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Abstract. For a non-negative integer n let us denote the dyadic variation
of a natural number n by

V (n) :=
∞∑

j=0

|nj−nj+1|+ n0,

where n :=
∑∞

i=0 ni2
i, ni ∈ {0, 1}. In this paper we prove that for a func-

tion f ∈ L logL(I2) under the condition supA V (nA) < ∞, the subsequence of

quadratic partial sums S �
nA

(f) of two-dimensional Walsh–Fourier series con-
verges to the function f almost everywhere. We also prove sharpness of this
result. Namely, we prove that for all monotone increasing function ϕ : [0,∞)
→ [0,∞) such that ϕ(u) = o(u log u) as u → ∞ there exists a sequence {nA :
A ≥ 1} with the condition supA V (nA) < ∞ and a function f ∈ ϕ(L)(I2) for which

supA |S �
nA

(x1, x2; f)| = ∞ for almost all (x1, x2) ∈ I
2.

1. Introduction

We shall denote the set of all non-negative integers by N, the set of all
integers by Z and the set of dyadic rational numbers in the unit interval
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I := [0, 1) by Q. In particular, each element of Q has the form p
2n for some

p, n ∈ N, 0 ≤ p < 2n.
Denote the dyadic expansion of n ∈ N and x ∈ I by

n =
∞∑

j=0

nj2
j, nj = 0, 1 and x =

∞∑

j=0

xj
2j+1

, xj = 0, 1

(in the case of x ∈ Q chose the expansion which terminates in zeros). Define
the dyadic addition + as

x+ y =
∞∑

k=0

|xk − yk|2−(k+1).

The sets In(x) := {y ∈ I : y0 = x0, . . . , yn−1 = xn−1} for x ∈ I, In := In(0)
for 0 < n ∈ N and I0(x) := I are the dyadic intervals of I. For 0 < n ∈ N de-
note by |n| := max {j ∈ N : nj �= 0}, that is, 2|n| ≤ n < 2|n|+1.

The Rademacher system is defined by

rn(x) := (−1)xn (x ∈ I, n ∈ N).

The Walsh–Paley system is defined as the sequence of the Walsh–Paley func-
tions:

wn(x) :=
∞∏

k=0

(rk(x))
nk = (−1)

|n|∑

k=0

nkxk

(x ∈ I, n ∈ N).

The Walsh–Dirichlet kernel is defined by

Dn(x) =
n−1∑

k=0

wk(x).

Recall that (see [9, p. 28])

(1) D2n(x) =

{
2n, if x ∈ In(0),

0, if x ∈ I\In(0).
For a non-negative integer n let us denote

V (n) :=
∞∑

i=0

|ni − ni+1|+ n0.

It is well known (see [9, p. 35]) that the following representation is valid:

(2) |Dn| =
∣∣∣∣

∞∑

k=1

(nk−1 − nk)D2k − n0

∣∣∣∣.
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We consider the double system {wn(x)× wm(y) : n,m ∈ N} on the unit
square I

2 = [0, 1)× [0, 1).
Let Q(L) = Q(L)(I2) be the Orlicz space [5] generated by Young func-

tion Q, i.e. Q is a convex continuous even function such that Q(0) = 0 and

lim
u→+∞

Q(u)

u
= +∞, lim

u→0

Q(u)

u
= 0.

This space is endowed with the norm

‖f‖Q(L)(I2) = inf
{
k > 0 :

∫

I2

Q(|f |/k) ≤ 1
}
.

In particular, if Q(u) = u log(e+ u), u > 0 and Q(u) = up, p ≥ 1 (e =
exp(1)), then the corresponding space will be denoted by L log+ L(I2) and
Lp(I

2), respectively.
If f ∈ L1(I

2), then

f̂(n1, n2) =

∫

I2

f(y1, y2)wn1(y1)wn2(y2) dy1 dy2

is the (n1, n2)-th Fourier coefficient of f.
The rectangular partial sums of double Fourier series with respect to the

Walsh system are defined by

SN1,N2(x1, x2; f) =
N1−1∑

n1=0

N2−1∑

n2=0

f̂(n1, n2)wn1(x1)wn2(x2).

The quadratic partial sums are defined as

S�
k (x1, x2; f) =

k−1∑

i=0

k−1∑

j=0

f̂(i, j)wi(x
1)wj(x

2).

Let f ∈ L1(I
2). Then the dyadic maximal function is given by

M(x1, x2; f) := sup
n,m∈N

2n+m

∫

In×Im

∣∣f(x1 + s1, x2 + s2)
∣∣ ds1 ds2.

There exists a Walsh–Fourier series such that it diverges at all dyadic
irrational points. On the other hand, it is known that if nA < nA+1,
supA V (nA) < ∞, then subsequences SnA

(f) of partial sums of one-dimen-
sional Walsh–Fourier series of the function f ∈ L1(I) converges a.e. to the
function f . Balashov has posed the following problem. Let a sequence {nA}
be such that supA V (nA) = ∞, which is equivalent to the unboundedness of
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the Lebesgue constant. Does the existence of a function f ∈ L1(I) with a
sequence {SnA

(f)} diverges a.e. follow from the latter? Konyagin [4] gave a
negative answer to this question. In particular, the following is proved.

Theorem A (Konyagin). Suppose {nA} is an increasing sequence of
natural numbers, kA := [log2 nA] + 1, and 2kA is a divisor of nA+1 for all A.
Then SnA

(f) → f a.e. for any function f ∈ L1(I).

For instance, for the sequence (nA), where nA := 2A
2 ∑A

i=0 4
i, we have

that supA V (nA) = ∞ and it satisfies the hypotheses of the theorem. Lukom-
skii [8] note that if f ∈ L1(I

2), nA < nA+1, supA V (nA) < ∞, then SnA
(f)

→ f in L1, and at the same time (see [6]) there exists a sequence {nA} and
a function f ∈ L1(I

2)such that supA V (nA) < ∞ and {S�
nA

(f)} diverges a.e.
In [7] Lukomskii found necessary and sufficient conditions on subsequences
{nA} which provide a.e. convergence of

{
S�
nA

(f)
}
for all function f ∈ L1(I

2).
In this paper we will find the maximal space which guarantee a.e. con-

vergence of subsequence
{
S�
nA

(f)
}
under the condition supA V (nA) < ∞. In

particular, the following is true.

Theorem 1. Let {NA} be a subsequence of the natural numbers, μ is
the Lebesgue measure on [0, 1)2, f ∈ L log+ L(I2) and

(3) sup
A

V (NA) < ∞.

Then

μ
{
sup
A

|S�
NA

(f)| > λ
}
� 1

λ

(
1 +

∫

I2

|f | log+ |f |
)
.

The weak type (L log+L,L1) inequality and the usual density argument
of Marcinkiewicz and Zygmund imply (for details see Zygmund [12, Chap-
ter 7])

Theorem 2. Let f ∈ L log+L(I2) and suppose that condition (3) holds.
Then we have a.e. convergence S�

NA
(f) → f .

On the other hand, we also prove that L log+ L is the maximal conver-
gence space. That is,

Theorem 3. Let ϕ : [0,∞) → [0,∞) be a monotone increasing function
such that ϕ(u) = o(u log u) as u → ∞. Then there exists a sequence {NA :
A ≥ 1} ⊂ N with condition (3) and a function f ∈ L1(I

2) for which

∫

I2

ϕ
(|f(x1, x2)|) dx1 dx2 < ∞ and sup

A

∣∣S�
NA

(x1, x2; f)
∣∣ = +∞

for a.e. (x1, x2) ∈ I
2.
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We note that Lukomskii [8] investigates convergence in norm and con-
vergence in measure of subsequences of quadratic partial sums of multiple
Walsh–Fourier series. In particular, Lukomskii proved that the condition
(3) is necessary and sufficient for the L1-convergence and convergence in
measure of S�

NA
(x1, x2; f) for all functions f ∈ L1(I

2). Almost everywhere
divergence of a subsequence of partial sums of Fourier series with respect
to trigonometric system were investigated by Gosselin [3] and Totik [10]. In
particular, Gosselin proved that for any increasing sequence {mj} there is
f ∈ L1([−π, π]) such that

(4) sup
j

|Smj
(x; f)| = ∞

for almost all x ∈ [−π, π]. Totik established the existence of f such that (4)
holds for all x ∈ [−π, π].

2. Proof of main results

Proof of Theorem 1. Since by (2) (n−1 = 0)

|Dn| ≤
∞∑

k=0

|nk−1 − nk|D2k ,

and then we have

∣∣S�
n (x1, x2; f)

∣∣ =
∣∣∣∣
∫

I2

f(t1, t2)Dn(x
1 + t1)Dn(x

2 + t2) dt1 dt2
∣∣∣∣(5)

≤
∞∑

k=0

∞∑

j=0

|nk−1−nk| |nj−1−nj |
∫

I2

|f(t1, t2)|D2k(x1 + t1)D2j(x2 + t2) dt1 dt2

=

∞∑

k=0

∞∑

j=0

|nk−1 − nk| |nj−1 − nj |2k+j

∫

Ik(x1)×Ij(x2)
|f(t1, t2)| dt1 dt2

≤ cV 2(n)M(x1, x2; f).

Since (see Weisz [11, p. 15])

μ{M(f) > λ} � 1

λ

(
1 +

∫

I2

|f | log+ |f |
)
,

from (5) we conclude the proof of Theorem 1. �
Next, we turn our attention to the way of the proof of Theorem 3. We

need some preliminary assumptions. The method of the construction of the
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counterexample function is similar to the ones can be found in papers [1]
and [2]. Set

Fb,a(x
1, x2) := {Ib+j(x

1)× Ib+2a−j(x
2) : j = 0, 1, . . . , a}.

Then it is easy to see that

(6)
⋂

Fb,a(x
1, x2) :=

⋂

I∈Fb,a(x1,x2)

I = Ib+a(x
1)× Ib+2a(x

2).

On the other hand, let
⋃
Fb,a(x

1, x2) :=
⋃

I∈Fb,a(x1,x2) I . Since

⋃
Fb,a(x

1, x2)

=

( a⋃

j=1

Ib+j(x
1)× (

Ib+2a−j(x
2)\Ib+2a−j+1(x

2)
)) ∪ (

Ib(x
1)× Ib+2a(x

2)
)
,

we can write

μ
(⋃

Fb,a(x
1, x2)

)
(7)

=
1

22b+2a
+

a∑

j=1

( 1

2b+j

1

2b+2a−j
− 1

2b+j

1

2b+2a−j+1

)
=

1

22b+2a

(
1 +

a

2

)
.

Set

J0
a,b(t

1, t2) :=
{
(t1, t2) ∈ I

2
}
,

Ω0
a,b(t

1, t2) :=
a⋃

j=0

Ib+j(t
1)× Ib+2a−j(t

2) =
⋃

Fb,a(t
1, t2),

Ω̃0
a,b(t

1, t2) := Ω0
a,b(t

1, t2)\
(
Ib+a(t

1)×Ib+a(t
2)∪(Ib(t

1)\Ib+1(t
1))×Ib+2a(t

2)
)
.

Suppose that the sets J j
a,b(t

1, t2), Ωj
a,b(t

1, t2) and Ω̃j
a,b(t

1, t2) are defined
for j < k. Then decompose

Ib(t
1)× Ib+a(t

2)\
k−1⋃

j=0

Ωj
a,b(t

1, t2)

as the disjoint union of dyadic rectangles of the form Ib+ka(x
1)×Ib+(k+1)a(x

2).
Take from each dyadic rectangles an element to represent. The set of
(x1, x2)’s corresponding to these rectangles is Jk

a,b(t
1, t2). In this process
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the number k is called the “depth” of the decomposition of the rectangle
Ib(t

1)× Ib+a(t
2).

Set

Ωk
a,b(t

1, t2) :=
⋃

(x1,x2)∈Jk
a,b(t

1,t2)

a⋃

j=0

Ib+ka+j(x
1)× Ib+(k+2)a−j(x

2)

and

Ω̃k
a,b(t

1, t2) := Ωk
a,b(t

1, t2)\
⋃

(x1,x2)∈Jk
a,b(t

1,t2)

(
Ib+(k+1)a(x

1)× Ib+(k+1)a(x
2)

∪ (
Ib+ka(x

1)\Ib+ka+1(x
1)
)× Ib+(k+2)a(x

2)
)
.

Equality (7) means that the measure of Ω0
a,b(t

1, t2) ⊂ Ib(t
1)× Ib+a(t

2)

is (1 + a/2)2−2b−2a. That is, the ratio of the measure of Ω0
a,b(t

1, t2) and

Ib(t
1)× Ib+a(t

2) is (1 + a/2)2−a. By the construction of Ω̃0
a,b(t

1, t2) and

Ω0
a,b(t

1, t2) we also have that the ratio of the measures of these two sets is

(a/2− 1/2)/(a/2+ 1) = 1− 3
a+2 . Henceforth, by construction it also follows

μ
(⋃k

k=0Ω
k
a,b(t

1, t2)
)

μ (Ib(t1)× Ib+a(t2))
= 1−

(
1− a/2 + 1

2a

)k+1
,(8)

μ
(⋃k

k=0 Ω̃
k
a,b(t

1, t2)
)

μ(Ib(t1)× Ib+a(t2))
=

(
1− 3

a+ 2

)(
1−

(
1− a/2 + 1

2a

)k+1)
.

For any finite zero-one sequence t1i ∈ {0, 1}, t2s ∈ {0, 1} (i < b, s < a+ b)
set

t = (t1, t2) =

( b−1∑

i=0

t1i /2
i+1,

a+b−1∑

s=0

t2s/2
s+1

)
.

Alternatively, one can also say that t1 and t2 are zero-one vectors of length b
and a+ b. Now, for every d ∈ N we define the function

fd
a,b(x

1, x2)

:= 22a
∑

t1i∈{0,1}
i=0,...,b−1

∑

t2s∈{0,1}
s=0,...,a+b−1

d∑

k=0

∑

(y1,y2)∈Jk
a,b(t

1,t2)

IIb+(k+2)a(y1)×Ib+(k+2)a(y2)(x
1, x2),

where IE denotes the characteristic function of the set E. In the definition
of fd

a,b the number d is the “depth” of the decomposition of the rectangles
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Ib(t
1)× Ib+a(t

2). These rectangles “parquets” the unit square as t1i and t2s
take 0 or 1 (i < b, s < a+ b). The number d has to be a finite one, since we
want to keep the function fd

a,b to be locally constant on “some” rectangles.
In order to prove Theorem 3 we need the following lemma.

Lemma 1. Let a, b, d ∈ N\{0} and

(x1, x2) ∈
⋃

t1i∈{0,1}
i=0,...,b−1

⋃

t2s∈{0,1}
s=0,...,a+b−1

d⋃

k=0

Ω̃k
a,b(t

1, t2).

Then there exist unique i < b, s < a+ b, k ≤ d for which

(x1, x2) ∈ (
Ib+ka+j(y

1)\Ib+(k+1)a(y
1)
)× Ib+(k+2)a−j(y

2)

for some (y1, y2) ∈ Jk
a,b(t

1, t2) and some j = 1, . . . , a− 1. Setting

N1 := b+ ka+ j, N2 := b+ (k + 2)a− j

we have
∣∣S�

2N1+2N2 (x
1, x2; fd

a,b)
∣∣ ≥ 3

4
.

Proof of Lemma 1. We start with the proof of the first assertion of
Lemma 1. Since (x1, x2) is an element of a union, then there exist t10, . . . , t

1
b−1

∈ {0, 1} and t20, . . . , t
2
b+a−1 ∈ {0, 1} such that for

t = (t1, t2) =

( b−1∑

i=0

t1i /2
i+1,

a+b−1∑

s=0

t2s/2
s+1

)

we have (x1, x2) ∈ ⋃d
k=0 Ω̃

k
a,b(t

1, t2) and consequently there is a k ≤ d such
that

(x1, x2) ∈ Ω̃k
a,b(t

1, t2) ⊂ Ωk
a,b(t

1, t2).

Then there exits a (y1, y2) ∈ Jk
a,b(t

1, t2) such that (x1, x2) ∈ ⋃k
j=0 Ib+ka+j(y

1)

× Ib+(k+2)a−j(y
2). Consequently, (x1, x2) ∈ Ib+ka+j(y

1)× Ib+(k+2)a−j(y
2) for

some j ≤ k. Since

(x1, x2) �∈ (
Ib+(k+1)a(y

1)× Ib+(k+1)a(y
2)
)

∪(Ib+ka(y
1)\Ib+ka+1(y

1)× Ib+(k+1)2(y
2)
)

(as it comes from the definition of Ω̃k
a,b(t

1, t2)), then the first assertion of
Lemma 1 follows.
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Since

D2N1+2N2 = D2N2 + w2N2D2N1 , N2 > N1

we can write

S�
2N1+2N2 (x

1, x2; fd
a,b)(9)

=

∫

I2

fd
a,b(t

1, t2)D2N1+2N2 (x
1 + t1)D2N1+2N2 (x

2 + t2) dt1 dt2

=

∫

I2

fd
a,b(t

1, t2)D2N2 (x
1 + t1)D2N2 (x

2 + t2) dt1 dt2

+

∫

I2

fd
a,b(t

1, t2)D2N2 (x
1 + t1)w2N2 (x

2 + t2)D2N1 (x
2 + t2) dt1 dt2

+

∫

I2

fd
a,b(t

1, t2)w2N2 (x
1 + t1)D2N1 (x

1 + t1)D2N2 (x
2 + t2) dt1 dt2

+

∫

I2

fd
a,b(t

1, t2)w2N2 (x
1 + t1)D2N1 (x

1 + t1)w2N2 (x
2 + t2)D2N1 (x

2 + t2) dt1 dt2

= J1 + J2 + J3 + J4.

By (1) we have
∫

I2

fd
a,b(t

1, t2)D2N2 (x
1 + t1)D2N2 (x

2 + t2) dt1 dt2

=

∫

IN2(x1)×IN2(x2)

fd
a,b(t

1, t2)2N22N2 dt1 dt2.

By N2 = b+ (k + 2)a− j and from the definition of the function fd
a,b we

obtain

J1 = 22N2

∫

Ib+(k+2)a−j(x1)×Ib+(k+2)a−j(x2)
fd
a,b(t

1, t2) dt1 dt2

= 22N2+2a

∫

Ib+(k+2)a−j(x1)×Ib+(k+2)a−j(x2)
IIb+(k+2)a(y1)×Ib+(k+2)a(y2)(t

1, t2) dt1 dt2.

The condition in the statement of Lemma 1, x1 ∈ (
Ib+ka+j(y

1)\Ib+(k+1)a(y
1)
)

gives

x1 �∈ Ib+(k+1)a(y
1)

which implies that (two dyadic intervals are disjoint or one contains the
other)

Ib+(k+2)a−j(x
1) ∩ Ib+(k+1)a(y

1) = ∅.
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Hence we integrate on the emptyset. That is,

(10) J1 = 0.

Analogously, we can prove that

(11) J2 = 0.

Next, we discuss J3. By (1) we have that

w2N2 (x
1 + t1)D2N1 (x

1 + t1)D2N2 (x
2 + t2)

is either 0 or w2N2 (x1 + t1)2N1+N2 which occurs in the case of (t1, t2)
∈ IN1

(x1)× IN2
(x2). This fact and N1 = b+ ka+ j, N2 = b+ (k + 2)a− j

give for J3

|J3| =
∣∣∣∣2

N1+N2

∫

IN1(x
1)×IN2(x

2)
fd
a,b(t

1, t2)w2N2 (t
1) dt1 dt2

∣∣∣∣(12)

= 2N1+N2+2a

∣∣∣∣
∫

Ib+ka+j(x1)×Ib+(k+2)a−j(x2)
IIb+(k+2)a(y1)×Ib+(k+2)a(y2)(t

1, t2)

× w2b+(k+2)a−j (t1) dt1 dt2
∣∣∣∣

= 2N1+N2+2a

∣∣∣∣
∫

Ib+(k+2)a(x1)×Ib+(k+2)a(x2)
w2b+(k+2)a−j (t1) dt1 dt2

∣∣∣∣

=
2N1+N2+2a

22b+2a(k+2)
= 1, j �= 0,

where the last but one equality is given by the definition of fd
a,b. For J4 by

the help of properties of the Walsh function and by the definition of function
fd
a,b we can write (j < a)

|J4| = 22N1

∣∣∣∣
∫

IN1(x
1)×IN1(x

2)
w2N2 (t

1 + t2)fd
a,b(t

1, t2) dt1 dt2
∣∣∣∣(13)

= 22N1+2a

∣∣∣∣
∫

Ib+ka+j(x1)×Ib+ka+j(x2)
w2b+(k+2)a−j (t1 + t2)

× IIb+(k+2)a(y1)×Ib+(k+2)a(y2)(t
1, t2) dt1 dt2

∣∣∣∣

≤ 22N1+2a

22b+2ka+4a
=

22j

22a
≤ 22(a−1)

22a
=

1

4
.

Combining (9)–(13) completes the proof of Lemma 1. �
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Proof of Theorem 3. Set

Ga,b,d :=
⋃

t1i∈{0,1}
i=0,...,b−1

⋃

t2s∈{0,1}
s=0,...,a+b−1

d⋃

k=0

Ω̃k
a,b(t

1, t2).

Next, we verify that

(14) μ(Ga,b,d) → 1

as a, b, d → ∞ with the restriction that d tends to infinity faster than a.
More precisely, da/2a → ∞.

To prove (14) we use (8). For each fixed t1i , t
2
s (i < b, s < a+ b), that is,

for each dyadic rectangle of the form Ib(t
1)× Ib+a(t

2) (they “parquets” the
unit square) we use (8). That is,

1 ≥ μ(Ga,b,d) ≥
(
1− 3

a+ 2

)(
1−

(
1− a/2 + 1

2a

)d+1)
.

Then (14) is verified.
Define the sequences {an, n ∈ N}, {bn, n ∈ N} and {dn, n ∈ N} in the

following way: Let be an, bn, dn ↑ ∞ and

(15)
23a0

ϕ(23a0)
≤ 22b0 .

(Condition (15) is a “technical” one and it plays a minor role in the es-
timation of the norm of the counterexample function at (19) and below.)
Moreover, let

(16)
23anan
ϕ(23an)

≥ n4n22bn−1+2an−1(dn−1+2)

and

(17) 4
n−1∑

j=1

22aj <
1

4

23anan
4nϕ(23an)22bn−1+2an−1(dn−1+2)

.

Define

G :=
∞⋂

k=1

∞⋃

n=k

Gan,bn,dn
.

From (14) we can write μ(G) = 1.
Let (x1, x2) ∈ G. Then there is an infinite number n ∈ N for which

(x1, x2) ∈ Gan,bn,dn
. Then Lemma 1 gives there exist a (t1, t2) ∈ I

2 and k ≤ dn
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for which (x1, x2) ∈ Ω̃k
an,bn

(t1, t2). Hence, there is a (y1, y2) ∈ Jk
an,bn

(t1, t2),

and a unique j ∈ {0, 1, . . . , an − 1} for which

(x1, x2) ∈ (
Ibn+kan+j(y

1)\Ibn+(k+1)an
(y1)

)× Ibn+(k+2)an−j(y
2).

Set

N1 := bn + kan + j, N2 := bn + (k + 2)an − j

and

cn :=
23anan

4nϕ(23an)22bn−1+2an−1(dn−1+2)
.

Define the function

f(x1, x2) :=
∞∑

n=1

cnf
dn

an,bn
(x1, x2).

Now, we prove that

(18)

∫

I2

ϕ(|f(x1, x2)|) dx1 dx2 < ∞.

First, we suppose that ϕ(u)/u is nondecreasing. Since

∞∑

k=1

uk ≤ sup
k≥1

2kuk,

we write

ϕ

( ∞∑

k=1

uk

)
≤ ϕ

(
sup
k≥1

2kuk

)
≤

∞∑

k=1

ϕ(2kuk).

Consequently,

(19)

∫

I2

ϕ
(|f(x1, x2)|) dx1 dx2 ≤

∞∑

n=1

∫

I2

ϕ
(
2ncnf

dn

an,bn
(x1, x2)

)
dx1 dx2.

Since ϕ(u)/u is nondecreasing from (15) we have

2ncn
an

=
23an

2nϕ(23an)22bn−1+2an−1(dn−1+2)
≤ 23a0

ϕ(23a0)22b0
≤ 1,

hence, to use again the fact that ϕ(u)/u is nondecreasing and the function∥∥fdn

an,bn

∥∥
∞ ≤ 22an we have

∫

I2

ϕ
(
2ncnf

dn

an,bn
(x1, x2)

)
dx1 dx2(20)
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=

∫

I2

ϕ
(2ncn

an
anf

dn

an,bn
(x1, x2)

)
dx1 dx2 ≤ 2ncn

an

∫

I2

ϕ
(
anf

dn

an,bn
(x1, x2)

)
dx1 dx2

≤ 2ncn
an

∫

I2

ϕ(an2
2an)

an22an
anf

dn

an,bn
(x1, x2) dx1 dx2

≤ 2ncn
an

ϕ(23an)

23an

∫

I2

anf
dn

an,bn
(x1, x2) dx1 dx2.

From the definition of the function fdn

an,bn
we can write

∫

I2

fdn

an,bn
(x1, x2) dx1 dx2 = 22an

∑

t1i∈{0,1}
i=0,...,bn−1

∑

t2s∈{0,1}
s=0,...,an+bn−1

dn∑

k=0

∑

(y1,y2)∈Jk
an,bn

(t1,t2)

μ
(
Ibn+(k+2)an

(y1)× Ibn+(k+2)an
(y2)

)

= 22an

∑

t1i∈{0,1}
i=0,...,bn−1

∑

t2s∈{0,1}
s=0,...,an+bn−1

dn∑

k=0

∑

(y1,y2)∈Jk
an,bn

(t1,t2)

1

22bn+2(k+2)an
.

Since by (6) and (7)

1

22bn+2kan+4an
=

1

2an
μ
(⋂

Fbn+kan,an

)
=

μ
(⋃

Fbn+kan,an

)

22an(1 + an/2)

and, consequently,
∫

I2

fdn

an,bn
(x1, x2) dx1 dx2(21)

=
∑

t1i∈{0,1}
i=0,...,bn−1

∑

t2s∈{0,1}
s=0,...,an+bn−1

dn∑

k=0

∑

(y1,y2)∈Jk
an,bn

(t1,t2)

μ
(⋃

Fbn+kan,an

)

(1 + an/2)
≤ 2

an
.

Hence, by (19), (20) and (21) we conclude that
∫

I2

ϕ(|f(x1, x2)|) dx1 dx2

≤
∞∑

n=1

2ncn
an

ϕ(23an)

23an

∫

I2

anf
dn

an,bn
(x1, x2) dx1 dx2 ≤ 2

∞∑

n=1

2n

an
cn

ϕ(23an)

23an

= 2

∞∑

n=1

2n

an

23anan
4nϕ(23an)22bn−1+2an−1(dn−1+2)

ϕ(23an)

23an
≤ 2

∞∑

n=1

1

2n
= 2.
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This implies (18) when ϕ(u)/u is nondecreasing.
We have

S�
2N1+2N2 (x

1, x2; f)(22)

=
n−1∑

j=1

cjS
�
2N1+2N2

(
x1, x2; f

dj

aj ,bj

)
+ cnS

�
2N1+2N2

(
x1, x2; fdn

an,bn

)

+
∞∑

j=n+1

cjS
�
2N1+2N2

(
x1, x2; f

dj

aj ,bj

)
= Q1 +Q2 +Q3.

From Lemma 1 we can write

(23) Q2 ≥ 3

4
cn.

Since by (1) and (2)

∣∣S�
2N1+2N2

(
x1, x2; f

dj

aj ,bj

)∣∣ ≤ 4‖fdj

aj,bj
‖∞ ≤ 4 · 22aj ,

from (17) we get

(24) |Q1| ≤ 4
n−1∑

j=1

22aj <
cn
4
.

Since

∣∣S�
2N1+2N2

(
x1, x2; f

dj

aj ,bj

)∣∣ ≤
2N1+2N2−1∑

v1=0

2N1+2N2−1∑

v2=0

|f̂dj

aj ,bj
(v1, v2)|

≤ (2N1 + 2N2)2
∥∥fdj

aj ,bj

∥∥
1
≤ 22N2

8

aj
, N2 ≥ N1,

we have

|Q3| ≤ 8
∞∑

j=n+1

cj
aj

· 22bn+2an(dn+2)(25)

= 8
∞∑

j=n+1

23ajaj
4jϕ(23aj)22bj−1+2aj−1(dj−1+2)

1

aj
· 22bn+2an(dn+2)

≤ 8
22a0

ϕ(22a0)

∞∑

j=n+1

1

4j
≤ c < ∞.
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Combining (22)–(25) and (16) we obtain

∣∣S�
2N1+2N2 (x

1, x2; f)
∣∣ ≥ cn

2
− c ≥ cn → ∞ as n → ∞.

Now, let ϕ : [0,∞) → [0,∞) is an arbitrary function. Define

ϕ̃(u) :=

{
ϕ(1)u, 0 ≤ u ≤ 1,

sup1≤v≤u
ϕ(v)
v u, u > 1.

Then it is evident that

(26) ϕ̃(u) ≥ ϕ(u), u > 1.

On the other hand (u > 1),

(27)
ϕ̃(u)

u log u
=

sup1≤v≤u
ϕ(v)
v u

u log u
=

sup1≤v≤u
ϕ(v)
v

log u
.

Let ε > 0. Then, from the condition of Theorem 3, there exists an u(ε) such
that for every u > u(ε) we have

ϕ(u) ≤ εu log u.

Then from (27) we have

ϕ̃(u)

u log u
≤ sup1≤v≤u(ε)

ϕ(v)
v

log u
+

ε supu(ε)≤v≤u log v

log u
.

Hence ϕ̃(u) = o(u log u). Since ϕ̃(u)/u is nondecreasing there exists a func-
tion f such that

∫

I2

ϕ̃(|f(x1, x2)|) dx1 dx2 < ∞

and

sup
N1,N2

|S�
2N1+2N2 (x

1, x2; f)| = ∞ for a.e. (x1, x2) ∈ I
2.

On the other hand, from (26) we write
∫

I2

ϕ(|f(x1, x2)|) dx1 dx2 ≤
∫

I2

ϕ̃(|f(x1, x2)|) dx1 dx2 < ∞.

Theorem 3 is proved. �
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