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Abstract. Let A> € N, and in dimensions d > 5, let Ay f(x) denote the
average of f: Z? — R over the lattice points on the sphere of radius A centered
at . We prove ¢? improving properties of Aj:

d(1-2) d—1 d
[AX o orr < Capwp)A™ 7', G537 <p< 35

It holds in dimension d = 4 for odd A%. The dependence is in terms of w()\?), the
number of distinct prime factors of A\2. These inequalities are discrete versions
of a classical inequality of Littman and Strichartz on the L? improving property
of spherical averages on R?. In particular they are scale free, in a natural sense.
The proof uses the decomposition of the corresponding multiplier whose prop-
erties were established by Magyar—Stein—Wainger, and Magyar. We then use a
proof strategy of Bourgain, which dominates each part of the decomposition by
an endpoint estimate.

1. Introduction

The subject of this paper is in discrete harmonic analysis, in which con-
tinuous objects are studied in the setting of the integer lattice. Relevant
norm properties are much more intricate, with novel distinctions with the
continuous case arising.

In the continuous setting, LP-improving properties of averages over lower
dimensional surfaces are widely recognized as an essential property of such
averages [3,14,25,26]. It continues to be very active subject of investigation.
In the discrete setting, these questions are largely undeveloped. They are
implicit in work on discrete fractional integrals by several authors [20-22,

* Corresponding author.

Research was supported in part by grant from the US National Science Foundation, DMS-
1600693 and the Australian Research Council ARC DP160100153.

Key words and phrases: discrete spherical average, maximal function.

Mathematics Subject Classification: 42B25.

0133-3852 (© 2020 Akadémiai Kiad6, Budapest


mailto:rkesler6@mail.gatech.edu
mailto:lacey@math.gatech.edu

86 R. KESLER and M. T. LACEY

24], as well as two recent papers [5,11] on sparse bounds for discrete singular
integrals.

Our main results concern /P improving estimates for averages over dis-
crete spheres, in dimensions d > 5, and in dimension d = 4, for certain radii.

We recall the continuous case. For dimensions d > 2, let do denote Haar
measure on the sphere of radius one, and set A; f = o * f be convolution with
respect to 0. The classical result of Littman [14] and Strichartz [25] gives
the sharp LP improving property of this average. Here, we are stating the
result in a restrictive way, but the full strength is obtained by interpolating
with the obvious L' — L! bound.

THEOREM A [14,25]. For dimensions d > 2, we have ||Ayl|an_ 4.

We study the discrete analog of 4 f in higher dimensions. For A\? € N,
let S¢ := {n € Z¢: |n| = \}. For a function f on Z4, define

Af(z) = 18571 Y fla—n).

nesy

The study of the harmonic analytic properties of these averages was initiated
by Magyar [15], with Magyar, Stein and Wainger [18] proving a discrete
variant of the Stein spherical maximal function theorem [23]. This result
holds in dimensions d > 5, as irregularities in the number of lattice points on
spheres presenting obstructions to a positive result in dimensions d = 2, 3, 4.
In particular, they proved the result below. See Ionescu [9] for an endpoint
result, and the work of several others which further explore this topic [1,4,
7,16,19].

THEOREM B (Magyar, Stein, Wainger [18]). For d > 5, there holds

[suplArflll, S 1l 7% <P < oc.

We will refer to pysw = d;f2 as the Magyar—Stein—Wainger index.

Our first main result is a discrete variant of the result of Littman and
Strichartz above. First note that A, is clearly bounded from (P to ¢P, for
all 1 <p<oo. Hence, it trivially improves any f € (?(Z%) to an (*°(Z9)
function. But, proving a scale-free version of the inequality is not at all
straightforward.

In dimensions d =4, there is an arithmetical obstruction, namely for
certain radii A, the number of points on the sphere of radius A can be very
small. To address this, let Ay :={0 < X < oo: )2 €N}, for d > 5, and for
d=4,

Ay={0<X<oo:\ €N\4N}
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Following the work of Magyar [16], we will address the case of dimension
d = 4 below. And, we will prove results below the Magyar—Stein—-Wainger
index.

THEOREM 1.1. In dimensions d > 4, the inequality below holds for all
AEAg:

d(1—2
(1.2) [ Ax][p—p < Cpwr)A (1 T’)a % <p<2.

Above, w(A\?) is the number of distinct prime factors of \2. In order that
(1.2) hold, it is necessary that p > ‘%‘1, for d > 5.

This Theorem was independently proved by Hughes [8]. The proof herein
uses the same elements, but optimizes the interpolation part of the argument.
It is short, and simple enough that one can give concrete estimates for the
dependence on A, which we indicate below.

To explain our use of the phrase ‘scale free’ we make this definition. For
a cube Q C RY of volume at least one, we set localized and normalized norms
to be

1/p
Nawi= A7 X If0r| " 0<psoc,

neQNZ

An equivalent way to phrase our theorem above is the following corollary.
Note that in this language, the inequalities in (1.4) are uniform in the choice
of \.

COROLLARY 1.3. Let d > 4, and set 1 to be the open triangle with ver-

tices (0,1), (1,0), and (%, %) (see Fig. 1). For (1/p1,1/p2) € 1y, there is

a finite constant C = Cqp, p, w(x2) S0 that
(1.4) (Axf1s f2) S C{f1)Qp(f2)QpmlQl, A€ Aq.
Our main inequality is only of interest for % <p< d;f2 = pMmsw, in the

case of d > 5. Indeed, at pysw, we know a substantially better result. For
indicators functions f = 1p and g = 1 supported in a cube E of side length
Ao, we have [12] this restricted maximal estimate at the index pygw.

(1.5) (s Anfig) SNpe, ()6, 2 Bl
Ao/2<A< N0 - i

The proof of (1.2) requires a circle method decomposition of Ay in terms
of its Fourier multiplier. The key elements here were developed by Magyar,
Stein and Wainger [18], with additional observations of Magyar [17]. We
recall this in Section 2. The short proof in Section 3 uses indicator functions,
following work of Bourgain [2], and in the discrete setting Ionescu [10], and
Hughes [6]. We comment briefly on sharpness in the last section of the paper.
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1/p2

............... (d—l d—1
d+1’ d+1

Id \ (; 1 ), see (1.5)

Pysw T PMsw

1 1/P1

Fig. 1: The triangle 15 of Theorem 1.3 for the £P improving inequality (1.2) is the dotted

triangle with corners (0,1) to P1 to (1,0). The diagram above is for the case of dimension

d > 5. The point closest to the diagonal corresponds to the Magyar—Stein—Wainger index.
At this point the mazimal inequality (1.5) holds.

We acknowledge useful conversations with Alex losevich and Francesco
Di Plinio on the topics of this paper. Fan Yang and the referee suggested
several improvements of the paper.

2. Decomposition

Throughout e(z) = ¢2™®. The Fourier transform on Z? is given by

O = e(=¢ 2)f(z), €T =]0,1)"

€L

We will write gvb for the inverse Fourier transform. The Fourier transform
on R? is

P(§) = /Rd e(—€-x)f(z)dx.

We work exclusively with convolution operators

~

K: f | k() f(&e(S - x)dE.

Td

In this notation, k is the multiplier, and the convolution is K * f. Lower
case letters are frequently, but not exclusively, used for the multipliers, and
capital letters for the corresponding convolution operators.
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The following estimate for the number of lattice points on a sphere holds.
89 = [{n e Z%: n] = A} ~ X2, Ae g

Redefine the discrete spherical averages Ay f to be

MJ@ =X Y fa=n) = [ a@f@els o) de

nezd:|n|=X

where
@) =AY eEon).
n€Z:|n|=X

The decomposition of ay into a ‘main’ term ¢y and an ‘residual’ term 7\ =
ay — c) follows development of Magyar, Stein and Wainger [18, §5], Magyar
[17, §4] and Hughes [7, §4]. We will be very brief.

For integers ¢, set Zg = (Z/qZ)%. Set Zy ={a€Zy:(a,q) =1} to be
the multiplicative group. We have

(2.1) €)=Y ergld),

1<g<
rg(§) = D K (A q,0)04(€ — £/q)doxr(€ — £/q),
Lezd
(2.2) K\ qt)=q¢ Z Z eq(—ar? + n|*a+n-0).

a€Zy n€L
Above, ® is a smooth non-negative radial bump function, 1_;/g /g« < @
< 1[_1/471/4](1. Further, ®,(£) = ®(¢§). Throughout we use e4(z) = e(x/q) =
e?™/4_ The term in (2.2) is a Kloosterman sum, a fact that is hidden in the
expression above, but becomes clear after exact summation of the quadratic

Gauss sums. In addition, do) is the continuous unit Haar measure on the
sphere of radius X in R%. Recall the stationary phase estimate

(2.3) do ()] S |77

Essential here is the Kloosterman refinement. The estimate below goes
back to the work of Kloosterman [13] and Weil [27]. Magyar [17, §4] used it
in this kind of setting. (It is essential to the proof of Lemma 2.9.)

LEMMA 2.4. [17, Proposition 7] For all n > 0, and all 1 < q¢ < A\, X € Ay,
(2.5) supl K(A, 0, )] n q 7 Tp(g, M),
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where we write ¢ = 12", with q1 odd, so that p(q,\) = \/(q1, \?)2", where
(q1, A\?) is the greatest common divisor of qi and M2. The implied constant
only depends upon n > 0.

Concerning the terms p(q, A), we need this Proposition.

PROPOSITION 2.6. We have for N < X and a > 1, and all n >0

(2.7) Yo a p(A\a) SNy (W),
¢:N<q

(2.8) Y d'p(ha) S NToy (M),
L<q<N

Above ay(n) = 34415 d’ is the generalized sum of divisors function.

PROOF. Write ¢ = 2"st, where s and ¢ are odd, r» > 0 and (s, \?) = 1.
With this notation, p(X,q) = t2". For (2.7), the sum we need to estimate is

XX [):
Z Z Z [t527"]a :
L[ A% o=l 2@:20N

We will sum over r first. There is first the cases in which st < N:

[t2r]: X sstye-1/2 1
ZZ Z [stQT]asz Z<N) sata—1/2

tit|A? s=1 tt| A2 s=1
2Tst>N st<N st<N

5 N1/2—a Z (N/t)1/2 — Nl-a Z 23—1/2 5 Nl—ao__l/2(>\2)‘
tit | A2 tit | A2

The second case of st > N imposes no restriction on r. The sum over
r > 0 is just a geometric series, therefore we have to bound

00 1 £\ ae » )
Z Z sata—l/Qg (N) fa— 1/2 N 1 Z —— <N1 g_ 1/2()\2).

tit| A2 i;zlv tit| A2 t: t\)@
S

We turn to (2.8) using the notation above. We estimate

Zi i 2rst][2r]s < )0 Z [st]t3 (N/st)?

tit| A2 s r=0 tt| A2 s=1
2Tst§N st<N
1 1
< Nzt sTa SN : SN (0. O
t:t| A2 1<s<N/t tit| A2
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The ‘main’ term is C) f, and the ‘residual’ term is Ry = Ay — C). This
is a foundational estimate for us. (The reader should note that the normal-
izations here and in [17] are different.)

LEMMA 2.9 [17, Lemma 1, page 71]. We have, for all ¢ > 0, uniformly
mAe Ad, ||R)\||2_>2 55 )\1;2d+5.

For a multiplier m on T%, define a family of related multipliers by
tezd
We estimate the Fourier transform here.

PROPOSITION 2.11. For a multiplier my 4 as in (2.10), we have
Mxq(n)] < gqlm(n)].
We include a proof for convenience.

PROOF. Our needs here are no different than those of [10,18]. See for
instance the argument after [10, (2.9)]. Rewrite the Kloosterman sum in
(2.2) in terms of Gauss sums, namely

K()H%E) = Z eq(_a>‘2)G(a/Q7€)v
a€Zg

where

G(a/q,l) :==q @ Z eq(|n|2a +n-0).

nezd

Observe that G(a/,-) is a Fourier transform on the group ZJ. Namely, if

#(€) = e(|¢|?a/q) is the function on ZZ, we have a(—ﬁ) = 5(6) =G(a/q,?).
Using the version formula on that group we have

(2.12) > Gla/q.Oeqly-0) = eqlyfa), yeZL.
=7
Define
ma/q(f) = eq(—)\2a) Z G(a/q,O)m(§ —L/q), a€Z;.
tezs
By (2.12), we have
ml(n) = [ mol1(E)e(—¢ - n) de
Td

Analysis Mathematica 46, 2020



92 R. KESLER and M. T. LACEY

= eq(—Na) /T > Gla/g, ()ym(E—t/q)e(=¢ - n) dE = eg((In]” = N\)a)if(n).

tezs

Take the absolute value, and sum over ¢q € qu to conclude the Proposition.
O

3. Proof

It suffices to show the following statement: For f=1pCE = [0, \]¢ N Z¢,
choices of 0 < € < 1, and integers N we can write

Axf < My + My,

where
(3.1) (Mi)goo S N*(f)E,
(3.2) (Ma)p2 Se NV550_1 (W) - ().

Above, 0_; /2()\2) is the generalized sum of divisors function, as in Proposi-
tion 2.6.

A straightforward argument concludes the proof from here, by optimiz-
ing over N. Indeed, for g = 15 with G C E, we have for any integer NV,

B[ "M AN 9) Se NN elg)e + N 0150 [(f)e(9) ]

Minimizing over N, we see that we should take

1/2

d+1

N7z ¢~ J—1/2(>\2) [(F)e(9)E]
With this choice of N, we see that

(Bl (Axf,9) Se 0100377 [(£)plg) ]

Above, ¢’ = £'(¢) tends to zero as € does. This is a restricted weak type in-
equality. Interpolation with the obvious ¢? bound completes the proof of our
Theorem. We remark that this gives a concrete estimate of the dependence
on A2. We have

N =

w(n)
1 \-1 N
o_12(n) < H (1 - —) S effose
=1 vPi

where 2 = p; < ps < --- is the increasing ordering of the primes. This is at
most a constant depending upon w(n), the number of distinct prime factors
of n.

Analysis Mathematica 46, 2020



¢? IMPROVING FOR SPHERICAL AVERAGES 93

We turn to the construction of My and Ms. If A < N, we set My = Ay f.
Since we normalize the spherical averages by A%~2, (3.1) is immediate.

Proceed under the assumption that N < A, and write Ay = Cy + Ry,
with ¢y defined in (2.1). The first contribution to My is My = Ry f. By
Lemma 2.9, this satisfies (3.2). (We do not need the arithmetic function
0_1/2(A?) in this case.) Turn to Cy. The second contribution to M is the
‘large ¢’ term

(3.3) M2,2: Z C)\,qf-

N<q<x

By the Weil estimates for Kloosterman sums (2.5), and Plancherel, we have

(Map)p2 Se (F)E > G0 N) S (NN ooy (0),
N<g<A

The last estimate uses (2.7).
Turn to the ‘small ¢’ term. This requires additional contributions to the
My and Ms terms. Write ¢y 4 = C%\,q + Ci,q’ where

A g€ = D KN q. 0Py (€ — £/q)dox(€ — £/q).

tezd

We have inserted an additional cutoff term @),y above. Then, our third
contribution to M» is the high frequency term My 3 = Zq<N Ci qf. Using

the stationary decay estimate (2.3) and the Kloosterman refinement (2.5) to
see that

(Moghpe Se (N2 S (a/N)F ¢ p(A%,q)

q<N

S (NENT Y 6 0% q) S (NN 0y 0 (VD).
qg<N

The last estimate follows from (2.8).
Then the main point is the last contributions to M; below. The defini-
tion of Mj o is of the form to which (2.11) applies.

M 2(n Zq Oy g/ * doy = f(n E21<N2
q<N q<N

Observe that @,/ y * doy * f is an average of f over an annulus of radius A,
and width Ag/N. This is compared to (f)g, with loss of N/q. Our proof of
(3.1) and (3.2) is complete.
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4. Complements to the main theorems

Concerning sharpness of the /P improving estimates in Theorem 1.1, the
best counterexample we have been able to find shows that if one has the
inequality below,

1AM 1l S A £,

valid for all A, then necessarily p > d%f. provided d > 5.

Indeed, take A% to be odd, and let f be the indicator of the sphere of
radius A. Use the fact that Ay f(0) ~ 1.

But, in the case of d > 5, also take g to be the indicator of the set Gy =
{Axf > ¢/}, for appropriate choice of constant c¢. That is, G is the set of
«’s for which Sy N« + Sy has about the expected cardinality of A\%~3.

We claim that |G| 2 A. For an choice of 0 < x1 < \/2 divisible by 4,
note that there are about A3 points (z2,...,24) € Z%' of magnitude

VA% = (x1/2)2. From this, we see that
H(xboa"' ,0) - ($1/2,y2,--- ayd)H = >\7

that is, (x1,0,...,0) € Gj.
We also have an upper bound for G. Apply the ¢P improving inequality
(1.2) exp to f = 1g, to see that for 0 < e < 1,

G| = [{Ax1g, > ¢/A} SAT*E, A2 eN.

Is this estimate sharp? Notice that this estimate concerns the set of solu-
tions n to a pair of quadratic equations below in which x = (z1,...,24) is
fixed:

n%++n3:)\2’ (’I’Ll—$1)2—|—"'+(7’Ld—$d)2:>\2-

Moreover, we require of z that the set of possible solutions n should be
of about the expected cardinality. We could not find this estimate in the
literature.

References

[1] T. Anderson, B. Cook, K. Hughes and A. Kumchev, Improved ¢P-boundedness for
integral k-spherical maximal functions, Discrete Anal. (2018), Paper No. 10,
18 pp.

[2] J. Bourgain, Estimations de certaines fonctions maximales, C. R. Acad. Sci. Paris
Sér. I Math., 301 (1985), 499-502.

[3] M. Christ, Convolution, curvature, and combinatorics: a case study, Internat. Math.
Res. Notices, 19 (1998), 1033—1048.

Analysis Mathematica 46, 2020



[10]
[11]
[12]
[13]

[14]

[15]
[16]
[17]
18]
[19]

[20]
21]

22]
23]
[24]
[25]
[26]

27]

¢? IMPROVING FOR SPHERICAL AVERAGES 95

. Cook, Maximal function inequalities and a theorem of Birch, Israel J. Math., 231
(2019), 211-241.

. Culiuc, R. Kesler and M. T. Lacey, Sparse bounds for the discrete cubic Hilbert
transform, Anal. PDE, 12 (2019), 1259-1272.

. Hughes, Restricted weak-type endpoint estimates for k-spherical maximal func-
tions, Math. Z., 286 (2017), 1303-1321.

. Hughes, The discrete spherical averages over a family of sparse sequences, (2016),
ArXiv: 1609.04313.

. Hughes, ¢P-improving for discrete spherical averages, (2018), ArXiv: 1804.09260.

Amer. Math. Soc., 132 (2004), 1411-1417.

. D. Ionescu, An endpoint estimate for the discrete spherical maximal function, Proc.
Amer. Math. Soc., 132 (2004), 1411-1417.

. Kesler and D. M. Arias, Uniform sparse bounds for discrete quadratic phase Hilbert
transforms, Anal. Math. Phys., 9 (2019), 263-274.

. Kesler, M. T. Lacey and D. M. Arias, Sparse bound for the discrete spherical
maximal functions, Pure Appl. Anal. (2018) (to appear).

. D. Kloosterman, On the representation of numbers in the form az? + by? + ¢z +
dt?, Acta Math., 49 (1927), 407-464.

B
A
K
K
K
A. D. Ionescu, An endpoint estimate for the discrete spherical maximal function, Proc.
A
R
R
H

W. Littman, LP—L%-estimates for singular integral operators arising from hyperbolic

equations, in: Partial Differential Equations (Proc. Sympos. Pure Math., Vol.
XXIII, Univ. California, Berkeley, Calif., 1971), Amer. Math. Soc. (Providence,
R.I., 1973), pp. 479-481.

. Magyar, LP-bounds for spherical maximal operators on Z", Rev. Mat. Iberoam.,
13 (1997), 307-317.

. Magyar, Diophantine equations and ergodic theorems, Amer. J. Math.,124 (2002),
921-953.

. Magyar, On the distribution of lattice points on spheres and level surfaces of poly-
nomials, J. Number Theory, 122 (2007), 69-83.

. Magyar, E. M. Stein and S. Wainger, Discrete analogues in harmonic analysis:
spherical averages, Ann. of Math. (2), 155 (2002), 189—208.

. Magyar, E. M. Stein and S. Wainger, Maximal operators associated to discrete
subgroups of nilpotent Lie groups, J. Anal. Math., 101 (2007), 257-312.

. M. Oberlin, Two discrete fractional integrals, Math. Res. Lett., 8 (2001), 1-6.

B. Pierce, Discrete fractional Radon transforms and quadratic forms, Duke Math. J.,
161 (2012), 69-106.

. M. Stein and S. Wainger, Discrete analogues in harmonic analysis. II. Fractional
integration, J. Anal. Math., 80 (2000), 335-355.

. M. Stein, Maximal functions. I. Spherical means, Proc. Nat. Acad. Sci. U.S.A., 73
(1976), 2174-2175.

. M. Stein and S. Wainger, Two discrete fractional integral operators revisited,
J. Anal. Math., 87 (2002), 451-479.

. S. Strichartz, Convolutions with kernels having singularities on a sphere, Trans.
Amer. Math. Soc., 148 (1970), 461-471.

. Tao and J. Wright, L? improving bounds for averages along curves,J. Amer. Math.
Soc., 16 (2003), 605-638.

. Weil, On some exponential sums, Proc. Nat. Acad. Sci. U.S.A., 34 (1948), 204-207.

Analysis Mathematica 46, 2020



	lp-improving inequalities for discrete spherical averages
	Abstract
	Introduction
	Decomposition
	Proof
	Complements to the main theorems
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


