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Abstract. It is proved that for any dimension n > 2, L(InT L)™' is the widest
integral class in which the almost everywhere convergence of spherical partial sums of
multiple Fourier—Haar series is provided. Moreover,it is shown that the divergence effects
of rectangular and spherical general terms of multiple Fourier—Haar series can be achieved
simultaneously on a set of full measure by an appropriate rearrangement of values of
arbitrary summable function f not belonging to L(In™ L)™~*.

1. Introduction

Letn > 2and I" = [0,1]". For f € L(I"), x € I", m € N" and r > 0 by
Sm(f)(@), Sp(f)(z), Gn(f)(x) and G, (f)(x) denote a rectangular partial
sum, a spherical partial sum, a rectangular general term and a spherical
general term of the Fourier series of f at the point x with respect to the
multiple Haar system {h,, }menn, respectively, i.e.,

Sl =3 - 3 elHha(),

ki=1 kn=1
k24 +k2<r2
Gm(f)(x) = Cm(f)hm(x),
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Gr(f)(z) = > a(fH)he(=),
k%+...+k%:7«2
where m = (mq,...,my,), k= (k1,...,kn), ck(f) is the k-th Fourier coeffi-
cient of f with respect to the multiple Haar system and a sum with respect
to empty set of indexes is assumed to be equal to 0.

It is known that the convergence of rectangular partial sums of multiple
Fourier-Haar series at every dyadic-irrational point z € I" is equivalent
to the differentiability of [ f with respect to the differentiation basis of
n-dimensional dyadic intervals. Taking into account the well-known theorem
of JESSEN, MARCINKIEWICZ and ZYGMUND [6] on the strong differentiation
of integrals, it follows that

if fe L(n™ L)1), then W}1_{1100 Sm(f)(z) = f(z) ae. on I".

On the other hand, ZEREKIDZE [16] proved that if a function f € L(I") is
nonnegative, then for almost every point « € I" the convergence of S, (f)(z)
is equivalent to the strong differentiability of [ f at the point . On the basis
of this theorem and SAKS’ [13] negative result on the strong differentiability,
it was shown in [16] that for every increasing function ¢ : [0,00) — [0, 00)
with
et
t—oo t(Int)n—1
there exists a non-negative function f € p(L)(I") such that

limsup S,,(f)(x) = o0 ae. on I".
m—00
Moreover, taking into account STOKOLOS’ [14] result instead of Saks’, the fol-

lowing theorem holds true: For every non-negative f € L\L(In™ L)»~1(I")
there exists a function g equimeasurable with f on I"™ such that

limsup S,,(g9)(x) =00 ae. on I".
m— o0

As to the convergence of spherical partial sums of multiple Fourier—
Haar series, the following theorems are known:

If f € L(n™ L))" YI"), then lim, o S,(f)(x) = f(z) a.e. on I"
(KEMKHADZE [8]);

For every increasing function ¢ : [0,00) — [0,00) with

o P

t—oo tlnt
there exists a function f € o(L)(I%) such that

limsup S,.(f)(z) =00 a.e. on I?
™00

=0

(TKEBUCHAVA [15]);
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For every nonnegative f € L\LIn% L(I?) there exists a function g
equimeasurable with f on I? such that

limsup S,(g9)(x) = o0 a.e. on T?
m— o0

(ONIANI [10]).

Here we note that the first example of a function with double Fourier—
Haar series spherically divergent on a set of positive measure was constructed
by KEMKHADZE [9].

Thus, fo any dimension n > 2, L(In* L)"~!(I") is the widest integral
class in which the almost everywhere convergence of rectangular partial sums
of multiple Fourier—Haar series is provided, while for spherical partial sums
the same is known only in the two-dimensional case.

GETSADZE [2] proved that in integral classes wider than LIn™ L(I?)
divergence phenomena on sets of positive measure occur even for rectangular
and spherical general terms of a double Fourier-Haar series. Namely, in [8] it
is shown that: for every continuous, increasing, convex function ¢ : [0, 00) —
[0,00) with

o(t) _
toootlnt

and for every set E C I with |E| > 0, there exist functions f and g from
©(L)(I?) and a set A C E with |A| > 0 such that

limsup |G, (f)(z)| =00 and  limsup |G, (g)(z)| = oo

m—r0o0 7—>00
for every € A. GETSADZE in [3] also constructed functions with divergent
spherical general terms with respect to double Walsh—Paley and trigonomet-
ric systems.

The following theorem shows that L(In* L)"~!(I") is the widest integ-
ral class for an dimension n > 2, in which the almost everywhere convergence
of spherical partial sums of multiple Fourier—-Haar series is provided; more-
over, the divergence effects of rectangular and spherical general terms of
multiple Fourier—Haar series can be achieved simultaneously on a set of full
measure by an appropriate rearrangement of values of arbitrary summable
function f not belonging to L(In™ L)»~1(I").

Theorem 1. For every n > 2 and f € L\L(In™ L)' (I") there exists
a function g equimeasurable with f on I™ such that

limsup |Gy, (9)(z)| =00 and limsup|G,(g9)(x)| =00 a.e. on I".
m— o0 r— 00
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Theorem 1 was announced in [11].

This paper is organized as follows. In Section 2, we present some
properties of the Haar system. In Section 3, we estimate the number of
points and of nonisotropic points of a spectrum (i.e., the set of indices of
Haar functions with nonzero values in a given point) lying on the sphere.
Section 4 contains the reduction of the question to the divergence of the
“general term” Gp(f) of differentiation process of the integral with respect
to the basis of dyadic intervals. Finally, in Section 5 we give the construction
of appropriate functions with divergent general term G;(f) that we perform
using modification of scheme known for the strong integral means that goes
back to SAKs [13].

2. Some properties of the Haar system

We shall use the following notation:
Zg is the set of all nonnegative integers;
S, (r) is the sphere with center at the origin and radius r, i.e.,
Sn(r) ={z e R": [lz]| = r};
R} is the set of all dyadic-irrational points of the space R";
" is the set of all dyadic-irrational points of the unit cube I";
H(z) (z € 1") is the spectrum of the Haar system at x, i.e., the set
{m € N" : h,,,(x) # 0};
1 =1, is the n-tuple (1,...,1);
2F (k € Z™) is the n-tuple (2%, ..., 2Fn);
Al (k €Z, i€ Z) is the dyadic interval [*3;", i ];
Ai(k € Z, i € Z) is the open dyadic interval (s o)
Al (k€ Z™, i € Z") is n-the dimensional dyadic interval Azll X - X AZ’;;
I =1, is the family of all n-dimensional intervals;
I4 =1, 4 is the family of all n-dimensional dyadic intervals;
I(x)(X4q(z)) is the family of all I € I(I € I4) that contain a point x;
k(I) is the rank of a dyadic interval I, i.e., k € Z™ for which I € {A% :i €
"}
Ag(z) (x €1,k € Z™) is the dyadic interval of rank & that contains x;
M;(f) (f € L(R™),I €1) is the integral mean: \}I I f
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Let us recall the definition of the Haar system {/.,, }men:
hi(z) =1 (xelb),

and if
m=2F+i (ke icl,2k),
then
2M2if we AV
hm(z) =q —2%/2 if z € ﬁ?kiﬂ,
0 if x¢ Aj.

At inner points of discontinuity h., is defined as the mean value of the limits
from the right and from the left, and at the endpoints of I' as the limits
from inside of the interval.

The multiple Haar system {h, }mene is defined as follows:

B (2) = By (21) X =+ X By (7)) (m €N, x €T).

The property below directly follows from the definition of the Haar
System.

Proposition 1. The following assertions hold:
card(H(z)N[2¥ + 1,2 ) =1 (z eI}, ke Zy)
and
H(x) =H(zy) X+ x H(z,) (xel).
For z,y € R", we write
r<y(zr<y) if z; <y; (v;<y;) forevery icl,n.
For x,y € R™ with « <y, denote
[,y] = w1, 01] X o X [0, yn]-

For m € N, we denote by k(m) the n-tuple k € Zg for which 2¢¥-1 <
m < 2k,

The next property (see, e.g., [7, Ch.3, §1] or [1, Ch.1, §6]) connects
rectangular convergence of Fourier—Haar series with the differentiation of
integrals with respect to the basis of dyadic intervals.

Proposition 2. If fe L(I"), z € I} and k € Z§, then
Sor(f)(x) = Ma, ) (f)-

The next Proposition 3 follows from Propositions 1 and 2.
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Proposition 3. Let f € L(I"), z € I} and m € N". Then the
following assertions hold:
a) If H(x)N[2F=1 4 1,m] # 0, then
S (f)(@) = Sqrcm (f)() = Ma, () ()
b) If H(x)N[2KM=1 41, m] =0, then
Sm(f)(x) = SQk(m)_l(f)(‘T) = MAk(nz)—l(x) (f)
Set
Ln={v=01,---,7) 7% €4{0,1}, i€l,n}
and
=7+ 4+ for yeTl,.
The next lemma immediately follows from Proposition 3.
Lemma 1. If fe L(I"), x €1}, m € H(z) and k(m) > 1, then
Gr(N@) = D (=) Sgu0m— (f) ().
v€lR

For I € I3 and v € I',,, by I() denote the dyadic interval of rank
k(I) — ~ that contains 1.
For f € L(R™) and I € 14, denote

Gi(f) = Z (_1)‘7‘M1(v)(f)'
Y€l

G1(f) is called a general term of the differentiation process of the integral
of f with respect to the basis of dyadic intervals 1.
Let x € I}, I € I4(x) and k(I) > 1. By Proposition 1, there is a unique
m € H(x) with 28()=1 < m < 28D Such m will be denoted by m(I, z).
The next proposition is a direct consequence of Propositions 1, 3 and
Lemma 1.

Lemma 2. Let f € L(I") and z € I}. Then the following assertions
hold:

a) If m € H(x) and k(m) > 1, then G,,,(f)(x) = GAk(m)(m)(f);
b) If I € 14(x) and k(I) > 1, then G1(f) = Gum1,2)(f)(2).

3. Estimations for the spectrum

In the inequalities given in what follows, by ¢(n),ci(n),... we denote
positive constants depending only on the dimension n.
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Lemma 3. For every x € I} and r > 0, we have
card(H (z) NS, (r)) < ¢(n).
The parameter of nonisotropy of m € N™ is defined by
7(m) = min {mpy(i41)/Mp@) = @ € 1,n — 1},
where p is a permutation of 1,n such that myq) < -+ < mye,).
We also introduce the following notations:
M(a) =1,(a) ={m eN": w(m) >a} (a>1),
(o, k) ={mell(a): m>kl} (a>1keN),
M={xecl}: = #xifi#j}.
Lemma 4. For every x € ig, there exist ky € N and o, > 1 such that
if
H(z) NSy(r) N(ag, ky) #0  for some r >0
then
card(H(xz) NS, (r) NII(ay)) = 1.

For the proofs of Lemmas 3 and 4 we shall need the following two “la-
cunarity” properties of spectrum H (z) that was mentioned by KEMKHADZE
in [8] and [9], respectively.

Lemma A. If x € I} and H(z) = {m1,ma,...}, where my < my <
-+, then
Mir1/MmE =2  or  mpyr/mi =2—1/my.

Lemma B. If x1,22 € I} and x1 # x2, then there are k(z1,22) € N
and \(z1,x2) € (1,2) such that

max{mj /ma,ma/my} > N1, x2)
provided
my € H(x1), mo € H(xy) and max{my,mo} > k(z1,z2).
Lemmas A and B easily follow from the definition of the Haar system.

Proof of Lemma 3. Taking into account Lemma A, it is easy to see
the validity of the estimation for n = 2 with ¢(2) = 2. Let us assume that
the assertion is true for n — 1.

Denote

Ep ={m e N":m, =maxm;} (ke€l,n).
i€l,n
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Let k€ 1,n,
Pit)y={zeR": =t} (teR)
and
Q={ieN: PO)NE,NH(x)NS,(r) # 0}.
Since m € Ej N H(x) we have that r/\/n < my < r. Hence taking into
account Lemma A gives

card(Q) < logg s v/n.

Now, using the induction hypothesis for r(i) = +r2—1i2 and 2/ =
(T1y ey T 1, Tty - Ty) € 11371, for each 7 € Q we write
card(E N H(z) NS,(r)) = Z card(Er N P(i) N H(x) NS, (r)) =
1€)
=> card(H(2') NSy—1(r(i))) < c(n—1) logs /o V1.
i€Q

Thus, we have

card(H(x) NS, (r)) < Z card(Ey, N H(x) NSy(r)) < ne(n — 1) logs 5, v/n.
k=1
The lemma is proved. O

Proof of Lemma 4. Let
k; = max{k(z;,z;) : i# j},
* . . . * n

where k(z;, ;) and A(x;,2;) are numbers from Lemma B corresponding to
the couples of points x;, ;.

Suppose
m € H(z)NS,(r) NI(ag, k).
Let ¢ € 1,n be an index such that m; = max{m,...,m,}. Let us consider

any m' € H(x) NS, (r) with m, # m;. By choosing of o} we have that
Arm; > r. Therefore, by Lemma B we find that
m; <mi/X;,  (j €1,n).

On the other hand, there is j € 1,n such that m}; > m;/\/n. Hence it follows
that w(m') < /n/\: < af, and consequently, we have

(1) m' ¢ T(ag).

Taking into account (1) we conclude the validity of the assertion of the
Lemma for n = 2. Let us assume that the assertion is true for n — 1, where
n > 3.
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Let us agree for x € R™ and ¢ € 1,n to denote
ﬂj‘(Z) = (331, ey =1y Ti41y - - - ,ﬂj‘n).
Furthermore, assume that

ky* = max{k,; : i€ 1l,n}, o

o =max{a,y) : i € 1,n},

k, = max{k;,k;"} and «a, =max{n,a},a’},
and suppose

m € H(z) NS, (r) NI(ay, k) and m' € H(z) NS,(r).
Let ¢ € 1,n be such that m; = max{my,...,m,}. If m; # m,, then by (1)
and choosing of o, we have: m' ¢ II(a,). Now, let m, = m;. Note that
since w(m) > n, then we have

(2) mj <mj; for every j#i.
It is clear that
m(i) > kelp_1 > kyylp—r  and  w(m(i)) > o > o).
Therefore, by induction hypothesis we conclude:
m' (i) & I, 1 ()

Now, taking into account (2), we obtain that m’ ¢ II(«,). The lemma is
proved. |

4. Reduction to the divergence of G(f)

The parameter m(I) for an interval [ = I; x --- x I,, € I is defined by
7T(I) = min{]lp(iﬂ)\/\lp(i)\ 11 € 1,77, — 1},

where p is a permutation of 1,7 such that |,y < -+ < [Ly].
For o > 1, denote

Ila) ={I€l:n(I) <a} and I4j(a)=1IsNI(x).

A family B of sets with positive and finite measure and such that
UrepR = R"™ is called a basis. For a point z € R™, by B(z) we denote
the family of all sets from B containing xz. The mazimal operator Mpg
corresponding to a basis B is defined as follows:

Mp(f)(z) = sup |[Mgr(f)] (f€L(R"), z€R"),
ReB(x)

where

Malh) = g 1
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The mazximal operator controlling the general terms G (f) correspond-
ing to a basis B C I is denoted by Gp, i.e.,

Gp(f)(x) = sup |Gi(f)| (f € L(R"), z € Rf).
IeB(x)

It is clear that
G14(a)(f)(2) < 2" My, (20) (f) ().
Lemma 5. Let f € L(I") and x € T7. If

lmsup  |G1(f)] = o0
I€14(z),diam I—0

and
MId(C’C)(f)(:E) < oo forevery a>1,
then

limsup |Gy, (f)(z)] =00 and limsup|G,(f)(x)] = co.

m— o0 ™00
Proof. For arbitrary j, N € N, let us choose I € I4(x) with
7(I) > 2a,, diamI < 1/2k=+i+!

and

G1(f)(@)] > N + ¢(n)2" My, (2q.,) (f) (),
where ¢(n) is the constant from Lemma 3. By Lemma 2, there exists an
m € N with

Gr(f) = Gm(f) (@) = emhm(x) and 2871 <y < 2R,

It is easy to see that
m(m) > 72" /2 > n(1)/2 > ap, m>2FT71 and ||m]|| > 2F=7,

Now, using Lemmas 3 and 4 for r = ||m||, we have

card(H (z) NS, (r)) <e(n), H(x)NS,(r) NI(a,) = {m}.
Let

H(z)NSy(r) ={m,mq,...,my}.
Clearly, p < ¢(n). Since
m(m;) < g, for I = Mg, (x) (i€ 1,p),

we write
7(I;) = m(28m)) < 27(my) < 20
Thus, I; € I3(2a,)(x) and therefore

[CmTm, ()] = |G, (F) (@) = |G L (f)] < Gry(an) (F)(@) < 2" Myy(2a,) (F)(@)-
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Now, we can write that
P
G (f)(z)| = ‘cmhm(x) + Zcmihmi (x)‘ >
i=1

> |Gr(f)] = e(n)2" My, (2a,) (f)(z) > N.
On the other hand, G,,(f)(x) = G;(f) > N. Thus, we have

limsup |G, (f)(x)| =00 and limsup|G.(f)(z)| = cc.

The lemma is proved. ad

5. Divergence of the general term G;(f)

Theorem 1 is a consequence of Lemma 5 and the following theorem.

Theorem 2. For every n > 2 and f € L\L(In™ L)"~(I") there exists
a function g equimeasurable with f on 1™ such that

lim sup |G1(g)| = o0 a.e. on I}
I€l4(z), diam I—0

and
My (lg))(x) < oo a.e. on 1"  for every a > 1.

Remark. In the proof of Theorem 2 functions defined on I™ and
functions defined on R™ having support in 1" are identified.

Let I € I and a > 1. By Q(I,«) we denote the family of all dyadic
intervals J for which I C J and |J| < «|I|, and by Q*(I,a) we denote
the family of all intervals (), where I € Q(I,«) and v € I',,.Obviously,
Qo) € Q*(I, ) and Q*(I, ) is finite.

By E(I,a) and E*(I,«a) we denote dyadic Bohr “staircase” and its
“hull” corresponding to I and «, respectively; exactly, let us denote

E(l,a)= |J J and E*(L,a)= |J
JeQ(,) JeQ*(I,a)

It is easy to see that
E(I, o) = {My,(ax;) > 1}

For dyadic interval I = I; X --- x I, and a > 1, by al we denote the
dyadic interval J; x --- x J, such that J;(i € 1,n) is the maximal dyadic
interval for which I; C J; and |J;| < afl;].
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Lemma 6. If I €14 and o > 1, then
ICE(l,a)C E*(I,a) C 2al,
B(La) = em)|E*(1,a)l,  |B(I,a) = ca(n)aln o)1),
Proof. The first assertion of the lemma is obvious.
Let us recall the strong maximal inequality (see, e.g., [4, Ch. II, §3])

which is the quantitative version of the Jessen—-Marcinkiewicz—Zygmund
theorem: For every f € L(R™) and A > 0, we have

() > A < ety [ (e 1Y

The second assertion of the lemma follows from the strong maximal
inequality by taking into account the following evident inclusion:

E*(I,a) C {Mi(XE(1,0)) 2 1/2"}.

Using standard technique, by induction with respect to dimension n
(for details see, e.g., [17, p. 99] or [12, Ch. II, §1.3]) one can prove that

[{My(ax,) > 1} = e(n)a(lna)"~1].
On the other hand, in [16, Lemma 2] it is proved that for every f € L(R"™)
and A > 0, we have
{Mr,(f) > A/3"H = {Ma(f) > AH/5™
Now, taking into account that
E(L a) = {Mld(axl) > 1}7
we conclude the validity of the third assertion of the lemma. The lemma is

proved. |

Denote by I(I) the minimal length of the edges of an interval I. For
f € L(R™) and positive numbers \, 7, §, where n < &, by A"°(f,\), we
denote the family of all dyadic intervals I such that

Gi(f)y>XA, l(I)>n and diam/ <.

Lemma 7. Let I € Iq, A > 0 and « > 2"\. If f € L(R") is a
function such that

f>axr and f(z)=0 whenze E*(I,a/2"\)\ I,
then
Q(I, /2" \) € A" (axr, A) € A™(f, N),
where 6 = (/2" N)diam I and n =1(I).
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Proof. Let J € Q(I,a/2"\). Then it is easy to see that
E*(I,a/2"\) D J(y)DJ DI (yeTy,),
()| =27 (yeT,), diamJ<é, 1(J)>I1I)=n.
Taking into account the conditions of the lemma, hence it follows that

Gy(f) 2 Cylaxs) = 3 (M) _ 1 Mi(J)

= > A
S e T )

The lemma is proved. O

Remark. Lemmas 6 and 7 provide a “partial resonance” of order
t(Int)"~1 for the general term G (f) similar to the one known for the strong
integral means. On the other hand, G;(f) are not nonnegative even for
nonnegative functions (as distinct from integral means) and therefore, it is
needed certain mechanism avoiding cancelation of them, while summarizing
partial resonances. The lemmas below provide also such mechanism.

It is easy to check the validity of the following

Lemma 8. Let I € 14, a« > 1, H be a homothety and T be a
translation. If

{TH(J): JeQ"(I,a)} C 1,
then
{TH(J):JeQU,a)} =QTH(I), )
and
{TH(J): JeQ*(I,a)} =Q(TH(I), ).

The next statement is a dyadic version of the lemma given in [4, Ch.
I11, §1].

Lemma 9. Let G be a nonempty bounded open set, § > 0 and (2
be a nonempty finite subfamily of Iq with K = cqJ being contained in
some dyadic cube. Then there are homotheties {H,, }men and translations
{T } men such that

(T Hyp ) (K) OV (T Hyy )(K) =0 (m £ m/);  diam(T},, H,, )(K) <,

{(TnHp)(J): T €Q} Cla (meN)  and |G\ (T Hn)(K)| = 0.

The proof of Lemma 9 is almost the same as the one given in [4], but it
must be used dyadic cubes instead of arbitrary ones throughout the proof.
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For a function f € L(I"), by F; we denote the distribution function
of f, i.e.,
Fr(A)=|{zel™: f(x) > A} (AeR).

Let us recall that f and g are called equimeasurable if
Fy(X) = Fy(\) for every A eR.

Lemma 10. Let f € L(I™). Then for every sets A,E C I"™ with
|A| < |E|, there exists a function g € L(I"™) such that g is equimeasurable

with fXA;
suppg C E and Mi(lg|)(z) < oo for a.e. x €I".
Proof. First, let us assume that A C {f > 0}. Let f, : [0,1] — [0, 00)

be an increasing function equimeasurable with fy 4.
Let y be a density point of E. Set

E(z) = Bly. Ja —yllNE for z € E,

where By, €] denote the closed ball with the center at y and radius . Define
a function g as follows

_J (1 —|E(z)]) when z€ E, |E(x)| > 0;
9(x) = {0 otherwise.

It is easy to see that suppg C A, g is equimeasurable with f, and
therefore with fy 4, and g is bounded outside of Bly,¢]| for every £ > 0.

Let x be such that xy # yi for every k € 1,n. Let us choose € > 0 and
C > 0 so that

|xp — yr| > 2¢ for every k € 1,n and |g(x)| < C if x ¢ Bly,¢].
Then for I € I(x), we have
Mi(lgl) < C it INBly,e] =0 and M;(|g]) < llgll1/" if 1N Bly,e] # 0.

Consequently, we have Mi(|g|)(z) < oo.
Now, let us consider the general case. Let the sets Ay, Ao, Eq1, Es be
such that

Ay =An{f >0}, Ay=An{f <0},
FE,Ey CFE, ’Aﬂ = ’El‘ and ‘AQ’ = ‘EQ’

Suppose g1 and g, are the functions corresponding to f, Ay, Fi and to
(—f), A2, Es respectively, according to the considered case. Then as it is
easy to see g1 — go is the needed function. The lemma is proved. O
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For 0 < n < 4, let us introduce the following truncated maximal
operators:

G (f) () = sup{Gr(f) : I €1g(z), diamI <6, I(I) > n},
M (F)(x) = sup{M;(f) = I € La(x), U(I) = ).

Lemma 11. For every function f € L\ L(ln* L)»~*(I"), taking
natural values and every m € N, there exist a measurable set A C 1", a
number n > 0 and a measurable function g : R™ — [0,00) such that

1) AC{f>2m} and fx, is a bounded function;
2) g is equimeasurable with fx, and suppg C I";

3) there exists a set E C 1™ with the following properties: for every
dyadic cube Q C 1™ with the length of edges equal to 1/2™,

[ENQ| = c(n)|Ql,

and for every function v € L(I"™) with suppv = suppg and v > g,
(G (0) > m) o E;
(1/2™) m n
4) My, (9)(z) < 1/2™ for every x € I".

Proof. Since f € L\ L(InT L)»~1(I"), it is easy to find p € N, sets
{A;}_, and natural numbers {«o;}'_; such that

o; > 2™ and c2(n) e U (i €1,p),

2nm 2nm
P
(67} n—1 &
1 Al > 1.
; CQ(n)2"m . 2"m| =

Let us choose dyadic cubes I; (i € 1,p) so that |I;| = |A;|. Taking into
account Lemma 6, we can assume that the sets E*(I;, «;/2"m) are disjoint
and their union is contained in some fixed dyadic cube.

Further let us divide I" into 2" equal dyadic cubes Qs (s € 1,27m).
Let T; and H; be a finite number of translations and homotheties corre-
sponding to

G:Ql, Q= U Q*([Z,a,/Z"m)
i€l,p
and
d>0 with (m?xai)(l/Q"m)é <1/2™,
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according to Lemma 9, such that

QU a )| < 91

where

K=\JJ= U E(Li,a;/2"m).

JeQ i€l,p

Let 7T, (sel 2“m) be the translation mapping @ into Qs.
Denote by I7;, E7 ;, J ® the images under the mapping 7, T; H; of the
sets I;, E(I;, o /2 m) E (Il,ozl/2 m), respectively. Denote also

=UE:, c=UEy, L=UL;
i,J ,J Js8
By virtue of Lemmas 6-9 and taking into account the construction, we have:
I, a/2"m) = {T,T;H;(J) : J € QI;, 0;/2"m)}  and
B} ;= E(I;;,a;/2"m);
o;/2"m) = {T, T;H;(J):J € Q" (1;,0/2"m)}  and
B = B(I3;,00/2"m);
E;k,’]s N E;;‘/ = @ if (Zvj7 8) 7é (ilvjlv S/);
diam.J < 1/2™ and
I(J) > min{l(I};) :4,j,8} >0 for every J € Q(I};,a;/2"m);
|Qs]
2

(I}

’L]?

E*| > ¢1(n)| B > 1 (n)

9= Z QX1 -
%,7,8
Let A} be a subset of A; with |A}| = |I;| and let A = |J; A}. Then it is clear
that A and g satisfy the first and second conditions of the lemma.
Let n = min{l([];) : 4, ,s}. From Lemma 7 it follows that

Q17 5, i /2"m) C A(n’l/Qm)(aiXI;j,m)-
Applying Lemma 7 again and disjointness of the sets El* ’js we find that
{67 (0) > my o By NRY,

for every function v € L(I"™) with suppv = suppg and v > g, and for every
i, j, s. Thus, we have

(G2 (0) > my o | Eg, NRY.

27]73

and || < |A.
Set

’L]7
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Now, defining E as the union in the above inclusion and taking into account
the estimate
1(n)

1,

we conclude the validity of the third condition of the lemma.
Using the estimate (see Lemma 6)
(67 1 Oy
B2,1 > ) gt WL 01|
and choosing «; as in Lemma 11, we obtain

B > °

Hence it follows that
S 1 S 1
Jo 0= el < X pulBLl < Q-
s 1,J 1,5

Therefore, taking into account that every I € I4 with I C I" and I(I) >
1/2™ is an union of certain cubes @, we have
Ml(j/2m)(g)(:p) <1/2™ for every x €l".
The lemma is proved. O
Proof of Theorem 2. Step 1. f takes natural values and
feLnt )" 2\ L(In" L)" 1 1").

For every k € N, let us choose my € N, n > 0 and g according to
Lemma 11 so that

k—1
1
my, < mpgr,  omy > 20 2; lgillzee e > o, -
1=

Suppose v = sup, ¢y gx and denote

o0
Sp=suppgr, Fe=5\ |J Si, v =vxp,.
i=k+1

It is clear that v = > 72, v and v is equimeasurable with fya for some
AcCIr.

Let k£ > 1. Denote

Uk = VX5, and  wvp; =vxp\s, for i#k.

It is easy to check that for any k € N,

o0
v = ka,u Uk,k = Gk, SUPPUkk =sSuppgr = Fi, and vy ; < g; if i # k.

i=1

From Lemma 11 it follows that

/2K
(G2 (0 k) > ma} O By,

where Ej, is the set from Lemma 11 corresponding to my, 1 and gg.
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Let € E). Let us consider I € I4(x) such that
GI(Uk,k) > my, l([) > Mk and diam I < 1/2mk.

Then by construction and Lemma 11, we write

00 k—1
Gr) = | X Grloni)| 2 1G] = | 3 Grlon)

—‘ i Gr(vk,i)

i=k+1

= |Gr(vi,k)| — a1 — ag;

|G (v, k)| > mu;

k-1 k-1
my

jaa] <27 Z [0, ill o <27 Z il <75
2

fee) iy e’} on
w3 M@ < 3 T g < 30 2 <o
i=k+1 i=k+1 i=k+1
Thus, we have
my,
Gr(v)] = )" =27,

and therefore we also have
(G2 (0) > my /2 - 27) D Byl
From the condition 3) of Lemma 11 it follows easily that

|limsup Ey| = 1.

k—o0

Now, from the last two conclusions we obtain

lim sup |Gr(v)] =00 for ae. zely.
I1€14(z), diam I—0
Let v" be the function corresponding to the function f and sets I\ A,
I™ \ suppv, according to Lemma 10. Then it is easy to see that g = v + v’
is equimeasurable with f and ¢ satisfies the first condition of the theorem.
On the other hand, for any o > 1 the estimate

My (If]) < aMp(|f]),

holds true, where B is the basis consisting of all n-dimensional intervals
such that 2 of the n side lenghts are equal and the other n — 2 are arbitrary.
For Mp an analogue of strong maximal inequality with n — 2 in power of
logarithm instead of n — 1 is valid (see [5] or [4, Ch. II, §3]). Taking into
account that g € L(In™ L)~ 2(I"), we conclude the validity of the second
condition of Theorem 2 for g.
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Step 2. Let f be a function with arbitrary nonnegative values and

belong to L(In™ L)"~2(I"). Suppose
oy 1 if 0< f(x) <1,
Fiz) = { [f(x)] otherwise,

where [-] denotes the integer part of a number. Let g* be an equimeasurable
with f* function satisfying the conditions of Theorem 2.

Let

E.={f"=k} and E;={¢"=k} (keN),
then
Ek:{k§f<k+1} and ’Ek’:‘E;’

Let gr (k € N) be the function corresponding to the function f and
the sets Ej,, E; according to Lemma 10. Then we have

o0
g= ng is equimeasurable with f and ||g — ¢*||p- < 1.
k=1

Hence we easily conclude that g is the needed function.

Step 3. Let f be an arbitrary function from L\ L(In™ L)~ 1(I"). Let
us choose a set A7 so that

fxa, € L(Int L)""2\ L(In™ L)"~1(I")
and
either A3 C {f >0} or A4 C {f <0}.

Without loss of generality, we may assume that A; C {f > 0}.

Let g1 be the function equimiesurable with fx4, that satisfies the
conditions of the theorem.

Denote

Ag={f>0}\ A1, Az3={f<0}, fo=fxa, and f3=|f|xa,-
Let us choose the sets Fy and EF3 so that
By, B3 CT"\ Ay, ExNE3=10, |Ey|=][Az| and |Es|=|A3].

Now, if we consider the functions g; (i = 2,3) corresponding to the
function f;, and the sets A;, E; according to Lemma 10, then it is easy to
see that g = g1 + go — g3 is the needed function. The theorem is proved. O

Remark 1. For any € > 0 it is possible to construct a function g in
Theorems 1 and 2 such that [{g # f}| < e.
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Remark 2. As it is seen from the proofs of Theorems 1 and 2, the

upper limit of the general terms of g is equal to oo a.e. if the function f
is nonnegative. Moreover, it is possible to sharpen Theorems 1 and 2 by
achieving the fullfilment of

limsup =00 and liminf = —oo simultaneously a.e.
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O pacxommMoOCTU KpaTHBLIX PAOOB Xaapa

I' T. OHMAHN

Ilokazano, uro mna mobo#t pasmepmoctu n > 2, L(lnt L)"™! asnserca manGomee
MUPOKAM WHTETPAJLHLIM KJIACCOM, B KOTOPOM OBECHEYeHO MOYTHU BCIOAY CXOAUMOCTL
KpaTHBIX pAnoB Pypre—Xaapa. DBosee Toro, mokasaHo, 4TO MOKHO OJHOBPEMEHHO
NOOUTHLCA 3PPEKTOB PACXOAUMOCTU KAK MPAMOYTOJBLHBIX, Tak U CHEPUUIECKUX OOMMX
WIEHOB KPATHLIX pANOB Pypre—Xaapa HA MHOMKECTBE TOJHOW MEPHI Iy TeM MOIX O IATIeH

ePEeCTaHOBKU 3HAUYEHNY IPOU3BOILHON CyMMUpyeMo ¢pyHEnnu f, He IpUHAIEKAIIEH
knaccy L(In™ L)" 1.
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