradiction. Thus we suppose that w is nonconstant in all what
follows.

Proof of Theorem 4.1. Since i(f) < ∞, it follows that there exists
some integer p ≥ 1 for which ρp(f) < ∞ and ρp−1(f) = ∞.

From (4.3), (4.4) and (4.6), we get

T (r, f) = T (r,Δf) +O
(
log T (r,Δf) + log r

)
, r �∈ E,

which results in i(Δf) = p, and therefore i(H) ≤ p− 1. We rewrite (4.2) as
follows

(
f(z + c)− qf(z)

)(
f(z + c)− q2f(z)

)
= H(z),

where q = −1+i
√
3

2 . By Weierstrass factorization, we obtain

(4.7) f(z + c)− qf(z) = Π(z)eα(z),

and then

(4.8) f(z + c)− q2f(z) =
H(z)

Π(z)
e−α(z),
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where Π(z) is the canonical product, and α(z) is an entire function. From
the properties of canonical products, it follows that ρp−1(Π) = λp−1(Π) ≤
ρp−1(H) < ∞, see [3, Satz 12.3]. If i(eα) ≤ p− 1, then from (4.7) and (4.8)
we have

(4.9) (q2 − q)f(z) = Π(z)eα(z) − H(z)

Π(z)
e−α(z),

and this yields i(f) ≤ p− 1, which is a contradiction. Thus i(eα) = p. In
this case, by applying [2, Corollary 4.5], we obtain that

N(r, 1/Π) ≤ N(r, 1/H) ≤ T (r,H) = o(T (r, eα)) as r → ∞ and r ∈ F,

where logdens(F ) = 1. From (4.7) and (4.8), we obtain

1

q

H(z)

Π(z)2
e−2α(z) +

1

q2
Π(z + c)

Π(z)
eα(z+c)−α(z)(4.10)

− 1

q2
H(z + c)

Π(z)Π(z + c)
e−α(z+c)−α(z) = 1.

By using [15, Theorem 1.56], we distinguish two cases.

(i) We have

− 1

q2
H(z + c)

Π(z)Π(z + c)
e−α(z+c)−α(z) = 1

and

1

q

H(z)

Π(z)2
e−2α(z) +

1

q2
Π(z + c)

Π(z)
eα(z+c)−α(z) = 0,

which results in

H(z) = −1

q
eα(z+c)+α(z)Π(z)Π(z + c)

and

H(z + c) = −q2 eα(z+c)+α(z)Π(z)Π(z + c).

Since q3 = 1, it follows that H(z + c) = H(z) and Π(z + 2c)eα(z+2c) =
Π(z)eα(z). Therefore, (4.9) reveals that f(z) is a periodic function of pe-
riod 2c.

(ii) We have

1

q2
Π(z + c)

Π(z)
eα(z+c)−α(z) ≡ 1

Analysis Mathematica 48, 2022



124 Z. LATREUCH and M. A. ZEMIRNI

and

1

q

H(z)

Π(z)2
e−2α(z) − 1

q2
H(z + c)

Π(z)Π(z + c)
e−α(z+c)−α(z) ≡ 0,

that is

Π(z + c)eα(z+c) = q2Π(z)eα(z) and
H(z + c)

Π(z + c)
e−α(z+c) = q

H(z)

Π(z)
e−α(z).

Since q3 = 1, we can easily deduce from this and from (4.9) that f(z) is
periodic with period 3c. �

Proof of Theorem 4.2. Here we prove that under the assumption
f(z + c)− f(z) �≡ 0 we get a contradiction. From (4.3) and (4.6), we have
S(r,w) = S(r,Δf). Therefore, (4.4) leads to

(4.11) T (r, f) = T (r,w) + S(r,w).

Using the second main theorem, together with (4.4), we obtain

T (r,w) ≤ N(r,w) +N
(
r,

1

w − q

)
+N

(
r,

1

w − q2

)
+ S(r,w)

= N(r,w) +N
(
r,

1

w2 + w + 1

)
+ S(r,w)

≤ N
(
r,

1

f

)
+N

(
r,

1

H

)
+ S(r,w) = N

(
r,

1

f

)
+ S(r,w).

Hence, from (4.11), we obtain

(4.12) T (r, f) ≤ N
(
r,

1

f

)
+ S(r,w).

Since Θ(0, f) > 0, it follows for any ε ∈ (0, 1) sufficiently small, there exists
R > 0 such that N (r,1/f) < (1− ε)T (r, f). This together with (4.12) results
in T (r, f) = S(r,w), which contradicts (4.11). �
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