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Ab s t r a c t . In this paper we study two-sided inequalities of trigonometric and
hyperbolic functions.

1. Introduction

Since last one decate many authors got interest to study the following
inequalities

(1.1) (cos x)1/3 <
sinx

x
<

cos x+ 2

3
for 0 < |x| < π/2 .

The first inequality is due to by Adamović and Mitrinovic [10, p. 238],
and the second one was obtained by N. Cusa and C. Huygens (see [21]). The
hyperbolic version of (1.1) is given as

(1.2) (cosh x)1/3 <
sinhx

x
<

coshx+ 2

3
for x �= 0 .

The first inequality in (1.2) was obtained by Lazarević (see [10, p. 270], and
the second inequality is called sometime hyperbolic Cusa–Huygens inequal-
ity [15].

There are many results on the refinement of the inequalities (1.1) and
(1.2) in the literature, e.g, see [3, 11, 12, 13, 15, 16, 19, 20, 21, 22] and
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the references therein. In this paper, we give simple proofs of some known
results, and establish new inequalities, as well. The main results of this
paper read as follows.

Theor em 1.3. For x ∈ (0, π/2), the following inequalities hold true:

(1.4)
x3/2

2(sinx)1/2
< tan

x

2
<

x2/α

2(sin x)2/α−1
,

where α = 2 log(π/2)/ log(2) ≈ 1.30299.

Theor em 1.5. For x ∈ (0, π/2), the following inequalities hold true:

x

tan(x/2)
− 1 < exp

(1
2

( x

tanx
− 1

))
<

sinx

x
< exp

((
log

π

2

)( x

tanx
− 1

))
.

Theor em 1.6. For x ∈ (0,∞), the following inequalities hold true:

x

tanh(x/2)
− 1 < exp

(1
2

( x

tanhx
− 1

))
<

sinhx

x
< exp

(( x

tanhx
− 1

))
.

The second inequalities in Theorems 1.5 and 1.6 are known [19]. For
these, however, here a new method of proof is offered.

2. Preliminaries

In this section we give few lemmas, they will be used in the proofs of
our theorems.

For |x| < π, the following power series expansions can be found in [8,
1.3.1.4(2)–(3)]:

(2.1) x cot x = 1−
∞∑

n=1

22n

(2n)!
|B2n|x2n,

(2.2) cot x =
1

x
−

∞∑
n=1

22n

(2n)!
|B2n|x2n−1,

and

(2.3) coth x =
1

x
+

∞∑
n=1

22n

(2n)!
|B2n|x2n−1,

where B2n are the even-indexed Bernoulli numbers, see [7, p. 231]. The
following expansions can be obtained directly from (2.2) and (2.3):

(2.4)
1

(sin x)2
= −(cot x)′ =

1

x2
+

∞∑
n=1

22n

(2n)!
|B2n|(2n − 1)x2n−2,
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(2.5)
1

(sinh x)2
= −(cothx)′ =

1

x2
−

∞∑
n=1

22n

(2n)!
(2n− 1)|B2n|x2n−2.

The following result is due to Biernacki and Krzyż [4], which will be
very useful in studying the monotonicity of certain power series. This result
was also simply proved in [6] by Heikkala et al.

Lemma 2.6. For 0 < R ≤ ∞, let

A(x) =
∞∑

n=0

anx
n and B(x) =

∞∑
n=0

bnx
n

be two real power series converging on the interval (−R,R). If the sequence
{an/bn} is increasing (decreasing) and bn > 0 for all n, then the function
A(x)/B(x) is also increasing (decreasing) on (0, R).

The following result, which is sometime called Monotone l’Hôpital rule,
was proved in [2] by Anderson et al.

Lemma 2.7. For −∞ < a < b < ∞, let f, g : [a, b] → R be
continuous on [a, b], and be differentiable on (a, b). Let g′(x) �= 0 on (a, b).
If f ′(x)/g′(x) is increasing (decreasing) on (a, b), then so are

f(x)− f(a)

g(x)− g(a)
and

f(x)− f(b)

g(x)− g(b)
.

If f ′(x)/g′(x) is strictly monotone, then the monotonicity in the conclusion
is also strict.

Lemma 2.8. (1) The function

f(x) = x+ sinx− x2

tanx/2

is strictly increasing from (0, π/2) onto (0, c), c = (4+2π−π2)/4 ≈ 0.10336.
In particular, for x ∈ (0, π/2) we have

1 +
sinx

x
− c

x
<

x

tan x/2
< 1 +

sinx

x
.

(2) The function

g(x) =
1

x

(
x
cos x

sinx
− 1

)(cosx
sinx

+
1

sinx

)

is strictly increasing from (0, π/2) onto (−4/3,−4/π).
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Proo f . For the proof of (1), we get

f ′(x) =
1

2

( 1

sinx/2

)2
(x− sinx)2 > 0,

the limiting values are clear. For (2), derivation gives

g′(x) =
1

x2(1− cos x)

(
x+ sinx− x2

tanx/2

)
,

which is positive by part (1), and the limiting values follow from l’Hôpital
rule. This completes the proof. �	

Lemma 2.9. (1) The function

f(x) = cos x−
(
1− x2

3

)3/2

is strictly decreasing from (0, π/2) onto (0, c1), where

c1 = −(12− π2)3/2/(24
√
3) ≈ −0.07480 .

In particular, for x ∈ (0, π/2) we have

(2.10)
(
1− x2

3

)3/2 − c1 < cos x <
(
1− x2

3

)3/2
,

(2) For x ∈ (0, π/2) we have

(2.11)
x

4

(5
2
− x

2 tan x

)
< tan

x

2
.

(3) For x ∈ (0,∞) we have

(2.12)
x

4

(5
2
− x

2 tanh x

)
< tanh

x

2
.

Proo f . By utilizing the inequality

1− x2

6
<

sinx

x
from [9, Theorem 3.1], we get

f ′(x) = x(1− x2/3)1/2 − sinx < x((1 − x2/3)1/2 − (1− x2/6)) = x g(x),

which is negative, since

g′(x) =
x

3

(
1− 1

(1− x2/3)1/2

)
< 0 and g(x) = 0.

This implies that f is decreasing, and the limiting values are clear.
For the proof of Part (2), we use the indentity tan x

2 = 1−cos x
sinx and

write the inequality (2.11) as

(2.13)
sinx

x
<

8(1 − cos x) + x2 cos x

5x2
, x ∈ (0, π/2).
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Let
h(x) = 5x sinx− 8(1 − cos x) + x2 cosx, x ∈ (0, π/2).

Applying the inequality

(cos x)1/3 <
sinx

x
,

we get

h′(x) = 3x cos x− (3− x2) sinx < x(3 cos x− (3− x2)(cos x)1/3) =

= 3x(cos x)1/3
(
(cos x)2/3 −

(
1− x2

3

))
,

which is negative by Part (1), and h(0) = 0. The proof of Part (3) is similar
to the proof of Part (2), if we use the indentity

tanh
x

2
=

coshx− 1

sinhx
. �	

3. Proofs of the theorems

3.1. Proo f o f Theor em 1.3. Let f(x) = f1(x)/f2(x), where

f1(x) = log
x

sinx
, f2(x) = log

1√
(1 + cos x)/2

,

and clearly f1(0) = f2(0) = 0. We get

f ′
1(x)

f ′
2(x)

= −1

x

(
x
cos x

sinx
− 1

)(cos x
sinx

+
1

sinx

)
,

which is strictly decreasing by Lemma 2.8 Part (2). Hence the function f is
strictly decreasing by Lemma 2.7, and by l’Hôpital rule we have

lim
x→0

f(x) = 4/3 and lim
x→π/2

f(x) = 2 log(π/2)/ log(2) = 1.30299 . . . = α.

This implies the following inequalities:

(3.2)

(√
1 + cos x

2

)4/3

<
sinx

x
<

(√
1 + cosx

2

)α

.

By utilizing the indentity tan x
2
= sinx

1+cos x
we get (1.4). �	

In [18], it is proved that
(3.3)

sinx

x
<

√
1 + cos x

2

√
(1 + cos x)/2 + 2

3
=

t1/2(t1/2 + 2)

3
=

t+ 2t1/2

3
,
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if one denotes t = (cos x + 1)/2. The right-hand side of (3.2) cannot be
compared with inequality (3.3), and this inequality improves the Cusa–
Huygens inequality (sinx)/x < (cos x+ 2)/3 = (2t+ 1)/3.

The following theorem is known (see in [21]). Here another proof
appears, but both proofs use Lemma 2.7.

Theor em 3.4. The function

f(x) =
log((sinhx)/x)

log(cosh(x/2))

is strictly decreasing from (0,∞) onto (4/3, 2). In particular, we have
(1 + coshx

2

)2/3
<

sinhx

x
<

(1 + coshx

2

)
.

Proo f . Let

f1(x) = log
(sinhx

x

)
, f2(x) = log

(coshx
x

)
, and f1(0) = f2(0) = 0.

We get
f ′
1(x)

f ′
2(x)

= 2g1(x),

where

g1(x) = x
(
1 +

coshx

sinhx

) 1

(sinh x)2

(cosh x
x

+
sinhx

x

)
.

Differentiation gives

g′1(x) =
1

2x2
g2(x) ,

where

g2(x) = 2
cosh(x/2)

sinh(x/2)
+

x

(sinh(x/2))2

(
1− x

cosh(x/2)

sinh(x/2)

)
,

which is positive since

g′2(x) =
x

2(sinh(x/2))4
(x(2 + cosh x)− 3 sinhx) > 0,

due to the inequality
sinhx

x
<

2 + cosh x

3
,

and g2(x) tends to 0 as x tends to 0. This implies that f ′
1/f

′
2 is increasing,

Hence by Lemma 2.7, f is increasing, and the limiting values follow from
l’Hôpital rule. This completes the proof. �	

Coro l l a ry 3.5. For x ∈ (0,∞), we have

(coshx)1/3 <
(1 + coshx

2

)2/3
<

sinhx

x
<

1 + coshx

2
<

(2 + cosh(x/2)

3

)4
.
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Proo f . The proof of the first inequality is trivial, since it can be
simplified as 0 < (1 − cosh x)2. The second and third inequalities follow
from Theorem 3.4. For the proof of the fourth inequality, it is enough to
prove that the function

h(y) = 3
(y + 2

3

)1/4 −
(y + 1

2

)1/2 − 2

is negative for y ∈ (0,∞). We get

h′(x) =
33/4

4(1 + y)1/2

(
h1(y)−

√
2

33/4

)
,

where

h1(x) =
(1 + y)1/2

(2 + y)3/4
.

Now, we prove that log h1 is negative, since

(log(h1(y)))
′ = − y − 1

4(2 + 3y + y2)
< 0,

and h1(1) =
√
2/33/4 . This implies that h is decreasing, and h tends to 0

when y tends to 1, hence the proof of the fourth inequality is completed. �	
3.6. Proo f o f Theor em 1.5. It is well known that

L(a, b) < (a+ b)/2, where L(a, b) =
b− a

log b− log a

denotes the logarithmic mean of two distint real numbers a and b. In
particular, we have

L(t, 1) < (t+ 1)/2, for t > 1.

This inequality can be written as

log t > 2(t− 1)/(t+ 1).

Letting

t =
tan(x/2)

x− tan(x/2)
> 1

and using (2.11), we get

log
( tan(x/2)

x− tan(x/2)

)
>

2(tan(x/2) − x)

x
>

tanx− x

2 tan x
,

this implies the proof of the first inequality.
For the proof of the second and the third inequality, we define f(x) =

f1(x)/f2(x), x ∈ (0, π/2), where

f1(x) = log
( x

sinx

)
, f2(x) = 1− x

tan x
,
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and clearly f1(0) = f2(0) = 0. Differentiation with respect x gives

f ′
1(x)

f ′
2(x)

=
A(x)

B(x)
,

where

A(x) = 1− x
cos x

sinx
and B(x) =

x2

sinx2
− x

cos x

sinx
.

By (2.1) and (2.4), we get

A(x) =
∞∑

n=1

22n

(2n)!
|B2n|x2n =

∞∑
n=1

anx
2n,

and

B(x) =
∞∑

n=1

22n2n

(2n)!
|B2n|x2n =

∞∑
n=1

bnx
2n.

The sequence cn = an/bn = 1/(2n) is decreasing in n = 1, 2, . . .. This
implies from Lemma 2.6 that f ′

1/f
′
2 is decreasing, and the function f is

decreasing in x ∈ (0, π/2), due to Lemma 2.7. By l’Hôpital rule, we get

lim
x→0

f(x) = 1/2 and lim
x→π/2

f(x) = log(π/2),

this completes the proof of the second and the third inequalities. �	
3.7. Proo f o f Theor em 1.6. The proof of the first inequality is

similar to the proof of the first inequality in Theorem 1.5 if we use (2.12).
For the proof of the second and the third inequalities, we define the function
g(x) = g1(x)/g2(x), x ∈ (0,∞), where

g1(x) = log
(sinh(x)

x

)
and g2(x) =

x

tanh(x)
− 1,

and g1(0) = g2(0) = 0. Differentiating g with respect x gives g′(x) =
A(x)/B(x), where

A(x) = 1− x coth(x) and B(x) =
( x

sinhx

)2 − x coth x.

Now, the monotonicity of g follows from (2.2), (2.5), Lemma 2.6 and 2.7.
Applying the l’Hôpital’s rule, we get

lim
x→0

g(x) = 1/2 and lim
x→∞ = 1,

this completes the proof. �	
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The second inequality in Theorem 1.5 can be written as

log
( x

sinx

)
<

sinx− x cos x

2 sin x
,

and this appears in [19]. A similar observation applies for the second
inequality of Theorem 1.6, which appears in [19] as

log
(sinhx

x

)
<

x coshx− sinhx

2 sinhx
.

Coro l l a ry 3.8. The following relations hold true:

(1) x tan
(x
2

)
< log

( 1

cosx

)
<

x

2
tanx, x ∈ (0, π/2),

(2)
x

2
tanhx < log(cosh x) <

x2

2
, x ∈ (0,∞),

(3)
x

2
tanhx < log(coshx) <

sinhx tanhx

2
, x ∈ (0,∞).

Proo f . Applying the Hadamard inequalities (see in [17]) to the convex
function tan t, we get:

x tan
(x+ 0

2

)
= x tan(x/2) <

∫ x

0
tan t dt <

x(tan 0 + tan x)

2
= (x tan x)/2,

so (1) follows. For Part (2), it is sufficient to prove that the functions

m(x) = log(cosh x)− x

2
tanhx and n(x) =

x2

2
− log(coshx)

are strictly increasing for x > 0. This follows from

m′(x) =
sinhx coshx− x

(coshx)2
> 0

as sinhx > x and coshx > 1 for x > 0. On the other hand, one has

n′(x) =
x coshx− sinhx

coshx
> 0

by tanhx < x. It is interesting to note that the right-hand side of (2) cannot
be compared to the right-hand side of (3). �	

Lemma 3.9. The following inequalities hold:

(1) log
( 1

cos x

)
<

1

2
sinx tan x , x ∈ (0, π/2),

(2) log
( x

sinx

)
>

sinx− x cos x

2x
, x ∈ (0, π/2),

(3) log
(sinhx

x

)
<

x coshx− sinhx

2x
, x > 0,

(4) log
(sinhx

x

)
>

x coshx− sinhx

2 sinhx
, x > 0.
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Proo f . Letting

t(x) =
sinx tanx

2
− log

( 1

cos x

)
,

we get

t′(x) =
sinx(cos x− 1)2

(cos x)2
> 0.

Hence it follows that t is strictly increasing, this implies (1). As the loga-
rithmic mean of t and 1 is L(t, 1) = (t− 1)/ log t, from the inequality

log t > 1− 1/t for t > 1,

we get L(t, 1) < t. Putting t = x/ sinx, we obtain

log
x

sinx
> 1− sinx

x
.

Thus, it is sufficient to prove that

1− sinx

x
>

sinx

2x
− cos x

2
,

which is equivalent to write

sinx

x
<

cos x+ 2

3
.

This is a known inequality, namely the so-called Cusa–Huygens inequality
(1.1), thus (2) follows.

For the proof of (3) we use similar method as in the circular case. By
inequality log t < t− 1 for t > 1 applied to t = (sinhx)/x, to deduce (3) it
is sufficient to prove that

sinhx

x
− 1 <

coshx

2
− sinhx

2x
.

But this is equivalent to the following:

sinhx

x
<

coshx+ 2

3
,

which is known as the hyperbolic Cusa–Huygens inequality (1.2). For the
proof of (4), see [21]. �	

The last inequality in Theorem 1.6 can be written as

(3.10) log
(sinhx

x

)
<

x coshx− sinhx

sinhx
.

We observe that inequality (3) in Lemma 3.9 cannot be compared with
(3.10).
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Theor em 3.11. The following functions

F1(x) =
log(x/ sin x)

log(cosh x)
, F2(x) =

log(cosh x)

log(cos x)
, F3(x) =

log(x/ sinx)

log(cos x)

are strictly increasing in x ∈ (0, π/2).

The proof in the case of the function F1 can be found in [16]. The
proof in the case of F2 is a consequence of Corollary 3.8, by considering the
derivative

F ′
2(x) = tanhx log(cos x) + cosx log(cosh x) > 0.

The proof in the case for the F3 can be found in [12], here we give a simpler
proof. Let F3(x) = u(x)/v(x), the proof follows if (u(x)/v(x))′ is negative
or one has to show that u′(x)v(x) < u(x)v′(x). This is equivalent to the
following

(3.12) log
( 1

cos x

)(sinx− x cos x

x sinx

)
< log

( x

sinx

)
tanx.

The inequalitiy (3.12) follows immediately from Lemma (3.9) (1) and (2).
This completes the proof. �	

Coro l l a ry 3.13. For x ∈ (0, π/2) we have

3 sinx

2 + cos x
<

8 sin(x/2) − sinx

3
< x <

sinx

((cos x+ 1)/2)2/3
.

Proo f . By applying the Mitrinovic–Adamovic inequality

sin t

t
> (cos t)1/3 for t = x/2,

we get (2 sin(x/2) cos(x/2)
x

)3
> (cos x/2)4,

by multiplying both sides with cos(x/2). Since

cos(x/2) = (1 + cos x)1/2,

we get the inequality
sinx

x
>

(cosx+ 1

2

)2/3
.

By putting x/2 in the Cusa–Huygens inequality (sinx)/x < (cos x + 2)/3,
we get

(3.14)
sin(x/2)

x/2
<

cos(x/2) + 2

3
.

Clearly,
(cos x− 1)2 > 0, t = cos(x/2),
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this implies

(3.15)
cos t+ 2

3
<

3

4− cos t
.

By (3.14) and (3.15), we have

sin(x/2) <
3x

2(4− cos(x/2))
,

this is stronger than the Cusa–Huygens inequality (sinx)/x < (2+cosx)/3.
Indeed, we will prove that

(3.16)
3 sinx

2 + cos x
<

1

3

(
8 sin

x

2
− sinx

)
.

By letting t = cos(x/2) in (3.16), after some simple transformations, we
have to prove that

2t3 − 8t2 + 10t− 4 < 0,

this is equivalent to
(t− 1)2(t− 2) < 0,

which is obvious. �	
Remark 3.17. The first two inequalities in Corollary 3.13 offer an

improvement of the Cusa–Huygens inequality, while the last inequality is
in fact the first relation of (3.2), with an elementary proof. The authors
have found in a book on history of number π, that the second inequality of
Corollary 3.13 was discovered by geometric and heuristic arguments (see [5])
by C. Huygens.
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O nekotoryh staryh i novyh trigonometriqeskih
i giperboliqeskih neravenstvah

BARKAT ALI BA �IO i �IO�EF XANDOR

V �to�i stat�e my izuqaem dvustoronnie neravenstva dl� trigonometriqes-
kih i giperboliqeskih funkci�i.
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