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Abstract. Let f(z) be a transcendental meromorphic function, whose zeros
have multiplicity at least 3. Set α(z) := β(z) exp (γ(z)), where β(z) is a noncon-
stant elliptic function and γ(z) is an entire function. If σ(f(z)) > σ(α(z)), then
f ′(z) = α(z) has infinitely many solutions in the complex plane.

1. Introduction

Hayman [1] proved the following result.

Theorem A. Let f be a transcendental meromorphic function and α be
a finite nonzero complex number. If f(z) �= 0 for each z, then f ′ = α has
infinitely many solutions in C.

A meromorphic function α(z) is called a small function with respect to
f(z) provided that T (r,α(z)) = o{T (r, f(z))} as r → ∞ outside of a possible
exceptional set of r of finite linear measure.

Naturally, we ask that whether Theorem A is valid or not if the finite
non-zero complex number α is replaced by a small function α(z) related to
f(z).

The defect relation for small functions [10, Corollary 2] due to Yamanoi
directly implies the following two theorems.

Theorem B. Let f be a transcendental meromorphic function, and let α
be a small meromorphic functions with respect to f . Assume that all but
finitely many zeros of f ′ have multiplicity at least 3. Then f ′(z) = α(z) has
infinitely many solutions in C.
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Theorem C. Let f be a transcendental meromorphic function, and let
α1 and α2 be two small meromorphic functions with respect to f . Then either
f ′(z) = α1(z) or f ′(z) = α2(z) has infinitely many solutions in C.

In 2008, Theorem A was generalized by Pang, Nevo and Zalcman.

Theorem D [5]. Let f be a transcendental meromorphic function, whose
zeros are multiple, and let α ( �≡ 0) be a rational function. Then f ′ = α has
infinitely many solutions in C.

We wonder if Theorem D still holds provided that α(z) is a transcenden-
tal meromorphic function. In this direction, we proved the following result.

Theorem E [12]. Let f(z) be a transcendental meromorphic function,
whose poles are multiple and whose zeros have multiplicity at least 3. Set
α(z) := β(z) exp (γ(z)), where β(z) is a nonconstant elliptic function and
γ(z) is an entire function. If σ(f(z)) > σ(α(z)), then f ′(z) = α(z) has in-
finitely many solutions in C.

In this paper we show the assumption that all poles of f are multiple in
Theorem E is unnecessary. We extend Theorem E as follows.

Theorem 1.1. Let f(z) be a transcendental meromorphic function, all
but finitely many of whose zeros have multiplicity at least 3. Set α(z) :=
β(z) exp (γ(z)), where β(z) is a nonconstant elliptic function and γ(z) is an
entire function. If σ(f(z)) > σ(α(z)), then f ′(z) = α(z) has infinitely many
solutions in C (including the possibility of infinitely many common poles of
f(z) and α(z)).

2. Notation and preliminary lemmas

Let C be the complex plane and D be a domain in C. For z0 ∈ C

and r > 0, we write Δ(z0, r) := {z | |z − z0| < r}, Δ(z0, r) := {z | |z − z0|
≤ r}, Δ′(z0, r) := {z | 0 < |z− z0| < r}, Δ := Δ(0,1) and Δ′ := Δ′(0,1). Let
n(r, f) denote the number of poles of f(z) in Δ(0, r) (counting multiplicity).

We write fn
χ⇒ f in D to indicate that the sequence {fn} converges to f in

the spherical metric uniformly on compact subsets of D and fn ⇒ f in D
if the convergence is in the Euclidean metric. For f meromorphic in D, we
write

f#(z) :=
|f ′(z)|

1 + |f(z)|2 ,(2.1)

S(D, f) :=
1

π

∫∫
D
[f#(z)]2 dxdy and S(r, f) := S(Δ(0, r), f).
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The Ahlfors–Shimizu characteristic is defined by T (r, f) =
∫ r
0

S(t,f)
t dt. The

order ρ(f) and the hyper-order σ(f) of a meromorphic function f are defined
as follows:

ρ(f) := lim sup
r→∞

log T (r, f)

log r
and σ(f) := lim sup

r→∞
log log T (r, f)

log r
.

Lemma 2.1 [9]. Let m be a positive integer and R be a rational function.
If R′(z) �= z−m for each z, then R is a constant function.

Lemma 2.2 [8]. Let R(z) = anz
n + an−1z

n−1 + · · ·+ a0 +
Q(z)
P (z) , where a0,

a1, . . . , an are constants with an �= 0, P (z) and Q(z) are two coprime poly-
nomials with degQ(z) < degP (z). If R′(z) �= 1, then R(z) = z+ a+ b

(z−c)m ,

where a, b ( �= 0), c are constants and m is a positive integer.

Lemma 2.3 [8]. Let f be a nonconstant meromorphic function of finite
order in C, whose zeros are multiple. If f ′(z) �= 1 for each z, then f(z) =
(z−a)2

z−b for some a and b ( �= a).

Lemma 2.4. Let F be a family of meromorphic functions in D, all of
whose zeros have multiplicity at least k, and suppose that there exists A ≥ 1
such that |f (k)(z)| ≤ A whenever f(z) = 0. If F is not normal at z0, then
there exist

(a) points zn, zn → z0;

(b) functions fn ∈ F ; and

(c) positive numbers ρn → 0

such that ρ−k
n fn(zn + ρnζ) = gn(ζ)

χ⇒ g(ζ) in C, where g is a nonconstant
meromorphic function in C such that g#(ζ) ≤ g#(0) = kA+1. In particular,
g has order at most 2.

This is the local version of [6, Lemma 2] (cf. [3, Lemma 1]; [13, pp. 216–
217]). The proof consists of a simple change of variable in the result cited
from [6] (cf. [4, pp. 299–300]).

Lemma 2.5 [2]. Let k be a positive integer and let {fn} be a family of
meromorphic functions in Δ, all of whose zeros have multiplicity at least

k + 1. If an → 0 and f#
n (an) → ∞, then there exist

(a) points zn → 0;

(b) a subsequence of {fn} (still denoted by {fn}); and
(c) positive numbers ρn ≤ M

k+1
√

f#
n (an)

, where M is a constant which is in-

dependent on n, such that gn(ζ) = ρ−k
n fn(zn + ρnζ)

χ⇒ g(ζ) in C, where g is
a nonconstant meromorphic function in C such that g#(ζ) ≤ g#(0) = k + 1.
In particular, g has order at most 2.
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Lemma 2.6 [7]. Let f be a meromorphic function in Δ, and let a1, a2,
a3 be three distinct complex numbers. Assume that the number of zeros of∏3

i=1(f(z)− ai) in Δ is ≤ n, where multiple zeros are counted only once.
Then

S(r, f) ≤ n+
A

1− r
, 0 ≤ r < 1,

where A > 0 is a constant, which depends on a1, a2, a3 only.

Lemma 2.7 [11]. Let f be a meromorphic function in C and α be a

nonzero constant. Then (αf)#(z) ≤ max{|α|, 1/|α|}f#(z).

Lemma 2.8 [12]. Let f(z) be a meromorphic function of hyper-order
σ(f) > 0, and let ε ∈ (0, σ(f)) denote a fixed constant. Then there exist an
→ ∞ and δn → 0 such that

S(Δ(an, δn), f) ≥ exp (|an|σ(f)−ε),

f#(an) ≥ exp (|an|σ(f)−ε) and δn ≤ exp (−|an|σ(f)−ε).

Lemma 2.9 [12]. Let f(z), g(z) be meromorphic functions in Δ(0, ρ) and
let r, R be positive numbers satisfying r < R < ρ. Then

S(r, fg) ≤ S(R, f) + S(R, g)

+
1

2π

(
log

R

r

)−1
∫ 2π

0
log

(|g(reiθ)|+ |g(reiθ)|−1
)
dθ.

Lemma 2.10. Assume that the conditions of Theorem 1.1 are satisfied,

f ′(z)− α(z) has at most finitely many solutions, and β(z) = zmβ̂(z), where

β̂(z) ( �= 0) is holomorphic in Δ and m is an integer. Let an → ∞ and
bn → 0 be sequences of complex numbers such that β(z + an − bn) = β(z).
Let {tn} be a sequence of positive numbers such that tn ≤ exp (−|an|λ), where
λ∈(σ(α), σ(f)). Set Tn(ζ) :=

f(an−bn+tnζ)

tm+1
n exp(γ(an−bn+tnζ))

. Then {Tn(ζ)} is normal

in C \ {0}.
Using the same argument as in the proof of [12, Lemma 3.4], we can

show Lemma 2.10 holds. In fact, the condition that all poles of f(z) are
multiple is not necessary in the proof of [12, Lemma 3.4].

3. Auxiliary lemmas

Lemma 3.1. Let f be a nonconstant meromorphic function, whose zeros
have multiplicity at least 3. Then for any finite nonzero complex number c,
f ′ − c has at least one zero in C.
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Proof. Suppose that there exists a finite non-zero complex number c
such that f ′ − c has no zeros in C. By Theorem D and Lemma 2.3, f(z) =
c(z−a)2

z−b for some a and b ( �= a). This contradicts the fact that all zeros of f
have multiplicity at least 3. �

Lemma 3.2. Let n be a positive integer, and R(z) be a rational function,
whose zeros have multiplicity at least 3. If R′(z) �= zn for each z, then n = 1

and R(z) =
(z− c

3
)3

2(z−c) , where c is a nonzero constant.

Proof. We consider the following two cases.

Case 1: R(z) is a polynomial. Clearly, we have R(z) = zn+1

n+1 +az+ b in C,

where a �= 0 and b are constant. However R′(z) = zn + a which contradicts
that all zeros of R(z) have multiplicity at least 3.

Case 2: R(z) is not a polynomial. Since R′(z) �= zn, we have
(
R(z)−

zn+1

n+1 + z
)′ �= 1 for each z ∈ C. By Lemma 2.2,

R(z) =
zn+1

n+1
+a+

b

(z−c)m
=

zn+1(z−c)m+a(n+1)(z−c)m + b(n+1)

(n+1)(z−c)m
,

where a, b ( �= 0) and c are constant, m is a positive integer. Then we have

R′(z) = zn − bm

(z − c)m+1
,(3.1)

R′′(z) = nzn−1 +
bm(m+ 1)

(z − c)m+2
.(3.2)

By (3.1) and (3.2), we see that R(z) has a unique (multiple) zero z0 =
n

m+n+1 c.

We claim that c �= 0. Otherwise, substituting c = 0 into (3.1), we obtain

R′(z) = zm+n+1−bm
zm+1 which contradicts that all zeros of R(z) have multiplicity

at least 3.
Set

P (z) := zn+1(z − c)m + a(n+ 1)(z − c)m + b(n+ 1).

A simple calculation shows that

R(z) =
zn+1(z − c)m + a(n+ 1)(z − c)m + b(n+ 1)

(n+ 1)(z − c)m
=

P (z)

(n+ 1)(z − c)m
.

Clearly, P (z) and R(z) have the same zeros with the same multiplicities.
Then we have
(3.3)

P (z)=zn+1(z−c)m+a(n+1)(z−c)m+b(n+1) =
(
z− cn

m+n+1

)m+n+1
.
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Comparing the coefficients of the term zm+n, we obtain m = n. Take the
derivative of both sides of the equation (3.3), we obtain

(z − c)n−1
[
(n+ 1)zn(z − c) + nzn+1 + an(n+ 1)

]
(3.4)

= (2n+ 1)
(
z − cn

2n+ 1

)2n
.

Comparing the constant terms of both sides in (3.4), we see that (z − c)n−1

must be constant and thus m = n = 1. Then z0 =
c
3 and R(z) =

(z− c

3
)3

2(z−c) ,

where c is a constant. �
Lemma 3.3. Let R(z) ( �≡ 0) be a rational function, having a zero of or-

der 2 at the point z = 0. If R′(z) �= z for each z ∈ C \ {0}, then R(z) = cz2,
where c ( �= 1/2) is a nonzero constant.

Proof. Clearly, R(z)− z2

2 is not a constant. We assume that z = 0 is

a zero of R(z)− z2

2 of order λ (≥ 2). Set q(z)
p(z) := R(z)− z2

2 , where p(z) and

q(z) are two coprime polynomials.

Case 1: deg p(z) �= deg q(z).

(3.5) R′(z)− z =
(q(z)
p(z)

)′
=

q′(z)p(z)− p′(z)q(z)
p2(z)

�= 0 for each z ∈ C\{0}.

Let q(z) = amzm + am−1z
m−1 + · · · + a0 and p(z) = bnz

n + bn−1z
n−1 +

· · ·+ b0, where am ( �= 0), . . . , a1, a0 and bn ( �= 0), . . . , b1, b0 are constants.
Clearly, m ≥ λ ≥ 2,

q′(z)p(z)− p′(z)q(z) = (m− n)ambnz
m+n−1 + · · · + (a1b0 − a0b1)

and z = 0 is a zero of order λ− 1 of q′(z)p(z)− p′(z)q(z). We denote non-
zero zeros of q′(z)p(z)− p′(z)q(z) by c1, c2, . . . , cl, and the related orders
denote by n1, n2, . . . , nl.

We deduce from (3.5) that the nonzero zeros of q′(z)p(z)− p′(z)q(z)
are the zeros of p2(z). Since q(z) and p(z) are coprime, we can see
from (3.5) that ci is the zero of p(z) with order ni + 1 (i = 1, 2, . . . , l).
Then n1 + n2 + · · · + nl + λ− 1 = m+ n− 1 and 2(n1 + n2 + · · · + nl + l)
≤ 2n. It is easily obtained that (m− λ) + l ≤ 0. We have l = 0, m = λ,
q(z) = amzm and q′(z)p(z)− p′(z)q(z) = (m− n)ambnz

m+n−1. We also
have q′(z)p(z)− p′(z)q(z) = amzm−1(mp(z)− zp′(z)). If deg p(z) �= 0, then
[mp(z)− zp′(z)]

∣∣
z=0

= 0 and thus p(0) = 0 which contradicts the fact z = 0

is a zero of q(z)
p(z) . Now deg p(z) = 0 and R(z) = czm, where c ( �= 0) is a con-

stant. By (3.5), cmzm−2 − 1 �= 0 for each z ∈ C \ {0}. Then R(z) = cz2,
where c ( �= 1/2) is a nonzero constant.
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Case 2: deg p(z) = deg q(z). Write R(z)− z2

2 = c+ r(z)
p(z) , where c ( �= 0)

is a constant, p(z) and r(z) are two coprime polynomials and deg p(z) >
deg r(z). Now, we have

(3.6)
(
c+

r(z)

p(z)

)′
=
(r(z)
p(z)

)′
=
q′(z)p(z)−p′(z)q(z)

p2(z)
�= 0 for each z∈C \ {0}.

Let r(z) = amzm + am−1z
m−1 + · · · + a0 and p(z) = bnz

n + bn−1z
n−1 +

· · · + b0, where am ( �= 0), . . . , a1, a0 and bn ( �= 0), . . . , b1, b0 are constants.

Since z = 0 is a zero of R(z)− z2

2 of order λ (≥ 2), we have r(0) = a0 �= 0
and p(0) = b0 �= 0. Using the same argument presented in Case 1, we can
show that r′(z)p(z)− p′(z)r(z) = (m− n)ambnz

m+n−1. Then

(3.7) (m− n)ambnz
m+n−1 + · · · + (a1b0 − a0b1) = (m− n)ambnz

m+n−1.

Comparing the coefficients of the term zi in (3.7) for i = 0, 1, 2, . . . ,m− 1,
we obtain

a1
a0

=
b1
b0

,
a2
a0

=
b2
b0

, . . . ,
am
a0

=
bm
b0

.

Comparing the coefficients of the term zi in (3.7) for i = m,m+1, . . . , n− 1,
we obtain bm+1 = bm+2 = · · · = bn = 0, a contradiction. �

4. Proof of Theorem 1.1

We assume that f ′(z) = α(z) has at most finitely many solutions and
derive a contradiction. In the following part, let ε ∈ (0, (σ(f)− σ(α))/8)
denote a fixed constant.

By our assumptions,

(4.1) f ′(z) �= α(z) and
f ′(z)
α(z)

�= 1 for sufficiently large |z|.

Set F (z) := f(z)
α(z) . Clearly, σ(F ) = σ(f). Noting that α(z) = β(z) exp (γ(z)),

we have σ(F ) = σ(f) > σ(α) ≥ σ(exp (γ)) = ρ(γ). By an elementary calcu-
lation we have

(4.2)
f ′(z)
α(z)

= F ′(z) + F (z)
(β′(z)
β(z)

+ γ′(z)
)
.

By Lemma 2.8, there exist an → ∞ and δn → 0 such that

S(Δ(an, δn), F ) ≥ exp (|an|σ(f)−ε),(4.3)

F#(an) ≥ exp (|an|σ(f)−ε) and δn ≤ exp (−|an|σ(f)−ε).
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Let ω1, ω2 be the two fundamental periods of β(z) and P be a fundamen-
tal parallelogram of β(z). There exist integers in and jn such that bn ∈ P,
where bn = an − inω1 − jnω2. Taking a subsequence and renumbering, we
may assume that bn → b∗ as n → ∞.

Without loss of generality, we may assume that b∗ = 0, Δ ⊂ P, and

β(z) = zmβ̂(z) for z ∈ Δ, where β̂(0) = 1, β̂(z) �= 0,∞ in Δ, and m is an
integer. For convenience, we set

Fn(z) := F (an − bn + z) for z ∈ Δ, fn(z) := f(an − bn + z),(4.4)

αn(z) := α(an − bn + z) and γn(z) := γ(an − bn + z) for z ∈ Δ.(4.5)

Taking a subsequence and renumbering if necessary, we may assume that

(a1) f ′
n(z) �= αn(z) = β(z)γn(z) in Δ,

(a2) S(Δ(bn, δn), Fn) ≥ exp (|an|σ(f)−ε) and F#
n (bn) ≥ exp (|an|σ(f)−ε),

(a3) 1 �= f ′
n(z)

αn(z)
= F ′

n(z) + Fn(z)
(β′(z)
β(z) + γ′n(z)

)
in Δ.

In fact, It follows from (4.1) and (4.5) that (a1) holds. Noting that

S(Δ(bn, δn), Fn) = S(Δ(an, δn), F ) and F#
n (bn) = F#(an), we see that (a2)

holds by (4.3) and (4.4). Substituting z = an − bn + z into (4.2), we get that
(a3) holds by (4.1) and (4.5).

We claim that β(0) = 0 or β(0) = ∞. On the contrary, suppose that
β(0) �= 0,∞. Clearly, all zeros Fn have multiplicity at least 3 for sufficiently
large n in Δ. By (a2) and Marty’s criterion, {Fn} is not normal at 0. Us-
ing Lemma 2.5 for k = 1, there exist points zn → 0, a subsequence of {Fn}
(still denoted by {Fn}) and positive numbers ρn ≤ M√

F#
n (bn)

, where M is a

constant which is independent on n, such that

(4.6) Gn(ζ) = ρ−1
n Fn(zn + ρnζ)

χ⇒ G(ζ) in C,

where G is a nonconstant meromorphic function in C, whose zeros have
multiplicity at least 3. By (a2), we see that

(4.7) ρn ≤ M exp
(
−1

2
|an|σ(f)−ε

)
≤ exp (−|an|σ(f)−2ε)

for sufficiently large n. For any given R > 0, we have

|γ′(an − bn + zn + ρnζ)| ≤ M(|2an|, γ′)(4.8)

≤ exp(|2an|ρ(γ)+ε) ≤ exp(|an|σ(α)+2ε)

for sufficiently large n in Δ(0, R). By (4.7) and (4.8), we see that

(4.9) ρnγ
′(an − bn + zn + ρnζ) ⇒ 0 in C.
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Then

(4.10)
β′(zn + ρnζ)

β(zn + ρnζ)
⇒ β′(0)

β(0)
in C, and thus ρn

β′(zn + ρnζ)

β(zn + ρnζ)
⇒ 0 in C.

Substituting z = zn + ρnζ into (a3), we have

1 �= f ′
n(zn + ρnζ)

αn(zn + ρnζ)
(4.11)

= G′
n(ζ) +

[
ρn

β′(zn + ρnζ)

β(zn + ρnζ)
+ ρnγ

′(an − bn + zn + ρnζ)
]
Gn(ζ).

By (4.9)–(4.11),

(4.12) 1 �= f ′
n(zn + ρnζ)

αn(zn + ρnζ)
⇒ G′(ζ) in C \G−1(∞).

By Hurwitz’s theorem, either G′(ζ) ≡ 1 or G′(ζ) �= 1 in C. This contradicts
to Lemma 3.1.

Next, we consider the cases β(0) = 0 and β(0) = ∞. We claim that bn ≤
exp (−|an|σ(f)−3ε) for sufficiently large n. Otherwise, taking a subsequence
and renumbering, we may assume that bn > exp (−|an|σ(f)−3ε). Set

ηn := exp (−|an|σ(f)−2ε),(4.13)

Bn(z) :=
F (an + ηnz)

ηn
=

Fn(bn + ηnz)

ηn
for z ∈ Δ.

Noting that ηn → 0, bn → 0 and ηn/bn → 0 as n → ∞, we see that

(4.14) bn + ηnz ∈ Δ and bn + ηnz �= 0 for sufficiently large n in Δ,

and hence all zeros of Bn(z) have multiplicity at least 3 for sufficiently large n
in Δ. By (a2), for sufficiently large n we have

B#
n (0) = η2n

|F ′
n(bn)|

η2n + |Fn(bn)|2(4.15)

≥ η2n
|F ′

n(bn)|
1 + |Fn(bn)|2 = η2nF

#
n (bn) > exp (|an|σ(f)−2ε).

Clearly, B#
n (0) → ∞. By Marty’s criterion, {Bn(z)} is not normal at 0. Us-

ing Lemma 2.4 for k = 1, there exist points zn → 0, a subsequence of {Bn(z)}
(still denoted by {Bn(z)}) and positive numbers ρn → 0 such that

(4.16) Gn(ζ) =
Bn(zn + ρnζ)

ρn
=

Fn(bn + ηn(zn + ρnζ))

ρnηn

χ⇒ G(ζ) in C,
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where G is a nonconstant meromorphic function in C whose zeros have mul-
tiplicity at least 3. Noting that bn/ηn → ∞ as n → ∞, we obtain

ηn
β′(bn + ηn(zn + ρnζ))

β(bn + ηn(zn + ρnζ))
(4.17)

=
m

bn/ηn + zn + ρnζ
+ ηn

β̂′(bn + ηn(zn + ρnζ))

β̂(bn + ηn(zn + ρnζ))
⇒ 0 in C.

For any given R > 0, we see that

|γ′(an+ηn(zn+ρnζ))| ≤ M(|2an|, γ′) ≤ exp(|2an|ρ(γ)+ε) ≤ exp(|an|σ(α)+2ε)

for sufficiently large n in Δ(0, R). Then

(4.18) ηnγ
′(an + ηn(zn + ρnζ)) ⇒ 0 in C.

Substituting z = bn + ηn(zn + ρnζ) into (a3), for sufficiently large n we have

1 �= f ′
n(bn + ηn(zn + ρnζ))

αn(bn + ηn(zn + ρnζ))
(4.19)

= G′
n(ζ) + ρnηn

(β′(bn + ηn(zn + ρnζ))

β(bn + ηn(zn + ρnζ))
+ γ′(an + ηn(zn + ρnζ))

)
Gn(ζ).

By (4.16)−(4.19), we obtain

1 �= f ′
n(bn + ηn(zn + ρnζ))

αn(bn + ηn(zn + ρnζ))

χ⇒ G′(ζ) in C \G−1(∞).

By Hurwitz’s theorem, either G′(ζ) ≡ 1 or G′(ζ) �= 1 in C. This contradicts
to Lemma 3.1.

Set σn := exp (−|an|σ(f)−5ε), λn := exp (−|an|σ(f)−6ε), Sn(z) :=
Fn(z)

z

and Ŝn(z) := Sn(λnz). We claim that

(4.20) S(1, Ŝn(z)) ≥ exp (|an|σ(f)−3ε) for sufficiently large n.

Clearly, Δ(bn, δn) ⊂ Δ(0, σn) and S(Δ(0, σn), Fn) > S(Δ(bn, δn), Fn) for suf-
ficiently large n. Since σn

λn
→ 0 as n → ∞, for sufficiently large n we have

(4.21) S
(1
2
, Fn(λnz)

)
> S

(σn
λn

, Fn(λnz)
)
=S(σn, Fn(z))≥ exp (|an|σ(f)−ε).

It follows from Lemma 2.9 that

S
(1
2
, Fn(λnz)

)
= S

(1
2
,
Fn(λnz)

z
· z

)
(4.22)

Analysis Mathematica 47, 2021



ON THE DISTRIBUTION OF MEROMORPHIC FUNCTIONS 253

≤ S
(
1,

Fn(λnz)

z

)
+ S(1, z) +

log 5− log 2

log 2

for sufficiently large n. (4.21) and (4.22) imply

(4.23) S
(
1,

Fn(λnz)

z

)
≥ exp (|an|σ(f)−2ε) for sufficiently large n.

By (2.1) and Lemma 2.7, for sufficiently large n we have

S(1, Ŝn(z)) = S
(
1,

Fn(λnz)

λnz

)
≥ λ2

n S
(
1,

Fn(λnz)

z

)
≥ exp (|an|σ(f)−3ε).

We consider the following two cases.

Case 1: β(0) = 0. Set Dn := {z | |Sn(z)| = 3, |z| ≤ 2λn}. We claim that
Dn is non-empty set for sufficiently large n. Otherwise, taking a subse-
quence and renumbering, we may assume that Dn is empty set. Noting that

Sn(0) = ∞, we see that |Ŝn(z)| > 3 in Δ(0, 2). Thus we have

n
(
2,

1

(Ŝn(z)− 1)(Ŝn(z)− 2)(Ŝn(z)− 3)

)
= 0.

By Lemma 2.6, there exists M > 0 such that S(1, Ŝn(z)) ≤ M . This contra-
dicts (4.20).

Set

(4.24) Tn(ζ) :=
fn(tnζ)

tm+1
n exp(γn(tnζ))

= ζm+1β̂(tnζ)Sn(tnζ),

where tn is one of an element of Dn of smallest modulus. Now, we have

(b1) tn �= 0 and |tn| ≤ 2λn for sufficiently large n, and

(b2) |Sn(tnζ)| ≥ 3 and Tn(ζ) �= 0 for sufficiently large n in Δ.

Noting that Sn(0) = ∞, we see that tn �= 0. By the definition of Dn,
|tn| ≤ 2λn for sufficiently large n. Thus (b1) holds. Since tn is one of an ele-
ment of Dn of smallest modulus and 0 is a pole of Sn(z), we have |Sn(tnζ)| ≥ 3
in Δ. By (4.24), Tn(ζ) �= 0 for sufficiently large n in Δ′. By (a1), fn(0) �= 0
and hence Tn(0) �= 0 for sufficiently large n. Thus (b2) holds.

By Lemma 2.10, {Tn} is normal in C \ {0}. Taking a subsequence and

renumbering, we may assume that Tn(ζ)
χ⇒ T (ζ) in C \ {0}. By (4.24),

|T (1)| = lim
n→∞ |Tn(1)| = lim

n→∞ |β̂(tn)Sn(tn)| = 3.

Thus T−1(ζ) is a meromorphic function in C \ {0}. By (b2) and the maxi-

mum principle, T−1
n (ζ) ⇒ T−1(ζ) in Δ. Then we have Tn(ζ)

χ⇒ T (ζ) in C,
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where T (ζ) is a meromorphic function in C, whose zeros have multiplicity
at least 3.

We claim that either T ′(ζ)− ζm ≡ 0 or T ′(ζ)− ζm �= 0 in C. For any
R > 0, we have

|γ′n(tnζ)| = |γ′(an − bn + tnζ)| ≤ M(|2an|, γ′)
≤ exp(|2an|ρ(γ)+ε) ≤ exp(|an|σ(α)+2ε)

for sufficiently large n in Δ(0, R). Thus we have

(4.25) tnγ
′
n(tnζ) ⇒ 0 in C.

An elementary calculation shows that

T ′
n(ζ) =

f ′
n(tnζ)

tmn exp(γn(tnζ))
− tnγ

′
n(tnζ)

fn(tnζ)

tm+1
n exp(γn(tnζ))

,

and then, by (4.25),

(4.26)
f ′
n(tnζ)

tmn exp(γn(tnζ))
= T ′

n(ζ) + tnγ
′
n(tnζ)Tn(ζ) ⇒ T ′(ζ) in C \ T−1(∞).

Set

(4.27) Un(ζ) :=
f ′
n(tnζ)− α(tnζ)

tmn exp(γn(tnζ))
=

f ′
n(tnζ)

tmn exp(γn(tnζ))
− β(tnζ)

tmn
.

By (4.26) and (4.27), we see that

(4.28) Un(ζ) ⇒ T ′(ζ)− ζm in C \ T−1(∞).

By (a1), it is easy to see that

(4.29) Un(ζ) �= 0 for sufficiently large n.

By (4.28), (4.29) and Hurwitz’s theorem, either T ′(ζ)− ζm ≡ 0 or T ′(ζ)− ζm

�= 0 in C.
Assume that T ′(ζ)−ζm ≡ 0 in C. Since all zeros of T (ζ) have multiplicity

at least 3, we obtain T (ζ) = ζm+1

m+1 which contradicts the fact that |T (1)| = 3.

Thus T ′(ζ)− ζm �= 0 in C. By Lemma 3.2, m = 1 and T (ζ) =
(ζ− c1

3
)3

2(ζ−c1)
, where

c1 is a nonzero constant. Then

(4.30) Tn(ζ) =
fn(tnζ)

t2n exp(γn(tnζ))

χ⇒
(
ζ − c1

3

)3
2(ζ − c1)

in C.

Analysis Mathematica 47, 2021



ON THE DISTRIBUTION OF MEROMORPHIC FUNCTIONS 255

By Hurwitz’s theorem, there exist sequences ζ0,n → c1
3 and ζ∞,n → c1 such

that T (ζ0,n) = 0 and T (ζ∞,n) = ∞. Set T̂n(ζ) :=
ζ−ζ0,n

(ζ−ζ∞,n)3
· Tn(ζ). By the

maximum principle,

T̂n(ζ) :=
ζ − ζ0,n

(ζ − ζ∞,n)3
· Tn(ζ) ⇒ 1

2
in C.

Set En :=
{
z | |Sn(z)| = 3, A|tn| < |z| ≤ 2λn

}
, where

A = max
{|ζ| : |Tn(ζ)| = 1, |Tn(ζ)| = 2 or |Tn(ζ)| = 3

}
.

We claim that En is non-empty set for sufficiently large n. Otherwise,
taking a subsequence and renumbering, we may assume that En is empty
set. By (4.30) and Hurwitz’s theorem,

n
(
2,

1

(Ŝn(z)− 1)(Ŝn(z)− 2)(Ŝn(z)− 3)

)
= 9.

By Lemma 2.6, there exists M > 0 such that S(1, Ŝn(z)) ≤ M . This contra-
dicts (4.20).

Set

(4.31) Rn(ξ) :=
fn(rnξ)

r2n exp(γn(rnξ))
= ξ2 β̂(rnξ)Sn(rnξ),

where rn is one of an element of En of smallest modulus.
We claim that

(c1) |rn| ≤ 2λn for sufficiently large n,

(c2) rn
tn

→ ∞ as n → ∞, and

(c3) Rn(ξ) has a unique (multiple) zero tn
rn

· ζ0,n for sufficiently large n
in Δ.

By the definition of En, (c1) holds. By (4.30) and Hurwitz’s theorem,
(c2) and (c3) holds.

By Lemma 2.10, {Rn(ξ)} is normal in C \ {0}. Taking a subsequence

and renumbering, we may assume that Rn(ξ)
χ⇒ R(ξ) in C \ {0}. By (4.31),

|R(1)| = lim
n→∞ |Rn(1)| = lim

n→∞ |β̂(tn)Rn(rn)| = 3.

Thus R(ξ) is a nonzero meromorphic function in C \ {0}. Using the method
of dealing with {Tn}, we can show either R′(ξ)− ξ ≡ 0 or R′(ξ)− ξ �= 0 in
C \ {0}.
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Set R̂n(ξ) :=
ξ− tn

rn
·ζ0,n

(ξ− tn
rn

·ζ∞,n)3
·Rn(ξ). Then

(4.32) R̂n(ξ)
χ⇒ R(ξ)

ξ2
in C \ {0}.

Clearly, R̂n(ξ) has no zeros for sufficiently large n in Δ. By the maximum

principle, {R̂n(ξ)} converges in the spherical metric uniformly on Δ(0, 1/2).
Then we can assume that

(4.33) R̂n(ξ)
χ⇒ R̂(ξ) in C.

(4.32) and (4.33) imply that R(ξ) can be extended to meromorphic function

ξ2R̂(ξ) in C. Noting that

(4.34) R̂(0) = lim
n→∞ R̂n(0) = lim

n→∞ T̂n(0) =
1

2
,

we see that ξ = 0 is a zero of order 2 of R(ξ) and R′′(0) = 1.
Suppose that R′(ξ)− ξ ≡ 0 in C \ {0}. Then R′(ξ)− ξ ≡ 0 in C. Noting

that ξ = 0 is a zero of order 2 of R(ξ), we have R(ξ) = ξ2

2 which contradicts
the fact that |R(1)| = 3. Thus R′(ξ)− ξ �= 0 in C \ {0}. By Lemma 3.3,
R(ξ) = c1ξ

2, where c1 ( �= 1/2) is a nonzero constant. A simple calculation
shows R′′(0) = R′′(ξ)|ξ=0 = 2c1 �= 1, a contradiction.

Case 2: β(0) = ∞. Taking a subsequence and renumbering, we may
assume that Sn(0) → c0 as n → ∞, where c0 is a finite complex number or
c0 = ∞.

Subcase 2.1: c0 = 0. Set Pn :=
{
z | |Sn(z)| = 3, |z| ≤ 2λn

}
. We claim

that Pn is non-empty set for sufficiently large n. Otherwise, taking a subse-
quence and renumbering, we may assume that Pn is empty set, and hence

|Ŝn(z)| < 3 in Δ(0, 2). Thus we have

n
(
2,

1

(Ŝn(z)− 3)(Ŝn(z)− 4)(Ŝn(z)− 5)

)
= 0.

By Lemma 2.6, there exists M > 0 such that S(1, Ŝn(z)) ≤ M . This contra-
dicts (4.20).

Set

(4.35) Tn(ζ) :=
fn(tnζ)

tm+1
n exp(γn(tnζ))

= ζm+1β̂(tnζ)Sn(tnζ),

where tn is one of an element of Pn of smallest modulus. Using a similar
argument presented in Case 1, we can get that
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(d1) tn �= 0 and |tn| ≤ 2λn for sufficiently large n, and

(d2) |Sn(tnζ)| ≤ 3 and |Tn(ζ)| < 4 for sufficiently large n in Δ.

By Lemma 2.10, {Tn} is normal in C \ {0}. Taking a subsequence and

renumbering, we may assume that Tn(ζ)
χ⇒ T (ζ) in C \ {0}. By (4.35),

|T (1)| = limn→∞ |Tn(1)| = limn→∞ |β̂(tn)Sn(tn)| = 3. Thus T (ζ) is a mero-
morphic function in C \ {0}. By (d2) and the maximum principle, Tn(ζ)

⇒ T (ζ) in Δ. Then we have Tn(ζ)
χ⇒ T (ζ) in C. where T (ζ) is a meromor-

phic function in C, whose zeros have multiplicity at least 3. By (d2), we see
that T (z) �= ∞ in Δ. The same argument presented in Case 1 show that
either T ′(ζ)− ζm ≡ 0 or T ′(ζ)− ζm �= 0 in C.

We claim that T ′(ζ) �= ζm in C. Suppose that T ′(ζ)− ζm ≡ 0 in C. It
is easy to see that m �= −1. (Otherwise, T (ζ) is a multivalued function.)

Noting that all zeros of T (ζ) have multiplicity at least 3, we have T (ζ) =
1

(1+m)ζ−m−1 which contradicts the fact that |T (1)| = 3. Thus T ′(ζ)− ζm �= 0

in C. Since T (ζ) �= ∞ in Δ, we have T ′(ζ) �= ζm in C.
By Theorem D and Lemma 2.1, we may assume that T (ζ) ≡ 3eiθ, where

θ is a constant. Thus we have

Tn(ζ)
χ⇒ T (ζ) = 3eiθ, Sn(tnζ) =

Tn(ζ)

ζm+1β̂(tnζ)

χ⇒ 3eiθζ−m−1 in C.(4.36)

Set Qn :=
{
z
∣∣ |Sn(z)| = 3, A|tn| < |z| ≤ 8λn

}
, where

A = max
{|ζ| ∣∣ |Tn(ζ)| = 1, |Tn(ζ)| = 2 or |Tn(ζ)| = 3

}
.

We claim that Qn is non-empty set for sufficiently large n. Otherwise, taking
a subsequence and renumbering, we may assume that Qn is empty set. By
(4.36) and Hurwitz’s theorem, we see that

n
(
7,

1

(Ŝn(z)− 1)(Ŝn(z)− 2)(Ŝn(z)− 3)

)
= −3(m+ 1).

By Lemma 2.6, there exists M > 0 such that S(1, Ŝn(z)) ≤ M . This contra-
dicts (4.20).

Set

(4.37) Vn(ζ) :=
fn(rnζ)

rm+1
n exp(γn(rnζ))

= ζm+1β̂(rnζ)Sn(rnζ),

where rn is one of an element of Qn of smallest modulus. We claim that

(e1) |rn| ≤ 8λn for sufficiently large n,

(e2) rn
tn

→ ∞ as n → ∞, and

(e3) Vn(ζ) �= 0 in Δ for sufficiently large n.
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By the definition of Qn, (e1) holds. By (4.36) and Hurwitz’s theorem,

(e2) holds. Since Tn(ζ)
χ⇒ 3eiθ in C, we see that fn(z) �= 0 in Δ(0, 4|tn|) for

sufficiently large n. By (4.36) and the definition of Qn, we have |Sn(z)| ≥ 2
and hence fn(z) �= 0 in Δ(0, |rn|) \Δ(0, 3|tn|) for sufficiently large n. Now,
fn(z) �= 0 in Δ(0, |rn|) for sufficiently large n. Thus (e3) holds by (4.37).

By Lemma 2.10, {Vn} is normal in C \ {0}. Taking a subsequence and

renumbering, we may assume that Vn(ζ)
χ⇒ V (ζ) in C \ {0}. By (4.37),

|V (1)| = lim
n→∞ |Vn(1)| = lim

n→∞ |β̂(rn)Sn(rn)| = 3.

Thus V (ζ) and V −1(ζ) are meromorphic functions in C \ {0}. By (d3) and

the maximum principle, V −1
n (ζ) ⇒ V −1(ζ) in Δ. Then Vn(ζ)

χ⇒ V (ζ) in C,
where V (ζ) is a meromorphic function in C, whose zeros have multiplicity at
least 3. The same argument presented in Case 1 show that either V ′(ζ)− ζm

≡ 0 or V ′(ζ)− ζm �= 0 in C.
We claim that V ′(ζ)−ζm �= 0 in C. Suppose that V ′(ζ)−ζm ≡ 0 in C.

Since all zeros of V (ζ) have multiplicity at least 3, we have V (ζ) =
1

(1+m)ζ−m−1 which contradicts the fact that |V (1)| = 3.

By an elementary calculation we have

(4.38)
f ′
n(rnζ)

rmn exp(γn(rnζ))
= V ′

n(ζ) + rnγ
′
n(rnζ)Vn(ζ).

Using the same argument presented in Case 1, we can show that

(4.39) rnγ
′
n(rnζ) ⇒ 0 in C.

By (4.38) and (4.39), we have

f ′
n(rnζ)− αn(rnζ)

rmn exp(γn(rnζ))
=

f ′
n(rnζ))

rmn exp(γn(rnζ))
− ζmβ̂n(rnζ)(4.40)

⇒ V ′(ζ)− ζm in C \ V −1(∞).

By (a1), we see that

(4.41)
f ′
n(rnζ)− αn(rnζ)

rmn exp(γn(rnζ))
�= 0 for sufficiently large n.

By (4.41) and the maximum principle,

(4.42) Ln(ζ) =

[
f ′
n(rnζ)− αn(rnζ)

rmn exp(γn(rnζ))

]−1

⇒ L(ζ) =
[
V ′(ζ)− ζm

]−1
in C.
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By (4.35), (4.37) and (e2), we have

V (0) = lim
n→∞Vn(0) = lim

n→∞
fn(0)

rm+1
n exp(γn(0))

= lim
n→∞Tn(0)

(rn
tn

)−m−1
= ∞.

We assume that 0 is a pole of V (ζ) of order k. Clearly, 0 is a zero of L(ζ)
order at most max{k + 1,−m}. By Hurwitz’ theorem, Vn(ζ) has k poles
ζi → 0 and hence fn(rnζ) has k poles ζi → 0, where i = 1, 2, . . . , k. By (a1),
we have fn(0) �= ∞. Thus ζi �= 0 for i = 1, 2, . . . , k. By (4.42), Ln(ζ) has at
least k+1 non-zero zeros ζi → 0 and a zero ζ = 0 of order −m. By Hurwitz’
theorem, 0 is a zero of L(ζ) of order at least k + 1−m. Thus we must have
k + 1−m ≤ max{k + 1,−m}. This is a contradiction.

Subcase 2.2: c0 �= 0. In this case, we must have m = −1. In fact, 0 is a
zero of order −m− 1 of Sn(z) provided that m ≤ −2, and hence c0 = 0.

Set

Yn :=
{
z
∣∣ |Sn(z)| = c∗0, |z| ≤ 2λn

}
, where c∗0 =

{
|c0|/2 for c0 �= ∞,

1 for c0 = ∞.

We claim that Yn is non-empty set for sufficiently large n. Otherwise,
taking a subsequence and renumbering, we may assume that Yn is empty
set. Thus we have

n
(
2,

1(
Ŝn(z)− |c∗0|/2

)
(Ŝn(z)− |c∗0|/3)(Ŝn(z)− |c∗0|/4)

)
= 0.

By Lemma 2.6, there exists M > 0 such that S(1, Ŝn(z)) ≤ M . This contra-
dicts (4.20).

Set

(4.43) Tn(ζ) :=
fn(tnζ)

exp(γn(tnζ))
= β̂(tnζ)Sn(tnζ),

where tn is one of an element of Yn of smallest modulus. Using a similar
argument presented in Case 1, we can get that

(f1) tn �= 0 and |tn| ≤ 2λn for sufficiently large n, and

(f2) |Sn(tnζ)| ≥ c∗0 and |Tn(ζ)| > c∗0/2 for sufficiently large n in Δ.

Using the same argument presented in Subcase 2.1, we may assume

that Tn(ζ)
χ⇒ T (ζ) in C. Clearly, all zeros of T (ζ) have multiplicity at

least 3. By (4.43), |T (1)| = limn→∞ |Tn(1)| = limn→∞ |β̂(tn)Sn(tn)| = c∗0
and T (0) = limn→∞ Tn(0) = limn→∞ β̂(0)Sn(0) = c0. Thus T (ζ) is a non-
constant meromorphic function.

The same argument presented in Case 1 show that either T ′(ζ)− ζ−1

≡ 0 or T ′(ζ)− ζ−1 �= 0 in C. Suppose that T ′(ζ)− ζ−1 ≡ 0 in C. Then T (ζ)
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is a multivalued function. A contradiction. Thus T ′(ζ)− ζ−1 �= 0 in C. Sup-
pose that c0 �= ∞. Noting that T (0) = c0, we have T ′(ζ) �= ζ−1 in C. By
Theorem D and Lemma 2.1, T (ζ) is a constant function. This is a contra-
diction. Then we have c0 = ∞. It follows from (4.43) that Tn(ζ) → ∞ and
T (0) = ∞. Using the method of dealing with {Vn} in Subcase 2.1, we can
obtain a contradiction.
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