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A b s t r a c t . In this work we study the maximal operator for a class of subsequences
of Nörlund logarithmic means of Walsh–Fourier series. For such a class we prove the almost
everywhere convergence of (tmnf)n for every integrable function f . Besides, we establish
a divergence theorem for other classes of subsequences.

1. Introduction

Almost everywhere convergence of (tmn
f)n for some sequences (mn)n

with respect to the Walsh–Paley system was studied by Goginava in [5].
Nagy in [6] established a similar result for the Walsh–Kaczmarz system.
However, a divergence result for the whole sequence (tnf)n was proved in [3].
Uniform convergence and convergence in norm were considered in [4] and
convergence results on the double Walsh–Fourier series can be found in [2].

In our study we enlarge the convergence class of subsequences given
in [5] and prove divergence for some other class.

Let Z2 denote the discrete cyclic group Z2 = {0, 1}, where the group
operation is addition modulo 2. If |E| denotes the measure of the subset
E ⊂ Z2, then |{0}| = |{1}| = 1

2
.

The dyadic group G is obtained from G =
∞∏
i=0

Z2, where topology and

measure are obtained by the product.
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Let x = (xn)n≥0 ∈ G. The sets

In(x) :=
{
y ∈ G : y0 = x0, . . . , yn−1 = xn−1

}
, n ≥ 1 and I0(x) := G

are dyadic intervals of G.
The Walsh–Paley system (ωn)n is defined as the set of Walsh–Paley

functions

ωi(x) =
∞∏

k=0

(rk(x))
ik , i ∈ N, x ∈ G,

where

i =
∞∑

k=0

ik2
k and rk(x) = (−1)xk .

The Fourier coefficients, the partial sums of the Fourier series, the
Dirichlet kernels and Fejér kernels are respectively defined as follows:

f̂(n) :=

∫

f(x)ωn(x) dx, Snf :=
n−1∑

k=0

f̂(k)ωk,

Dn :=
n−1∑

k=0

ωk, Kn :=
1

n

n∑

k=1

Dk.

It is clear that

Snf(y) =

∫

Dn(y − x)f(x) dx,

and

D2n(x) = 2n1In(x).

The Nörlund logarithmic means are defined by

tnf :=
1

ln

n−1∑

k=1

Skf

n− k
, ln :=

n−1∑

k=1

1

k
.

The functions Fn, n ∈ N, are defined by

Fn :=
1

ln

n−1∑

k=1

Dk

n− k
;

it is clear that

tnf = Fn ∗ f.
We also use the notation

f∗ = sup
n

S2n |f |.
Define the function ϕ: N\{0} → N by ϕ(n) = n−2[log2 n]. Set ϕ1(n) =

ϕ(n), ϕ0(n) = n and ϕi(n) = ϕ◦ϕi−1(n) when i ≥ 2. For every n ∈ N\{0},
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i ≥ 0, such that ϕi(n) > 0, define the functions αi(n) = [log2(ϕ
i(n))] and

βi(n) = lϕi(n).
The notation C will be used for independent positive constants.

2. Main results

We first formulate Goginava’s result [5, Lemma 4]:

Lemma (Goginava 2005). Let 2n ≤ m < 2n+1. Then

lmFm = lmD2n(x)−ω2n−1(x)
2n−2∑

j=1

( 1

m− 2n + j
− 1

m− 2n + j + 1

)
jKj(x)−

− 2n − 1

m− 1
ω2n−1(x)K2n−1(x) + ω2n(x)lm−2nFm−2n(x).

Applying [5, Lemma 4], we easily obtain the following result.

Lemma 2.1. Let n be a natural number and s > 0 be the largest
integer such that ϕs+1(n) > 0. Then

lnFn = β0(n)D2α0(n) +
s∑

i=1

rα0(n) · · · rαi−1(n)βi(n)D2αi(n) −

− ω2α0(n)−1

2α0(n)−2
∑

j=1

( 1

ϕ1(n) + j
− 1

ϕ1(n) + j + 1

)
jKj −

−
s∑

i=1

rα0(n) · · · rαi−1(n)ω2αi(n)−1 ×

×
2αi(n)−2
∑

j=1

( 1

ϕi+1(n) + j
− 1

ϕi+1(n) + j + 1

)
jKj −

− 2α0(n) − 1

ϕ0(n)− 1
ω2α0(n)−1K2α0(n)−1 −

−
s∑

i=1

rα0(n) · · · rαi−1(n)
2αi(n) − 1

ϕi(n)− 1
ω2αi(n)−1K2αi(n)−1 +

+ rα0(n) · · · rαs(n)lϕs+1(n)Fϕs+1(n).

This can be written as

Fn = D2α0(n) +Rn +An +Bn + Cn,
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where

An = − 1

β0(n)
ω2α0(n)−1

2α0(n)−2
∑

j=1

( 1

ϕ1(n) + j
− 1

ϕ1(n) + j + 1

)
jKj −

− 1

β0(n)

s∑

i=1

rα0(n) · · · rαi−1(n)ω2αi(n)−1 ×

×
2αi(n)−2
∑

j=1

( 1

ϕi+1(n) + j
− 1

ϕi+1(n) + j + 1

)
jKj ,

and

Bn = − 1

β0(n)

2α0(n) − 1

ϕ0(n)− 1
ω2α0(n)−1K2α0(n)−1 −

− 1

β0(n)

s∑

i=1

rα0(n) · · · rαi−1(n)
2αi(n) − 1

ϕi(n)− 1
ω2αi(n)−1K2αi(n)−1.

Proo f . First we can easily see that for all nonnegative integers i and
j and every positive integer n we have

αi(ϕ
j(n)) = αi+j(n), and βi(ϕ

j(n)) = βi+j(n).

If we combine these formulae with [5, Lemma 4], we immediately obtain
that for every n such that ϕi(n) > 1 we have

lϕi(n)Fϕi(n) =

= βi(n)D2αi(n) − ω2αi(n)−1

2αi(n)−2∑

j=1

( 1

ϕi+1(n) + j
− 1

ϕi+1(n) + j + 1

)
jKj −

− 2αi(n) − 1

ϕi(n)− 1
ω2αi(n)−1K2αi(n)−1 + rαi(n)lϕi+1(n)Fϕi+1(n).

The result will follow by induction. 	

Lemma 2.2. For every f ∈ L1, An ∗ f → 0 almost everywhere.

Proo f . Proceeding as in the proof of [5, Corollary 1], it suffices to prove
that A∗f := supn |An ∗f | is a weak type (1, 1) operator, because An ∗P → 0
pointwise for every Walsh polynomial P . This can be obtained by applying
the method used in [5, Theorem 1] if we prove that A∗ is bounded in L∞

and quasi-local at the same time.
Every n ∈ N can be written in the form

n =
∑

i:ϕi(n)>0

2αi(n).
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We have

|An| ≤ 1

ln

∑

i:ϕi+1(n)>0

( 2αi+1(n)
∑

j=1

|Kj |
2αi+1(n)

+
2αi(n)−2∑

2αi+1(n)+1

|Kj |
j

)
.

From supn ‖Kn‖1 < C , we get supn ‖An‖1 < C , from which we con-
clude that A∗ is bounded in L∞.

According to [5, Lemma 6], in order to prove the quasi-locality of A∗,
it suffices to prove that

∫

G\Il
sup
n≥2l

|An(x)| dx = O(1)

uniformly for l ∈ N. We estimate as follows:
∫

G\Il
sup
n≥2l

|An(x)| dx ≤

≤
∫

G\Il
sup
n≥2l

1

ln

∑

i:ϕi+1(n)>0
αi(n)≤l−1

( 2αi+1(n)
∑

j=1

|Kj(x)|
2αi+1(n)

+
2αi(n)−2∑

j=2αi+1(n)+1

|Kj(x)|
j

)

dx+

+

∫

G\Il
sup
n≥2l

1

ln

∑

i:ϕi+1(n)>0
αi(n)≥l>αi+1(n)

( 2αi+1(n)−1∑

j=1

|Kj(x)|
2αi+1(n)

+
2l−1∑

j=2αi+1(n)

|Kj(x)|
j

+

+
n∑

j=2l

|Kj(x)|
j

)

dx+

∫

G\Il
sup
n≥2l

1

ln

∑

i:ϕi+1(n)>0
l≤αi+1(n)

( 2l−1∑

j=1

|Kj(x)|
2αi+1(n)

+

+
2αi+1(n)
∑

j=2l

|Kj(x)|
2αi+1(n)

+
2αi(n)−2∑

j=2αi+1(n)+1

|Kj(x)|
j

)

dx.

We have
∫

G\Il
sup
n≥2l

1

ln

∑

i:ϕi+1(n)>0
αi(n)≤l−1

2αi+1(n)
∑

j=1

|Kj(x)|
2αi+1(n)

dx ≤

≤ C

l

l−1∑

k=0

1

2k

2k∑

j=1

∫

G\Il
|Kj(x)| dx < C.

The constant C does not depend on the choice of l since
∫

G\Il
|Kj(x)| dx ≤ ‖Kj‖1 ≤ sup

j
‖Kj‖1 ≤ C < +∞.
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The term
∫

G\Il
sup
n≥2l

1

ln

∑

i:ϕi+1(n)>0
αi(n)≥l>αi+1(n)

2αi+1(n)
∑

j=1

|Kj(x)|
2αi+1(n)

dx

can be estimated in the same way. Now,

∫

G\Il
sup
n≥2l

1

ln

∑

i:ϕi+1(n)>0
αi(n)≤l−1

2αi(n)−2∑

2αi+1(n)+1

|Kj(x)|
j

dx ≤

≤ C

l

2l−1
∑

j=1

1

j

∫

G\Il
|Kj(x)| dx < C.

Similarly,

∫

G\Il
sup
n≥2l

1

ln

∑

i:ϕi+1(n)>0
αi(n)≥l>αi+1(n)

2l−1∑

j=2αi+1(n)

|Kj(x)|
j

≤

≤ C

l

2l−1∑

j=1

1

j

∫

G\Il
|Kj(x)| dx < C.

The term
∫

G\Il
sup
n≥2l

1

ln

∑

i:ϕi+1(n)>0
l≤αi+1(n)

2l−1∑

j=1

|Kj(x)|
2αi+1(n)

dx

can be estimated in the same way. Besides, we have

∫

G\Il
sup
n≥2l

1

ln

∑

i:ϕi+1(n)>0
l≤αi+1(n)

( 2αi+1(n)
∑

j=2l

|Kj(x)|
2αi+1(n)

+
2αi(n)−2∑

j=2αi+1(n)+1

|Kj(x)|
j

)
dx ≤

≤ C
∫

G\Il
sup
n≥2l

1

ln

n∑

j=2l

|Kj(x)|
j

≤ C
∫

G\Il
sup
n≥2l

1

ln

n∑

j=2l

1

j
sup
i≥2l

|Ki(x)| dx ≤

≤ C sup
n≥2l

1

ln

n∑

j=2l

1

j

∫

G\Il
sup
i≥2l

|Ki(x)| dx < C.

The constant C is independent of the choice of l because
∫

G\Il
sup
i≥2l

|Ki(x)| dx < C,

which is a direct consequence of Gát’s result [1, Lemma 4]. 	
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Lemma 2.3. For every f ∈ L1, Bn ∗ f → 0 almost everywhere.

Proo f . As in Lemma 2.2, since Bn ∗P → 0 pointwise for every Walsh
polynomial P , it suffices to prove that the operator B∗ defined by B∗f :=
supn |Bn ∗ f | is bounded in L∞ and quasi-local at the same time.

There exists a constant C > 0 so that for every n ∈ N, whenever
ϕi(n) > 0, we have i < Cln. Then, the boundedness of B∗ in L∞ follows
immediately from supn ‖Kn‖1 < +∞.

From 2αj(n) ≤ ϕj(n), for every nonnegative integer j and every natural
number n, it can be easily deduced that for all x ∈ G we have

|Bn(x)| ≤ 1

β0(n)

s∑

j=0

|K
2αj(n)−1

(x)| ≤

≤ 1

β0(n)

(
|K2i−1(x)|+ |K2i−1−1(x)|+ · · ·+ |K21−1(x)|

)
,

where the notation i is used here for i := α0(n) = log2 n. Since β0(n) ∼
α0(n) = i, we get

|Bn(x)| ≤ C
|K2i−1(x)| + |K2i−1−1(x)|+ · · ·+ |K21−1(x)|

i
.

In order to obtain the quasi-locality of B∗, we write for arbitrary l ∈ N

∫

G\Il
sup
n≥2l

|Bn(x)| dx ≤

≤ C

∫

G\Il
sup
i≥l

|K2i−1(x)|+ |K2i−1−1(x)|+ · · · + |K21−1(x)|
i

dx ≤

≤ C

∫

G\Il
sup
i≥l

|K2i−1(x)|+ |K2i−1−1(x)|+ · · ·+ |K2l+1−1(x)|
i

dx+

+ C

∫

G\Il
sup
i≥l

|K2l−1(x)| + |K2l−1−1(x)|+ · · ·+ |K21−1(x)|
i

dx ≤

≤ C
∫

G\Il
sup
i≥l+1

|K2i−1(x)| dx+ C max
i∈{1,...,l}

∫

G\Il
|K2i−1(x)| dx < C. 	


Theor em 2.4. Let (mn)n be an increasing sequence of positive inte-
gers. Suppose that

∑

i:ϕi(mn)>0

βi(mn)

lmn

= O(1).

Then Fmn
∗ f → f almost everywhere.
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The condition of [5, Theorem 1] from which Goginava proves that
Fmn

∗ f → f a.e. in our notation looks as follows:
∞∑

n=1

α2
1(mn)

α0(mn)
< +∞.

Since #{i : ϕi(n) > 0} ≤ α1(n), it follows that

∑

i:ϕi(mn)>0

αi(mn)

α0(mn)
<

α2
1(mn)

α0(mn)
.

If the sequence (mn)n satisfies the condition of [5, Theorem 1], then

α2
1(mn) = o(α0(mn)),

which implies that
∑

i:ϕi(mn)>0

αi(mn) = o(α0(mn)),

or, equivalently,
∑

i:ϕi(mn)>0

βi(mn) = o(β0(mn)) = o(lmn
).

Therefore, Theorem 2.4 is a generalization of [5, Theorem 1].

Proo f . It suffices to prove that Rmn
∗ f → 0 and Cmn

∗ f → 0 almost
everywhere when n → ∞, for every integrable function f . Since Rn ∗ϕ → 0
and Cn ∗ ϕ → 0 when n → ∞ for every Walsh polynomial ϕ, we only have
to prove that the operators

R∗f := sup
n

|Rmn
∗ f | and C∗f := sup

n
|Cmn

∗ f |
are of weak type (1, 1).

Since

Rmn
=

∑

i>0:ϕi(mn)>0

βi(mn)

lmn

rα0(mn) · · · rαi−1(mn)D2αi(mn) ,

therefore, under our assumption R∗f ≤ Cf∗. The boundedness of the
operator C∗ can be deduced directly from [5, Theorem 1], which claims
that the operator supn |Fmn

∗ f | is of weak type (1, 1) if
∞∑

n=1

log2(ϕ(mn))

logmn
< ∞.

Let us test this condition for the sequence of operators (
lϕs+1(mn)

lmn
Fϕs+1(mn))n.

We have first that
∣
∣
∣
lϕs+1(mn)

lmn

Fϕs+1(mn)

∣
∣
∣ ≤ |Fϕs+1(mn)|.
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Then it suffices to verify the condition of [5, Theorem 1] only for the sequence
(ϕs+1(mn))n. Meanwhile, ϕ(ϕs+1(mn)) = 0, which means that the series
mentioned in the condition is actually composed of zero terms. 	


Theor em 2.5. Let (mn)n and (sn)n be increasing sequences of posi-
tive integers for which

(1) the sequence (ϕsn(mn))n is increasing, and

(2) lmn
= o(βsn(mn)

√
sn), when n → ∞.

Then there exists an integrable function f such that Fmn
∗ f �→ f on a

subset of positive measure.

Proo f . We can choose a subsequence (kn)n of (mn)n with a convenient
subsequence of (sn)n, which we still denote by (sn)n, such that

(1) for all n ∈ N, ϕsn(kn) > kn−1, (2)
∑

n

lkn

βsn(kn)
√
sn

< ∞.

Let

f =
∑

n

sn∑

i=1

rαi(kn)
lkn

βi(kn)
√
sn

.

It is clear that

‖f‖1 ≤
∑

n

1√
sn

∥
∥
∥

sn∑

i=1

rαi(kn)
lkn

βi(kn)

∥
∥
∥
2
≤

≤
∑

n

( sn∑

i=1

( lkn

βi(kn)

)2)1/2 1√
sn

≤ C
∑

n

lkn

βsn(kn)

1√
sn

< +∞.

It is easily seen that for every i such that ϕi+1(n) > 0,

Rn ∗ rαi(n) =
βi(n)

ln
rαi(n),

and Rn ∗ rs = 0, if s �= αi(n) whenever ϕ
i+1(n) > 0.

We conclude that

Rkn
∗ f −Rkn−1

∗ f =
sn∑

i=1

rαi(kn)
1√
sn

.

Define the sets

En =
{
x ∈ G : 0 ≤

sn∑

i=1

xαi(kn) ≤
sn
2

−√
sn

}
.

Then let
E =

⋂

k≥1

⋃

n≥k

En.

Notice that for each x ∈ En,

|Rkn
∗ f(x)−Rkn−1

∗ f(x)| ≥ 2.
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This means that for every x ∈ E , |Rkn
∗ f(x) − Rkn−1

∗ f(x)| ≥ 2, for
infinitely many elements from (kn)n. Therefore,

Rkn
∗ f(x) �→ f(x), for all x ∈ E.

On the other hand, for every n ≥ 1, if Ck
n denotes the binomial

coefficient, we have

|En| =
sn
2 −√

sn∑

k=1

Ck
sn

1

2sn
.

Since, Ck
sn ∼ C l

sn , for every k ∈ {sn
2 − 2

√
sn, . . . ,

sn
2 − √

sn − 1}, l ∈
{sn

2 − √
sn, . . . ,

sn
2 }, it is easily seen that minn |En| > 0, which implies

that |E| > 0. 	
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[6] K. Nagy, Almost everywhere convergence of a subsequence of the Nörlund logarithmic

means of Walsh–Kaczmarz–Fourier series, J. Math. Inequal. 3(2009), 499–510.

Shodimost� poqti vs�du nekotoryh podposledovatel�noste�i
logarifimiqeskih srednih Nërlunda r�da Uolxa-Fur�e

NACIMA MEMIQ

V �to�i rabote my izuqaem maksimal�ny�i operator dl� nekotorogo klassa
podposledovatel�noste�i logarifimiqeskih srednih Nërlunda r�da Uolxa–Fur�e.
Dl� takogo klassa my dokazyvaem shodimost� poqti vs�du (tmnf)n dl� l�bo�i in-
tegriruemo�i funkcii f . Krome togo, my ustanavlivaem teoremu o rashodimosti
dl� drugih klassov podposledovatel�noste�i.
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