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A b s t r a c t . In this article we discuss the Nörlund means of cubical partial sums
of Walsh–Fourier series of a function in Lp (1 ≤ p ≤ ∞). We investigate the rate of the
approximation by this means, in particular, in Lip(α, p), where α > 0 and 1 ≤ p ≤ ∞. In
case p = ∞ by Lp we mean CW , the collection of the uniformly W -continuous functions.
Our main theorems state that the approximation behavior of the two-dimensional Walsh-
Nörlund means is so good as the approximation behavior of the one-dimensional Walsh-
Nörlund means.

As special cases, we get the Nörlund logarithmic means of cubical partial sums of
Walsh–Fourier series discussed recently by Gát and Goginava [5] in 2004 and the (C, β)-
means of Marcinkiewicz type with respect to double Walsh–Fourier series discussed by
Goginava [10].

Earlier results on one-dimensional Nörlund means of the Walsh–Fourier series was
given by Móricz and Siddiqi [14].

1. Introduction

Now, we give a brief introduction to the Walsh–Fourier analysis [15, 1].
Let denote by Z2 the discrete cyclic group of order 2, the group oper-

ation is the modulo 2 addition and every subset is open. The normalized
Haar measure on Z2 is given in the way that the measure of a singleton
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is 1/2. Let

G :=
∞×

k=0

Z2,

G is called the Walsh group. The elements of G are sequences

x = (x0, x1, . . . , xk, . . .) with xk ∈ {0, 1} (k ∈ N).

The group operation on G is the coordinate-wise addition (denoted
by +), the normalized Haar measure (denoted by μ) and the topology are
the product measure and topology. Dyadic intervals are defined by

I0(x) := G, In(x) :=
n
y ∈ G : y = (x0, . . . , xn−1, yn, yn+1 . . .)

o

for x ∈ G, n ∈ P. They form a base for the neighborhoods of G. Let 0 =
(0 : i ∈ N) ∈ G denote the null element of G and

In := In(0) for n ∈ N.

Set ei := (0, . . . , 0, 1, 0, . . .), where the ith coordinate is 1 and the rest are 0
(i ∈ N).

Let Lp denote the usual Lebesgue spaces on G (with the corresponding
norm ‖·‖p). For the sake of brevity in notation, we agree to write L∞ instead
of CW and set

‖f‖∞ := sup{|f(x)| : x ∈ G}.
Next, we define the modulus of continuity in Lp, 1 ≤ p ≤ ∞, of a

function f ∈ Lp by

ωp(δ, f) := sup
|t|<δ

‖f(· + t) − f(·)‖p, δ > 0.

The Lipschitz classes in Lp for each α > 0 are defined by

Lip(α, p) :=
n
f ∈ Lp : ωp(δ, f) = O(δα) as δ → 0

o
.

The Rademacher functions are defined as

rk(x) := (−1)xk (x ∈ G, k ∈ N).

Let the Walsh–Paley functions be the product functions of the Rademacher
functions. Namely, each natural number n can be uniquely expressed as

n =
∞X

i=0

ni2i, ni ∈ {0, 1} (i ∈ N),

where only a finite number of ni’s different from zero. Let the order of n > 0
be denoted by

|n| := max{j ∈ N : nj �= 0}.
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Then the Walsh–Paley functions are w0 = 1 and for n ≥ 1,

wn(x) :=
∞Y

k=0

(rk(x))nk = r|n|(x)(−1)
P|n|−1

k=0
nkxk .

The Dirichlet kernels are defined by

Dw
n :=

n−1X
k=0

wk,

where n ∈ P, Dw
0 := 0. The 2nth Dirichlet kernels have a closed form (see

e.g. [15])

(1) Dw
2n = D2n(x) =

j
2n, if x ∈ In,
0, otherwise (n ∈ N).

The nth Fejér mean and the Fejér kernel of the Fourier series of a
function f (see e.g. [6]) is defined by

σw
n (f ;x) :=

1
n

nX
i=0

Sw
i (f ;x), Kw

n (x) :=
1
n

nX
k=0

Dw
k (x) (x ∈ G),

and Kw
0 = 0.

On G2 we consider the two-dimensional system asn
wn1(x1) × wn2(x2) : (n1, n2) ∈ N

2
o
.

The two-dimenional Fourier coefficients, the rectangular partial sums of the
Fourier series and Dirichlet kernels are defined in the usual way. Define the
nth Marcinkiewicz kernel Kw

n by

Kw
n (x1, x2) :=

1
n

nX
k=0

Dw
k (x1)Dw

k (x2) (x = (x1, x2) ∈ G2).

For x ∈ G we define |x| by

|x| :=
∞X

j=0

xj2−j−1,

for x = (x1, x2) ∈ G2 by

|x|2 := (x1)2 + (x2)2.

Thus, for f ∈ Lp(G2) (1 ≤ p ≤ ∞) the modulus of continuity ωp(δ, f) is
well defined for δ > 0. We define the mixed modulus of continuity as follows

ωp
1,2(δ1, δ2, f) := sup

n
‖f(· + x1, · + x2) − f(· + x1, ·) − f(·, · + x2) +

f(·, ·)‖p : |x1| ≤ δ1, |x2| ≤ δ2

o
,

where δ1, δ2 > 0.
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2. Nörlund means

Let {qk : k ≥ 1} be a sequence of nonnegative numbers. The Nörlund
means twn and kernels Lw

n for the Walsh–Fourier series are defined by

twn (f, x) :=
1

Qn

n−1X
k=1

qn−kS
w
k (f, x), Lw

n (x) :=
1

Qn

n−1X
k=1

qn−kDw
k (x),

where

Qn :=
n−1X
k=1

qk (n ≥ 1).

We always assume that q1 > 0 and

(2) lim
n→∞Qn = ∞.

In this case, the summability method generated by {qk} is regular (see [14])
if and only if

(3) lim
n→∞

qn−1

Qn
= 0.

In particular, twn are the Fejér means (for all k set qk = 1) and twn are the
(C, β)-means when

qk := Aβ
k :=

 
β + k

k

!
for k ≥ 1 and β �= −1,−2, . . . .

In [14] the rate of the approximation by Nörlund means for Walsh–
Fourier series of a function in Lp (in particular, in Lip(α, p), where α > 0
and 1 ≤ p ≤ ∞) was studied. In case p = ∞, by Lp we mean CW ,
the collection of the uniform W -continuous functions. As special cases
Móricz and Siddiqi [14] obtained the earlier results given by Yano [18],
Jastrebova [11] and Skvortsov [16] on the rate of the approximation
by Cesàro means. The approximation properties of the Cesàro means of
negativ order was studied by Goginava [9] in 2002.

The case when qk = 1/k is not discussed in the paper of Móricz and
Siddiqi [14], in this case twn are called the Nörlund logarithmic means. The
Nörlund logarithmic means for the Walsh–Fourier series was discussed by
Gát, Goginava and Tkebuchava earlier [4, 8], for unbounded Vilenkin
system by Blahota and Gát [2].

In 2004, Gát and Goginava [5] discussed the uniform and L-
convergence of the Nörlund logarithmic means of cubical partial sums of
the two-dimensional Walsh–Fourier series.
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Motivated by the work of Gát and Goginava, we investigate the two-
dimensional Nörlund means of cubical partial sums of the two-dimensional
Walsh–Fourier series. Define the means and kernels by the usual way

tw
n (f, x1, x2) :=

1
Qn

n−1X
k=1

qn−kSw
k,k(f, x1, x2),

Lw
n (x1, x2) :=

1
Qn

n−1X
k=1

qn−kDw
k (x1)Dw

k (x2).

The means tw
n could be called Walsh-Nörlund means of Marcinkiewicz type.

We mention that the case that qk := 1/k is not included in this paper. For
Walsh system this case is discussed by Gát and Goginava [5]. If we choose

qk := Aβ
k =

 
β + k

k

!
for k ≥ 1 and β �= −1,−2, . . . ,

then we get the (C, β)-means of Marcinkiewicz-type, which was discussed
by Goginava [10] with respect to double Walsh–Fourier series.

3. The rate of the approximation

In the following lemma we give a decomposition of the Walsh–Nörlund
kernels of Marcinkiewicz type. This lemma is the two-dimensional analogue
of the Lemma proved by Móricz and Siddiqi in [14, Lemma 3].

Lemma 1. Let |n| = A ≥ 1 and {qk} be a sequence of nonnegative
numbers. Then

QnLw
n (x1, x2) = Qn−2A+1D2A(x1)D2A(x2) +

+ D2A(x1)rA(x2)Qn−2ALw
n−2A(x2) + D2A(x2)rA(x1)Qn−2ALw

n−2A(x1) +

+ rA(x1)rA(x2)Qn−2ALw
n−2A(x1, x2) +

+
A−1X
j=0

(Qn−2j+1 − Qn−2j+1+1)D2j (x1)D2j (x2) +

+
A−1X
j=0

D2j (x2)rj(x1)
2j−2X
i=1

(qn−2j−i − qn−2j−i−1)iKw
i (x1) +

+
A−1X
j=0

D2j (x2)rj(x1)qn−2j+1+1(2j − 1)Kw
2j−1(x

1) +
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+
A−1X
j=0

D2j (x1)rj(x2)
2j−2X
i=1

(qn−2j−i − qn−2j−i−1)iKw
i (x2) +

+
A−1X
j=0

D2j (x1)rj(x2)qn−2j+1+1(2j − 1)Kw
2j−1(x

2) +

+
A−1X
j=0

rj(x1)rj(x2)
2j−2X
i=1

(qn−2j−i − qn−2j−i−1)iKw
i (x1, x2) +

+
A−1X
j=0

rj(x1)rj(x2)qn−2j+1+1(2j − 1)Kw
2j−1(x

1, x2).

Proo f . During the proof of Lemma 1 we use the following equations:

(4) Dw
2A+j(x) = D2A(x) + rA(x)Dw

j (x), j = 0, 1, . . . , 2A − 1.

Let |n| = A, then we may write

QnLw
n (x1, x2) =

2A−1X
k=1

qn−kDw
k (x1)Dw

k (x2) +

+
n−1X

k=2A

qn−kDw
k (x1)Dw

k (x2) =: I + II.

By means of (4), we decompose II.

II =
n−2A−1X

j=0

qn−2A−jD
w
2A+j(x

1)Dw
2A+j(x

2) =

= D2A(x1)D2A(x2)
n−2A−1X

j=0

qn−2A−j +

+ D2A(x1)rA(x2)
n−2A−1X

j=0

qn−2A−jD
w
j (x2) +

+ D2A(x2)rA(x1)
n−2A−1X

j=0

qn−2A−jD
w
j (x1) +

+ rA(x1)rA(x2)Qn−2ALw
n−2A(x1, x2) =

= Qn−2A+1D2A(x1)D2A(x2) + D2A(x1)rA(x2)Qn−2ALw
n−2A(x2) +

+ D2A(x2)rA(x1)Qn−2ALw
n−2A(x1) + rA(x1)rA(x2)Qn−2ALw

n−2A(x1, x2).
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We use (4) for the discussion of I as follows:

I =
2A−1X
k=1

qn−kDw
k (x1)Dw

k (x2) =
A−1X
j=0

2j−1X
i=0

qn−2j−iD
w
2j+i(x

1)Dw
2j+i(x

2) =

=
A−1X
j=0

(Qn−2j+1 − Qn−2j+1+1)D2j (x1)D2j (x2) +

+
A−1X
j=0

D2j (x2)rj(x1)
2j−1X
i=0

qn−2j−iD
w
i (x1) +

+
A−1X
j=0

D2j (x1)rj(x2)
2j−1X
i=0

qn−2j−iD
w
i (x2) +

+
A−1X
j=0

rj(x1)rj(x2)
2j−1X
i=0

qn−2j−iD
w
i (x1)Dw

i (x2) =: I1 + I2 + I3 + I4.

We use Abel’s transformation to study I2, I3, I4:

I2 =
A−1X
j=0

D2j (x2)rj(x1) ×

×
“ 2j−2X

i=0

(qn−2j−i − qn−2j−i−1)iKw
i (x1) + qn−2j+1+1(2j − 1)Kw

2j−1(x
1)
”
,

An analogous one is obtaied for I3, and

I4 =
A−1X
j=0

rj(x1)rj(x2) ×

×
“ 2j−2X

i=0

(qn−2j−i−qn−2j−i−1)iKw
i (x1, x2)+qn−2j+1+1(2j −1)Kw

2j−1(x
1, x2)

”
.

For a sequence qk ↓ , we would like to reach the same result as for a
sequence qk ↑ . To do this we have to decompose the expression I in another
way into two parts. But, we did not write our result in the statement of
Lemma 1.

Let n ∈ N be fixed and set |n| = A. We write for I that

I =
A−2X
j=0

2j−1X
i=0

qn−2j−iD
w
2j+i(x

1)Dw
2j+i(x

2) +

+
2A−1−1X

i=0

qn−2A−1−iD
w
2A−1+i(x

1)Dw
2A−1+i(x

2) =: I1 + I2.
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I1 was studied in Lemma 1, too. To decompose I2 we will use the following
formula in [14]:

(5) Dw
2j+i − Dw

2j+1 = −w2j+1−1D
w
2j−i (0 ≤ i < 2j).

Now, we write for I2 that

I2 =
2A−1−1X

i=0

qn−2A−1−i(Dw
2A−1+i(x

1) − D2A(x1))Dw
2A−1+i(x

2) +

+ D2A(x1)
2A−1−1X

i=0

qn−2A−1−iD
w
2A−1+i(x

2) =

=
2A−1−1X

i=0

qn−2A−1−i(Dw
2A−1+i(x

1) − D2A(x1))(Dw
2A−1+i(x

2) − D2A(x2)) +

+ D2A(x2)
2A−1−1X

i=0

qn−2A−1−i(Dw
2A−1+i(x

1) − D2A(x1)) +

+ D2A(x1)
2A−1−1X

i=0

qn−2A−1−i(Dw
2A−1+i(x

2) − D2A(x2)) +

+ D2A(x1)D2A(x2)
2A−1−1X

i=0

qn−2A−1−i .

Substituting (5) into I2 and using an Abel’s transformation we get the
decomposition

I2 = (Qn−2A−1+1 − Qn−2A+1)D2A(x1)D2A(x2) −

− D2A(x2)w2A−1(x1)
2A−1−1X

l=1

(qn−2A+l − qn−2A+l+1)lKw
l (x1) −

− D2A(x1)w2A−1(x2)
2A−1−1X

l=1

(qn−2A+l − qn−2A+l+1)lKw
l (x2) +

+ D2A(x2)w2A−1(x1)qn−2A−12A−1Kw
2A−1(x1) +

+ D2A(x1)w2A−1(x2)qn−2A−12A−1Kw
2A−1(x2) +

+ w2A−1(x1 + x2)
2A−1−1X

l=1

(qn−2A+l − qn−2A+l+1)lKw
l (x1, x2) +

+ w2A−1(x
1 + x2)qn−2A−12A−1Kw

2A−1(x1, x2).
This completes the proof of Lemma 1. ��
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By means of this lemma we have our main theorem which states that
the approximation behavior of the two-dimensional Walsh-Nörlund means
of Marcinkiewicz type is so good as the approximation behavior of the
one-dimensional Walsh–Nörlund means. The last one was investigated by
Móricz and Siddiqi [14]. Recently, Fridli, Manchanda and Siddiqi [3]
generalized the result of Móricz and Siddiqi [14] for homogeneous Banach
spaces and dyadic Hardy spaces.

Theor em 1. Let f ∈ Lp, 1 ≤ p ≤ ∞, |n| = A ≥ 1 and {qk : k ≥ 1}
be a sequence of nonnegative numbers.

If {qk} is nondecreasing, in sign: ↑, then

‖tw
n (f) − f‖p ≤ c

Qn

A−1X
l=0

qn−2l2lωp(2−l, f) + O(ωp(2−A, f)).

If {qk} is nonincreasing, in sign: ↓, such that

(6)
n

Q2
n

n−1X
k=1

q2
k = O(1),

then

‖tw
n (f) − f‖p ≤ c

Qn

A−1X
l=0

qn−2l2lωp(2−l, f) + O(ωp(2−A, f)).

To prove our theorem we need the following lemmas given by Móricz

and Schipp [13], Yano [17], and Glukhov [7].

Lemma 2 (Móricz and Schipp [13]). If the condition (6) is satisfied,
then there exists a constant C such that

‖Lw
n ‖1 ≤ C (n ≥ 1).

Lemma 3 (Yano [17]). Let n ≥ 1, then
‖Kw

n ‖1 ≤ 2.

Lemma 4 (Glukhov [7]). Let α1, . . . , αn be real numbers. Then
1
n

‚‚‚
nX

k=1

αkDw
k Dw

k

‚‚‚
1
≤ c√

n

“ nX
k=1

α2
k

”1/2
,

where c is an absolute constant.

As a corollary of Lemma 4, we get that
(7) ‖Kw

n ‖1 ≤ C (n ≥ 1),
where C is an absolute constant and that condition (6) implies
(8) ‖Lw

n ‖1 ≤ C (n ≥ 1),
where C is an absolute constant.
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Proo f o f Theor em 1. Clearly, condition (6) implies the regularity
of the summability method. We present make the proof for 1 ≤ p < ∞,
since for p = ∞ the proof goes in a similar way (where L∞ = CW ).

For a sequence qk ↑, we use the decomposition given in Lemma 1,
while for a sequence qk ↓ we also use the decomposition in Lemma 1 and
the decomposition of I1 and I2 in the proof of Lemma 1.

Let n ∈ N be fixed and set |n| = A. By Lemma 1 and the Minkowski
inequality, we may write that

Qn‖tw
n (f) − f‖p ≤

≤ Qn−2A+1

‚‚‚
Z

G2
(f(· + x) − f(·))D2A(x1)D2A(x2) dμ(x)

‚‚‚
p

+

+ Qn−2A

‚‚‚
Z

G2
(f(· + x) − f(·))D2A(x1)rA(x2)Lw

n−2A(x2) dμ(x)
‚‚‚

p
+

+ Qn−2A

‚‚‚
Z

G2
(f(· + x) − f(·))D2A(x2)rA(x1)Lw

n−2A(x1) dμ(x)
‚‚‚

p
+

+ Qn−2A

‚‚‚
Z

G2
(f(· + x) − f(·))rA(x1)rA(x2)Lw

n−2A(x1, x2) dμ(x)
‚‚‚

p
+

+
A−1X
j=0

(Qn−2j+1−Qn−2j+1+1)
‚‚‚
Z

G2
(f(·+x)−f(·))D2j (x1)D2j (x2) dμ(x)

‚‚‚
p
+

+
A−1X
j=0

2j−2X
i=1

|qn−2j−i − qn−2j−i−1|i ×

×
‚‚‚
Z

G2
(f(· + x) − f(·))D2j (x2)rj(x1)Kw

i (x1) dμ(x)
‚‚‚

p
+

+
A−1X
j=0

2j−2X
i=1

|qn−2j−i − qn−2j−i−1|i ×

×
‚‚‚
Z

G2
(f(· + x) − f(·))D2j (x1)rj(x2)Kw

i (x2) dμ(x)
‚‚‚

p
+

+
A−1X
j=0

qn−2j+1+1(2j − 1) ×

×
‚‚‚
Z

G2
(f(· + x) − f(·))D2j (x2)rj(x1)Kw

2j−1(x
1) dμ(x)

‚‚‚
p

+

+
A−1X
j=0

qn−2j+1+1(2j − 1) ×

×
‚‚‚
Z

G2
(f(· + x) − f(·))D2j (x1)rj(x2)Kw

2j−1(x
2) dμ(x)

‚‚‚
p

+
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+
A−1X
j=0

2j−2X
i=1

|qn−2j−i − qn−2j−i−1|i ×

×
‚‚‚
Z

G2
(f(· + x) − f(·))rj(x1)rj(x2)Kw

i (x1, x2) dμ(x)
‚‚‚

p
+

+
A−1X
j=0

qn−2j+1+1(2j − 1) ×

×
‚‚‚
Z

G2
(f(· + x) − f(·))rj(x1)rj(x2)Kw

2j−1(x
1, x2) dμ(x)

‚‚‚
p

=:
11X

i=1

An,i.

By the above formula for a sequence qk ↓, in the expressions An,5, . . . ,
An,11 the sum goes upto A − 2 and we have seven extra expressions An,12,
. . . , An,18 from the expression in the case of I2, but we will discuss them in
the second part of the proof of Theorem 1.

Now, we discuss An,1. By (1), we find that

(9)
‚‚‚
Z

G2
(f(·+x)−f(·))D2A(x1)D2A(x2) dμ(x)

‚‚‚
p
≤
Z

I2
A

D2A(x1)D2A(x2)×

×
“ Z

G2
|f(y + x) − f(y)|p dμ(y)

”1/p
dμ(x) ≤ cωp(2−A, f).

Thus, we immediately have

An,1 ≤ cQn−2A+1ωp(2−A, f)

and

An,5 ≤ c
A−1X
j=0

(Qn−2j+1 − Qn−2j+1+1)ωp(2−j , f).

If qk ↑, then we get that

(Qn−2j+1 − Qn−2j+1+1) ≤ 2jqn−2j

and

An,5 ≤ c
A−1X
j=0

2jqn−2jωp(2−j , f).

If qk ↓, then we get that

(Qn−2j+1 − Qn−2j+1+1) ≤ 2jqn−2j+1

and

An,5 ≤ c
A−2X
j=0

2jqn−2j+1ωp(2−j , f) ≤ c
A−1X
l=1

2lqn−2lωp(2−l+1, f).
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To discuss An,2, An,3, An,6, An,7, An,8, An,9 for any ε ∈ G, y ∈ G2

and A ∈ P we write the following

(10)
˛̨
˛
Z

IA(ε)×IA

(f(y + x) − f(y))rA(x1) dμ(x)
˛̨
˛ =

=
˛̨
˛
Z

IA(ε)×IA

f(y + x)rA(x1) dμ(x)
˛̨
˛ =

=
˛̨
˛
Z

IA+1(ε)×IA

f(y+x)rA(x1) dμ(x)+
Z

IA+1(ε+eA)×IA

f(y+x)rA(x1) dμ(x)
˛̨
˛ =

=
˛̨
˛
Z

IA+1(ε)×IA

f(y + x) − f(y + x + e1
A) dμ(x)

˛̨
˛ ≤

≤
Z

IA+1(ε)×IA

|f(y + x) − f(y + x + e1
A)| dμ(x),

where e1
A := (eA, 0) (and e2

A := (0, eA) we will use it later too).
To discuss An,6, for any |j| ≤ k we write that

Bk
j :=

‚‚‚
Z

G2
(f(· + x) − f(·))D2k(x2)rk(x1)Kw

j (x1) dμ(x)
‚‚‚

p
=

=
‚‚‚‚

1X
εi=0

i∈{0,1,...,k−1}
εl=0,l≥k

Z

Ik(ε)×Ik

(f(· + x) − f(·))D2k(x2)rk(x1)Kw
j (x1) dμ(x)

‚‚‚‚
p

.

The function Kw
j (x1) is constant on the sets Ik(ε) (ε ∈ G, |j| ≤ k). Thus,

(10) and Lemma 3 imply that

Bk
j =

‚‚‚‚
1X

εi=0
i∈{0,1,...,k−1}

εl=0, l≥k

2kKw
j (ε)

Z

Ik(ε)×Ik

(f(· + x) − f(·))rk(x1) dμ(x)
‚‚‚‚

p

≤

≤
1X

εi=0
i∈{0,1,...,k−1}

εl=0, l≥k

2k|Kw
j (ε)| ×

×
“ Z

G2

˛̨
˛
Z

Ik(ε)×Ik

(f(y + x) − f(y))rk(x1) dμ(x)
˛̨
˛
p
dμ(y)

”1/p ≤

≤
1X

εi=0
i∈{0,1,...,k−1}

εl=0, l≥k

2k|Kw
j (ε)| ×

×
“ Z

G2

“ Z

Ik+1(ε)×Ik

|f(y + x) − f(y + x + e1
k)| dμ(x)

”p
dμ(y)

”1/p ≤
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≤
1X

εi=0
i∈{0,1,...,k−1}

εl=0, l≥k

2k|Kw
j (ε)| ×

×
Z

Ik+1(ε)×Ik

“ Z

G2
|f(y + x) − f(y + x + e1

k)|p dμ(y)
”1/p

dμ(x) ≤

≤ c
1X

εi=0
i∈{0,1,...,k−1}

εl=0, l≥k

2k|Kw
j (ε)|ωp(2−k, f)

Z

Ik+1(ε)×Ik

dμ(x) ≤

≤ cωp(2−k, f)‖Kw
j ‖1 ≤ cωp(2−k, f).

That is, for any |j| ≤ k we have
(11)

Bk
j :=

‚‚‚
Z

G2
(f(· + x) − f(·))D2k(x2)rk(x1)Kw

j (x1) dμ(x)
‚‚‚

p
≤ cωp(2−k, f).

This implies that

An,6 =
A−1X
j=0

2j−2X
i=0

|qn−2j−i − qn−2j−i−1|iBj
i ≤

≤ c
A−1X
j=0

2j−2X
i=0

|qn−2j−i − qn−2j−i−1|iωp(2−j , f),

and the discussion of An,7 goes similarly to that of An,6.
Moreover, we have

An,8 ≤ c
A−1X
j=0

qn−2j+1+12jBj
2j−1 ≤ c

A−1X
j=0

qn−2j+1+12jωp(2−j , f),

and the treatment of An,9 goes similarly to that of An,8.
If qk ↑, then we get that

(12)
2j−2X
i=0

|qn−2j−i − qn−2j−i−1|i ≤

≤
2j−2X
i=1

qn−2j−i − (2j − 2)qn−2j+1+1 ≤
2j−2X
i=1

qn−2j−i ≤ 2jqn−2j

and

An,6 ≤ c
A−1X
j=0

2jqn−2jωp(2−j , f).
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Moreover, we have

An,8 ≤ c
A−1X
j=0

qn−2j2jωp(2−j , f).

In the case when qk ↓ we have

(13)
2j−2X
i=0

|qn−2j−i − qn−2j−i−1|i ≤

≤ (2j − 2)qn−2j+1+1 −
2j−2X
i=1

qn−2j−i ≤ 2jqn−2j+1

and

An,6 ≤ c
A−2X
j=0

2jqn−2j+1ωp(2−j , f).

Moreover, we have

An,8 ≤ c
A−2X
j=0

qn−2j+12jωp(2−j , f).

Now, we introduce the notation eBA
j in order to discuss An,2, An,3.

First, in the case when qk ↓ set

eBA
j :=

‚‚‚
Z

G2
(f(· + x) − f(·))D2A(x2)rA(x1)Lw

j (x1) dμ(x)
‚‚‚

p
.

The method above (see (11)), condition (6) and Lemma 2 imply that
eBA

n−2A ≤ cωp(2−A, f)‖Lw
n−2A‖1 ≤ cωp(2−A, f)

(we note that |n − 2A| ≤ A − 1) and

An,3 ≤ cQn−2Aωp(2−A, f).

Now, we consider the case when qk ↑. We use Abel’s transformation
for Qn−2ALw

n−2A to get

Qn−2ALw
n−2A =

n−2A−2X
j=1

(qn−2A−j−qn−2A−j−1)jK
w
j +q1(n−2A−1)Kw

n−2A−1,

the definition of BA
j and (11) to conclude that

An,3 ≤ cωp(2−A, f)
“ n−2A−2X

j=1

|qn−2A−j − qn−2A−j−1|j + q1(n − 2A − 1)
”
≤
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≤ cωp(2−A, f)
“ n−2A−2X

j=1

qn−2A−j + q1(n − 2A − 1)
”
≤

≤ cωp(2−A, f)(Qn−2A + q1(n − 2A − 1)).

We note that if qn ↑, then Qn ≥ (n − 1)q1 and the estimate of An,2 goes
similarly.

At last, we discuss An,4, An,10, and An,11. First, we investigate An,4

and the estimate of the others go similarly, but we will write some words
about it.

First, let qk ↓. We note that Lw
j (x1, x2) is constant on the sets IA(ε)×

IA(ρ) (ε, ρ ∈ G). This and the generalized Minkowski inequality give

FA
j :=

‚‚‚
Z

G2
(f(· + x) − f(·))rA(x1)rA(x2)Lw

j (x1, x2) dμ(x)
‚‚‚

p
=

=
‚‚‚‚

1X
εi=0

i∈{0,...,A−1}

1X
ρj=0

j∈{0,...,A−1}

Z

IA(ε)×IA(ρ)
(f(· + x) − f(·)) ×

× rA(x1)rA(x2)Lw
j (x1, x2) dμ(x)

‚‚‚‚
p

≤

≤
1X

εi=0
i∈{0,...,A−1}

1X
ρj=0

j∈{0,...,A−1}

|Lw
j (ε, ρ)| ×

×
‚‚‚
Z

IA(ε)×IA(ρ)
(f(· + x) − f(·))rA(x1)rA(x2) dμ(x)

‚‚‚
p
≤

≤
1X

εi=0
i∈{0,...,A−1}

1X
ρj=0

j∈{0,...,A−1}

|Lw
j (ε, ρ)| ×

×
“ Z

G2

˛̨
˛
Z

IA(ε)×IA(ρ)
(f(y + x) − f(y))rA(x1)rA(x2) dμ(x)

˛̨
˛
p
dμ(y)

”1/p

for |j| ≤ A. Analogously to (10), we easily get that

(14)
˛̨
˛
Z

IA(ε)×IA(ρ)
(f(y + x) − f(y))rA(x1)rA(x2) dμ(x)

˛̨
˛ ≤

≤
Z

IA+1(ε)×IA+1(ρ)
ΔAf(x, y) dμ(x),

where

ΔAf(x, y) :=
˛̨
˛f(x+y)−f(x+y+ e2

A)−f(x+y+ e1
A)+f(x+y+ e1

A + e2
A)
˛̨
˛.
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Now, inequality (14), condition (6) and Lemma 4 (see equation (8))
imply that

FA
j ≤

1X
εi=0

i∈{0,...,A−1}

1X
ρj=0

j∈{0,...,A−1}

|Lw
j (ε, ρ)| ×

×
“ Z

G2

“ Z

IA+1(ε)×IA+1(ρ)
ΔAf(x, y) dμ(x)

”p
dμ(y)

”1/p ≤

≤
1X

εi=0
i∈{0,...,A−1}

1X
ρj=0

j∈{0,...,A−1}

|Lw
j (ε, ρ)| ×

×
Z

IA+1(ε)×IA+1(ρ)

“ Z

G2
(ΔAf(x, y))p dμ(y)

”1/p
dμ(x) ≤

≤
1X

εi=0
i∈{0,...,A−1}

1X
ρj=0

j∈{0,...,A−1}

Z

IA+1(ε)×IA+1(ρ)
|Lw

j (ε, ρ)| ×

× dμ(x)ωp
1,2(2

−A, 2−A, f) ≤
≤ c ‖Lw

j ‖1ω
p
1,2(2

−A, 2−A, f) ≤ c ωp
1,2(2

−A, 2−A, f).
That is, for |j| ≤ A, we have

(15) FA
j ≤ c‖Lw

j ‖1ω
p
1,2(2

−A, 2−A, f) ≤ cωp
1,2(2

−A, 2−A, f)

and

An,4 ≤ Qn−2AFA
n−2A ≤ cQn−2Aωp

1,2(2
−A, 2−A, f) ≤ cQn−2Aωp(2−A, f).

Next, we discuss An,4 in the case when qk ↑. By Abel’s transformation,
we write that

Qn−2ALw
n−2A =

n−2A−2X
j=1

(qn−2A−j−qn−2A−j−1)jKw
j +q1(n−2A−1)Kw

n−2A−1.

For |j| ≤ A, we set

eFA
j :=

‚‚‚
Z

G2
(f(· + x) − f(·))rA(x1)rA(x2)Kw

j (x1, x2) dμ(x)
‚‚‚

p
.

The method of estimating FA
j (see (15)) and Lemma 4 (see equation (7))

imply that
eFA
j ≤ cωp

1,2(2
−A, 2−A, f)‖Kw

j ‖1 ≤ cωp(2−A, f)

for |j| ≤ A and

An,4 = cωp(2−A, f)(Qn−2A + q1(n − 2A − 1)).

For more details, see An,2 and An,3, in the case when qk ↑.
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Finally, we discuss An,10 and An,11 as follows:

An,10 =
A−1X
j=0

2j−2X
i=0

|qn−2j−i − qn−2j−i−1|i eF j
i ≤

≤ c
A−1X
j=0

2j−2X
i=0

|qn−2j−i − qn−2j−i−1|iωp(2−j , f).

If qk ↑, by (12) we get that

An,10 ≤
A−1X
j=0

2jqn−2jωp(2−j , f).

If qk ↓, by (13) we get that

An,10 ≤
A−2X
j=0

2jqn−2j+1ωp(2−j , f).

At last, we get

An,11 ≤
A−1X
j=0

qn−2j+1+12j eF j
2j−1 ≤ c

A−1X
j=0

qn−2j+1+12jωp(2−j , f).

If qk ↑, then we have

An,11 ≤ c
A−1X
j=0

qn−2j2jωp(2−j , f),

while, if qk ↓, then we have

An,11 ≤ c
A−2X
j=0

qn−2j+12jωp(2−j , f).

Combining our results on An,i (i = 1, . . . , 11) completes the proof of
Theorem 1 for sequences qk ↑.

The s econd par t o f the p roo f o f Theor em 1. Let the sequence
qk be nonincreasing (qk ↓). We define An,i (i = 12, . . . , 18) analogously as
we did in the case of An,1, . . . , An,11 (see the decomposition of I2).

By (9), we have

An,12 ≤ c(Qn−2A−1+1 − Qn−2A+1)ωp(2−A, f).

To estimate An,13, An,14, An,15, An,16, we define eeB
A−1

j as follows: for |j| ≤
A − 1 we set
eeB

A−1

j :=
‚‚‚(f(· + x) − f(·))D2A(x2)rA−1(x1)ω2A−1−1(x1)Kw

j (x1) dμ(x)
‚‚‚

p
.
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The method of estimating BA
j (see (11)) and Lemma 3 imply that

eeB
A−1

j ≤ cωp(2−(A−1), f),

An,15, An,16 ≤ cqn−2A−12A−1ωp(2−(A−1), f)
and

An,13, An,14 ≤ c
2A−1−1X

l=1

|qn−2A+l − qn−2A+l+1|l eeB
A−1

l ≤

≤ c
2A−1−1X

l=1

|qn−2A+l − qn−2A+l+1|lωp(2−(A−1), f) ≤

≤ c(Qn−2A−1 − Qn−2A+1)ωp(2−A, f).

To estimate An,17 and An,18, we define ˜̃F
A−1

j as follows: for |j| ≤ A−1
we set
˜̃F

A−1

j :=
‚‚‚(f(·+x)−f(·))rA−1(x1+x2)ω2A−1−1(x1+x2)Kw

j (x1, x2) dμ(x)
‚‚‚

p
.

The method of estimating FA
j (see (15)) and Lemma 4 imply that

˜̃F
A−1

j ≤ cωp
1,2(2

−(A−1), 2−(A−1), f) ≤ cωp(2−(A−1), f).

As a result, we obtain

An,18 ≤ qn−2A−12A−1 ˜̃F
A−1

2A−1 ≤ cqn−2A−12A−1ωp(2−(A−1), f)

and

An,17 ≤ c
2A−1−1X

l=1

|qn−2A+l − qn−2A+l+1|l ˜̃F
A−1

l ≤

≤ c
2A−1−1X

l=1

|qn−2A+l − qn−2A+l+1|lωp(2−(A−1), f) ≤

≤ c(Qn−2A−1 − Qn−2A+1)ωp(2−A, f).
These facts complete the proof of Theorem 1. ��
We will discuss the following cases:

(a) if qk ↑ and satisfies the condition

(16)
nqn−1

Qn
= O(1).

In particular, this is the case when

qk � kβ or (log k)β for some β > 0.
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(b) if qk ↓ and satisfies the condition

(bi) qk � k−β for some 0 < β < 1, or

(bii) qk � (log k)−β for some 0 < β.

We note that condition (6) is satisfied in these cases. For more details, see
[14].

The one-dimensional analogue of the following theorem was proved by
Móricz and Siddiqi [14]. We mention that as special case (set qk := 1
for all k) we get the so-called Marcinkiewicz means of Walsh–Fourier series.
More generally, in the case when

qk := Aβ
k :=

 
β + k

k

!
for k ≥ 1 (β �= −1,−2, . . .),

we have the (C, β) means of Marcinkiewicz type discussed by Goginava

[10] with respect to double Walsh–Fourier series.
At last, we note that the following theorem states that the approx-

imation behavior of the Nörlund means of square partial sums of double
Walsh–Fourier series is so good as the approximation behavior of the one-
dimensional Nörlund means of Walsh–Fourier series for Lipschitz functions
showed by Móricz and Siddiqi [14].

Theor em 2. Let f ∈ Lip(α, p) for some α > 0 and 1 ≤ p ≤ ∞. If
{qk : k ≥ 1} is a sequence of nonnegative numbers such that in case qk ↑
condition (16) is satisfied, while in case qk ↓ either condition (bi) or (bii)
is satisfied, then

‖tw
n (f) − f‖p =

8
<
:

O(n−α), if 0 < α < 1,
O(n−1 log n), if α = 1,
O(n−1), if α > 1.

Proo f . First, let qk ↑ satisfy condition (16). Theorem 1 and the
method of Móricz and Siddiqi [14] immediately give our statement.

Second, let qk ↓ satisfy condition (bi), that is,

qk � k−β for some 0 < β < 1, then Qn � n1−β .

From Theorem 1 it follows that

‖tw
n (f) − f‖p ≤ c

Qn

|n|−1X
l=0

qn−2l2l2−lα + O(2−|n|α).

For 0 ≤ l ≤ |n| − 1, we have

2|n|−1 ≤ n − 2l and qn−2l ≤ c2−β(|n|−1).
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Thus, we conclude that

‖tw
n (f) − f‖p ≤ c

n1−β

|n|−1X
l=0

2−β|n|2l(1−α) + O(2−|n|α) ≤

≤ c

n

|n|−1X
l=0

2l(1−α) + O(2−|n|α) =

8><
>:

O(2|n|(1−α)/n), if 0 < α < 1,
O(|n|/n), if α = 1,
O( 1

n
), if α > 1.

Let condition (bii) be satisfied, that is,

qk � (log k)−β for some 0 < β, then Qn � n(log n)−β .

The proof goes along the same lines as that of case (bi). ��
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[12] F. Móricz and B. E. Rhoades, Approximation by Nörlund means of double Fourier

series for Lipschitz functions, J. Approx. Theory , 50(1987), 341–358.



Approximation by N�orlund means of double Walsh–Fourier series 319
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Approksimaci� srednimi Nërlunda summ
po kvadratam dvo�inogo r�da Fur�e–Uolxa

K. NAD�

V rabote rassmatriva�ts� srednie Nërlunda summ Fur�e–Uolxa po kvadra-
tam dl� funkci�i iz Lp (1 ≤ p ≤ ∞). Izuqa�ts� por�dki pribli�eni�i funk-
ci�i s pomow�� �tih srednih, v qastnosti dl� funkci�i iz klassov Lip(α, p),
gde α > 0 i 1 ≤ p ≤ ∞. V sluqae p = ∞ my sqitaem, qto L∞ �to CW ,
t.e. klass vseh W−nepreryvnyh funkci�i. Naxi osnovnye teoremy utver�da�t,
qto dl� dvumernyh r�dov Fur�e–Uolxa kaqestvo pribli�eni� srednimi Uolxa–
Nërlunda ne hu�e, qem dl� odnomernyh r�dov.

Kak qastnye sluqai naxih rezul�tatov poluqa�ts� ocenki, nedavno polu-
qennye v rabote Gata i Goginavy [5] dl� logarifmiqeskih srednih summ po kubam
r�da Fur�e–Uolxa, a tak�e (C, α)−srednih tipa Marcinkeviqa dl� dvo�inogo
r�da, kotorye izuqal Goginava [10].

Bolee rannie rezul�taty dl� odnomernyh srednih Nërlunda r�da Fur�e–
Uolxa byli poluqeny Moricem i Siddiki v rabote [14].
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