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Abstract. In this work we study the maximal operator for a class of subsequences
of Norlund logarithmic means of Walsh—Fourier series. For such a class we prove the almost
everywhere convergence of (tm,, f)n for every integrable function f. Besides, we establish
a divergence theorem for other classes of subsequences.

1. Introduction

Almost everywhere convergence of (t,,, f), for some sequences (my),
with respect to the Walsh-Paley system was studied by GOGINAVA in [5].
NAGY in [6] established a similar result for the Walsh-Kaczmarz system.
However, a divergence result for the whole sequence (t,, f), was proved in [3].
Uniform convergence and convergence in norm were considered in [4] and
convergence results on the double Walsh—Fourier series can be found in [2].

In our study we enlarge the convergence class of subsequences given
in [5] and prove divergence for some other class.

Let Zy denote the discrete cyclic group Zs = {0,1}, where the group
operation is addition modulo 2. If |E| denotes the measure of the subset
E C Zy, then [{0}| = [{1}| = ;.

The dyadic group G is obtained from G = [] Zs, where topology and
i=0
measure are obtained by the product.
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46 N. Memié

Let = (zn)n>0 € G. The sets
I,(z) = {y €EG:yo=2x0, .-y Yp_1= xn,l}, n>1 and Iy(z) =G

are dyadic intervals of G.
The Walsh—Paley system (wy,), is defined as the set of Walsh-Paley

functions
oo

wi(z) = [[(rr(2))™, ieN, zeg,
k=0
where

i= Zz’ka and  rg(z) = (—1)"*.
k=0

The Fourier coefficients, the partial sums of the Fourier series, the
Dirichlet kernels and Fejér kernels are respectively defined as follows:

n—1
Fyi= [ f@wnt@) e, S.f =Y Flken,
k=0

-1 n
1
D, = = .
n Z Wk, Kn n Z Dk
k=0 k=1

It is clear that

Suf W) = [ Daly—2)f(@) da.
and
The Norlund logarithmic means are defined by

tnf:l Z’I’L—k" ln:Z

" =1 =1

1
.

=

The functions F,, n € N, are defined by

=y, ; n—k’
it is clear that
tnf = Fypx f.
We also use the notation

f* =supSan|f].

Define the function ¢: N\ {0} — N by ¢(n) = n— 208271 Set p'(n) =
o(n), ¥*(n) = n and ¢*(n) = poy'~!(n) when i > 2. For every n € N\ {0},
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i > 0, such that ¢'(n) > 0, define the functions «;(n) = [log,(?(n))] and
Bi(n) = lyi(n)

The notation C will be used for independent positive constants.

2. Main results

We first formulate Goginava’s result [5, Lemma 4]:

Lemma (Goginava 2005). Let 2" < m < 2", Then

2" —2
1 1
by By, = Ly Dan (‘T)_WQHfl(‘T) Z n . n . ]K](LL’)—
= (m—2 +j m—2 +]+1>
2n—1
- m— 10.)271,1(1’)]:{271,1(%) +CU2n(LL’)lm,2nFm,2n(l‘).

Applying [5, Lemma 4], we easily obtain the following result.

Lemma 2.1. Let n be a natural number and s > 0 be the largest
integer such that @*Tt(n) > 0. Then

I Fy = 6O(n)D2a0(") + Z Tag(n) " " rai_l(n)ﬁi (n)DQQi(n) -
i=1

2a0(n)—2

1 1
- ap(n - K_
v 2 (a4 ™ g 4+ 195

S
- ZTQO(“) C Tay_g (n)Waei(n) 1 X
1=1
gai(n)—2

1
X A - K, —
2 (i 15~ i 5 41075
200(n) 1

A(n) — L Waeotm 1K pa0m g =

20i(n) 1

S
_ Z Tao(n) " Tai_i(n) WQai(n)_lKQQi(n)_l +
i=1 0 ' ¥ (n) -1

F Tag(n) = * Tas(n) lps+1(n) Fips+1(n).-

This can be written as

FT'L - D2a0(n) + Rn + An + Bn + C’ﬂ?
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where
ag(n)—2
1 7 1
A, =— Woag(n) _ . i G =
60(”) 290 1 ]z:l (Sol(n)‘i’] 801(71)_‘_]_‘_1) J
1 S
- ap(n) """ Tai—1(n ai(m) 1 X
60(”) ;T 0( ) r i 1( )wQ -1
2ai(n)72
1 1
X . L= . .KW
and (n)
1 2%\ 1
B, = ~ Boln) ¢°(n) — 1 w20t 1 Koaotm g =

1 i 20&1(71) _ 1
_ e . . i (m K oin ]
B[](TL) ;Tao(n) Ta;_1(n) QOZ(TL) _ 1w2 s 1K ga;00 4

Proof. First we can easily see that for all nonnegative integers ¢ and
j and every positive integer n we have

ai(¢’(n)) = aiy;(n),  and  Bi(¢(n)) = Biy;(n).
If we combine these formulae with [5, Lemma 4|, we immediately obtain
that for every n such that ¢‘(n) > 1 we have

Li(m) P n) =
2ai(">_2 1 1
= B;(N)Doa;(n) — Woa;n A ey . K —
Bilm)Dyeicer = et 4 ; (cp”l(n)ﬂ ¢l+1(n)+y+1>‘7 J
20:(n) 1
_ (pl(n) _ 1W2ai<n)71K2ai<n)71 + Tai(n)l¢i+l(n)F¢i+1(n).

The result will follow by induction. O
Lemma 2.2. For every f € L', A, * f — 0 almost everywhere.

Proof. Proceeding as in the proof of [5, Corollary 1], it suffices to prove
that A*f := sup,, |A, * f| is a weak type (1, 1) operator, because A, * P — 0
pointwise for every Walsh polynomial P. This can be obtained by applying
the method used in [5, Theorem 1] if we prove that A* is bounded in L
and quasi-local at the same time.

Every n € N can be written in the form

n= Z 20 (n)

i:pt(n)>0
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We have
a; (n) oy (n)
1 e K K|
Al <) > ( > e T2 ; )
i:p' 1 (n)>0 j=1 2ei+1(n) 11

From sup,, || K,|1 < C, we get sup,, |An|1 < C, from which we con-
clude that A* is bounded in L.

According to [5, Lemma 6], in order to prove the quasi-locality of A*,
it suffices to prove that

/ sup |A,(x)|dz =0(1)
G

\I; n>2!

uniformly for [ € N. We estimate as follows:

/ sup |A,(z)|dz <
G

\I; n>2!
1 2ai41(n) |K($)| 92 (n) _o |K(:L')|
</ Sup > ( DDAV DY 7 )d:c+
G\I, n>21l A — Qaiit1(n) o j
i1 (n)>0 J j=2%i+11") 41
a;(n)<i-1
ajp1(n) i
1 e K (@) K@)
AL TS SRR (I i KD S
Z:<p7'+1('ﬂ)>0 j=1 j:20‘z+1(">
ai(n)>l>ait1(n)
K 1
+ Z | >da;+ supll Z (Z 2%“(”)
=21 G\I1 n>2 it n)>0 © J=1

I<aip1(n)
TR T (@)
J
MR MRS R L
j=2%i+1(m) 4
We have

2a1+1(n)

1
/G sup Z Z 2%H(n)d <

Iy
\Il n>21 ’+1(n)>0 j=1
ai(n)<l71

Z Z/ 2)|dz < C.

G\I,
The constant C' does not depend on the choice of [ since

[ U@ de < 15l < sup [ < € < +oc.
G\I, J
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The term .
1 e K (@)
Sy, XXl
= 120" (n)>0 Jj=1
a;(n)>l>ai1(n)
can be estimated in the same way. Now,
2% (n) _9
/ sup 1 Z Z | K ()] de <
G\Il n>QZ ln . i+1 o n j -
= i:p" T (n)>0 2%i+1(™) 41
ai(n)<l-1
c2.1
< / |K;(z)|dz < C.
l ]Z::lj an
Similarly,
2l—1
/ sup 1 Z Z K ()] <
G\I; n>2! ln .41 . o n j o
= it (n)>0  j=2%i+1()
ai(n)zl>ait1(n)
l
c3i=1 /
< . K;(x)|dx < C.
L 2 5 [
The term

1
! o~ K@)l
sup Z Z _] dzx
/G\Il nz2t In it (n)>0 J=1 2ei+1(n)
I<aiy1(n)

can be estimated in the same way. Besides, we have

! T K@) T
/G sup > (X Liatr X

1l , ,
\Il n22 n i;(pl+l(n)>0 ]:2l j:2ai+1(n)+1
I<ait1(n)

1 &K (o) 1 &K1
<C sup .y 7 <C sup - > sup|K;(x)|dz <
G\I; n>2! ln j=2l J G\I; n>2! ln j=2 J i>2t

n

1 1
< C sup Z , / sup | K;(x)| dx < C.
n>2! ln py J JG\I i>2

The constant C' is independent of the choice of [ because

/ sup | K;(z)|dz < C,
G\I; i>2!

which is a direct consequence of Gat’s result [1, Lemma 4].
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Lemma 2.3. For every f € L', B,, * f — 0 almost everywhere.

Proof. Asin Lemma 2.2, since B, * P — 0 pointwise for every Walsh
polynomial P, it suffices to prove that the operator B* defined by B* f :=
sup,, | By, * f| is bounded in L>° and quasi-local at the same time.

There exists a constant C' > 0 so that for every n € N, whenever
¢'(n) > 0, we have i < Cl,,. Then, the boundedness of B* in L follows
immediately from sup,, ||K,|1 < 4oc.

From 2% (") < i (n), for every nonnegative integer j and every natural
number n, it can be easily deduced that for all x € G we have

| |_6 Z|K2a (n) 1 |<

< 1

= Bo(n)
where the notation i is used here for i := ag(n) = logyn. Since By(n) ~
ap(n) =i, we get

(1521 (@) + | Kain 1 (@)] + -+ + | Ko ()],

|Koi_q(x)| + [Koi-1_1(x)[ 4 - - + [Ko1_1 ()]
. )

[Bn(z)| <C

In order to obtain the quasi-locality of B*, we write for arbitrary [ € N

/ sup | By (z)|dz <
G\I; n>2!

sup |Koi_q(x)| + [Koi-1_y ()] + - + [Ko1_1 ()]

<C ) dr <
G\I, > i
<c sup | Koi_q(x)] + ’Kzifl—l(?)‘ 4 A Ko ()] do +
G\I; i>l i
e sup | Koi_1 ()] + |K2171_1(.:c)| + o Ko ()| do <
G\I, > i
<c | sup |Ky_i(2)|de+C max / Ky y(2)|de <C. O
G\I; i>1+1 ie{l,....l} JG\I;

Theorem 2.4. Let (my,), be an increasing sequence of positive inte-
gers. Suppose that

> ﬁiz(mn) =0().
1:p*(my)>0 Mn

Then Fy,, * f — f almost everywhere.



52 N. Memié

The condition of [5, Theorem 1] from which Goginava proves that
F,. = f — f a.e.in our notation looks as follows:
%) 2 (

Since #{i : p'(n) > 0} < ay(n), it follows that

Z o (mn) < ai(mn)
1:p%(mp)>0 Oéo(mn) @o (mn)
If the sequence (m,,), satisfies the condition of [5, Theorem 1], then

a%(mn) = o(ag(mny)),

which implies that
Y. ai(my) = o(ag(my)),
11 (Mg ) >0
or, equivalently,
Z Bi(my) = o(Bo(mn)) = o(lp,,)-
i1t (Mg ) >0
Therefore, Theorem 2.4 is a generalization of [5, Theorem 1].

Proof. It suffices to prove that R, *f — 0 and C,,, * f — 0 almost
everywhere when n — oo, for every integrable function f. Since R, x¢ — 0
and C, * ¢ — 0 when n — oo for every Walsh polynomial ¢, we only have
to prove that the operators

R*f:=sup|Ry, * f| and C*f:=sup|Cp,, *f|

are of weak type (1,1).
Since

Rmn _ Z /le(mn) Tag(mn) "'ozi,l(mn)DQ‘li(mM ,
i>0:p0t(mp)>0 n
therefore, under our assumption R*f < Cf*. The boundedness of the
operator C* can be deduced directly from [5, Theorem 1], which claims
that the operator sup,, |Fi,, * f| is of weak type (1,1) if

o0 l 2
S log(elma) _
— log m,,

l s P
Let us test this condition for the sequence of operators ( * lti;m") Foott(m,))n
We have first that
‘ l@s+l (m")

Im

Fap5+1(mn) < ’Fap5+1(mn)"

n
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Then it suffices to verify the condition of [5, Theorem 1] only for the sequence
(" (my))n. Meanwhile, ¢(¢*T*(m,)) = 0, which means that the series
mentioned in the condition is actually composed of zero terms. O

Theorem 2.5. Let (my), and (s,), be increasing sequences of posi-
tive integers for which

(1) the sequence (p*(my,)), is increasing, and

(2) lm,, = o(Bs,, (Mn)\/5n), when n — co.

Then there exists an integrable function f such that F,, *f /4 f ona
subset of positive measure.

Proof. We can choose a subsequence (ky, )y, of (my,),, with a convenient
subsequence of (s;,),, which we still denote by (s,,)n, Such that

(1) forall n €N, @™ (kn) > k-1, Xn: Bo (K \/Sn
Let
f= ZZI ) 050
It is clear that
<> HZ o (ke >5 il =

1

on Uy /2 1 Uy
< " <C " < 4o00.
It is easily seen that for every i such that pi*1(n) > 0,

Bi(n)
, Tai(n)s

and R, *rs = 0, if s # a;(n) whenever ¢*t1(n) > 0.
We conclude that

Rkn * f - Rkn 1 * f Zral(k

Rn *Tay(n) =

n) \/sn
Define the sets
E, = {:L' €eG:0< Zl‘ai(kn) < 82n — \/Sn}
i=1
Then let

E=) U En

k>1n>k
Notice that for each = € F,,,

| R, * f(2) = By, * f(2)] = 2.
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This means that for every = € E, |Ry, * f(x) — Ry, _, * f(z)| > 2, for
infinitely many elements from (k,,),. Therefore,

Ry, * f(z) 4 f(x), forallze E.

On the other hand, for every n > 1, if C* denotes the binomial
coefficient, we have
S; —V/$n 1

E,|= Y ¢ oon
k=1

Since, C’fﬂ ~ Cén, for every k € {% — 2\/sp,...,% — /sp — 1}, 1 €

o Snl o : ) R
ny Y n n )

{5 — /s 5}, it is easily seen that min, [E,| > 0, which implies

that |E| > 0. O
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CxX0IUMOCTh HOUTH BCIOLy HEKOTOPLIX MOIOCJIeI0BaTeIbHOCTe
JgorapudpumMmueckux cpemaux Hépaynna pana Youama-Pypoe

HAIIMMA MEMNWY

B sTolt paboTe MBI M3yyaeM MaKCUMAJLHBIA OMEpPaTOp I HEKOTOPOTO KIAcCa
IO AIIOCJIe [OBATENLHOCTE R Torapudumudeckux cpenanx Hépayrna paga Yomma—Pypre.
st TakOro KIacca Mol HOKA3BIBAEM CXOMUMOCTD HOYTU BCIOAY (tm, f)n A n11060% nH-
terpupyemoii pyukmun f. Kpome Toro, Mol ycraHaBinBaeM TEOPEMY O PaCXOIUMOCTU
UL IPYTUX KJIACCOB MOIIOCIEA0BATEILHOCTEH.
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