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Abstract. In this paper, a new characterization is provided for the bound-
edness, compactness and essential norm of the difference of two weighted compo-
sition operators on weighted-type spaces in the unit ball of C".

1. Introduction

Let B be the open unit ball of C" and OB the boundary of B. For
a € B\{0}, the automorphism of B is defined by

a— Pz —5,Q42

a(2) = 1—(z,a) ’

z € B,

where

Sa=/1—a)?, Paz:éz’aia, and Q.2 =2— P,z, z¢€DB,
a,a

and ®y(z) = —z. For z,w € B, the pseudo-hyperbolic distance between z
and w is given by

p(z,w) = [y(2)]-
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It is clear that p(z,w) < 1, moreover, it is invariant under automorphism,
that is,

p(0(2), p(w)) = p(z, w),

for all z,w € B and ¢ € Aut(B).
Let H(B) be the space of all holomorphic functions on B. Let ae > 0. An
f € H(B) is said to belong to the weighted-type space, denoted by HZ°, if

1 £lle = sup(L — |2[*)*|f(2)| < oo,
z€EB

It is well known that H3° is a Banach space under the norm || - ||4.
Let ¢ be a holomorphic self-map of B and u € H(B). The weighted
composition operator uCy,: H(B) — H(B) is defined by

uCy(f)(2) = u(2) f(p(2)), fe H(B), z€B.

Observe that uCy(f) = My, 0Cy(f), where M, (f) = uf is the multiplication
operator with symbol u and C,(f) = f o ¢ is the composition operator with
symbol ¢.

The boundedness and compactness of the operator uCy, are always im-
portant in the study of such operators (see, e.g., [3]). Recently, it is known
that such properties can be merely captured by polynomials. More precisely,
for a operator uC,, from X into Y, where X and Y are some “nice” analytic
function spaces that are defined on the unit disc D (or B, respectively),

1. uCy: X'+ Y is bounded if and only if

J
< (Or sup sup HU(%Q lly
jeneeam |1(z,€)|x

J
up 17

en [127]1x < o0, reSpectively);
J€

2. uCyp: X+ Y is compact if and only if uC,: X+ Y is bounded and

J
or limsup sup lude, €7l

. [[ue? ||y
lim sup =0 ( :
jooo geoB |1(2:,6)]Ix

: 2y =0, respectively).
Jj—o0

Such a phenomenon was first found by Wulan, Zheng and Zhu in [18] in the
setting of the unit disk. They showed that C, is compact on B(DD) if and only
if lim; o0 [|¢7[|gm) = 0. Here B(D) is the Bloch space, which consists of all
analytic functions f on D satisfying sup,cp(1 — |2[*)|f/(2)| < co. In [4], Dai
extended the main result in [18] to the unit ball. He showed that C, is com-
pact on B(B) if and only if lim;_, supgegg [|(0. €)7||lg@) = 0. See [2,4,6,7,
10,16—-19] for more results on such characterization of composition operators
and weighted composition operators on some analytic function spaces.
Recently, the difference of composition operators (as well as the weighted
composition operators) draws great attention of lots of researchers, as it can
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DIFFERENCE OF WEIGHTED COMPOSITION OPERATORS 519

be used to study the topological structure of the set of composition operators
(as well as the weighted composition operators). For example, given uCl,
and vCy two bounded operators acting from X to Y as above, one may
ask whether uC, and vCy are in the same path component in W(X,Y),
the set of all bounded weighted composition operators between X and Y,
equipped with the topology induced by operator norm. More precisely, we
are interested in that whether there exists a continuous mapping 7: [0, 1]
—= W(X,Y), such that v(0) = uC, and (1) =vCy. In general, this is a
hard question and it turns out that one should first understand the behavior
of the difference of two weighted composition operators.

The line of this research was first started by Berkson [1]. In [16], Shi
and Li obtained several estimates for the essential norm of the difference of
composition operators on B(ID). Among others, they showed that

1Ce — Cylle,5m)—BD) = jli_{lolo ! — ¥ lgm)-

For further results of the difference under various settings, we refer the read-
ers to [1,3,5,6,8,9,11-17] and the references therein.

In [12], Nieminen obtained a characterization of the compactness of dif-
ferences of weighted composition operators on weighted-type spaces. Moti-
vated by the results in [18] and [12], Hu, Li and Shi [6] gave a new character-
ization for the boundedness, compactness and essential norm of the operator
uCyp —vCy: H® — HE® in the unit disk. More precisely, they showed that
uCyp —vCy: HF(D) — HE*(D) is bounded (respectively, compact) if and

llue? —vip? |5

only if the sequence ( ll24 |

);io is bounded (respectively, convergent
to 0 as j — 00).

In this paper, we study the difference of two weighted composition op-
erators between different weighted-type spaces in the unit ball, namely, the
operator uCy, —vCy: H® — HZ°, where u,v € H(B) and ¢, are two holo-
morphic self-maps of B. We characterize the boundedness, compactness and
essential norm of the operator uC, — vCy by using

(e, €9 — v(th, €)7]|5
st 102, €)9]|a

and

oy (0,70, &) — v, 67w, )]s

sup .
£.6/€0B 1{2,€)7 (2, £")||a
For a non-polynomial description, we refer the readers to the paper [5] for
details.
Throughout this paper, for a,b € R, a <b (a 2 b, respectively) means
there exists a positive number C', which is independent of a and b, such that
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a < Cb (a > Ob, respectively). Moreover, if both a < b and a 2 b hold, then
we say a =~ b.

2. Boundedness of uC, — vCy: H Hg°

In this section, we characterize the boundedness of the difference of
weighted composition operators from HZ° to Hgo For all z,w € B, define

ba(z,w) = sup [(1—[2%)*f(2) = (1 = |[w*)* f(w)].

[fl[rge <1
Let ¢ and 9 be holomorphic self-maps of B, u,v € H(B). We denote

(1= |21*) u(2) (1= |21*)v(z)
(1= lp(z)[?)* (1= [p()P)>

Moreover, for each a € B, we define the following families of test functions
on B:

Du,so(z) = Dv,w(z) =

_ (-laPy
RO = (1 e
(@) (2), B 0) (@) .
fap(a) (Z) : (|31>¢(a>(1/,((;))‘ ) (I)go(a) (w(a)) 7& 0;

OE {0, @) (4(a)) =0,

and

DPoya)(2),Puy(a a .
Fo@ (@) - PRI By (e(a) £ 0
0, Dy (a)(p(a)) =0

It is clear that fq, gpup.a and gy, q are holomorphic with gy . q(¢(a)) =0
and gy, 0(1(a)) = 0. Moreover, we have

Iypa(?) = {

sup [[falla <1, sup|lgpyalla <1, suplgypalla <1.
acB acB acB

To state and prove our main results in this paper, we need some lemmas.
The following well-known estimate can be found in [5, Lemma 3.2].

LEMMA 2.1. For f € H® and z,w € B,
(1= 1) f(2) = (1= [w)*F(w)] S| fllap(z, w).

LEMMA 2.2. Let 0 < o, 8 < 00, u,v € H(B). Further, let ¢ and 1 be
holomorphic self-maps of B. Then the following inequalities hold:
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(i) For each a € B,

Pup(a)lp(p(a), P(a)) < [[(uCp — vCy) fo()lls + (uCp — vCy)gp.all 53
(ii) For each a € B,
Do (a)lp(p(a), ¥(a)) < [[(uCy = vCy) fy(@)lls + [(uCp = vCy)gy,p.alls-
(iii) For each a € B,
Dup(a) = Doy(a)| S [(uCp = vCy) fpa)llp + |(wCyp — vCy) fall g
+ min{”(ucso - Ucw)ggo7w7a||,3> H(UCAO - Ucw)gw7go7a||,3}'

PRrOOF. The idea of the proof follows from [6, Lemma 2.1].
(i) We only consider the case that ®,4)(¢(a)) # 0. Otherwise,

|Dug(@)lp(0(a), ()] =0

and hence there is nothing to prove. Then, by a simple calculation, we have

(1= le(a))*(1 = [¢(a))*

H(UCQO - vcw)fap(a)Hg > ‘IDUM(G’)‘ - |1 o < ( ) ( )>|2a ‘IDU#}(CL”
and
_ a 2\a (1 _ a 2\«
W€y oClganally = 7 2N s @lote(@. v
Hence

Du,p(a)lp(e(a),y(a))
< H(qu - ”Cw)fso(a)Hﬁ - ple(a), ¥(a)) + H(uCﬁp - ”C¢)9w7w7a“ﬁ

< |G = vC) fotallg + 1 (wCo = vCy) gl 5

(i) The proof of (ii) is similar to (i), by interchanging the role of ¢ and v,
and hence we omit it.
(iii) By Lemma 2.1, we have

(1= (@) (1 — [p(a))°
I(Cy = Co) ol > [Pugla) =~ P40 W D, )

(1= le(a))*(1 = [(a)[)*
1= (¥(a), p(a))
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= [Dup(a) = Dy y(a)l
= (1 = () ") foa ( (a)) = (1 - |1/}(a)‘2)af<p 1(a))|[ Dy (a)l
2> [Dup(a) = Dyy(a)] = balp(a), 9(a))[Dyy(a)]

2 |Du(a) — v,w(a)l — Dy y(a)lp(p(a), (a)).
Thus, by (ii), we have
Dup(a) = Dyy(a)l S [[(uCy — vCy) foa)llg + Dop(a)lp(e(a), ¥(a))
< (uCy —vCy) fo(alls + [[(uCop — vCy) fiayll s + 1(uCyp — vCy) gy p,all5-
Interchanging the role of ¢ and 1, it is easy to see that
|Du,p(a) — Dyy(a)l < [[(uCyp —vCy) fo(a)lls
+ [[(uCp = vCy) fya)lls + [|(uCy — vCy) gy .0l 8-
Thus, we have
Dup(@) = Dos(@)] < 1WC, — 0C) ftay 15 + 1 — 1) fsa 1
+ min { [(uCyp = vCy)gppalls, [[(uCy — va)gw,go,aHﬁ}-

The proof is complete. [

Next, we introduce the following condition with respect to ¢ and :
there exists a C' > 0, such that

1— |p(a)l?
(2.1) inf > C,
agB [1 — (p(a), &a)|
B0 (4(a))

where &, = (B (0] We also need its dual version, namely, there exists
a C > 0, such that

1 —[¢p(a)f?
2.2 nf C
22 2 W)~
where (, = Pu (P(@) e refer the reader Remark 2.4 below for some mo-
[Py (a) ((a))]

tivations on introducing these conditions.

LEMMA 2.3. Let 0 < a, 8 < 00, u,v € H(B). Let, further, ¢ and v be
holomorphic self-maps of B. Then the following inequalities hold:

(i)

B e, €)7 —v(w, &) g
sup [(uCy — vCy) fallp < iggsseua% 2.6 ;
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(ii) Suppose (2.1) holds. Then

Wi, €9 — vl )]
sup | (uCp — vCy)gppalls < sup sup 14 87 e
acB JEN £€OB {2, €)7o

ludp, €7 {0, €") — v(¥,€)7 (¥, )l

I

+ sup sup ,
JEN €,6'€0B 1(2,€)7(z,§") | a

(iii) Suppose (2.2) holds. Then

Uiy, J_ v 75 J
sup | (uCy — vC)gppalls < sup sup 144018~ U0 ls

acB JEN £€OB 1{2,£)]|a
||U<(,D, §>J<(10’ E/> - U<¢)a £>] (7/}, £,> ||/8
= P 102,609z €l '

Proor. (i) If a =0, then f,(z) =1, and hence

o [u(p, &) —v(, )15
||(UC<P - ”Cw)faHB - ||u vHﬁ < jgg?;@% H(Z>£>jHa ’

923

where in the above inequality, we simply consider the case j = 0 and use the

fact that ||1]|o = 1.

For any a € B with a # 0, we have
(1= laf*)

(1= (z,a))*

Tk + 2a)

=01 gy @0

fa(z) =
Ik 4+ 2a) a\k
_ _ 2\a k
= (1=laf") k1T (20) <Z’ \a|> '
k=0
Moreover, for each £ € 0B, it is easy to see
(2.3) 1z, €)Flla = Sup (2 (1= 12 = k7,

uniformly in €. Thus,

I(uCy = vCy) falls

< 1oy S 2 a4 ) oo 4V,

= E!T(2a) |al
= T(k+20) , _ a \k a \k
_ _ 2\« al k.o _
=A™y p(aq) TR u(e |a|> o(v. |a|> Hg
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T 20) (. €7 — v(w. ]
S U2 ey M SRR T 59
< qup oy 1517 = 0,61
jEN £€OB ||<Zaf>||a

where in the last inequality, we use the fact that

F(k‘—l—QO&) a| |k

EIT(20) (1=~

The desired result follows from by talking supremum of a over B.
(ii) First, we observe that for any £,&' € 0B and k € N,

1(2,€)%(z, € la S &7,

which implies

1< e .
~ Iz, )%z, 8 o

Indeed, the above claim follows from (2.3) and the fact that ||(z,£)*(z,&)||a
< {26 a-

Take and fix some a € B. Again, without the loss of generality, we may
assume that ®,4)(1(a)) # 0, otherwise the statement is trivial.

We may also assume that ¢(a) # 0. Indeed, if ¢(a) =0, we have

Goupa(2) = —(2,&a), where &, = @“"E“jEﬂZg;' € 0B. Then it is clear that

(2.4)

[(uCy = vCy)gpp.alls = llulp, &a) — v(¥,&a)lls

ludp, €09 — v(1h, €)9 5
<
SR leile

By [20, Lemma 1.3], we have

D0 a) (¥
| ““f(lf) (o = ()&

=1+ (< v(a) ( ); éLCL> - ) =1- (1 - <<I)so(a)(z) <I>go(a)((1)<p(a)(£a))>)

(1= le(a))(1 = (2,£))

o |
1T 1 @)1 - (p(a), &)

Analysis Mathematica 46, 2020



DIFFERENCE OF WEIGHTED COMPOSITION OPERATORS 525

where &, 1= ®(4)(&4) € OB. Note that another application of [20, Lemma
1.3] gives

1—[e(a)l?

PR = e

Thus, for each z € B, we have

9pp,a(2) = fo)(2) -

_ _ . ¥

= fgo(a)(z) fgo(a)(z) (1 B <Z, @
which implies

[(uCy — vCy)gpp.allp < [[(uCyp — vCy)(fo(a)) I8

o @ =Te(@)) (@ = (2 &) )H
(1= (2, 0(a)))(1 = (p(a), &))/ 15"

By part (i), the first term is bounded by

oy wup 1069 =0 €l
eheeds I8l

+ H(“C<p —vCy) (fso(a)

To bound the second term, we first note that

(1= (2,8))
(1= (p(a), &)

E!T(2a)
k=0
L @P S s
X [1_<¢(a)’£a> (1—(2,&)) 1;) } = J1(2) = Ja(2),
where both J;(z) and Js(z) are holomorphic on B, defined by
1—|p(a)) o [ Tk + 20 -
Ji(z) = ( ‘Z&E(Cz)',) ) Lz:: kE'F(Qoz)) <z,w(a)>k] : [kZ:O(Z,SD(a)ﬂ

k

(1—\90(a)|2)1+‘“ — T'(j + 2a)
"1 {pla). &) kzzo(;) ) et
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and

k

Yy (1—|so<a)|2)1+a N LGH200Y vkl ¢
nio =N ];)(jzo ) ptapi €.

Hence,
(1= lp(a)?)(1 = (2,€)) )H

[ = e (Fo (1 2 amyr - oty
< (G, — vCy) Till5 + 1(uCy — vCy) D5

By Stirling’s formula, we have

for k large enough. Thus, by (2.1) and (2.3), we have

I(uCy = vCy)J1llp

0 k
Sl d (202 e, - v p@),
k=0

=0

< (1 - |p(a)P) i k2a|<P(a)|kH(UCeo —vCy) <<Z’ ‘iij% >k> HB

k=1

o0 (uCy —vCy)((2, <P(Z) k
5<1—|@<a>l2>”“‘2,§a Kl H H (2 o)) )Ha

k=1 z )"
Jj_
< sup sup 1618 ~ vl €Vl
jEN £€OB ||<Zaf>||a

The estimation of ||(uC, — vCy)Js| 3 is similar as the previous part, by
replacing the role of (2.3) by (2.4), and (z,¢(a))* by (2, ¢(a))*(z,£&). We
omit the details. The desired estimation follows from combining the above
two estimations.

(iii) The proof of (iii) is similar as (ii), by replacing (2.1) by it dual
version (2.2). O
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REMARK 2.4. In the above lemma, the assumptions (2.1) and (2.2) can
be dropped when n = 1. Indeed, by the definition of ®,,(z), we have

Poa)(2) = (9(a) = Py(a)(2) = sp() Qi) (2)) D (2 0(a))"

k=0
= ((p(a) - P<p(a)(z)) Z<Z

k=0

where in the last equality we use the fact that the orthogonal projection Q)
vanishes when n = 1. Hence

<(I)go(a)( ) »(a) (¢( ))>
| Py(a) (V(a))]

a)l? — >
SRR EONAR B

k=0

- < p(a) (Z)> £a>

The desired claim then follows from a similar argument as the one in
Lemma 2.3(ii) and an application of Cauchy’s inequality. We omit the de-
tails.

THEOREM 2.5. Let 0 < v, 8 < 00, u,v € H(B). Let further, ¢ and v be
holomorphic self-maps of B satisfying (2.1) or (2.2). Then uCy, —vCy: HY®
— HE® is bounded if and only if

lufe, £)7 — v(1), €)7 HB

29) eneem =8
and
(2:6) wp&mlwwfwws>—ww@<wgwﬁ

JEN £,6'€OB 1(2,€)7 (2, &) | o

PROOF. Necessity. Suppose uCy, — vCy is bounded. For any j € N and
£, ¢ € OB, consider the probe funcitons

(z,6) (z,6)7(2.€)
1{2,€) [l 1{2,€)7(z,§") la
Then ||fj¢lla = || fjeella =1. Thus, by the boundedness of uC, — vCy, we
have

ludp, £)7 — v(1h, )l
1{2, €)7o

fie(z) = and  fiee(2) =

= [I(uCy = vCy) ficllp < [uCp = vCy|| < oo,
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and

||’LL<(,D, §>J<307 E/> - U(U’, £>] (11}) £,>HB
1{2, )7 (2, &) |a
= [(uCyp — vCy) figells < luCy — vCy|| < o0,

The desired result then follows by take the supremum of j, £ and & on
both sides of the above inequalities.

Sufficiency. Suppose (2.5) and (2.6) hold. Moreover, without loss of
generality, we assume (2.1) holds. Then for any f € HS° with | f||z= <1
and using Lemma 2.1, we have

[(uCp —vCy) fllp = sup |u(2)f(p(2)) = v(2) f(¥(2)] (1 — [2*)”
< sup | f(0(2)) (1 = () ) = F@(2)) (1 = [9(2)]*)*|| D (2)]

z€B

+sup | f(1(2))|(1 = [(2)*)*|Duyp (2) = Doy (2)]

zeB

< supba(p(2), ¥(2))Dup(2)| + sup [Dup(2) — Doy (2)]
z€B z€B

< sup [Du,p(2)]p(9(2), ¥(2)) + sup [Dup(2) — Doy (2)]-
z€B z€B

Hence, by Lemmas 2.2 and 2.3, we have

I(uCo = vCy)flls S supll(uCy = vCy) foals

+ supsup ||(uCy — vCy) fy(a)ll g + sup [[(uCy — vCy)gp,p,all 8
acB acB acB

||’LL<(,D, E>] - U(Z[}) £>]||,3

<
~leheeor 12,6l
o, €03 (p,€") — v(ap, €3 (6, € 15
= Py 1€ (. € =

Therefore, uC, —vCy: H Hg® is bounded. The proof is complete. [J

3. Essential norm estimates

In this section, we give an estimate for the essential norm of uCy, — vCy,
from HZ to HE.

Recall that the essential norm ||7'||cx—y of a bounded linear operator
T: X—Y is defined as the distance from T to the set of compact operators K
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mapping X into Y, that is, ||T'||¢x—y = inf{||T — K||x—y : K is compact},
where || - ||x—y is the operator norm.

LEMMA 3.1. Let 0 < o, B < 00, u,v € H(B). Let further, ¢ and 1) be
holomorphic self-maps of B. Then the following inequalities hold:

(i)

J_ J
limsup [[(uCy — vCy) fallg < limsup sup lue,€) v‘(¢,§> ls ;
la|—1 jooo £€OB (2, &) |l

(ii) Suppose (2.1) holds. Then

J_ J
limsup [|(uCy — vCy)gppallp S limsup sup ludep, €) v'<1/1,§> la
(@)1 joroo E€OB 1€2,£)7 |

1 . ;
TR {2,362, )l |
(iii) Suppose (2.2) holds. Then

J_ J
limsup [|(uCy — vCy) gy pallp S limsup sup lufe, &) v'(w,@ I
$(a)| -1 joroo EEOB 1{2,£)7 |l

1 . .
TP e 12, ) (.l

ProOF. (i) For each N € N and a € B with a # 0, the proof of (i) in
Lemma 2.3 gives

I(uCp = vCy) full 4

<ty TEER g o) =),

— E!T(2a)
> j_ j
+ (1 . |a‘2)a F(k + 2&) k—a|a‘k sup sup ||u<907£> UWJ,@ ||5
o FIT(2e) j>N+1¢geom 1{2, €)7o

Now for this fixed N, by letting |a| — 1, we have

i_ i
limsup [[(uCy — vCy) fulls S sup sup [udp: €7 = v{¥, ) HB,
la]—1 J>N+1€€oB 1{2, £} lla

which implies

J_ J
limsup ||(uCy — vCy) fallp S limsup sup lue,€) U.W}’@ ls :
la|—1 jooo £€OB (2, &) |l
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(ii) Again, from the proof of Lemma 2.3, we have for each N € N,

[(uCy = vCy) (9gpa = Fo@)l 5

N (a)
S (= fola)f) ' 38 e (@)¥]|(uCy = vCy) (42, |§(a>|>'f)1\ﬁ

(1—|(,0 1+azk2a|(p

a) \k
uCy — v 2, z () (z, &
xH( 0o —vy)({ |§Ea§|>< ola)) 5'>>H6
R I(C,y — vCu) (2P
= le@P)™ k%’“ @l sup g e

e S ke s 101 8N
FUS@DT 2 Kl e el

Let |p(a)| — 1, then we have

lim sup H(uQa — 00y )(9ppa — f¢(a))HB
lp(a)|—1

< sup sup |06 = 0 (=65
k>N £€oB H(Z, >||a
Gy — vCy) (2, €)% (2, €)) 5
R e 102, €)% (2, &)l ’

which clearly implies the desired estimate.
(iii) The proof for (iii) again is similar as (ii), and hence we omit it. [

THEOREM 3.2. Let 0 < o, < o0, u,v € H(B). Let further, ¢ and ¢
be holomorphic self-maps of B satisfying (2.1) and (2.2). Suppose that
uCyp: HZ — H5° and uCy: HEY w— HZ° are bounded, then

HU<(,0,§>] - 1)<1/J, £>JHB

[uCyp — vCylle, sz =~ limsup sup

D 4z &)la
1 ) .
T ||<z,s>ﬂ<z,e>||a
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ProOF. Following a standard argument (see, e.g., [6, Theorem 3.1]), one
can easily establish that

[uCyp = vCylle,pzmsmz S Tim  sup Dy (2)]p(p(2),9(2))

"L p(z)[>r
+lim  sup Do,y (2)] (0 ()¢(z))+llq sup  |Dup(2) — Dyy(2)]-
=1 g(z)|>r =1 o(2)],|e(2)[>r

Thus, by Lemma 3.1, we have
[uCyp —vCy|le, s He

S limsup || (uCy = vCy) fia) |5 + limsup [|(uCy — vCy) fia |5

lp(a)|—1 [¥(a)| =1
+ limsup || (uCyp — vCy)gp.p.allp + limsup ||(uCy — vCy) gy p.alls
[p(a)|—1 ¥ (a)| =1
J_ J
< limsup sup ludp, €)7 = v(®, &)l
jmoo £€OB [1{2, £} |l

| i, €09, €) — i, €7, € 15
1
TP D 12, €94z, )

Next, we shall prove that
[u(p, €) — v(¥, &)1

|[uCyp — vCylle, s g 2 limsup sup

MU SUD T )il
| i, €09, €) — ol €7, € 15
1

TP e 142, € (.l

To see this, recall the test functions f;¢ and f;¢¢ defined in the proof of
Theorem 2.5, namely, for 7 € N and &,&" € OB, we write

(z,€)7 (,€)(2,¢")

BB =i gia ™ 55D 1 itz el

We first show that

J_ J
j—oo E€EOB ‘|<Z>£>]Ha

Since || fj¢lla =1 for all j € N and £ € OB, by the boundedness assumption
on both uCy, and vCy, we have

sup sup [[(uCy — vCy)(fje)llp < 00
jEN £coB
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Take and fix any ¢ > 0, then for each k € N, we can take a & € 0B, such
that

[(uCyp — vCy) (fre s = ;eug])B [(uCyp — vCy)(fre)llp — -

Now we consider the set {fi¢, }ren. It is clear that fi ¢ — 0 uniformly on

compact subsets of B. Hence, if K is any compact operator from HZ° to
Hgo, then

lim ||K =0.
kl H fl%fk”ﬁ
[lence

luCo = vCy = Kl bz 2 limsup [[(uCy — vCy = K)(fiee.)lls
—00

= limsup || (uCy — vCy)(fr,e.)llp = limsup sup [[(uCyp — vCy)(fre)lls — ¢,
k—o0 k—oo £€OB

which implies the desired result by first letting ¢ — 0 and then taking the
infimum of K over all the compact operators.
Similarly, we can show that

. (e, € (0, &) — v(, ) (16,€") 5
C, —vCyl|legosme >1 . .
luCy = vCylle.fizrrry 2 limsup sup 102, )3 (2, &) |la

Finally, combining the above estimate with (3.1), we get the desired result.
U

As a corollary, we have the following result on the compactness of
uCy —vCy, which is simply due to the essential norm of a compact operator
is 0.

COROLLARY 3.3. Let 0 < o, 8 < o0, u,v € H(B). Let further, ¢ and
¥ be holomorphic self-maps of B satisfying (2.1) and (2.2). Suppose that
uCyp: HZ? — HE" and uCy: Hg® — HE® are bounded, then uCy —vCy is
compact if and only if

lim sup sup e, €7 — v<1/1,§>j||5 =

) 0
j—soo E€OB 1(2,€)7 ||

and

lmsup sup NP E (08D =0, (.l _

. 0.
oo ££COB 1{2,€)7 (2, &)
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