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Abstract. In this paper we study two-sided inequalities of trigonometric and
hyperbolic functions.

1. Introduction

Since last one decate many authors got interest to study the following
inequalities
sinx cosz+ 2
1/3 < +
T 3
The first inequality is due to by ADAMOVIC and MITRINOVIC [10, p. 238],

and the second one was obtained by N. Cusa and C. Huygens (see [21]). The
hyperbolic version of (1.1) is given as

(1.1) (cos z) for 0 < |z| <m/2.

1/3 _ sinh z - cosh;:+2
The first inequality in (1.2) was obtained by Lazarevié (see [10, p. 270], and
the second inequality is called sometime hyperbolic Cusa—Huygens inequal-
ity [15].

There are many results on the refinement of the inequalities (1.1) and
(1.2) in the literature, e.g, see [3, 11, 12, 13, 15, 16, 19, 20, 21, 22] and

(1.2) (coshx) for x #0.
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the references therein. In this paper, we give simple proofs of some known
results, and establish new inequalities, as well. The main results of this
paper read as follows.

Theorem 1.3. For z € (0,7/2), the following inequalities hold true:
23/2 " 22/

2(sinz)1/2 < tan 2 < 2(sin z)2/a—1 "
where o = 2log(m/2)/log(2) ~ 1.30299.

(1.4)

Theorem 1.5. For z € (0,7/2), the following inequalities hold true:
T 1/, =z sinz T x

-1< -1)) < < 1 —-1)).
tan(z/2) eXp(2(tana: >) x exp(( Og2)(tana: >)
Theorem 1.6. For z € (0,00), the following inequalities hold true:

x 1 x sinh x
-1< -1)) < < —-1)).
tanh(x/2) P (2 (tanh x )) x P ((tanh x ))
The second inequalities in Theorems 1.5 and 1.6 are known [19]. For
these, however, here a new method of proof is offered.

2. Preliminaries

In this section we give few lemmas, they will be used in the proofs of
our theorems.

For |z| < m, the following power series expansions can be found in [8,
1.3.1.4(2)—(3)]:

o0 22n 5
(2.1) xcotr =1— Z:l (2n)) | Boy |27,
(2.2) cotx = Z |Bgn|$2" L
and
> 22n
(2.3) cothx = + Z ]Bgn]a;% L

where By, are the even-indexed Bernoulh numbers, see [7, p. 231]. The
following expansions can be obtained directly from (2.2) and (2.3):

1

(24) (sin :L')

, = —(cotz)’ 5 T Z |B2n| n—1)z?" 2,
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2n

1 1 — 2 2n—2
2 = —(cothz)" = 2 712::1 (2n)!(2n —1)|Bay |z .

(25) (sinh x

The following result is due to BIERNACKI and KRzYZ [4], which will be
very useful in studying the monotonicity of certain power series. This result
was also simply proved in [6] by HEIKKALA et al.

Lemma 2.6. For 0 < R < o0, let
Ax) = Z anz™ and B(z)= Z bz
n=0 n=0

be two real power series converging on the interval (—R, R). If the sequence
{an/bn} is increasing (decreasing) and b, > 0 for all n, then the function
A(x)/B(x) is also increasing (decreasing) on (0, R).

The following result, which is sometime called Monotone "Hopital rule,
was proved in [2] by Anderson et al.

Lemma 2.7. For —o0 < a < b < oo, let f,g : [a,b] — R be
continuous on [a,b], and be differentiable on (a,b). Let ¢'(x) # 0 on (a,b).
If f'(x)/g'(x) is increasing (decreasing) on (a,b), then so are

f(x) = f(a) f(z) = f(b)
d .
g@) —ga) " gl@) - g)
If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion

s also strict.

Lemma 2.8. (1) The function
2

tan /2

is strictly increasing from (0,7/2) onto (0,¢), ¢ = (4427 —7?)/4 ~ 0.10336.
In particular, for x € (0,7/2) we have

f(z) =2 +sinz —

sinx ¢ T sinx
1+ — < <
x xr  tanz/2 x

(2) The function
o(z) = 1 (xcoszn _ 1)(0053: n 1 )

z\ sinx sinz sinz

is strictly increasing from (0,7/2) onto (—4/3,—4/m).
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Proof. For the proof of (1), we get
1 1 2
f(z)= ( ) (z —sinz)? > 0,

2 \sinz/2
the limiting values are clear. For (2), derivation gives
1 x?
/ o . N
g(@) = 22(1 — cos ) (a:+81na; tanx/2>’
which is positive by part (1), and the limiting values follow from I’'Hépital
rule. This completes the proof. O

Lemma 2.9. (1) The function

f(x) =cosx — (1 —
is strictly decreasing from (0,7/2) onto (0, ¢y
¢ = —(12 — 72)%/2/(24V/3) =~ —0.07480 .

In particular, for x € (0,7/2) we have

2

8

)3/2

, where

—_ W

2%\ 3/2 2%\ 3/2
(2.10) (1—3) —cl<cosx<(1—3) ,
(2) For x € (0,7/2) we have
T /5 T T
(2.11) 4(2 a 2tan:p> <tan2

(3) For x € (0,00) we have

T /5 x T
2.12 — tanh _ .
( ) 4(2 2tanh:p) < tan 2
Proof. By utilizing the inequality
22 sinz
1-— <
6 x

from [9, Theorem 3.1], we get
fl(x) = 2(1 —22/3)2 —sinz < z((1 — 22/3)Y/? — (1 — 22/6)) = z g(x),

which is negative, since

g (x) = ‘; <1 “a- wi/3)1/2> <0 and g(z)=0.

This implies that f is decreasing, and the limiting values are clear.
l—cosx

For the proof of Part (2), we use the indentity tan§ = "% and
write the inequality (2.11) as

i 8(1— 2
(2.13) sinz _ (1 —cosz)+ x*cosz e (0.1/2).

x 52 ’
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Let
h(xz) = bxsinz — 8(1 — cosx) + z*cosz, x € (0,7/2).
Applying the inequality
1/3 sinx
x

(cosx) ,

we get

W(z) =3zcosx — (3 —a%)sinz < z(3cosz — (3 — x2)(cos z)/?) =

= 3z(cos :E)l/3 ((COS ZE)2/3 - (1 - x;))’

which is negative by Part (1), and h(0) = 0. The proof of Part (3) is similar
to the proof of Part (2), if we use the indentity
coshx —1

tanh * -
an = .
2 sinh z

3. Proofs of the theorems

3.1. Proof of Theorem 1.3. Let f(z) = fi(x)/f2(x), where

1
fi(z) = log fa(z) = log
\/(1 + cosx)/2

. bl )
S18 08

and clearly f1(0) = f2(0) = 0. We get
fi(x) 1/ cosx cos x 1
(% dne =D ing * sin)

sinx sinz sinz

folz) @
which is strictly decreasing by Lemma 2.8 Part (2). Hence the function f is
strictly decreasing by Lemma 2.7, and by "Hopital rule we have

iiirb f(z)=4/3 and lim/2 f(z) =2log(m/2)/log(2) = 1.30299... = a.

This implies the following inequalities:

14+cosz \*? sinz 14+ cosz \*
2 .
(3:2) <\/ 2 ) <o << 2 )

By utilizing the indentity tan 3 = 5% ~we get (1.4). O

14-cosx
In [18], it is proved that
(3.3)
sinz - \/1 + cosx \/(1 +toeosz)/2+2 241/ p9) ¢4 2t1/?

x 2 3 3 3 ’



8 B. A. Bhayo and J. Sandor

if one denotes t = (cosx + 1)/2. The right-hand side of (3.2) cannot be
compared with inequality (3.3), and this inequality improves the Cusa—
Huygens inequality (sinx)/z < (cosz +2)/3 = (2t +1)/3.

The following theorem is known (see in [21]). Here another proof
appears, but both proofs use Lemma 2.7.

Theorem 3.4. The function
log((sinhz)/x
Jw) = loi((izosh(x)//Q)))
is strictly decreasing from (0,00) onto (4/3,2). In particular, we have
(1 +Cosha:)2/3 < sinhz < (1 +COth)‘
2 T 2

Proof. Let

Al =tog (MUY, @) =1og (M), and f1(0) = £2(0) =0
We get

fi(z)
= 2¢g1(z),
() ~ 20
where b . b -
cosh coshz  sinhzx
= 1 .
() x( +Sinh:L')(SiIlh:L')2( x * x )

Differentiation gives

G1(0) = ga02(a).
where h(z/2) h(z/2)
92(z) = 2simh(:v/2) * (sinh(z/2))? ( - xsinh(m/2) )7

which is positive since

/ _ z .
gs(z) = 2(sinh(z/2))! (x(2 + coshx) — 3sinh z) > 0,
due to the inequality

sinhz 24 coshx
< )
x 3

and g»(z) tends to 0 as x tends to 0. This implies that f{/f5 is increasing,
Hence by Lemma 2.7, f is increasing, and the limiting values follow from
I’Hoépital rule. This completes the proof. O

Corollary 3.5. For z € (0,00), we have

1+ coshz\2/3 sinhz 1+ coshz 2 + cosh(z/2)\4
)< < <( )

h 1/3
(coshz)™/® < ( 5 . 5 3
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Proof. The proof of the first inequality is trivial, since it can be
simplified as 0 < (1 — coshz)?. The second and third inequalities follow
from Theorem 3.4. For the proof of the fourth inequality, it is enough to

prove that the function
L (YE2VA g 112
h(y)_?’( 3 ) _( 2 ) -2

is negative for y € (0,00). We get
33/4 V2
4 — J—
(.’L’) - 4(1 + y)1/2 (hl(y) 33/4)7
where 1o
1
ha () = 1+y) =
(2+y)/
Now, we prove that log hy is negative, since
-1
log(h '=— Y <0,

and hy(1) = +/2/3%/%. This implies that & is decreasing, and h tends to 0
when y tends to 1, hence the proof of the fourth inequality is completed. O

3.6. Proof of Theorem 1.5. It is well known that
b—a
L(a,b b)/2 here L(a,b) =
(@) < (@+8)/2 where Lah) = /)
denotes the logarithmic mean of two distint real numbers a and b. In
particular, we have
L(t,1) < (t+1)/2, for t>1.
This inequality can be written as
logt >2(t—1)/(t+1).
Letting
_ tan(x/2) o1
x — tan(z/2)
and using (2.11), we get
tan(z/2) 2(tan(xz/2) —x) _ tanx —x
log ( ) >
x — tan(z/2)
this implies the proof of the first inequality.
For the proof of the second and the third inequality, we define f(x) =

fi(x)/ fa(x), x € (0,7/2), where
f@) =log( " ). p@=1-_"

)
sin tanx

)

T 2tan x
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and clearly f1(0) = f2(0) = 0. Differentiation with respect = gives
filz) _ Alz)

fa(x)  B(x)’

where

COS T 33‘2 COS T

Alz)=1—-=x and B(z)= -z

sin x sin 22 sinx
By (2.1) and (2.4), we get

0o 22n oo
Alz) =2 (2n)! | Bon|2®" = ) ana®,
n=1 : n=1
and
>, 22n2n >
B@) =2 gy 1Bonla™ = 2 baz™.
n=1 : n=1
The sequence ¢, = a,/b, = 1/(2n) is decreasing in n = 1,2,.... This

implies from Lemma 2.6 that f]/f} is decreasing, and the function f is
decreasing in x € (0,7/2), due to Lemma 2.7. By ’'Hopital rule, we get

li =1/2 li =1 2
lm f@)=1/2 and lim f(@) = log(n/2),
this completes the proof of the second and the third inequalities. O

3.7. Proof of Theorem 1.6. The proof of the first inequality is
similar to the proof of the first inequality in Theorem 1.5 if we use (2.12).
For the proof of the second and the third inequalities, we define the function

g(x) = g1(x)/g2(x), x € (0,00), where

B sinh(x) oz
g1(x) = log ( . ) and  go(x) = fanh(z) "
and ¢1(0) = ¢2(0) = 0. Differentiating ¢g with respect x gives ¢'(z) =
A(z)/B(x), where

x

A(z) =1—xcoth(z) and B(x)= ( )2 — x coth z.

sinh z

Now, the monotonicity of g follows from (2.2), (2.5), Lemma 2.6 and 2.7.
Applying the "'Hopital’s rule, we get

T—r0o0

ili% g(x)=1/2 and lim =1,

this completes the proof. O
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The second inequality in Theorem 1.5 can be written as
log( x ) sinx — xrcosx
sin 2sinx
and this appears in [19]. A similar observation applies for the second
inequality of Theorem 1.6, which appears in [19] as
log (Sinh x) x coshz — sinh x
2sinh x
Corollary 3.8. The following relations hold true:

(1) x tan (g) <10g(cos:r) < ;tanx, x € (0,7/2),
2
(2) ;tanhw < log(cosh x) < :2 , x€(0,00),
inh « tanh
(3) ;tanhw < log(coshx) < S x2an v , x€(0,00).

Proof. Applying the Hadamard inequalities (see in [17]) to the convex
function tant, we get:
0 x tan(0 4+t
x tan (x; ) = xtan(z/2) </ tant dt < #(tan0 + tan)
0

2
so (1) follows. For Part (2), it is sufficient to prove that the functions
2
m(x) = log(cosh z) — ;tanhw and n(x) = 562 — log(cosh z)

= (ztanx)/2,

are strictly increasing for « > 0. This follows from
m' () = sinhz coshx — z >0
(cosh z)?
as sinhx > x and coshx > 1 for £ > 0. On the other hand, one has
xcoshz —sinhz

n'(x) = >0
coshz
by tanh x < z. It is interesting to note that the right-hand side of (2) cannot
be compared to the right-hand side of (3). O
Lemma 3.9. The following inequalities hold:
1 1.
(1) log (cosaz) < 2sm:ntan:z:, z € (0,7/2),
x sinx — xcosx
(2) log (.~ ) b o me(0/2),
sinh z xcoshx — sinh x
(3) log ( ) < 9 , x>0,

log (Siﬂh@*) S x coshx —sinhx ’ 250

2sinh z
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Proof. Letting

sinx tanx 1
t = —1
() 2 8 (COS:E)’

we get

sinz(cosx — 1)?

t'(z) = > 0.

(cos x)?

Hence it follows that ¢ is strictly increasing, this implies (1). As the loga-
rithmic mean of ¢t and 1 is L(¢,1) = (¢t — 1)/log t, from the inequality
logt >1—1/t for t>1,
we get L(t,1) < t. Putting ¢t = x/sinx, we obtain
log .:L' o1 SiD:L'.
sin x x
Thus, it is sufficient to prove that

sinx sinx cosx
1-— > — ,
x 2z 2

which is equivalent to write
sinx  cosx + 2
<
x 3
This is a known inequality, namely the so-called Cusa—Huygens inequality
(1.1), thus (2) follows.

For the proof of (3) we use similar method as in the circular case. By
inequality logt <t —1 for t > 1 applied to t = (sinhx)/x, to deduce (3) it
is sufficient to prove that

sinh z 1 coshx sinhz

x 2 2x
But this is equivalent to the following:
sinh x < coshx + 2
x 3 ’
which is known as the hyperbolic Cusa—Huygens inequality (1.2). For the
proof of (4), see [21]. O

The last inequality in Theorem 1.6 can be written as

(3.10) log (Sinhx) < x coshx — sinhz '

sinh z

We observe that inequality (3) in Lemma 3.9 cannot be compared with
(3.10).
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Theorem 3.11. The following functions
_ log(z/sinx)

log(cosh )
F — _
1) log(coshx) ’

FQ(HZ’) =

are strictly increasing in x € (0,7/2).

Fy(x) = log(z/ sin x)

log(cosz) ’ log(cos x)

The proof in the case of the function F; can be found in [16]. The
proof in the case of F3 is a consequence of Corollary 3.8, by considering the
derivative

Fi(x) = tanh z log(cos x) + cos z log(cosh z) > 0.
The proof in the case for the F3 can be found in [12], here we give a simpler

proof. Let F3(x) = u(z)/v(x), the proof follows if (u(x)/v(z))" is negative
or one has to show that u/(z)v(z) < u(z)v'(x). This is equivalent to the

following
(3.12) log (Coix) (T Ciog (LT Ytama

The inequalitiy (3.12) follows immediately from Lemma (3.9) (1) and (2).
This completes the proof. O

Corollary 3.13. For x € (0,7/2) we have
3sinz 8sin(z/2) —sinx o< sinx
2+ cosz 3 ((cosx +1)/2)2/3 "
Proof. By applying the Mitrinovic-Adamovic inequality

sint 1/3

> (cost) for t=1x/2,

we get
i 3
(28111(3;/2) cos(x/2)) > (cosz/2),
x
by multiplying both sides with cos(z/2). Since
cos(z/2) = (1 + cosx)'/2,
we get the inequality
sin cosx + 1\2/3
()T
By putting z/2 in the Cusa—Huygens inequality (sinz)/z < (cosx + 2)/3,
we get
sin(x/2)  cos(x/2) + 2
3.14 < .
(3:.14) x/2 3
Clearly,
(cosx —1)2 >0, t=-cos(x/2),
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this implies

cost + 2 3
(3.15) 5 <4 cost’
By (3.14) and (3.15), we have

3z

2(4 — cos(x/2))’
this is stronger than the Cusa—Huygens inequality (sinz)/z < (2+cosz)/3.
Indeed, we will prove that

sin(z/2) <

3sinx 1 x

(3.16) < 3 (8 sin 5~ sin :L')

2+ cosw
By letting ¢ = cos(z/2) in (3.16), after some simple transformations, we
have to prove that

2t° — 8t + 10t — 4 < 0,
this is equivalent to
(t—1)%(t-2) <0,

which is obvious. O

Remark 3.17. The first two inequalities in Corollary 3.13 offer an
improvement of the Cusa—Huygens inequality, while the last inequality is
in fact the first relation of (3.2), with an elementary proof. The authors
have found in a book on history of number 7, that the second inequality of
Corollary 3.13 was discovered by geometric and heuristic arguments (see [5])
by C. Huygens.
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O HEKOTOPLIX CTAPHLIX X HOBLIX TPUTOHOMETPUUECKUX
¥ TUIepOO0JIMUYEeCKNX HepaBEeHCTBAaX

BAPKAT AJIX BAWO u MOKE® NIAHIOP

B 3T10# craTrhe MBI M3y4YaeM OBYCTOPOHHWE HEPABEHCTBA IJIfg TPUTOHOMETPUYEC-
KUX U TUNepOONINYeCcKUX (YHKIUHA.
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