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Abstract. For a non-negative integer n let us denote the dyadic variation
of a natural number n by

V(n) =Y [nj-njs1| + no,

=0

where n =3 n:2", n; € {0,1}. In this paper we prove that for a func-
tion f € Llog L(I?) under the condition sup, V(na) < oo, the subsequence of
quadratic partial sums SEA (f) of two-dimensional Walsh—Fourier series con-
verges to the function f almost everywhere. We also prove sharpness of this
result. Namely, we prove that for all monotone increasing function ¢: [0, c0)
— [0,00) such that ¢(u) =o(ulogu) as u — oo there exists a sequence {na :
A > 1} with the condition sup 4 V(na) < oo and a function f € ¢(L)(I?) for which
sup 4 |SnDA (z', 2% f)| = oo for almost all (z',z?) € T2

1. Introduction

We shall denote the set of all non-negative integers by N, the set of all
integers by Z and the set of dyadic rational numbers in the unit interval
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I:=10,1) by Q. In particular, each element of Q has the form . for some
p,n €N, 0<p<2”,
Denote the dyadic expansion of n € N and z € I by

o o0
A T
n= E n;j2’, n;=0,1 and z= E Qj-]H’ z; =0,1
; =

(in the case of x € Q chose the expansion which terminates in zeros). Define
the dyadic addition + as

[ee]
rHy=> |op—ypl2”*Y.
k=0
Thesets I,(z) :={y€l:yo=x0,...,Yn—1 =p_1} forz €1, I, := I,(0)
for 0 < n € N and Ip(z) := I are the dyadic intervals of I. For 0 < n € N de-
note by |n| := max {j € N:n; # 0}, that is, 2"l <n < 2/nl+1,
The Rademacher system is defined by
ro(z) = (=1)"" (rel, neN).

The Walsh—Paley system is defined as the sequence of the Walsh—Paley func-
tions:

e’} ]

wn(@) = [[(rs(@)™ = ()™ (zel, neN).

k=0
The Walsh—Dirichlet kernel is defined by

n—1
= wi(x)
k=0
Recall that (see [9, p. 28])

o, ifw e 1,(0),
(1) Do (i) = {o, if & € 1\1,(0).

For a non-negative integer n let us denote

[ee]
= Z Ini — niga| + no.
=0
It is well known (see [9, p. 35]) that the following representation is valid:
o0
(2) ‘Dn‘ = nk 1 — Nk ng — Nno|.
k=1
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QUADRATIC PARTIAL SUMS OF TWO-DIMENSIONAL WALSH-FOURIER SERIES 75

We consider the double system {w,,(z) X wy,(y) : n,m € N} on the unit
square I? = [0,1) x [0,1).

Let Q(L) = Q(L)(I?) be the Orlicz space [5] generated by Young func-
tion @, i.e. @ is a convex continuous even function such that Q(0) = 0 and

lim Q) = 400, lim Q)

u——+o0o0 U u—0 U

=0.

This space is endowed with the norm

o = int{k >0 [ @fi/m <1},

In particular, if Q(u) = ulog(e+u), u >0 and Q(u) =uP, p>1 (e =
exp(1)), then the corresponding space will be denoted by Llog™ L(I?) and
L,(12), respectively.

If f € Ly(I?), then

fnl,n?) = ; Fh v wnr (" wne (y°) dy* dy®

is the (n',n?)-th Fourier coefficient of f.
The rectangular partial sums of double Fourier series with respect to the
Walsh system are defined by

SN1N2£L' (IJ f Z Z fn TL wn( l)wnz((l}2).

The quadratic partial sums are defined as

k—1k—1

SOzt 2% f) :ZZ i, j)wi (zh)w; (z?).

i=0 j=

Let f € Ly(I?). Then the dyadic maximal function is given by

M(zt, 2% f) :== sup 2”+m/ |f(a' + st 2% + 5%)| ds’ ds®.
n,meN 1, %1,

There exists a Walsh—Fourier series such that it diverges at all dyadic
irrational points. On the other hand, it is known that if na <mnay1,
sup4 V(na) < oo, then subsequences Sy, (f) of partial sums of one-dimen-
sional Walsh-Fourier series of the function f € L;(I) converges a.e. to the
function f. Balashov has posed the following problem. Let a sequence {n 4}
be such that sup, V(n4) = oo, which is equivalent to the unboundedness of
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the Lebesgue constant. Does the existence of a function f € Li(I) with a
sequence {S,,,(f)} diverges a.e. follow from the latter? Konyagin [4] gave a
negative answer to this question. In particular, the following is proved.

THEOREM A (Konyagin). Suppose {na} is an increasing sequence of
natural numbers, ka = [logyna] + 1, and 254 is a divisor of nay1 for all A.
Then Sy, ,(f) — f a.e. for any function f € Lq(I).

For instance, for the sequence (n4), where ny := 24° Zz‘A:o 4%, we have
that sup 4 V' (n4) = oo and it satisfies the hypotheses of the theorem. Lukom-
skii [8] note that if f € Li(I?), na < nay1, sups V(na) < oo, then S, , (f)
— fin Lj, and at the same time (see [6]) there exists a sequence {n4} and
a function f € Ly (I?)such that sup, V(na) < oo and {SJ (f)} diverges a.c.
In [7] Lukomskii found necessary and sufficient conditions on subsequences
{na} which provide a.e. convergence of {S,'i(f)} for all function f € Ly (I2).

In this paper we will find the maximal space which guarantee a.e. con-
vergence of subsequence {SEA (f)} under the condition sup, V(n4) < co. In
particular, the following is true.

THEOREM 1. Let {Na} be a subsequence of the natural numbers, u is
the Lebesgue measure on [0,1)2, f € Llog™ L(I?) and

(3) sup V(N4) < oo.
A

Then
pfsup 1T, (11> 0} 5 ) (1+ [ 11108 111)

The weak type (Llog™ L, L1) inequality and the usual density argument
of Marcinkiewicz and Zygmund imply (for details see Zygmund [12, Chap-
ter 7))

THEOREM 2. Let f € Llogt L(I?) and suppose that condition (3) holds.
Then we have a.e. convergence SEA(f) — f.

On the other hand, we also prove that Llog™ L is the maximal conver-
gence space. That is,

THEOREM 3. Let ¢: [0,00) — [0,00) be a monotone increasing function
such that p(u) = o(ulogu) as u — oco. Then there exists a sequence {Ng4 :
A > 1} C N with condition (3) and a function f € Li(I?) for which

/ g0(|f(x1,x2)|) dz'da® < oo and sup ‘SEA(xl,f;f)‘ = +00
I2 A

for a.e. (z',2%) € T2
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QUADRATIC PARTIAL SUMS OF TWO-DIMENSIONAL WALSH-FOURIER SERIES 7

We note that Lukomskii [8] investigates convergence in norm and con-
vergence in measure of subsequences of quadratic partial sums of multiple
Walsh—Fourier series. In particular, Lukomskii proved that the condition
(3) is necessary and sufficient for the Lj-convergence and convergence in
measure of S Jl\ij (x!,22; f) for all functions f € L;(I?). Almost everywhere
divergence of a subsequence of partial sums of Fourier series with respect
to trigonometric system were investigated by Gosselin [3] and Totik [10]. In
particular, Gosselin proved that for any increasing sequence {m;} there is
f € Li([—m,7]) such that

(4) sup [Sm, (z; f)| = o0
J

for almost all = € [—m, w|. Totik established the existence of f such that (4)
holds for all z € [—m, 7).

2. Proof of main results

PROOF OF THEOREM 1. Since by (2) (n_; =0)

[ee]
1Dy < |ng—1 — ng| Do,
k=0

and then we have

(5)  |SPEha% )] = \ / FE2)Dy (2t + 1) Dy (2 + 12) dt' dt?
]12

o0 o
< Z\nkl—nkunj_l—nj\/ P, £2) [ Dye (2 + 1) Doy (2 + 12) dt di?
k=0 j=0 Iz
o0 o0
= Ink—1 — | [nj—1 — nj\2k+j/ (', ¢%)] dt" dt?
k=0 j=0 I (zt)x 1 (22)

< cVZ(n)M(xl,a;2; 1)

Since (see Weisz [11, p. 15])

ur(n > 215 ) (1+ [ 111108 111).

from (5) we conclude the proof of Theorem 1. [

Next, we turn our attention to the way of the proof of Theorem 3. We
need some preliminary assumptions. The method of the construction of the

Analysis Mathematica 44, 2018



78 G. GAT and U. GOGINAVA

counterexample function is similar to the ones can be found in papers [1]
and [2]. Set

Fb,a(x1 z? {Ib+] ) X Iptoq—j(x Hij=0,1,... ,a}.

Then it is easy to see that

(6) ﬂFb,a(x1a$2) = ﬂ I = Ib-l—a(xl) X Ib+2a(x2)'

IR, o(zt,2?)

On the other hand, let |J Fyq(2t, 2%) := Urer, . (1,22) {- Since

U Fyo(2t, 2%)
<Ugﬂ @mJ<AMMJmﬁ@uumﬂxmmw»

we can write

(7) u(UFb,a(xl,x2>)

a

1 11 1 1 B .
= 92b+2a T 2; <2b+j ob+2a—j — 9b+j 2b+2a—j+1> - 22b+2a< T 2)'
J:

Set

T, 12) = {(t, ) e 2},
tl tz U Ib+_] X Ib+2a _] 2) = UFb,a(tlat2)7

Q0 (t,12) = QY @2ﬂ@mWW%mWW%WNMMWXMwW»
Suppose that the sets Jg , (L 12), Qib(tl,ﬂ) and ﬁfl ,(t!, %) are defined
for j < k. Then decompose

Ib( X Ib+a U Q tl t2

as the disjoint union of dyadic rectangles of the form Iy, pq(2!) x Ib+(k+1)a(a:2).
Take from each dyadic rectangles an element to represent. The set of
(x!,22%)’s corresponding to these rectangles is Jf’b(tl,t2). In this process
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QUADRATIC PARTIAL SUMS OF TWO-DIMENSIONAL WALSH-FOURIER SERIES 79

the number k is called the “depth” of the decomposition of the rectangle
L(t) X Tyalt2).
Set

QF (7)) = U U Iypkari (') X Ipy (k2)aj (27)
(@,2) €%, (1. 2) 520

and

ﬁg,b(t17t2) =08, (t1 1)\ U (Ib+(k+1)a(x1) X Iyt (ke 1)a (27)
(xt,@2)eJk  (t1,t2)

U (Tppha( )\ o hatr (1)) X fb+(k+2)a(~"32))-

Equality (7) means that the measure of Q0 (t1,¢2) C I,(t!) x I ya(t?)
is (14 a/2)27272a, That is, the ratio of the measure of Q0 ,(¢1,#?) and
Iy(tY) x Iy q(t?) is (1 +a/2)27% By the construction of ﬁgvb(tl,ﬂ) and
QY (t1, %) we also have that the ratio of the measures of these two sets is
(a/2-1/2)/(a/2+1)=1— a+2 Henceforth, by construction it also follows

(8) u(U'Z:o Q’é,b(t17t2)) _q_ (1 B a/2+ 1)k+17

o (Ip(th) < Ipya(t?)) 2%
M(UZ:O ﬁg,b(tlatz)) 3 a/2+ 1\ k+1
DIy (tY) % Isa(2) (1-, + )(-(-"507) )

For any finite zero-one sequence t} € {0,1}, t2 € {0,1} (i < b, s < a+1b)
set

a+b—1

s=0

Alternatively, one can also say that tl and t? are zero-one vectors of length b

and a + b. Now, for every d € N we define the function
(f b(xl 552)

d
= 2% Z Z Z Z I[Ib+<k+2)a(yl)be+<k+2>a(y2)(xl’ a:2),

t;€{0,1}  t2€{0,1} k=0 (y',y>)eJF (t',12)
1=0,...,b—1 s=0,...,a+b—1

where I denotes the characteristic function of the set E. In the definition
of f(‘ib the number d is the “depth” of the decomposition of the rectangles
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Ip(t') x Iy (t?). These rectangles “parquets” the unit square as t} and t2
take 0 or 1 (¢ < b, s < a+b). The number d has to be a finite one, since we
want to keep the function fgb to be locally constant on “some” rectangles.

In order to prove Theorem 3 we need the following lemma.
LEMMA 1. Let a,b,d € N\{0} and

wave U U Uk
tle{0,1}  t2€{0,1} k=0
i=0,...,b—1 s=0,...,a+b—1

Then there exist unique i1 < b, s < a4+ b, k < d for which
(z',2%) € (Iorkari W )\ Dot (e11)a (")) X Ty (k+2)a—j (%)
for some (yt,y?) € ka(tl t2) and some j =1,...,a — 1. Setting
Ny:=b+ka+j, No:=b+(k+2a—j
we have

3
]
|S2N1+2N2 (x1,$2;fg7b)‘ > 4"

PrROOF OF LEMMA 1. We start with the proof of the first assertion of

Lemma 1. Since (x!,22) is an element of a union, then there exist t(l), . 7’%—1

€{0,1} and #3,...,t;,,_4 € {0,1} such that for
a+b—1

;= tl t2 <Zt /22+1 Z t§/28+1>
s=0

we have (z!,2?) € ngo ﬁ’;b(tl,tQ) and consequently there is a k& < d such
that

(x17x2) S ﬁlz,b(tlatz) C Q];,b(t17t2)'
Then there exits a (y!,y?) € J¥, (t1,¢?) such that (2!,2%) € U?:o Ipikati(yh)

X Iy (k42)a—j (%) Consequently, (z',2%) € Iy rat(y") X Ipp(kp2)a—; (y) for
some j < k. Since

(961,372) ¢ (Ib+(k+1)a(yl) X Ib+(k+1)a(y2))
U(Toska(@ )N\ Iy ka1 (U)X Tprey2(y°))

(as it comes from the definition of ?2’;717(751,752)), then the first assertion of
Lemma 1 follows.
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QUADRATIC PARTIAL SUMS OF TWO-DIMENSIONAL WALSH-FOURIER SERIES 81

Since
D2N1+2N2 = Do~y + wony Dony, Ny > Ny

we can write
(9) S2|§’V1+2N2 (x17x27 f((li,b)

= /]12 F2 (1 #2) Dow ows (2 + 1) Dawy ovs (22 + %) dt' dt®
N / Fy (1 82) Dywsy (21 + 1) Doy (2 + £7) dt " dit
2
+ /]12 FE(#14%) Doy (2 + 1 Ywowa (2% + £2) Dow, (22 + £2) dt* dt?
+ /H FE(# #2) woms (a4 1) Dowy (z + 1) Dow, (2 + £2) dt' dt?

+ / FE# #2) woms (2 + 1) Dowy (2 + £ )wans (22 + £2) Don, (22 + ) dt' dt?
]12

=J1+Jo+ J3+ Jy.
By (1) we have

/ FL(#1,1%) Dgwy (21 + 1) Dy (22 + t2) dt" dt*
]12
= / (11,1322 gt .
INQ(ml) XINz(m2)

By Ny =b+ (k+2)a—j and from the definition of the function fib we
obtain

J, = 22N: / fa (14 att at
Tyt (kt2ya—5 (1) X T g (kt2)a— 5 (22)

__ 0o2N>+2a 1 42 1 2
=2 / I[Ib+(k+2)a(yl)XIb+(k+2)a(y2)(t () dt dt”.
Tyt (kt2ya—5 (@) X Tt (kt2)a—j (2)

The condition in the statement of Lemma 1, 2! € (Iy4rat; (") \Ipt-(k41)a(¥"))
gives

' & Iy er1ya(y)
which implies that (two dyadic intervals are disjoint or one contains the
other)

Iyt (k+2)a—j (@) N I e1ya (y') = 2.
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Hence we integrate on the emptyset. That is,

(10) J1=0.
Analogously, we can prove that
(11) Jo = 0.

Next, we discuss J3. By (1) we have that
WoN, (Z’l + tl)D2N1 (,Il + tl)D2N2 (1’2 + t2)

is either 0 or won, (2! 4+ ¢1)2M+N2 which occurs in the case of (¢!,#?)
€ Iy, (z1) x In,(2?). This fact and Ny =b+ka+j, No =b+ (k+2)a —j
give for J3

(12) | J3| = ‘2N1+N2/ 4yt ) wan, (1) dtt dt?
Iny (21) % Iy (22)

_ 9N1+Nz2+2a 1 42
=2 ]Ifb+(k+2>a(y1)><Ib+<k+2)a(y2)(t it )

/Ib+ka+j (@)X by (ht2)a—s (2?)

X Wb+ (k+2)a—j (tl) dtl dt2

_ 2N1+N2+2a Wb+ (k+2)a—j (tl) dtl dtz

/1b+(k+2>a(901)X1b+(k+2>a($2)
9N1+N>+2a
T 92b+2a(k42) L g #0,

where the last but one equality is given by the definition of f(‘ib. For J, by

the help of properties of the Walsh function and by the definition of function
f(‘ib we can write (j < a)

(13) | Jy| = 22

/ wona (' + £2) f2, (1, ¢2) dt* dt?
IN1 (xl)XIZ\H ($2)

= 22N1+2a Wb+ (k+2)a—j (tl + t2)

/Ib+ka+j (@)X ot kats(2?)

1 42 1 2
X H1b+(k+2>a(y1)><Ib+(k+2>a(y2)(t ,7) dt” di

22N1+2(l 22j 22(a71) 1

< 92b+2katda  92a < 92a 4°

Combining (9)—(13) completes the proof of Lemma 1. [
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PROOF OF THEOREM 3. Set

Gapd = U U U Q tl t2

t1€{0,1} t2e{0,1} k=0
1=0,...,b—1 s=0,...,a+b—1

Next, we verify that

(14) 1(Gapa) = 1

as a,b,d — oo with the restriction that d tends to infinity faster than a.
More precisely, da/2* — oo.

To prove (14) we use (8). For each fixed t}, t2 (i < b, s < a +b), that is,
for each dyadic rectangle of the form I(t!) x I, ,(t?) (they “parquets” the
unit square) we use (8). That is,

= (12, 0,) (1 (-7

Then (14) is verified.
Define the sequences {a,,n € N}, {b,,n € N} and {d,,n € N} in the
following way: Let be ay, by, d, T oo and

23(10
<
p(2300)

(Condition (15) is a “technical” one and it plays a minor role in the es-
timation of the norm of the counterexample function at (19) and below.)
Moreover, let

(15) 2bo

23anq
(16) (23a") > n4n22b7171+2an—1(dn—1+2)
@ n
and
17 457 9% 2% an
( ) ; < 4 4n (23an)22bn,1+2an,1(dn,1+2) :
Define

[ee] [ee]
G = ﬂ U Ganvbnvdn'

k=1n=~k

From (14) we can write pu(G) = 1.
Let (2! ,2?) € G. Then there is an infinite number n € N for which
(z',2%) € G4, b, 4, Then Lemma 1 gives there exist a (t1,#?) € I? and k < d,,

Analysis Mathematica 44, 2018



84 G. GAT and U. GOGINAVA

for which (z!,22) € QF n(tl t?). Hence, there is a (y!,y?) € ngbn (t1, %),

a/’Vl
and a unique j € {0,1,...,a, — 1} for which
(z',2%) € (fbn+kan+j(yl)\fbn,+(k+1)an ") X Iy, - (k+2)an— (V)
Set
Ny :=b,+ka,+3j, No:=b,+ (k+2)a,—
and

23an Qn,

T gnp(93n) 22501 +2a 1 (dno1+2)

Define the function

f@ha?) =) enfd, (2',27).
n=1
Now, we prove that
(18) / o(|f (21, 2%)|) dz! dz? < .
HZ

First, we suppose that ¢(u)/u is nondecreasing. Since

Zuk < sup2 U
1 E>1
we write

w(iw) < SO(SUP 2kuk> < iﬂﬂ@kuk)-

k=1 k=1 k=1
Consequently,

(19) /w(lf(xl,w ) dar' da” i/ (2 enfln, (ab,2%)) da' da®.
12 it 10n

Since p(u)/u is nondecreasing from (15) we have

2ncn 23an 23a0

an 2n(p(23an)22bn-142an-1(dn-1+2) < (23a0)22bo <1

hence, to use again the fact that ¢(u)/u is nondecreasing and the function
Hfg"b HOO < 22% we have

(20) /Hch( cnfa"b (z',2%)) da' da?
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QUADRATIC PARTIAL SUMS OF TWO-DIMENSIONAL WALSH-FOURIER SERIES 85

2"¢c,, 2%¢,
:/ <P< ¢ an ff"b (xl,x2)> de' da? < ¢ / (anfa"b (zt,x )) dz! da?
12 an e 12

Qn

on 22an
< c"/ #lan )an g:’bn(xl,xz)dxl da?
HZ

~ ap Gy, 2200

on 23an
< Cp, <P( ) / anf;l:b (xl’x2)dx1 dx2.
]12 Bl

a, 23

From the definition of the function f " p, We can write

— dn
/ fa:,bn (xla .’132) d.%'l d.%'z 22‘171 § : Z
12 Z

t;€{0,1} t2€{0,1} k=0 (y'.y?)eJk ., (t1.t2)
i=0,...,b,—1 s=0,...,a,+b,—1 o

M(Ibn,+(k+2)an(y1) X Iy, + (k+2)an (V7))

] 1
= 92n Z Z Z Z 920, +2(k+2)a,

t;€{0,1} t2€{0,1} k 0 (y',y?) eJ’V bn (1,t2)
i=0,...,b, —1 s=0,...,a,, +b, —

Since by (6) and (7)

1 1 .
- 2an,M(ﬂan+kaman> — ’UJ(U bn+kan,an)

92by,+2kan,+4a, 92ay, (1 + an/2)

and, consequently,

(21) / fan .’132) d.%'l de
= > > Z S 1(UFb, +ka,.a.) o
t1€{0,1} 2e{0,1} k=0 (yly2)est , (t12) (1+an/2) an

i=0,...,b,,—1 s=0,...,a,,+b, —1

Hence, by (19), (20) and (21) we conclude that

[ttt det ar?

2"Cn(p 23‘1" 4, s L9 > 9n @(23(1")
< Z (7% 23“" /]12 anfa"’b" (33 'z )dx dz S 22 an n 23an

> 23an

2n 23ana
- 2n:1 ay 47p(230n)22bn 14201 1 (dn1+2) 23% <2 Z on =
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This implies (18) when ¢(u)/u is nondecreasing.

We have
O 1.2
(22) ‘5’21\71_}_21\72(‘73 > X af)
n—1
dJ 1 2. pd; O 1 .2, pdn
= chSQN1+2N2 (x , T, aj,bj) + CniSony 4 ons (x , T ;fambn)
Jj=1

+ Z ¢Sy s (1,275 £, ) = Q1 + Q2 + Q3.

j=n+1

From Lemma 1 we can write

(23) Q2 > icn.

Since by (1) and (2)

d; P
‘52%1+2N2 (.%' x’ faJ, J) < 4”.]0(1;717].“00 <4- 22%,

from (17) we get

n—1
2a; _ ©n
(24) \Q1|§422“ <,
7=1
Since

2N142N2 1 2N1 4 2N2 ]

d; ~
‘52%1+2N2(x1’3525faj,bj)‘3 Z Z [fa) 5, (v1,02)]

U20

< (@M 2™y p

8
<22 Ny > N,
aj

we have
25 <8 J . 92but2an(dn+2)
(25) Q<8 > )
j=n+1
g f: Pasq, 1| bt 2en(dat?)
43 p(235)22bi-1+20;-1(d;-1+2) q;

22(1[) 0

22a0 Z <C<OO
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Combining (22)—(25) and (16) we obtain
!SEVIHNQ(a:l,xZ;f)‘ > 02n —c>cn— 00 asn — oo.
Now, let ¢: [0,00) — [0,00) is an arbitrary function. Define
o(u) == {¢(1)U7 o(v) Vsust
SUDj<y<y 4 U, U> 1.

Then it is evident that
(26) pu) > p(u), u>1
On the other hand (u > 1),

(27) Blu)  suwpicye, VU supio,e, PV

ulogu ulogu N log u

Let € > 0. Then, from the condition of Theorem 3, there exists an u(e) such
that for every u > u(e) we have

o(u) < eulogu.

Then from (27) we have

@(u) < SUP1<v<u(e) SDE)U) € SUPy(e)<v<u logv
ulogu — logu logu

Hence ¢(u) = o(ulogu). Since @(u)/u is nondecreasing there exists a func-
tion f such that

/ G(1f(z',2%)]) da' da® < oo
]12
and

sup |SEV1+2N2 (zt, 2% )| =00 for ae. (z!,2?) € T2
N1,N»

On the other hand, from (26) we write

/ (1 f (e, ?)]) da da? < / (| f(at,22)]) da de? < oo,
12 12
Theorem 3 is proved. [
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