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Abstract. In this paper, we consider continuous parameter martingale
Hardy—Lorentz spaces and describe their real interpolation spaces when we apply
function parameter to Hardy—Lorentz and BMO spaces. Some new interpolation
theorems concerning continuous parameter Hardy—Lorentz spaces are formulated.
The results generalize some fundamental interpolation theorems in continuous
parameter martingale Hardy spaces.

1. Introduction

In this paper we introduce and study two classes of martingales: the
so—called martingale Hardy—Lorentz and BMQO spaces. The family of mar-
tingale Hardy spaces is one of the important martingale function spaces.
Martingales arise naturally in many branches of the theory of stochastic
process. They play an important role in probability theory and in statis-
tics [5,15]. Moreover, interpolation of martingale Hardy spaces is one of
the main topics in martingale H), theory, and its theory has been applied
to Fourier analysis. Here the interpolation spaces with a function parame-
ter between martingale Hardy—Lorentz spaces, between Hardy—Lorentz and
BMOQO spaces are identified. Some results due to [21] are extended to in-
terpolation with a function parameter. In [9,21,22] martingale spaces are
extended to the martingale Hardy—Lorentz spaces. This paper is devoted to

provide a further extension of the martingale Hardy spaces H1<7> and Hl to
the martingale Hardy-Lorentz spaces Aé)(cp) and AZ[,](go). Let us recall that
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the martingale Hardy spaces H]f,> and H[l are generated by the sharp and
square bracket, respectively.

The interpolation spaces between the classical Hardy spaces were iden-
tified by Fefferman, Riviere and Sagher [4,18]:

1 1-60 4

Aot Horadog =Moo =) ¥

where 0 < 0 < 1,0 <py<p1 <ooand0 < qp,q1,q < oo; and on martingale
Hardy spaces by Janson and Jones [8] and Milman [11]. These results are
obtained by choosing o(t) = t. Hanks [6], Bennett and Sharpley [1] have
identified the interpolation spaces between the classical Hardy and BMO
spaces:
1 1-0
(HPO,QO’BMO)G,q = /HP#]’ P = Do ’

where 0 < 0 < 1,0 < pg < oo and 0 < qp,q < 0.
Analogous results were obtained by Weisz [21] in the setting of the con-

tinuous parameter martingale HIQ , Hll and BMO spaces. In this paper these
results will be extended to continuous parameter martingale Hardy—Lorentz
spaces by replacing 6 by a more general (parameter) function o = o(t).

2. Preliminaries

Let (2, F, P) be a probability space. The distribution function A¢ of a
measurable function f on € is given by

M) = P({we Qs |f(w) > 1)), t=0.
The decreasing rearrangement of f is the function f defined on [0,00) by
f(s)=inf{t >0: A (t) < s}, s>0.

Let ¢ be a non-negative and locally integrable function on [0,00). The
classical Lorentz spaces A,4(¢) are defined by the collections of all measurable
functions f for which the quantity

£l :={(f0°0<f<t>so<t>>q%t>”q if0<q< o,
7 Lsup, f(s)e(s) if g = oc

is finite.
Let a and b be real numbers with a < b. Following Persson’s convention
[16], we adopt the following notation: ¢(t) € Q[a,b] means that ¢(¢)t™ is
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non-decreasing and ¢(t)t~" is non-increasing for all + > 0. Moreover, we
say that ¢(t) € Q(a,b), when ¢(t) € Qla +¢,b — €] for some ¢ > 0. By ¢(t)
€ Q(a, —) (or ¢(t) € Q(—,b)) we mean that ¢(t) € Q(a, ) (or p(t) € Q(c,b))
for some real number c.

Let A= (Ap, A1) denote a compatible quasi-Banach pair (i.e. Ay and
A are quasi-Banach spaces, both of which are continuously embedded in
some Hausdorff topological vector space). For every f € Ag+ A; and any
0 < t < 00, the so-called Peetre K-functional is defined by

K(tafaAOaAl):K(taf) :: lnf {HfOHAO_{_tHleAl}

where f; € A;, i =0,1.

For 0 < ¢ < 0o and each measurable function p, the real interpolation
space (Ao, A1),,q consists of all elements of f € Ay + Ay such that the quan-
tity

_ (fo Kg(ttf t)l/q if 0 <g<oo,

£l A0, 41)0., == .
' SUpP;~( Kg((tt)f) if g =0

is finite.
By replacing the measurable function o = o(t) by t? we obtain (Ao, A1)g q-
In this paper we shall consider the interpolation spaces (Ag, A1), with a

parameter function o = o(t) € Q(0,1), where Ay and A; are AI<,>(cp), AI[,](cp)
and BMO spaces. It is easy to see that o(t) = t%(0 < § < 1) belongs to

Q(0,1).
Let 0 <p<oo, 0<g<ooand p€ Q(0,1). It was proved by Persson
[16, Lemma 6.1] that

(2.1) (Lp, Lo) g.q = Aqg(t7 o(tr)).

Our notation and terminology are standard, see [1,16] for more details. In
order to prove our main results, we collect some lemmata, which will be used
in the next sections.

LEMMA 2.1 [16]. Let o(t) € Q[a,b]. Then
(1) (%) € Qaa, ba], a > 0.
(2) t*(p())? € Qla+bB,a+aB], « € R, B < 0.

LEMMA 2.2 [16]. Let 0 < ¢ <00, 0 <p < oo and (t) € Q(—,—). Let
h(t) be a positive and non-increasing function on (0,00).

(1) If p(t) € Q(—,0), then

</ooo(gp(t))q(/Ot(h(U)w(U))I’CZL>Z it>; < C(/Om(@(t)h(t)w(t))q cit):lz
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(2) If o(t) € Q(0,—), then

([ wor( ] oo(h(u)wu))pi“)z ‘ff)é <o [Ttemmpen) 3

Here C' depends only on q and the constants involved in the definition of ¢
and .

LEMMA 2.3 [16]. Let o0o(t), 01(t) and o(t) be in the class Q(0,1) and
0 <qo,q1,q < oo. If

02(t) == eo(t)o(er(t)/o(t)), o3(t) := eo(t)e(t/0o(t)), oa(t) := e(ei(t)),
then
(1) (Aeo,qul)g,q Ags,qE
(2) (AOa Agl,ql)g,q = Ag4,q§
(3) if, in addition, 01(t)/00(t) € Q(0, =) or 0o(t)/01(t) € Q(0, —), then

(AQO#I(H AQl »q1 ) 0,q = AQ%Q'

LEMMA 2.4 [7]. Let 0 < ¢ < 00,0 € Q(0,1), and let (Ag, A1) and (By, By)
be compatible quasi-normed pairs. Assume that T is a bounded sublinear op-
erator from A; to B;, with a bound M;, i = 0,1, respectively. Then T is a
bounded operator from A, to B, g with a bound M < Myg(My/My), where
o(s) = supysg o(st)/ o(t).

Next we state some basic facts and remind notation related to continuous
parameter stochastic processes.

Let (€2, F, P) be a probability space. A filtration (F;)ier+ is a collection
of sub-o-algebras of F such that Fs C F; whenever 0 < s <t. We put Fp =
o(Uer+ Ft). Given a filtration (F;);cr+ for t € RT, the o-algebras Fy+
and F;- for ¢t > 0 are defined as

Fp+ = ﬂ]—"s and JFy- = \/]—"s.

s>t s<t

For t =0 we set Fyp- := Fy. We call a filtration (F;);er+ right-continuous
if F; = Fu+ for every t € R, left-continuous if F; = F;- for every t € RT
and continuous if it is both left- and right-continuous. A filtration is said
to satisfy the usual conditions if it is right-continuous and if Fy contains all
F-null sets. Throughout the paper we assume a filtration satisfy the usual
conditions.

A stochastic process X is a map from R x € into R such that for all
t € R* the map (t,w) — Xy (w) := X(¢t,w) is F-measurable. A stochastic
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process X defined on (92, F, P) is called adapted to the filtration (F;)ier+
if for every t € R, the random variable X; is F;-measurable. A process X
is regular if X is adapted and all the functions ¢t — X (¢,w) have a left and
a right limit for every w € Q. We use the notation X;- (X;+, respectively)
for the left (right, respectively) limit at a point ¢. If these functions are
right-continuous (left—continuous) then X is called right-continuous (left—
continuous). A process X is said to be F-predictable if X is F-adapted
and X is left—continuous.

Recall that a stopping time 7 is a random variable taking values in R
such that {r <t} € F, for every t € R™. For a stopping time 7 we define
two o-algebras F, and F,-:

Fri={AcFu:An{r <t} e F, teR'},

and
Fro={An{r <t}:Ac F, te RT}UF.

Since a constant random variable 7 = ¢y is a stopping time, one has for this
stopping time F. = F;, and F,- = ]-"t;.
A stochastic process X = (X;)ier~+ is called a martingale if
e each X is Fy-measurable, i.e., X is adapted to the filtration (F3)¢cr+,
e E|X;| < oo for every t,
. E[Xt|f5] = XS, if s S t.
A martingale X is said to be Lj,-bounded if

sup || X¢||p < oo.
teRt+

An adapted process X is a local martingale if there exists a sequence of
stopping time 7,, T oo such that for every n the process X;a,, is a uniformly
integrable martingale on {7, > 0}. Throughout this paper, we suppose that
any local martingale adapted to this filtration is regular, right-continuous
and Xo = 0. A local martingale is said to be locally L,-bounded if there
exists a sequence of stopping time 7,, T oo such that for every n the process
Xipr, is an Ly-bounded martingale.
For a local martingale X = (X;);er~+ relative to (Q2, F, P), denote

AXy =X — X, XI:=sup|Xy, X := sup |Xy|
t<s

0o
teR*

Let X be a locally Ls-bounded local martingale. The sharp bracket or
the conditional quadratic variation process (X) is the unique predictable,
right-continuous and increasing process that makes X2 — (X) a local mar-
tingale and vanishing at 0. Moreover, if X is a local martingale, the
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square bracket or the quadratic variation process [X] is the unique right-
continuous and increasing process that makes X2 — [X] a local martingale
and A[X]; = |AX;|? ([X]o =0). In [19] Weisz introduced the sharp func-

tions X7§> and X' as follows

X7§> = sup 7, XTU =sup (¢, 0<r<oo,
teRt teRt

1/r
Y

= [B((X)oo — (X))/2]Y7, Gi= [Bul[X]oo — [X]e- )2

Denote the operators X — Xr<> and X — XTH by Tr<> and TTH, respectively.
Let X be a local martingale. For 0 < ¢ < oo, we define martingale
Hardy—-Lorentz and BMQO spaces as follows:
Ag(0) = {X = (Xo)rer+ + | XIaz(p) = X lIa,(0) < 00},
Agw) — {X = Xrers : XLy = NXellayip) < 0}
={X = (X)er+ : 1X 40, = (X >00||Aq(<p) < oo},
BM@Q {X Xt teR+
X Isso, = sup [[(E[{X)oo —(X)e])2 [l < 00},
teR+
and
BMO, = {X = (Xt)t€R+ :

| X[ Bmo, = sup I(Ee[(X)oo — (X)e-])2 [loo < 00}

teR
Note that if p(t) = tzlJ, then Ag(p) = A*( ) =Hyp 4 AH( )= HI[J]Q and
A(y(gp) = H;?q. In particular, if ¢(t ) , then Ay(¢) = Ly, Aj(p) = Hy,

Agl(p) = Hy and A (p) = Hy

It was proved by Dellacherie and Meyer [2], and Pratelli [17] that the
dual of H{] resp. H1<> is BMO, resp. BMO; (see also Weisz [20]).

It is a well-known statement in martingale theory that if X € H*, Hp},

H]f,> (p > 1), then there exists a function X, such that X; — X a.e. and
s0 Xoo € L1 as t — oo.

The following result, which is a generalization of an inequality due to
Fefferman, Stein [3] and Garsia [5], is verified by Weisz [19].
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LEMMA 2.5. The Ly resp. L, norm of T,§>(X) is equivalent to the

BMOs resp. HIQ norm of X and, moreover, the Lo resp. L, norm of
TTH(X) is equivalent to the BMO, resp. HI[)] norm of X.

In the sequel, we assume that (2, F, P) is a probability space and C
denotes constants, not necessary the same at different occurrences.

3. Interpolation of martingale Hardy—Lorentz spaces

In this section, some interpolation theorems for martingale Hardy spaces
are formulated and these results will be extended to interpolation of contin-
uous parameter martingale Hardy—Lorentz spaces.

THEOREM 3.1. Let 0 <p<1,0< g <00 andp € Q(0,1) be a parameter
function. Then

(HY, HY), =AY (tr fo(t)).

We need the following lemma for proving Theorem 3.1.

LEMMA 3.2 [21, Lemma 1. If 0 < p <1 then

8m>~

K(t,X,H), H)) < c(/otp (((X) )(s))pds>p, t>0.

Proor or THEOREM 3.1. Let 0 < g < co. By Lemma 2.1 it is easy to
see that 1/o(t») € Q(—;,O). Hence

1X1 0 0y = /O°° <K(t,x,£y)§>,ﬂég)>q it
= C/OOO ( (1)>q</tp ((<X><§o)(5))pd8>i Cff (by Lemma 3.2)

| /\

/< )(/;<<<X>éo><s>)pds>3it

( > ((£)2)1)" " (by Lemma 2.2

| /\

t

B q — g
_CH< OOH tp/g(tp)) o H H tp/Q(tp))‘
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1

To prove the converse, we consider the operator T: X — (X)&. The sub-

linear operators 7' HY — Lo and T': H]f,> — L, are bounded. From (2.1)
and Lemma 2.4, the operator

P )

T: (Hy) HY), = (Lps Loo) g = Aqltr fo(t7))
is bounded. Therefore

< )X g

HXHAfQ(té/Q(té)) = H<X °°H Ag(t? Jo(t?)) H)p.q

The proof is complete if 0 < ¢ < .
Let ¢ = co. The function o(¢)t~¢ is non—decreasing for some £ > 0 since
0 € Q(0,1). Hence, we get

K(t, X, H , HY)

(R s o(t)
(X% (9)) ds)
< Cigg 0 o) (by Lemma 3.2)
oy Ui (@) 5 ds):
t>0 o(t)
S(X)2)) o) (fy s ds)e
S S R S O s

To prove the converse, we consider the operator T: X + (X)2,. The sublin-

ear operators T': Héz, — Lo and T': H]f,> — L, are bounded. It follows from
(2.1) and Lemma 2.4 that the operator

T: (H;>,H§g)g,oo = (Lpy Loo) oo = Moo (t7 /0(t 7))
is bounded. So we have

HXH >(tp/g tp = H OOH tp/g(tp < CHXH(H;§>,H§3)Q,OO'

The proof is complete. U

THEOREM 3.3. Let ¢;(t) € Q(0,—), i=0,1, 0<p<1, 0 < qo,q1,9 < 0
and o € Q(0,1). Then
(1) we have

(A (w0), HY) . = A (),
where p(t) = @o(t)/o(wo(t))-
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(2) If, in addition, ¢1(t) € Q(0,1/p), then
(H, A3 (1)) ,, = AY (#),

where () = 1P [o(t/P /1 (t)).
(3) If, in addition, po(t)/p1(t) € Q(0,—) or wo(t)/¢1(t) € Q(—,0), then
(A (00), Al (1)), = AP (),
where ¢(t) = @o(t)/p(po(t)/p1(1)).

PRrROOF. First we prove (3). Put g;(t) = t/p;(t?) and choose p so small
that o;(t) € Q(0,1),i=0,1. According to (3) in Lemma 2.3 and Theorem 3.1
we get

(AL (20)s Y (1)), = ((H HE) gy (HY HY )01, )

_ O 7o —AO
- (Hp ’HOO)QOQ(Q1/Q0),Q - Aq (@)7

2,9

where (t) = po(t)/p(wo(t)/¢1(t)). To prove (2), we first note that by

Lemma 2.1 the condition ¢;(t) € Q(0,1/p) implies that p1(t) =t/p1(tP) €

Q(0,1). So the proof follows as above by using Theorem 3.1 and Lemma 2.3(2).
In a similar way we see that (1) is an easy consequence of Theorem 3.1 and

Lemma 2.3(1). The proof is complete. [

The following result is a simple application of (3) in Theorem 3.3 by
replacing the parameter function o = o(t) by 19,

COROLLARY 3.4. Under the hypothesis of (3) in Theorem 3.3, we have

(Aéz(wo),/\éz(gol))e,q = A(<1>((p(1]79(p?).

According to Theorem 3.3 we have the following corollary.

COROLLARY 3.5. Let 0 < p; < 00,0 < ¢, <00,i=0,1and p € Q(0,1).
If po # p1, then

1

(B ) = 055
and
() = A9 05 (055,
In particular, if o(t) =t?, then
(H<> HO = HS) — +

Po’ Pl)@,q p.q
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We now formulate an interpolation theorem between martingale Hardy—

(]

Lorentz spaces Ag (¢) generated by quadratic variation.

THEOREM 3.6. If 0 < ¢ < oo and o € Q(0,1), then
(1), 1), = At/ ().
This result, as we have seen in Theorem 3.1, follows from the next lemma.
LEMMA 3.7 [21, Lemma 3]. If t > 0, then

K(t,x, 1), 1) < c/ot([)z]éo)(s) ds.

Using Theorem 3.6 and Lemma 2.3 we get the following results.

THEOREM 3.8. Let ¢;(t) € Q(0,—), 0 < qo,q1,9 < 00 and p € Q(0,1).
(1) Then we have

where o(t) = @o(t)/e(wo(t));
(2) if, in addition p1(t) € Q(0,1), then

(=, Al (1), = M),

where p(t) =t/o(t/e1(t));
(3) if, in addition @o(t)/1(t) € Q(0,—) or @o(t)/e1(t) € Q(—,0), then

(AL (p0) AL (1)), = A(),

where o(t) = @o(t)/p(po(t)/e1(t))-
PRrOOF. The proof is similar to the proof of the Theorem 3.3. [

4. Interpolation between martingale Hardy—Lorentz and BMO
spaces

In this section, we keep all notation introduced in the preliminaries and
discuss interpolation with a function parameter between martingale Hardy—
Lorentz and BMQO spaces.

THEOREM 4.1. If 1 <p < o0, 0<qg<o0 and p € Q(0,1), then

(4.1) (H), BMO3) g = A (t7 /0(tr)).
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First we will prove the following lemma.

LEMMA 4.2. Let 1 <r < oco. Then for any martingale X,

NI() < NI(2t) + 4X0 (;) (t>0)

T

holds, where M = (X)&.

PROOF. Let us introduce the following stopping times:
= inf {5 ERT:(X)2 > M(Qt)},
L ot
v = inf {s € RT:(X)z > M(2t) +4X0 (2)}

7 :=inf {s € R :ins > XTO(;)}
Note that p < v and

{u< oo} = {M >N}, {v<oo}={M> M) +4X§>(;)},

~ t t

_Ix0 < 50 < <

{r < oo} {Xr > X (2)} P(p<oo) <2, P(r<oo) <,
Then

{v<oo} ={r<oo,u<t}U{r<oo,u>7} C{r<oc} U{r<oo,u<t},

{v<oo,u<t}C {,u<7',M—(X>é >4)~(7§><;>}.

Therefore,

1 1
Plv<oo,u<t)< / (M —(X)p)dP
ax (1) Jiuen g
1

< E[M — (X)2|F,] dP
= ~<1> / (E[(<X>OO_<X>M);|Fu])idP§1P(,u<oo)§t

AX,(5) Hu<ry 4 2
Consequently,

t

P(M > NI(26) +4X0(

)):P(u<oo)§P(T<oo)+;St7
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which shows that

t

M (t) < M(2t) + 4X0 (2

), t>0. O

LEMMA 4.3 [10]. Let (F,G) be a pair of nonnegative measurable func-
tions on Q. If (F,G) satisfies the rearrangement inequality:

F(t) < F(2t) + cé(;), >0,

then with the some C,

- it 00
F(t)§20G<2>+IO§2/ G) s >0,

LEMMA 4.4. Let 0<p<00,0<g<o00,1<r<oo and p€ Q(0,1).
Then

J0l, < Cf|x|

Aq(t? /o(t?)) At [o(tP))

PROOF. Since p(t )6 Q(0, ) by Lemma 2.1, then 9(15117)15_8 is non—
decreasing for some ¢ > 0. Hence g(t;) < C’g((2t)11)) for t > 0. It follows

that
IVl 6y = </0 < Q;Q )( ))q@i

el LU e (Y 0y
< c(/o"" (tiﬁgt))q cit) — X0, ot et

by lemmata 4.2, 4.3 and 2.2. [

PROOF OF THEOREM 4.1. It is easy to see that

1

Xl 8Mm0, = fé%%’i [(Be[(X)oo — (X)e)2 ||,
< sup [[(BL(X)eol) ]|, < (0%
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Thus

< OlIX N g = Cl X1l

1M (29 BM0a), H)yy

(7 o(tr))’

from which we get A (t Jo(t )) - (HIS>,BM(92)Q7(]. To prove the converse
we consider the sublinear operator T<>' X Xr<> for a fixed 1 <r <p.

By Lemma 2.5 the operators TT<> HIQ — L, and Tr BMQOy — Lo, are
bounded. It follows from (2.1) and Lemma 2. 4 that the operator

TV : (HY),BMO3) = (Lp, Loo)gq = Ng(t7 /o(t7)),
is bounded. Now if X € (HZ<,>,BM(92)M, then by Lemma 4.4 we have

< O X7 < olx],

HY) BMOs),.,’

X0 42 /o) Al Jo(th))

from which we get (HI<,>, BMO3),4 C A(y (t;/g(t;)) The proof is complete.
U

REMARK 4.5. Let 0 <60 <1, 1<pg< oo and 0 < g <oo. Putting
o(t) = t? in Theorem 4.1 we obtain

HY) BMO,), =HY) =
( Po 2) P Do

Similary, in view of (1) in Theorem 3.3 , we obtain the following result.

THEOREM 4.6. Let 0 < qo,q < oo and ¢o(t), o(t) € Q(0,1). Then
(Aéz(@())a BMO2)Q’(1 = A¢<1> (‘p)a

where p(t) = ¢o(t)/o(wo(t))-

We can state the following corollaries that are the special cases from the
above theorem.

COROLLARY 4.7. Let 0 < pg < 00, 0 < go,q < 00 and o € Q(0,1). Then

( Igg QO’BMO2) A¢<1> (‘p)a

where p(t) = tro /Q(tplo ).
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388 M. MOHSENIPOUR and GH. SADEGHI

COROLLARY 4.8. Let 0 < qp,q <00, 0<0 <1 and po(t) € Q(0,1).
Then

(A (90), BMOs), =AY (p),
where o(t) = @o(t)' 0.

REMARK 4.9. In the same spirit as Theorem 4.1, the analogous results
hold for martingale Hardy—Lorentz spaces generated by quadratic variation,
too.
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