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Abstract. In this paper, a new characterization is provided for the bound-
edness, compactness and essential norm of the difference of two weighted compo-
sition operators on weighted-type spaces in the unit ball of Cn.

1. Introduction

Let B be the open unit ball of Cn and ∂B the boundary of B. For
a ∈ B\{0}, the automorphism of B is defined by

Φa(z) =
a− Paz − saQaz

1− 〈z, a〉 , z ∈ B,

where

sa =
√
1− |a|2 , Paz =

〈z, a〉
〈a, a〉 a, and Qaz = z − Paz, z ∈ B,

and Φ0(z) = −z. For z,w ∈ B, the pseudo-hyperbolic distance between z
and w is given by

ρ(z,w) = |Φw(z)|.
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It is clear that ρ(z,w) ≤ 1, moreover, it is invariant under automorphism,
that is,

ρ(φ(z), φ(w)) = ρ(z,w),

for all z,w ∈ B and φ ∈ Aut(B).
Let H(B) be the space of all holomorphic functions on B. Let α > 0. An

f ∈ H(B) is said to belong to the weighted-type space, denoted by H∞
α , if

‖f‖α := sup
z∈B

(1− |z|2)α|f(z)| <∞.

It is well known that H∞
α is a Banach space under the norm ‖ · ‖α.

Let ϕ be a holomorphic self-map of B and u ∈ H(B). The weighted
composition operator uCϕ : H(B) �→ H(B) is defined by

uCϕ(f)(z) = u(z)f(ϕ(z)), f ∈ H(B), z ∈ B.

Observe that uCϕ(f) =Mu ◦Cϕ(f), whereMu(f) = uf is the multiplication
operator with symbol u and Cϕ(f) = f ◦ϕ is the composition operator with
symbol ϕ.

The boundedness and compactness of the operator uCϕ are always im-
portant in the study of such operators (see, e.g., [3]). Recently, it is known
that such properties can be merely captured by polynomials. More precisely,
for a operator uCϕ from X into Y, where X and Y are some “nice” analytic
function spaces that are defined on the unit disc D (or B, respectively),

1. uCϕ : X �→ Y is bounded if and only if

sup
j∈N

‖uϕj‖Y
‖zj‖X <∞

(
or sup

j∈N
sup
ξ∈∂B

‖u〈ϕ, ξ〉j‖Y
‖〈z, ξ〉j‖X <∞, respectively

)
;

2. uCϕ : X �→ Y is compact if and only if uCϕ : X �→ Y is bounded and

lim sup
j→∞

‖uϕj‖Y
‖zj‖X = 0

(
or lim sup

j→∞
sup
ξ∈∂B

‖u〈ϕ, ξ〉j‖Y
‖〈z, ξ〉j‖X = 0, respectively

)
.

Such a phenomenon was first found by Wulan, Zheng and Zhu in [18] in the
setting of the unit disk. They showed that Cϕ is compact on B(D) if and only
if limj→∞ ‖ϕj‖B(D) = 0. Here B(D) is the Bloch space, which consists of all

analytic functions f on D satisfying supz∈D(1− |z|2)|f ′(z)| <∞. In [4], Dai
extended the main result in [18] to the unit ball. He showed that Cϕ is com-
pact on B(B) if and only if limj→∞ supξ∈∂B ‖〈ϕ, ξ〉j‖B(B) = 0. See [2,4,6,7,
10,16–19] for more results on such characterization of composition operators
and weighted composition operators on some analytic function spaces.

Recently, the difference of composition operators (as well as the weighted
composition operators) draws great attention of lots of researchers, as it can
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be used to study the topological structure of the set of composition operators
(as well as the weighted composition operators). For example, given uCϕ
and vCψ two bounded operators acting from X to Y as above, one may
ask whether uCϕ and vCψ are in the same path component in W(X,Y),
the set of all bounded weighted composition operators between X and Y,
equipped with the topology induced by operator norm. More precisely, we
are interested in that whether there exists a continuous mapping γ : [0, 1]
�→ W(X,Y), such that γ(0) = uCϕ and γ(1) = vCψ . In general, this is a
hard question and it turns out that one should first understand the behavior
of the difference of two weighted composition operators.

The line of this research was first started by Berkson [1]. In [16], Shi
and Li obtained several estimates for the essential norm of the difference of
composition operators on B(D). Among others, they showed that

‖Cϕ − Cψ‖e,B(D)→B(D) � lim
j→∞

‖ϕj − ψj‖B(D).

For further results of the difference under various settings, we refer the read-
ers to [1,3,5,6,8,9,11–17] and the references therein.

In [12], Nieminen obtained a characterization of the compactness of dif-
ferences of weighted composition operators on weighted-type spaces. Moti-
vated by the results in [18] and [12], Hu, Li and Shi [6] gave a new character-
ization for the boundedness, compactness and essential norm of the operator
uCϕ − vCψ : H

∞
α → H∞

β in the unit disk. More precisely, they showed that

uCϕ − vCψ : H
∞
α (D) → H∞

β (D) is bounded (respectively, compact) if and

only if the sequence
(‖uϕj−vψj‖β

‖zj‖α
)∞
j=0

is bounded (respectively, convergent

to 0 as j → ∞).
In this paper, we study the difference of two weighted composition op-

erators between different weighted-type spaces in the unit ball, namely, the
operator uCϕ− vCψ : H

∞
α → H∞

β , where u, v ∈ H(B) and ϕ,ψ are two holo-
morphic self-maps of B. We characterize the boundedness, compactness and
essential norm of the operator uCϕ − vCψ by using

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α

and

sup
ξ,ξ′∈∂B

‖u〈ϕ, ξ〉j〈ϕ, ξ′〉 − v〈ψ, ξ〉j〈ψ, ξ′〉‖β
‖〈z, ξ〉j〈z, ξ′〉‖α .

For a non-polynomial description, we refer the readers to the paper [5] for
details.

Throughout this paper, for a, b ∈ R, a � b (a � b, respectively) means
there exists a positive number C, which is independent of a and b, such that
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a ≤ Cb (a ≥ Cb, respectively). Moreover, if both a � b and a � b hold, then
we say a � b.

2. Boundedness of uCϕ − vCψ : H∞
α �→ H∞

β

In this section, we characterize the boundedness of the difference of
weighted composition operators from H∞

α to H∞
β . For all z,w ∈ B, define


α(z,w) = sup
‖f‖H∞

α
≤1

∣
∣(1− |z|2)αf(z)− (1− |w|2)αf(w)∣∣.

Let ϕ and ψ be holomorphic self-maps of B, u, v ∈ H(B). We denote

Du,ϕ(z) =
(1− |z|2)βu(z)
(1− |ϕ(z)|2)α , Dv,ψ(z) =

(1− |z|2)βv(z)
(1− |ψ(z)|2)α .

Moreover, for each a ∈ B, we define the following families of test functions
on B:

fa(z) =
(1− |a|2)α

(1− 〈z, a〉)2α ,

gϕ,ψ,a(z) =

{
fϕ(a)(z) · 〈Φϕ(a)(z),Φϕ(a)(ψ(a))〉

|Φϕ(a)(ψ(a))| , Φϕ(a)(ψ(a)) = 0;

0, Φϕ(a)(ψ(a)) = 0,

and

gψ,ϕ,a(z) =

{
fψ(a)(z) · 〈Φψ(a)(z),Φψ(a)(ϕ(a))〉

|Φψ(a)(ϕ(a))| , Φψ(a)(ϕ(a)) = 0;

0, Φψ(a)(ϕ(a)) = 0.

It is clear that fa, gϕ,ψ,a and gψ,ϕ,a are holomorphic with gϕ,ψ,a(ϕ(a)) = 0
and gψ,ϕ,a(ψ(a)) = 0. Moreover, we have

sup
a∈B

‖fa‖α ≤ 1, sup
a∈B

‖gϕ,ψ,a‖α ≤ 1, sup
a∈B

‖gψ,ϕ,a‖α ≤ 1.

To state and prove our main results in this paper, we need some lemmas.
The following well-known estimate can be found in [5, Lemma 3.2].

Lemma 2.1. For f ∈ H∞
α and z,w ∈ B,

∣∣(1− |z|2)αf(z)− (1− |w|2)αf(w)∣∣ � ‖f‖αρ(z,w).
Lemma 2.2. Let 0 < α, β <∞, u, v ∈ H(B). Further, let ϕ and ψ be

holomorphic self-maps of B. Then the following inequalities hold :
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(i) For each a ∈ B,

|Du,ϕ(a)|ρ(ϕ(a), ψ(a)) ≤ ‖(uCϕ − vCψ)fϕ(a)‖β + ‖(uCϕ − vCψ)gϕ,ψ,a‖β;
(ii) For each a ∈ B,

|Dv,ψ(a)|ρ(ϕ(a), ψ(a)) ≤ ‖(uCϕ − vCψ)fψ(a)‖β + ‖(uCϕ − vCψ)gψ,ϕ,a‖β.
(iii) For each a ∈ B,

|Du,ϕ(a)−Dv,ψ(a)| � ‖(uCϕ − vCψ)fϕ(a)‖β + ‖(uCϕ − vCψ)fψ(a)‖β
+min

{‖(uCϕ − vCψ)gϕ,ψ,a‖β, ‖(uCϕ − vCψ)gψ,ϕ,a‖β
}
.

Proof. The idea of the proof follows from [6, Lemma 2.1].
(i) We only consider the case that Φϕ(a)(ψ(a)) = 0. Otherwise,

∣
∣Du,ϕ(a)|ρ(ϕ(a), ψ(a))

∣
∣ = 0

and hence there is nothing to prove. Then, by a simple calculation, we have

∥∥(uCϕ − vCψ)fϕ(a)
∥∥
β
≥ |Du,ϕ(a)| − (1− |ϕ(a)|2)α(1− |ψ(a)|2)α

|1 − 〈ψ(a), ϕ(a)〉|2α |Dv,ψ(a)|

and

∥
∥(uCϕ−vCψ)gϕ,ψ,a

∥
∥
β
≥ (1−|ϕ(a)|2)α(1−|ψ(a)|2)α

|1− 〈ψ(a), ϕ(a)〉|2α |Dv,ψ(a)|ρ(ϕ(a), ψ(a)).

Hence

|Du,ϕ(a)|ρ(ϕ(a), ψ(a))
≤ ∥

∥(uCϕ − vCψ)fϕ(a)
∥
∥
β
· ρ(ϕ(a), ψ(a)) + ∥

∥(uCϕ − vCψ)gϕ,ψ,a
∥
∥
β

≤ ∥
∥(uCϕ − vCψ)fϕ(a)

∥
∥
β
+

∥
∥(uCϕ − vCψ)gϕ,ψ,a

∥
∥
β
.

(ii) The proof of (ii) is similar to (i), by interchanging the role of ϕ and ψ,
and hence we omit it.

(iii) By Lemma 2.1, we have

‖(uCϕ − vCψ)fϕ(a)‖β ≥
∣
∣
∣Du,ϕ(a)− (1− |ϕ(a)|2)α(1− |ψ(a)|2)α

|1 − 〈ψ(a), ϕ(a)〉|2α Dv,ψ(a)
∣
∣
∣

≥ |Du,ϕ(a)−Dv,ψ(a)| −
∣∣
∣1− (1− |ϕ(a)|2)α(1− |ψ(a)|2)α

|1− 〈ψ(a), ϕ(a)〉|2α
∣∣
∣|Dv,ψ(a)|
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= |Du,ϕ(a)−Dv,ψ(a)|
− ∣
∣(1− |ϕ(a)|2)αfϕ(a)(ϕ(a))− (1− |ψ(a)|2)αfϕ(a)(ψ(a))

∣
∣|Dv,ψ(a)|

≥ |Du,ϕ(a)−Dv,ψ(a)| − 
α(ϕ(a), ψ(a))|Dv,ψ(a)|
� |Du,ϕ(a)−Dv,ψ(a)| − |Dv,ψ(a)|ρ(ϕ(a), ψ(a)).

Thus, by (ii), we have

|Du,ϕ(a)−Dv,ψ(a)| � ‖(uCϕ − vCψ)fϕ(a)‖β + |Dv,ψ(a)|ρ(ϕ(a), ψ(a))
≤ ‖(uCϕ − vCψ)fϕ(a)‖β + ‖(uCϕ − vCψ)fψ(a)‖β + ‖(uCϕ − vCψ)gψ,ϕ,a‖β.

Interchanging the role of ϕ and ψ, it is easy to see that

|Du,ϕ(a)−Dv,ψ(a)| ≤ ‖(uCϕ − vCψ)fϕ(a)‖β
+ ‖(uCϕ − vCψ)fψ(a)‖β + ‖(uCϕ − vCψ)gϕ,ψ,a‖β.

Thus, we have

|Du,ϕ(a)−Dv,ψ(a)| ≤ ‖(uCϕ − vCψ)fϕ(a)‖β + ‖(uCϕ − vCψ)fψ(a)‖β
+min

{‖(uCϕ − vCψ)gϕ,ψ,a‖β, ‖(uCϕ − vCψ)gψ,ϕ,a‖β
}
.

The proof is complete. �
Next, we introduce the following condition with respect to ϕ and ψ:

there exists a C > 0, such that

(2.1) inf
a∈B

1− |ϕ(a)|2
|1 − 〈ϕ(a), ξa〉| > C,

where ξa =
Φϕ(a)(ψ(a))
|Φϕ(a)(ψ(a))| . We also need its dual version, namely, there exists

a C > 0, such that

(2.2) inf
a∈B

1− |ψ(a)|2
|1− 〈ψ(a), ζa〉| > C,

where ζa =
Φψ(a)(ϕ(a))
|Φψ(a)(ϕ(a))| . We refer the reader Remark 2.4 below for some mo-

tivations on introducing these conditions.

Lemma 2.3. Let 0 < α, β <∞, u, v ∈ H(B). Let, further, ϕ and ψ be
holomorphic self-maps of B. Then the following inequalities hold :

(i)

sup
a∈B

‖(uCϕ − vCψ)fa‖β � sup
j∈N

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α ;
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(ii) Suppose (2.1) holds. Then

sup
a∈B

‖(uCϕ − vCψ)gϕ,ψ,a‖β � sup
j∈N

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α

+ sup
j∈N

sup
ξ,ξ′∈∂B

‖u〈ϕ, ξ〉j〈ϕ, ξ′〉 − v〈ψ, ξ〉j〈ψ, ξ′〉‖β
‖〈z, ξ〉j〈z, ξ′〉‖α ;

(iii) Suppose (2.2) holds. Then

sup
a∈B

‖(uCϕ − vCψ)gψ,ϕ,a‖β � sup
j∈N

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α

+ sup
j∈N

sup
ξ,ξ′∈∂B

‖u〈ϕ, ξ〉j〈ϕ, ξ′〉 − v〈ψ, ξ〉j〈ψ, ξ′〉‖β
‖〈z, ξ〉j〈z, ξ′〉‖α .

Proof. (i) If a = 0, then fa(z) = 1, and hence

‖(uCϕ − vCψ)fa‖β = ‖u− v‖β ≤ sup
j∈N

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α ,

where in the above inequality, we simply consider the case j = 0 and use the
fact that ‖1‖α = 1.

For any a ∈ B with a = 0, we have

fa(z) =
(1− |a|2)α

(1− 〈z, a〉)2α = (1− |a|2)α
∞∑

k=0

Γ(k + 2α)

k ! Γ(2α)
〈z, a〉k

= (1− |a|2)α
∞∑

k=0

Γ(k + 2α)

k ! Γ(2α)
|a|k

〈
z,

a

|a|
〉k
.

Moreover, for each ξ ∈ ∂B, it is easy to see

(2.3) ‖〈z, ξ〉k‖α = sup
z∈B

|〈z, ξ〉|k(1− |z|2)α � k−α,

uniformly in ξ. Thus,

‖(uCϕ − vCψ)fa‖β

≤ (1− |a|2)α
∞∑

k=0

Γ(k + 2α)

k ! Γ(2α)
|a|k

∥∥
∥u

〈
ϕ,

a

|a|
〉k − v

〈
ψ,

a

|a|
〉k∥∥

∥
β

= (1− |a|2)α
∞∑

k=0

Γ(k + 2α)

k ! Γ(2α)
k−α|a|kkα

∥
∥
∥u

〈
ϕ,

a

|a|
〉k − v

〈
ψ,

a

|a|
〉k∥∥

∥
β
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≤ (1− |a|2)α
∞∑

k=0

Γ(k + 2α)

k ! Γ(2α)
k−α|a|k · sup

j∈N
sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉‖α

� sup
j∈N

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉‖α ,

where in the last inequality, we use the fact that

∞∑

k=0

Γ(k + 2α)

k ! Γ(2α)
k−α|a|k � (1− |a|2)−α.

The desired result follows from by talking supremum of a over B.
(ii) First, we observe that for any ξ, ξ′ ∈ ∂B and k ∈ N,

‖〈z, ξ〉k〈z, ξ′〉‖α � k−α,

which implies

(2.4) 1 � k−α

‖〈z, ξ〉k〈z, ξ′〉‖α .

Indeed, the above claim follows from (2.3) and the fact that ‖〈z, ξ〉k〈z, ξ′〉‖α
≤ ‖〈z, ξ〉k‖α.

Take and fix some a ∈ B. Again, without the loss of generality, we may
assume that Φϕ(a)(ψ(a)) = 0, otherwise the statement is trivial.

We may also assume that ϕ(a) = 0. Indeed, if ϕ(a) = 0, we have

gϕ,ψ,a(z) = −〈z, ξa〉, where ξa = Φϕ(a)(ψ(a))
|Φϕ(a)(ψ(a))| ∈ ∂B. Then it is clear that

‖(uCϕ − vCψ)gϕ,ψ,a‖β = ‖u〈ϕ, ξa〉 − v〈ψ, ξa〉‖β

� sup
j∈N

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α .

By [20, Lemma 1.3], we have

〈Φϕ(a)(z),Φϕ(a)(ψ(a))〉
|Φϕ(a)(ψ(a))|

= 〈Φϕ(a)(z), ξa〉

= 1+
(〈
Φϕ(a)(z), ξa

〉− 1
)
= 1− (

1− 〈
Φϕ(a)(z),Φϕ(a)(Φϕ(a)(ξa))

〉)

= 1− (1− |ϕ(a)|2)(1− 〈z, ξ′a〉)
(1− 〈z, ϕ(a)〉)(1− 〈ϕ(a), ξ′a〉)

,
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where ξ′a := Φϕ(a)(ξa) ∈ ∂B. Note that another application of [20, Lemma
1.3] gives

1− 〈ϕ(a), ξ′a〉 =
1− |ϕ(a)|2

1− 〈ϕ(a), ξa〉 .

Thus, for each z ∈ B, we have

gϕ,ψ,a(z) = fϕ(a)(z) ·
〈Φϕ(a)(z),Φϕ(a)(ψ(a))〉

|Φϕ(a)(ψ(a))|

= fϕ(a)(z)− fϕ(a)(z) ·
(1− |ϕ(a)|2)(1− 〈z, ξ′a〉)

(1− 〈z, ϕ(a)〉)(1− 〈ϕ(a), ξ′a〉)
,

which implies

‖(uCϕ − vCψ)gϕ,ψ,a‖β ≤ ‖(uCϕ − vCψ)(fϕ(a))‖β

+
∥
∥
∥(uCϕ − vCψ)

(
fϕ(a) ·

(1− |ϕ(a)|2)(1− 〈z, ξ′a〉)
(1− 〈z, ϕ(a)〉)(1− 〈ϕ(a), ξ′a〉)

)∥∥
∥
β
.

By part (i), the first term is bounded by

sup
j∈N

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉‖α .

To bound the second term, we first note that

fϕ(a)(z) ·
(1− |ϕ(a)|2)(1− 〈z, ξ′a〉)

(1− 〈z, ϕ(a)〉)(1− 〈ϕ(a), ξ′a〉)

=

[
(1− |ϕ(a)|2)α

∞∑

k=0

Γ(k + 2α)

k ! Γ(2α)
〈z, ϕ(a)〉k

]

×
[

1− |ϕ(a)|2
1− 〈ϕ(a), ξ′a〉

· (1− 〈z, ξ′a〉) ·
∞∑

k=0

〈z, ϕ(a)〉k
]
= J1(z)− J2(z),

where both J1(z) and J2(z) are holomorphic on B, defined by

J1(z) :=
(1− |ϕ(a)|2)1+α
1− 〈ϕ(a), ξ′a〉

[ ∞∑

k=0

Γ(k + 2α)

k ! Γ(2α)
〈z, ϕ(a)〉k

]
·
[ ∞∑

k=0

〈z, ϕ(a)〉k
]

=
(1− |ϕ(a)|2)1+α
1− 〈ϕ(a), ξ′a〉

·
∞∑

k=0

( k∑

j=0

Γ(j + 2α)

j!Γ(2α)

)
〈z, ϕ(a)〉k
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and

J2(z) :=
(1− |ϕ(a)|2)1+α
1− 〈ϕ(a), ξ′a〉

·
∞∑

k=0

( k∑

j=0

Γ(j + 2α)

j!Γ(2α)

)
〈z, ϕ(a)〉k〈z, ξ′a〉.

Hence,

∥
∥∥(uCϕ − vCψ)

(
fϕ(a) ·

(1− |ϕ(a)|2)(1− 〈z, ξ′a〉)
(1− 〈z, ϕ(a)〉)(1− 〈ϕ(a), ξ′a〉)

)∥∥∥
β

≤ ‖(uCϕ − vCψ)J1‖β + ‖(uCϕ − vCψ)J2‖β .

By Stirling’s formula, we have

k∑

j=0

Γ(j + 2α)

j!Γ(2α)
�

k∑

j=0

j2α−1 � k2α

for k large enough. Thus, by (2.1) and (2.3), we have

‖(uCϕ − vCψ)J1‖β

� (1− |ϕ(a)|2)1+α
∞∑

k=0

( k∑

j=0

Γ(j + 2α)

j!Γ(2α)

)∥
∥(uCϕ − vCψ)〈z, ϕ(a)〉k

∥
∥
β

� (1− |ϕ(a)|2)1+α
∞∑

k=1

k2α|ϕ(a)|k
∥
∥
∥(uCϕ − vCψ)

(〈
z,

ϕ(a)

|ϕ(a)|
〉k)∥∥

∥
β

� (1− |ϕ(a)|2)1+α
∞∑

k=1

1

kα
· k2α|ϕ(a)|k ·

∥
∥
∥(uCϕ − vCψ)

(〈
z, ϕ(a)|ϕ(a)|

〉k)∥∥
∥
β∥

∥
∥
〈
z, ϕ(a)|ϕ(a)|

〉k∥∥
∥
α

� sup
j∈N

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉‖α .

The estimation of ‖(uCϕ − vCψ)J2‖β is similar as the previous part, by

replacing the role of (2.3) by (2.4), and 〈z, ϕ(a)〉k by 〈z, ϕ(a)〉k〈z, ξ′a〉. We
omit the details. The desired estimation follows from combining the above
two estimations.

(iii) The proof of (iii) is similar as (ii), by replacing (2.1) by it dual
version (2.2). �
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Remark 2.4. In the above lemma, the assumptions (2.1) and (2.2) can
be dropped when n = 1. Indeed, by the definition of Φϕ(a)(z), we have

Φϕ(a)(z) =
(
ϕ(a)− Pϕ(a)(z)− sϕ(a)Qϕ(a)(z)

) ∞∑

k=0

〈z, ϕ(a)〉k

=
(
ϕ(a)− Pϕ(a)(z)

) ∞∑

k=0

〈z, ϕ(a)〉k,

where in the last equality we use the fact that the orthogonal projection Qa
vanishes when n = 1. Hence

〈Φϕ(a)(z),Φϕ(a)(ψ(a))〉
|Φϕ(a)(ψ(a))|

= 〈Φϕ(a)(z), ξa〉

=
|ϕ(a)|2 − 1

|ϕ(a)|2 · 〈ϕ(a), ξa〉 ·
∞∑

k=0

〈z, ϕ(a)〉k.

The desired claim then follows from a similar argument as the one in
Lemma 2.3(ii) and an application of Cauchy’s inequality. We omit the de-
tails.

Theorem 2.5. Let 0 < α, β <∞, u, v ∈ H(B). Let further, ϕ and ψ be
holomorphic self-maps of B satisfying (2.1) or (2.2). Then uCϕ− vCψ : H

∞
α

�→ H∞
β is bounded if and only if

(2.5) sup
j∈N

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α <∞

and

(2.6) sup
j∈N

sup
ξ,ξ′∈∂B

‖u〈ϕ, ξ〉j〈ϕ, ξ′〉 − v〈ψ, ξ〉j〈ψ, ξ′〉‖β
‖〈z, ξ〉j〈z, ξ′〉‖α <∞.

Proof. Necessity . Suppose uCϕ − vCψ is bounded. For any j ∈ N and
ξ, ξ′ ∈ ∂B, consider the probe funcitons

fj,ξ(z) =
〈z, ξ〉j

‖〈z, ξ〉j‖α and fj,ξ,ξ′(z) =
〈z, ξ〉j〈z, ξ′〉

‖〈z, ξ〉j〈z, ξ′〉‖α .

Then ‖fj,ξ‖α = ‖fj,ξ,ξ′‖α = 1. Thus, by the boundedness of uCϕ − vCψ , we
have

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α = ‖(uCϕ − vCψ)fj,ξ‖β ≤ ‖uCϕ − vCψ‖ <∞,
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and

‖u〈ϕ, ξ〉j〈ϕ, ξ′〉 − v〈ψ, ξ〉j〈ψ, ξ′〉‖β
‖〈z, ξ〉j〈z, ξ′〉‖α

= ‖(uCϕ − vCψ)fj,ξ,ξ′‖β ≤ ‖uCϕ − vCψ‖ <∞,

The desired result then follows by take the supremum of j, ξ and ξ′ on
both sides of the above inequalities.

Sufficiency . Suppose (2.5) and (2.6) hold. Moreover, without loss of
generality, we assume (2.1) holds. Then for any f ∈ H∞

α with ‖f‖H∞
α

≤ 1
and using Lemma 2.1, we have

‖(uCϕ − vCψ)f‖β = sup
z∈B

∣
∣u(z)f(ϕ(z))− v(z)f(ψ(z))

∣
∣(1− |z|2)β

≤ sup
z∈B

∣
∣f(ϕ(z))(1− |ϕ(z)|2)α − f(ψ(z))(1− |ψ(z)|2)α∣∣|Du,ϕ(z)|

+ sup
z∈B

|f(ψ(z))|(1− |ψ(z)|2)α|Du,ϕ(z)−Dv,ψ(z)|

≤ sup
z∈B


α(ϕ(z), ψ(z))|Du,ϕ(z)|+ sup
z∈B

|Du,ϕ(z)−Dv,ψ(z)|

� sup
z∈B

|Du,ϕ(z)|ρ(ϕ(z), ψ(z)) + sup
z∈B

|Du,ϕ(z)−Dv,ψ(z)|.

Hence, by Lemmas 2.2 and 2.3, we have

‖(uCϕ − vCψ)f‖β � sup
a∈B

‖(uCϕ − vCψ)fϕ(a)‖β

+ sup
a∈B

sup
a∈B

‖(uCϕ − vCψ)fψ(a)‖β + sup
a∈B

‖(uCϕ − vCψ)gϕ,ψ,a‖β

� sup
j∈N

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α

+ sup
j∈N

sup
ξ,ξ′∈∂B

‖u〈ϕ, ξ〉j〈ϕ, ξ′〉 − v〈ψ, ξ〉j〈ψ, ξ′〉‖β
‖〈z, ξ〉j〈z, ξ′〉‖α <∞.

Therefore, uCϕ − vCψ : H
∞
α �→ H∞

β is bounded. The proof is complete. �

3. Essential norm estimates

In this section, we give an estimate for the essential norm of uCϕ − vCψ
from H∞

α to H∞
β .

Recall that the essential norm ‖T‖e,X→Y of a bounded linear operator
T : X→Y is defined as the distance from T to the set of compact operatorsK
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mapping X into Y, that is, ‖T‖e,X→Y = inf{‖T −K‖X→Y : K is compact},
where ‖ · ‖X→Y is the operator norm.

Lemma 3.1. Let 0 < α, β <∞, u, v ∈ H(B). Let further, ϕ and ψ be
holomorphic self-maps of B. Then the following inequalities hold :

(i)

lim sup
|a|→1

‖(uCϕ − vCψ)fa‖β � lim sup
j→∞

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α ;

(ii) Suppose (2.1) holds. Then

lim sup
|ϕ(a)|→1

‖(uCϕ − vCψ)gϕ,ψ,a‖β � lim sup
j→∞

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α

+ lim sup
j→∞

sup
ξ,ξ′∈∂B

‖u〈ϕ, ξ〉j〈ϕ, ξ′〉 − v〈ψ, ξ〉j〈ψ, ξ′〉‖β
‖〈z, ξ〉j〈z, ξ′〉‖α ;

(iii) Suppose (2.2) holds. Then

lim sup
|ψ(a)|→1

‖(uCϕ − vCψ)gψ,ϕ,a‖β � lim sup
j→∞

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α

+ lim sup
j→∞

sup
ξ,ξ′∈∂B

‖u〈ϕ, ξ〉j〈ϕ, ξ′〉 − v〈ψ, ξ〉j〈ψ, ξ′〉‖β
‖〈z, ξ〉j〈z, ξ′〉‖α .

Proof. (i) For each N ∈ N and a ∈ B with a = 0, the proof of (i) in
Lemma 2.3 gives

∥
∥(uCϕ − vCψ)fa

∥
∥
β

� (1− |a|2)α
N∑

k=0

Γ(k+2α)

k ! Γ(2α)
|a|k

∥
∥
∥u

〈
ϕ,

a

|a|
〉k − v

〈
ψ,

a

|a|
〉k∥∥

∥
β

+ (1− |a|2)α
∞∑

N+1

Γ(k + 2α)

k ! Γ(2α)
k−α|a|k sup

j≥N+1
sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α .

Now for this fixed N , by letting |a| → 1, we have

lim sup
|a|→1

‖(uCϕ − vCψ)fa‖β � sup
j≥N+1

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α ,

which implies

lim sup
|a|→1

‖(uCϕ − vCψ)fa‖β � lim sup
j→∞

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α .
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(ii) Again, from the proof of Lemma 2.3, we have for each N ∈ N,

∥∥(uCϕ − vCψ)(gϕ,ψ,a − fϕ(a))
∥∥
β

� (1− |ϕ(a)|2)1+α
N∑

k=1

k2α|ϕ(a)|k
∥
∥
∥(uCϕ − vCψ)

(
〈z, ϕ(a)|ϕ(a)| 〉

k
)∥∥
∥
β

+ (1− |ϕ(a)|2)1+α
N∑

k=1

k2α|ϕ(a)|k

×
∥∥
∥(uCϕ − vCψ)

(〈
z,

ϕ(a)

|ϕ(a)|
〉k〈z, ϕ(a)〉k〈z, ξ′a〉

)∥∥
∥
β

+ (1− |ϕ(a)|2)1+α
∞∑

k=N+1

kα|ϕ(a)|k sup
k≥N

sup
ξ∈∂B

‖(uCϕ − vCψ)(〈z, ξ〉k)‖β
‖〈z, ξ〉‖α

+ (1−|ϕ(a)|2)1+α
∞∑

k=N+1

kα|ϕ(a)|k sup
k≥N

sup
ξ,ξ′∈∂B

‖(uCϕ−vCψ)(〈z, ξ〉k〈z, ξ′〉)‖β
‖〈z, ξ〉k〈z, ξ′〉‖α .

Let |ϕ(a)| → 1, then we have

lim sup
|ϕ(a)|→1

∥∥(uCϕ − vCψ)(gϕ,ψ,a − fϕ(a))
∥∥
β

� sup
k≥N

sup
ξ∈∂B

‖(uCϕ − vCψ)(〈z, ξ〉k)‖β
‖〈z, ξ〉‖α

+ sup
k≥N

sup
ξ,ξ′∈∂B

‖(uCϕ − vCψ)(〈z, ξ〉k〈z, ξ′〉)‖β
‖〈z, ξ〉k〈z, ξ′〉‖α ,

which clearly implies the desired estimate.
(iii) The proof for (iii) again is similar as (ii), and hence we omit it. �

Theorem 3.2. Let 0 < α, β <∞, u, v ∈ H(B). Let further, ϕ and ψ
be holomorphic self-maps of B satisfying (2.1) and (2.2). Suppose that
uCϕ : H

∞
α �→ H∞

β and uCϕ : H
∞
α �→ H∞

β are bounded, then

‖uCϕ − vCψ‖e,H∞
α �→H∞

β
� lim sup

j→∞
sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α

+ lim sup
j→∞

sup
ξ,ξ′∈∂B

‖u〈ϕ, ξ〉j〈ϕ, ξ′〉 − v〈ψ, ξ〉j〈ψ, ξ′〉‖β
‖〈z, ξ〉j〈z, ξ′〉‖α .
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Proof. Following a standard argument (see, e.g., [6, Theorem 3.1]), one
can easily establish that

‖uCϕ − vCψ‖e,H∞
α �→H∞

β
� lim

r→1
sup

|ϕ(z)|>r
|Du,ϕ(z)|ρ(ϕ(z), ψ(z))

+ lim
r→1

sup
|ψ(z)|>r

|Dv,ψ(z)|ρ(ϕ(z), ψ(z)) + lim
r→1

sup
|ϕ(z)|,|ψ(z)|>r

|Du,ϕ(z)−Dv,ψ(z)|.

Thus, by Lemma 3.1, we have

‖uCϕ − vCψ‖e,H∞
α �→H∞

β

� lim sup
|ϕ(a)|→1

‖(uCϕ − vCψ)fϕ(a)‖β + lim sup
|ψ(a)|→1

‖(uCϕ − vCψ)fψ(a)‖β

+ lim sup
|ϕ(a)|→1

‖(uCϕ − vCψ)gϕ,ψ,a‖β + lim sup
|ψ(a)|→1

‖(uCϕ − vCψ)gψ,ϕ,a‖β

� lim sup
j→∞

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α

+ lim sup
j→∞

sup
ξ,ξ′∈∂B

‖u〈ϕ, ξ〉j〈ϕ, ξ′〉 − v〈ψ, ξ〉j〈ψ, ξ′〉‖β
‖〈z, ξ〉j〈z, ξ′〉‖α .

Next, we shall prove that

‖uCϕ − vCψ‖e,H∞
α �→H∞

β
� lim sup

j→∞
sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α

+ lim sup
j→∞

sup
ξ,ξ′∈∂B

‖u〈ϕ, ξ〉j〈ϕ, ξ′〉 − v〈ψ, ξ〉j〈ψ, ξ′〉‖β
‖〈z, ξ〉j〈z, ξ′〉‖α .

To see this, recall the test functions fj,ξ and fj,ξ,ξ′ defined in the proof of
Theorem 2.5, namely, for j ∈ N and ξ, ξ′ ∈ ∂B, we write

fj,ξ(z) =
〈z, ξ〉j

‖〈z, ξ〉j‖α and fj,ξ,ξ′(z) =
〈z, ξ〉j〈z, ξ′〉

‖〈z, ξ〉j〈z, ξ′〉‖α .

We first show that

(3.1) ‖uCϕ − vCψ‖e,H∞
α �→H∞

β
≥ lim sup

j→∞
sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α .

Since ‖fj,ξ‖α = 1 for all j ∈ N and ξ ∈ ∂B, by the boundedness assumption
on both uCϕ and vCψ , we have

sup
j∈N

sup
ξ∈∂B

‖(uCϕ − vCψ)(fj,ξ)‖β <∞.
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Take and fix any ε > 0, then for each k ∈ N, we can take a ξk ∈ ∂B, such
that

‖(uCϕ − vCψ)(fk,ξk)‖β ≥ sup
ξ∈∂B

‖(uCϕ − vCψ)(fk,ξ)‖β − ε.

Now we consider the set {fk,ξk}k∈N. It is clear that fk,ξk → 0 uniformly on
compact subsets of B. Hence, if K is any compact operator from H∞

α to
H∞
β , then

lim
k→∞

‖Kfk,ξk‖β = 0 .

Hence

‖uCϕ − vCψ −K‖H∞
α �→H∞

β
≥ lim sup

k→∞
‖(uCϕ − vCψ −K)(fk,ξk)‖β

= lim sup
k→∞

‖(uCϕ − vCψ)(fk,ξk)‖β ≥ lim sup
k→∞

sup
ξ∈∂B

‖(uCϕ − vCψ)(fk,ξ)‖β − ε,

which implies the desired result by first letting ε→ 0 and then taking the
infimum of K over all the compact operators.

Similarly, we can show that

‖uCϕ − vCψ‖e,H∞
α �→H∞

β
≥ lim sup

j→∞
sup

ξ,ξ′∈∂B
‖u〈ϕ, ξ〉j〈ϕ, ξ′〉 − v〈ψ, ξ〉j〈ψ, ξ′〉‖β

‖〈z, ξ〉j〈z, ξ′〉‖α .

Finally, combining the above estimate with (3.1), we get the desired result.
�

As a corollary, we have the following result on the compactness of
uCϕ−vCψ , which is simply due to the essential norm of a compact operator
is 0.

Corollary 3.3. Let 0 < α, β <∞, u, v ∈ H(B). Let further, ϕ and
ψ be holomorphic self-maps of B satisfying (2.1) and (2.2). Suppose that
uCϕ : H

∞
α �→ H∞

β and uCϕ : H
∞
α �→ H∞

β are bounded, then uCϕ − vCψ is
compact if and only if

lim sup
j→∞

sup
ξ∈∂B

‖u〈ϕ, ξ〉j − v〈ψ, ξ〉j‖β
‖〈z, ξ〉j‖α = 0

and

lim sup
j→∞

sup
ξ,ξ′∈∂B

‖u〈ϕ, ξ〉j〈ϕ, ξ′〉 − v〈ψ, ξ〉j〈ψ, ξ′〉‖β
‖〈z, ξ〉j〈z, ξ′〉‖α = 0.
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