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Abstract. Let {d;}72; be an upper-bounded sequence of positive integers
and let g be the uniformly discrete probability measure on the finite set E. For
0 < p < 1, the infinite convolution pi, (0,d,} = 0p{0,d1} * 0p2{0,,} **+* is called an
infinite Bernoulli convolution. The non-spectral problem on p, (0,4,} is to inves-
tigate the cardinality of orthogonal exponentials in L? (1p,{0,d,,})- In this paper,
we give a characterization of this problem by classifying the values of p.

1. Introduction

Given a bounded sequence of positive integers {d}3>, and p € (0,1), it
is well known that the convolution

(1.1) Ip,{0,di} “= Op{0.di} * Op2{0.da} ¥

is a Borel probability measure with compact support

T, f0,di} = { chﬂk e € {0,dy} for k> 1},
k=1

where 0p := #1E Y ecp Oe, #E is the cardinality of a set E, . is the Dirac
measure at e and the convergence is in the weak sense. In this case, , (0 4.}
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is called an infinite Bernoulli convolution and Bernoulli convolution if all
dp =1.

In the case of the Bernoulli convolution, Jorgensen and Pedersen [13]
proved that if p~! € 2N, then there exists a set A C R such that {e=2™A .
A € A} is an orthonormal basis for Lz(,up,{o,l}). At this time, p, 1011 is
called a spectral measure and the corresponding set A is called a spectrum
for f1, ¢0,13- In the same paper [13], they also proved that if p P E€2N+1,
then (1, 10,1} is not a spectral measure and there are at most two orthogo-
nal exponentials. The Bernoulli convolution i, (¢ 1} is the first example of a
singular spectral measure or a non-spectral one for different ratio p respec-
tively. Since then, the spectrality or non-spectrality of a singular measure p
has received much attention, please see, e.g., [2,3,5-7,10,11,14,16-20]. Re-
cently, the non-spectral problem on the singular measure p has become a
hot topic. And it may be the start of investigating the completeness of a
family of exponential functions in L?(u), e.g., studying the Riesz bases and
frames of exponential functions for L?(y) [4,9,15]. The non-spectral problem
is to study the cardinality of orthogonal exponentials in L?(z). In general, a
non-spectral singular measure p belongs to one of the following three classes:

e There exists an infinite set of orthogonal exponentials but none of such
sets forms a basis for L?(ju);

e There are at most a finite number of orthogonal exponentials in L?(u);

e All the cardinality of orthogonal exponentials in L?(p) are bounded,
but there is no uniform bound.

Most results of the known cases are concentrated on self-affine measures,
see [17,18,20] and the references therein. There are few studies involving
one dimensional situation except [7,19]. In this paper, we focus on the infi-
nite Bernoulli convolution p,, 10,4,1 of the above three cases. For simplicity,
we call A an orthogonal set (resp. a mazimal orthogonal set) for p, (o 4,1
if {72™% . X\ € A} is an orthonormal family (resp. maximal orthonormal
family) for L*(p, (0.4,})-

Throughout the paper, we make the convention that all fractions have
the simplest form, that is, for a fraction g we have ged(p,q) = 1. And 7 is

the smallest integer such that (5)’” € Q (for example, p = (‘91)1/4 = (?,’)1/2,
we will take r = 2).

For the infinite Bernoulli convolution 41, 10 4,3, An et al. [1] proved the
following;:

THEOREM 1.1. p, 04,3 has an infinitely orthogonal set if and only if
p= (’q’)i for some p,q,7 € N, where p is odd and q is even.

Theorem 1.1 was proved by Hu and Lau [12] for the Bernoulli convo-
lution i, 10,13- Moreover, An et al. [1] proved that if Kp,{0,d,} 1S a spectral
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measure, then p = ]{, for some even N. This together with Theorem 1.1 sug-
gest that when p € (0,1) is of the forms p = (Z)i with p € 2Z+1, q € 2Z
and r > 1 or p= 1;’ with p > 2, p€2Z+1 and q € 27Z, p, (0,4,) has an in-

finitely orthogonal set, but it is not a spectral measure. We believe that

it is a very weak sufficient condition for the first class for p, (o q,3. It is

worth mentioning that f, 101} is a spectral measure if and only if p = ]{,

with N € 2Z. Hence p, (0,1} has an infinitely orthogonal set but is not a
spectral measure if and only if p is of the form (Z )71‘ for some p, q,r € N but
not of the form ]{, with N € 2Z. This solves the above first class for p, 1013
In the following of the paper, we mainly study the remaining two classes

above for a non-spectral measure 11, 19 4,3 Specifically, for p € (0, 1), we will
consider the following three cases:

(i) p= (Z): where p,q € 2Z + 1 and r € N;
(ii) p = (’q’)i where p € 27, g € 2Z + 1 and r € N;
(iii) p is not in the form of (g)i with p,q,r € N.
If p= (’q’)i with p,q,r € N, we can conclude from Theorem 1.1 that if
q is odd, then any orthogonal set for 1, (o 4,1 is finite. Therefore, we only

need to consider the case that p = (Z)i with ¢ € 2Z + 1. We deal with it by

considering the following two cases: p € 2Z + 1 or p € 27Z. In Theorem 1.2,
we prove that if p € 2Z + 1 and all di are odd, then the cardinality of any
maximal orthogonal set for f, 94,1 is 2. In Theorem 1.3, we show that

if p € 27, there are any number of orthogonal exponentials in L? (/’Lp,{07dk})
(dy. need not be all odd).
THEOREM 1.2. Let p, (0,q,) be the infinite Bernoulli convolution with

p= (Z)i for some p,q,m € N and A, be a maximal orthogonal set for p, (0.4,1-
Suppose all dy, are odd. If both p and q are odd, then # A, = 2.

If dj, are not all odd, we have some examples (see Examples 2.2 and 2.3
in Section 2) to show that the conclusion of Theorem 1.2 does not hold in
general.

THEOREM 1.3. Let i, 10,43 be the infinite Bernoulli convolution with
p= (g)i for some p,q,r € N. If p is even and q is odd, then there are any
number of orthogonal exponentials in L2(,up7{07dk}).

If p is not in the form of (Z)i with p,q,7 € N, Theorem 1.1 also implies
that any orthogonal set for p, (94, is finite. For this case, motivated by
the ideas in [7], we can distinguish two cases: p is a trinomial number (see
Definition 3.1 in Section 3) or not. Let A, be a maximal orthogonal set for
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Kp,{0,d.}- In Theorem 1.4, supposing all dy are odd, we prove that if p is not
in the form of (g)i with p, ¢, € N but a trinomial number with degree M,
then #A, < 2M+1 In Theorem 1.5, supposing all dj, are odd, we obtain that
if p is neither in the form of (’q’)i with p,q,7 € N nor a trinomial number,
then #A, = 2.

THEOREM 1.4. Let p1,10,4,} be the infinite Bernoulls convolution and A,
be a mazximal orthogonal set for p, (0.4,1- Suppose all dy, are odd. If p is not
in the form of (g)i with p,q,r € N but a trinomial number with degree M,
then #A, < 2M+1,

We will give an example in Section 3 (see Example 3.3) to illustrate Theo-
rem 1.4.

THEOREM 1.5. Let p1, 10,4,) be the infinite Bernoulls convolution and A,
be a mazximal orthogonal set for i, 10.4,}- Suppose all dy are odd. If p is

neither in the form of (g)i with p,q,7 € N nor a trinomial number, then

HA, =2,

Notice that a trinomial number can also be in the form of (Z )» with
p,q,r € N. But this does not affect the results in Theorems 1.4 and 1.5.

We organize this paper as follows. In Section 2, we give the proofs of
Theorems 1.2 and 1.3. In Section 3, we prove Theorems 1.4 1.5.

2. Proofs of Theorems 1.2 and 1.3
These proofs depend closely on the zero set of the Fourier transform

'ap7{07dk}
For a Borel measure pu, the Fourier transform of p is defined as usual,

() = [ e auo)

for any £ € R. It is easy to show that A is an orthogonal set for p if and
only if

(2.1) (A = M)\{0} € Z(),

where Z(f1) = {{ € R: u(§) = 0} is the zero set of fi. By the definition of
Fourier transform of fi, ¢ 4,3 and (1.1), for any £ € R, we have

fio 0,0y (&) = ] Ma, (6%€),
k=1
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where My, (€) = 5 + 5~ 2™ is the mask polynomial of {0,d)}. Then we
have

[e.e]

2Z+1

Let A be an orthogonal set for p,, 19 4,1- Then by (2.1), we have

oo

(2.2) ANA{0} C (A= A)\ {0} € Z(fip(0a,y) U zz+1)

As the orthogonality of the set A is invariant under translations, in this
paper we normalize it by assuming that 0 € A.

We first prove Theorem 1.2. To prove Theorem 1.2, we need the fol-
lowing lemma, which was proved in [8]. For completeness, we give its proof
here.

LEMMA 2.1. Assume that b € R admits a minimal integer polynomial
qx” —p (r > 1) and satisfies arb' + axb™ = azb™, where ai,az,a3 € Z\ {0}
and 1, m, n are nonnegative integers. Then we have | = m =n (mod r).

PROOF. As r > 1, we can denote
[ =kir+ti, m=kor+ty, n=ksr-+tis,

where k1, ko, ks € Z and 0 < ty,ta,t3 <1 — 1. Let to = min{t;,ta,t3}, then
0<t;—to<r—1fori=1,2,3. Since " = Z and a1bl + axb™ = agb™, we

have
k k k
q q q
that is
(2.3) alpk1qk‘2+k3bt1—to + azpk2qk1+k3bt2—to — agpksqkl+k2bt3_to.

If there exists i € {1,2,3} such that t; —to # 0, then (2.3) contradicts the
fact that gz” — p is a minimal integer polynomial of b. Hence t; = to = t3,
which implies I =m =n (mod r). O

Let p = (Z)i for some p, q,r € N. Then for any £ € R,

00y = TLTT Moy () 'se).

i=17=0
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Let 7;(§) = [[}Z Mdjr+i((g)jpi§) for 1 <i <r. Thus p,0.4,} = V1 * 2
x -+ % 1, and we have

X a /aNI2Z + 1
2.4 Z i) — ! )
(2.4) (D) =p ]L:J() <p) 2djp44
R " o raVI2Z 41
Z = Z(v;) = .
(. f0.0:) Z:le (%) i:lep JL:JO <p> 2djr 4

Now we are ready to prove Theorem 1.2.

PRrOOF OF THEOREM 1.2. Suppose that #A, > 3. Let A = {0, A1, A2}
be an orthogonal set for j1, (0 4,1 From (2.2) we have \; — A2 € Z(fi, {0,d,})-
Let d be the least common multiple of all dg, then d is odd. Since ¢ is odd,
(2.4) implies

X i 2Z+1 r 27 + 1
(2.5)  Z() Cp ]gjo i2d and  Z(fi,(0,d,}) L:J L:_JO 0i2d

Next we need a claim to complete the proof.
Cramm 1. (A —=A)\ {0} C Z() for some 1 <i <r.

PROOF. By (2.2) and (2.5), we can write A\ = 7:3 and Ay = gpj:g,

where 1 <ly,lo <r,a,b€2Z+1 and n,m > 0. Then there exists 0 = ’;pl:dc
€ Z(fipq0,d,y) With 1 <l3 <7, c€2Z+1 and s > 0 such that \; — Ay = 0.
Let N = max{ly,ls,l3}, then we have

pN—llapm—l—s . pN—lgbpn—l—s
If r > 1, by Lemma 2.1 we have N —[; = N —ls = N — 3 (mod r) and thus
l1 =1y =13 (modr). Combining it with 1 <ly,ls,l3 < r, we have l; = [y = 3.
If r =1, it is trivial. Therefore, A1, A2, A1 — A2 belong to the same Z(;) for
some 1 <¢<p. O

Noting that 0 € A and by the above claim, we have A\ {O} C(A—-A)\{0}

_ N-—I: n+m
=p ep

C Z(;) for some 1 <4 <r. Then we can write Ay = 7,00, A2 = ppj,;lzl and
Al — Ao = ],,2d, where a,b,c € 2Z + 1 and 7,5, 5" > 0. Hence
~iq —ih e
(2.6) pa_po_PC
pl2d  pi2d  pI’2d
If 7 < 4/, then (2.6) implies “pjp;,j_b = pf.,, , that is,

ple= pj” (apj/_j —b).
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Since p € 2Z + 1, it follows that the left side of the above equality is odd
but the right is even, a contradiction. Similarly, we can get contradictions
for the cases j = j' and j > j'. Hence #A, < 2.

On the other hand, let A" = {0, A} with A € Z(ji,0,4,1)- It is obvious
that A" is an orthogonal set for yi, (¢ 4,1. Combining with the above conclu-
sion, we have #A, =2. [

The following examples show that if di are not all odd, the conclusion
of Theorem 1.2 does not hold.

ExXaMPLE 2.2. Let dop_1 =1, dop. =2 for k > 1, and let p = é Then
there exists an orthogonal set for p, (04, such that the cardinality of it is
strictly greater than 2.

PROOF. Denote
VI = 01001y %0 101} ¥ 0 101} ¥ V2= 01100y ¥ 0102} *O o2} ¥ -

Then f1, 10,4,} = 1 * 2. It follows that Z(i) = Ure; 3%71(2%“), Z(n) =
U2, ¥ CE and Z(fyq0.a,0) = Z(01) U Z(22). Let A = %3¢ and Ay =
31421’, where [1,a,b € 2Z + 1, ls € 2Z and [; > l3. Then we have

3k

M—A=" (2:37kg—b)e

k(27 +1

4 -
Consequently, A = {0, A1, A2} is an orthogonal set for p, 19.4,1- [

ExamMprLE 2.3. Let di =4, di, =2 for k> 2, and let p = 51) Then there
exists an orthogonal set for y1, 19 4,3 With cardinality strictly greater than 2.

PRrROOF. Notice that

X 527Z+1) [\ 5*2Z+1)
k=2
Let A\ = 58“ and Ay = 521’, where a,b € 2Z 4+ 1 and k > 2. Then we have
5 _ 5(2Z + 1) )
Al — Ay = g (CL —92. 5k lb) c N - Z(,up’{O,dk}).

Hence A = {0, A1, A2} is an orthogonal set of ji, 10 4,}. Then the conclusion
holds. [

At the end of this section, we give the proof of Theorem 1.3.
PrROOF OF THEOREM 1.3. Fix 1 <4 <r. Since {dj;4:}72, is bounded,

there exists a strictly increasing subsequence {k,}p2; C {j}72, and dy, ;4
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are all the same denoted by d. For a given N, we define Ay := {\,}_,,
where

k

—Zq na’l’L . 0, n = O,
= W th =

)\n p 1 an {ka\z’ < n < N

Next, we prove that Ay is an orthogonal set for p, (04,1 For any A, # A,
€ Ay with n <m, if A, # 0, then
. q"an o & am, o g (pfom—hn gl thn—lom g

2.7) Ap—Ap = - - = -
2.7) P 2pknd P 2pkm d P 2pkm d

Since p is even and ¢ is odd, combining (2.4) with (2.7) we have
(2.8) An = Am € Z(03) € Z(fip50,d,})-

If A\, =0, it is obvious that (2.8) holds. Accordingly, Ay is an orthogonal
set for 11, 9 q,3- By the arbitrariness of N, the proof is completed. [J

3. Proofs of Theorems 1.4 and 1.5

We first introduce the concept of trinomial number, which plays a crucial
role in this section.

DEFINITION 3.1. We say that p € (0,1) is a trinomial number if there
exist a, 8,7 € 2Z 4+ 1 and M, m € N with M > m such that
(3.1) ap ™M+ BpT"+y=0.
Here, we call the smallest M satisfying (3.1) the degree of the trinomial
number p.

To prove Theorem 1.4, we need a lemma involving algebra proved in [7].
For the reader’s convenience we give a proof.

LEMMA 3.2. Let P(x) be an integer polynomial such that all coefficients
are even except for one which is odd, and let Q(x) be an integer polynomial
whose leading coefficient and constant term are odd. Then P(x) and Q(z)
are co-prime.

Proor. If Q(x) is irreducible, suppose on the contrary that (P(zx),Q(x))
# 1. Then there exists H(z) € Z[z] such that P(z) = Q(x)H (z). Write

P(x)=ao+aix+ - +apz", Q(x)="0by+bix+ -+ bpa™,
H(z) =co+c1w+ -+ qal.
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Note that for any f(z) € Z[x], there exists a unique f’(z) € Zs[x] such that
the odd coefficients in f(x) become 1 and the even coefficients in f(z) be-
come 0. Hence there exist P'(z),Q'(x), H (x) € Zs[z] such that

(3.2) P'(z) = Q(2)H'(x).
Let ag, be the odd coefficient of P(x) for some 0 < k < n. We denote
{0, bs, b,y -y bs, by} and {ey, cppse o0}
as the odd coefficients of Q(z) and H(x), where
0<s1<s9<--<s;<m and 1 <t <--- <.
Then (3.2) implies
(3.3) o= (T4 o 4 2 ™) (@ et 4 4 ah).

Since t; < m+t;, the right-hand side of (3.3) have at least two terms but the
left-hand side has only one. This is a contradiction, hence (P(z),Q(x)) = 1.
If Q(z) is reducible, we have Q(z) = Q1(x)Q2(z)---Qn(z) for some

N € N, where Q1(z), Q2(z), ..., Qn(z) are all irreducible. By the above
conclusion, we have
(P(z),@1(z)) =1, (P(z),Q2(x)) =1, ..., (P(z),@n(z))=1.

Hence (P(x),Q(x)) = 1. The proof is completed. [J

PROOF OF THEOREM 1.4. On the contrary, we suppose that the state-
ment was false, then #A, > 2M+1 Let A = {0,\,..., Aons1} be an orthog-
onal set for p, 10.4,3- By (2.2), we can write \; = p;;:“, where k; € N and

a; €27+ 1 for i =1,2,...,2M+1 Then for any i # j € {1,2,...,2M+1}
there exist k; ; € N and a; ; € 2Z + 1 such that

—qu,ja. .
(3.4) No—x =P T
dg, ,
Since p is a trinomial number, we can write ap~™ = —Fp~™ — 5 for some

a,B,v€2Z+1and M,m € N with M > m. Then for each k € N there exist
CR05Ch 1, -+, CkM—1 € Z satisfying

M-—1
(3.5) aFp =",
s=0
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where ¢, 5 is odd or zero. In fact, if & < M, then (3.5) is obviously true. If
k> M, we can write k = s1 M + t; with s1,¢1 € N and 0 <t¢; < M, then

afp~h = oty (gpT ) = aF T (< Bp T — )

If sym+t; < M — 1, then (3.5) follows. For the case sym +¢; > M, denote
sym +t1 = soM + to for some t1,t5 € N and 0 < t9 < M. Then we have

ak_81p_(81m+t1) — ak)—Slp—(SgM-‘rtg) — ak)—Sl—Sgp—tQ(_IBp—m _ 7)82

Proceeding inductively, then there exists n € N such that s,m+1t, < M — 1.
Notice that k£ — ;" ; s; > 0, then (3.5) follows. By the pigeonhole principle,
there exist 4 # j € {1,2,...,2M*1} such that
(3.6) Chiys — Ckys € 27 for s =0,1,...,M — 1.
Denote N = max{k;, k;}. Then
o (= 2) = azaN ki ki g _ajaN ki ok ks
2y, 2y

J
Nek g ST Nk !
a;a "Midy, Yo Chsp S — a0 idy, Z Chy 5P "
s=0 s=0
2, di,
N—k; N—k; -
> (aj dy, Ch,s — aza” " Fidy e, o)p~°
2y, dy,

Combining it with (3.4), we have

M—1
N—k; N—k; —
ki > (aia¥ ™ Fidy cp, s — ajot TRidy e, ) pT°
aN'O Tai5 s=0
2, 20y, dy, ’
that is
M—1
N —ki, _ N—k; N—k, -
o pT M ay gy dy, = E dy, ,(a;a Ay, Chys — 0500 Tdp,cp, s)p 7.
s=0

Then we define
= E dki’j(aiaN_kY‘dkj Chys — ajaN_kf dy,Cr; )" — aNamdkidijki'j
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Moreover, (3.6) implies that
dkiyj(aiaN_kY‘dkjckhs - ajozN_kj dy,Cr,.s) € 27

forall s =0,1,...,M — 1. Denote Q(z) = ax™ 4 Ba™ 4 ~. Then by Lemma
3.2, we have (P(z),Q(z)) = 1. But from the definition of P(x) and Q(x),
we have P(p~!) =0 and Q(p~!) = 0, a contradiction. Hence #A, < 2M+1,
U

Next, we will illustrate Theorem 1.4 by an example.

EXAMPLE 3.3. Let {d;}72, be a sequence of bounded odd integers, and
let p = \/52_1. If A, is a maximal orthogonal set for 11, (o 4,3, then #A, <8.

PROOF. As p = ‘/52_1, we have p~! = ‘/52“ (the golden ratio). It follows
that p=2 — p~! — 1 = 0. Then by Theorem 1.4, we have #A,<8. [0

More general examples involve the complex relationship between pisot
numbers and trinomial numbers, which makes it difficult to list directly.

Proor oF THEOREM 1.5. If #A, > 3, let A = {0, A1, A2} be an orthog-

onal set for 1, 19 4,3- Then by (2.2), we can write \; = p;kl“, Ao = ”2221’ for

some ki,ky € Nand a,b € 2Z+1. (2.2) also implies that there exist k12 € N
and ¢ € 27Z + 1 such that

—k1 —kzb —k12
M —hg=P PP e
2dk1 2dk2 Qdkm
That is,
(3.7) pFrady,dy, , — p"bdy, dy, , = p" 2 cdy, dy,.

Without loss of generality, we assume k; > ky > k1. We distinguish the
following four cases.

Case 1: k1 = kg = k1 2. (3.7) implies that a — b = ¢. Notice that a — b is
even but c is odd, a contradiction.

Case 2: ki > ko = k2. (3.7) implies that

ady,dy, , = p" F2 (bdy, dy, , + cdy, dy,).
_ adk2dk1’2
Then p = (bd,cld,eLercdklcz,c2
1
not in the form of (’q’)r with p,q,r € N.

Case 3: ki = ko > k12. The proof is similar to that of Case 2, so we
omit it here.

1
) #1-*2 . This contradicts to the condition that p is
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Case 4: ki > ko > k2. (3.7) implies that
(3.8) p~ Bk ady dy  — pm R Rbdy dy | — cdy,dy, = 0.

Since a, b, ¢ and all dj, are odd, (3.8) implies that p is a trinomial number,
a contradiction. Hence #A, < 2.

Moreover, let A" = {0, \} with X\ € Z(fi, {0,4,})- It is obvious that A’ is
an orthogonal set for p, (04,3 Combining with the above conclusion, we
have #A, = 2.

Acknowledgement. The authors would like to thank the referee for
careful reading and the valuable suggestions and express the same thanks to
the editor for careful proofreading and editing.
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