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Abstract. In this article we discuss the Norlund means of cubical partial sums
of Walsh—Fourier series of a function in L? (1 < p < 00). We investigate the rate of the
approximation by this means, in particular, in Lip(«a,p), where o > 0 and 1 <p < 0. In
case p = oo by L? we mean Cw, the collection of the uniformly W-continuous functions.
Our main theorems state that the approximation behavior of the two-dimensional Walsh-
Norlund means is so good as the approximation behavior of the one-dimensional Walsh-
Norlund means.

As special cases, we get the Norlund logarithmic means of cubical partial sums of
Walsh-Fourier series discussed recently by GAT and GOGINAVA [5] in 2004 and the (C, 3)-
means of Marcinkiewicz type with respect to double Walsh—Fourier series discussed by
GOGINAVA [10].

Earlier results on one-dimensional Norlund means of the Walsh—Fourier series was
given by MORICZ and SIDDIQI [14].

1. Introduction

Now, we give a brief introduction to the Walsh-Fourier analysis [15, 1].
Let denote by Zs the discrete cyclic group of order 2, the group oper-
ation is the modulo 2 addition and every subset is open. The normalized
Haar measure on Zs is given in the way that the measure of a singleton
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is 1/2. Let
G := >< ZQ,
k=0

G is called the Walsh group. The elements of G are sequences
x = (zo,%1,...,Tk,...) with z, €{0,1} (k€ N).

The group operation on G is the coordinate-wise addition (denoted
by +), the normalized Haar measure (denoted by u) and the topology are
the product measure and topology. Dyadic intervals are defined by

I[](.’L’) = G7 I?’L(‘T) = {y €G: Yy = (.’L’O, s Tp—1Yns Yn+1 - - )}

for x € G, n € P. They form a base for the neighborhoods of G. Let 0 =
(0:43 € N) € G denote the null element of G and
I,:=1,(0) for neN.
Set e; :=(0,...,0,1,0,...), where the ith coordinate is 1 and the rest are 0
(i € N).
Let LP denote the usual Lebesgue spaces on G (with the corresponding

norm ||-||,). For the sake of brevity in notation, we agree to write L> instead
of Cy and set

[ lloc := sup{[f(z)| : z € G}.
Next, we define the modulus of continuity in LP, 1 < p < o0, of a
function f € LP by

wp(8, f) == sup [[f(- +t) = f()llp, 6>0.

|t]<d
The Lipschitz classes in LP for each « > 0 are defined by
Lip(a,p) := {f €LP: wy(6, f)=0(0%) as 6 — O}.
The Rademacher functions are defined as
re(z) = (-1)"* (x € G, keN).

Let the Walsh—Paley functions be the product functions of the Rademacher
functions. Namely, each natural number n can be uniquely expressed as

n=> n2", n;€{0,1} (i €N),
=0

where only a finite number of n;’s different from zero. Let the order of n > 0
be denoted by
|n| := max{j € N:n; # 0}.
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Then the Walsh—Paley functions are wg = 1 and for n > 1,

00
In|—1

wp (T) = H(Tk( ))"E :TW( x)(—1)2er=0 "ETE

k=0
The Dirichlet kernels are defined by

n—1
= wg,
k=0
where n € P, Dy := 0. The 2"th Dirichlet kernels have a closed form (see
e.g. [15])
w 2n ifx ey,
(1) D = D (x) = {O, otherwise (n € N).

The nth Fejér mean and the Fejér kernel of the Fourier series of a
function f (see e.g. [6]) is defined by

= S SH(fa), KV = Y DE@) (re0),
i=0 k=0

and K§ = 0.
On G? we consider the two-dimensional system as

{wn ) X w2 (2?) 1 (nt,n?) € NQ}.
The two-dimenional Fourier coefficients, the rectangular partial sums of the

Fourier series and Dirichlet kernels are defined in the usual way. Define the
nth Marcinkiewicz kernel K by

kY (2t 2? ZDk ?)  (x = (a',2%) € G?).

For x € G we define |z| by

0 .
|z| = Z x;27071
=0

for z = (2!,22) € G? by

jz? = (21)? + (a?)*.
Thus, for f € LP(G?) (1 < p < oo) the modulus of continuity w,(d, f) is
well defined for 6 > 0. We define the mixed modulus of continuity as follows

w117,2(517627f) zsup{Hf(—i—a;l,—|—x2)—f(+x1,)—f(,+a:2)+
Pl It < 6% < 62,
where 01,09 > 0.
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2. Norlund means

Let {qx : K > 1} be a sequence of nonnegative numbers. The Norlund
means t,’ and kernels LY for the Walsh-Fourier series are defined by

tw(fa : Q ZQn kSk fa )7 Lw = ZQn ka
where
n—1
= Z g (n>1).
k=1
We always assume that ¢; > 0 and
(2) lim Q, = o0

In this case, the summability method generated by {qi} is regular (see [14])
if and only if

dn—-1
(3) Jim 0, 0.
In particular, t¥ are the Fejér means (for all k set ¢ = 1) and ¢Y are the
(C, B)-means when

k:AQ:: (5Zk) for k>1and g # —1,-2,

In [14] the rate of the approximation by Noérlund means for Walsh—
Fourier series of a function in LP (in particular, in Lip(a,p), where a > 0
and 1 < p < oo0) was studied. In case p = oo, by LP we mean Cyy,
the collection of the uniform W-continuous functions. As special cases
MORIcz and SIDDIQI [14] obtained the earlier results given by YANO [18],
JASTREBOVA [11] and SKVORTSOV [16] on the rate of the approximation
by Cesaro means. The approximation properties of the Cesaro means of
negativ order was studied by GOGINAVA [9] in 2002.

The case when ¢, = 1/k is not discussed in the paper of MORICZ and
SIDDIQI [14], in this case t¥ are called the Norlund logarithmic means. The
Norlund logarithmic means for the Walsh—Fourier series was discussed by
GAT, GoGINAVA and TKEBUCHAVA earlier [4, 8], for unbounded Vilenkin
system by BLAHOTA and GAT [2].

In 2004, GAT and GOGINAVA [5] discussed the uniform and L-
convergence of the Norlund logarithmic means of cubical partial sums of
the two-dimensional Walsh—Fourier series.
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Motivated by the work of Gat and Goginava, we investigate the two-
dimensional Norlund means of cubical partial sums of the two-dimensional
Walsh—Fourier series. Define the means and kernels by the usual way

Ll O Q an kSkkfa; ,2?),
1 n—1

L)zt 2?) = -k DY (z) D} (2?).
Qn o

The means t;Y could be called Walsh-Norlund means of Marcinkiewicz type.
We mention that the case that ¢ := 1/k is not included in this paper. For
Walsh system this case is discussed by GAT and GOGINAVA [5]. If we choose

p = AP = (sz) for k>1and B —1,-2, ...

then we get the (C,(3)-means of Marcinkiewicz-type, which was discussed
by Goginava [10] with respect to double Walsh—Fourier series.

3. The rate of the approximation

In the following lemma we give a decomposition of the Walsh—Nérlund
kernels of Marcinkiewicz type. This lemma is the two-dimensional analogue
of the Lemma proved by MORICZ and SIDDIQI in [14, Lemma 3].

Lemma 1. Let [n| = A > 1 and {qr} be a sequence of nonnegative
numbers. Then

QnLY(z',2%) = Q9441 Dga(z')Dya(2?®) +
+ Doa(z")ra(z)Qpooa Ll _ya(2?) 4+ Doa (4®)ra(z")Qp_sa Liy_oa(z') +
+ra(@)ra(@®)Qn_oa Ll oa(z',z?) +

A-1

+ Z (Qu—2i 41— Qn_ai+111)Dai (1) Dys (27) +

=0

292

A-1
+ Z Dy (z®)r;(xh) Z (Gn—2i—i — Qn—2i—i—1 JiK" (z") +

i=1

+ Z Dy; (x Tg (2N gn—2it141(2) — 1)K35 4 (a') +
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A1 272
+ > Do (' )ri(a?) D (qnosizi — Gn-2i—i—1)iK{" (%) +
=0 i=1
A—1 '
+ 3 Doy ()75 (2%) g (27 — DK (2%) +
§=0
A1 29 2
+ ri(@h)r(z?) Z (Gn—2i—i — Qn—2i—i—1)iK} (z", %) +
3=0 i=1
Z ) qn— 2J+1+1(2j - 1)’C§Uj71($17$2)'

Proof. During the proof of Lemma 1 we use the following equations:
(4) D§UA+j(ZU) = Dya(x) +ra(x)Dy(x), j=0,1,... 24 — 1.

Let |n| = A, then we may write

241
Qn Z qn— ka Dk( )
n—1
+ > oD (z")DP (%) = T+ I1.
k=24

By means of (4), we decompose I1.

n—24-1
II= 3" duooa ;Diaj(@)Dsa (@) =
=0
n—24-1
:DzA( )Daa(z Z Qn—24—j5 +

n—24-1

+ Doa(z')ra(z Z Gn—24_; D} (x %)+
n—24-1

+D2A Z qn— 2A—] ( 1)+

+ra(zh)ra(z )Qn_2A£n72A($1,l’2) =
= Qu-2441D24(2")Daa (2) + Daa (2" )r4(2*)Qp_2a LY _5a(x%) +
+ Doa(2?)ra(z")Qpooa LY _oa (@) + ra(@')ra(@®)Qu_saLl_,a(z',2?).
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We use (4) for the discussion of I as follows:

241 A—127—
I= Z gn—k Dy (2! Z Z n—2i-iD3; (2 I)Dévj-m‘(xz) =
k=1 7=0 =0
A-1
= Z (Qn_2i41 — Qn_gi+141) Doy (z") Doy (2*) +
§=0
A-1 1
+ Do; (2)r;(z") Z Gn—2i— DY (z") +
Jj=0 V=
A-1 1
+ Do; (z')rj(z?) Z Gn—2i— DY (2%) +
=0 i=0
+er(x ZQn 27 — z )Dw( )_Il +IQ+I3+I4
i=0

We use Abel’s transformatlon to study Is, I3, Iy:

A-1
Iy = Do (a®)rj(z') x
=0

27 -2

X ( Z (@n—2i—i — Qn7217i71)iKiw(wl) + Qn727+1+1(2j - 1)K§71($1)>7
i=0
An analogous one is obtaied for I3, and
A—1
L= rj(ah)rj(a®) x
j=0
27 2
% < D (Gne2i—i = Gn—2i—i—1 )ik} (2", %)+ gp_nis1 1 (27 = 1) §Uj—1(x17$2)>-
i=0

For a sequence ¢ | , we would like to reach the same result as for a
sequence g T . To do this we have to decompose the expression I in another
way into two parts. But, we did not write our result in the statement of
Lemma 1.

Let n € N be fixed and set |n| = A. We write for I that

A—227—

=73 Z Gn—2—i D5, (x") D85 () +

7=0 =0
24-1 1

+ Z (]n—zA*l—iDéuAfl-H(wl) ;A*1+i($2) = I' + I
i=0
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I' was studied in Lemma 1, too. To decompose I? we will use the following
formula in [14]:

(5) DY, — DY = —wgir1 DY, (0 << 27).
Now, we write for I? that

24-1_1

Y n-2a-1-i(Dgaciyi(@h) = Doa(ah)) Dyacsy(a?) +
1=0

24-1_1

+D2A Z qp—2a-1_;D 2A 1+z( ):

24-1_1
> Guooa-1 (DY (2') = Daa(a'))(Dyar ;(2%) — Doa(z?)) +

24-1_1
+D2A Z Qpn—2A-1_ D§UA71+1~(‘T1) — DQA(.’L’I)) +
2A 11
+ Daa(z Z (n—24-1_ D;A*1+i($2)_D2A($2))+
24-1_1
+D2A( D2A Z Qpn—2A—1_

Substituting (5) into I? and using an Abels transformation we get the
decomposition

= (Qn—zA—1+1 - Qn—2A+1)D2A($1)D2A($2) -

- D2A( Jwaa _q ( Z (Gn—2a41 — Qn72A+l+1)lKlU)(x1) -

=1
24-1_1
— Dya(z)woa_y (z?) Z (Gn—2441 — Gn—2ay101 )IK" (27) +
=1

+ DQA ($2)'UJ2A 1($1)qn_2A—12A71 ;A,l(ﬂjl) +
+ DQA (xl)sz 1($2)qn_2A—12A71 ;)A—l (I’Q) +
24-1_1
+waa_y (@' +2%) Y (Gnosags — G2apir)IKP (2, 2%) +
=1
+ woa_q (x4 2%)qy_0a-1287 1KY (21, 2%).

This completes the proof of Lemma, 1. O
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By means of this lemma we have our main theorem which states that
the approximation behavior of the two-dimensional Walsh-Noérlund means
of Marcinkiewicz type is so good as the approximation behavior of the
one-dimensional Walsh—Norlund means. The last one was investigated by
MORIcz and SIDDIQI [14]. Recently, FRIDLI, MANCHANDA and SIDDIQI [3]
generalized the result of MORICZ and S1DDIQI [14] for homogeneous Banach
spaces and dyadic Hardy spaces.

Theorem 1. Let fe LP, 1<p<oo, |n|=A4A>1and {q : k> 1}
be a sequence of nonnegative numbers.
If {qx} is nondecreasing, in sign: T, then
c

A-—1
ty (f) = fllp <
[t (f) = fllp Q. &

Y dn-22'wp (27 F) + O(wp (274, 1))
If {qi} is nonincreasing, in sign: |, such that

n—1
(6) 52 S ¢ =o(),
n k=1

then
A-1

Qc 3 G2, (270 ) + O(w,p (274, ).
=0

To prove our theorem we need the following lemmas given by MORICZ
and SCHIPP [13], YANO [17], and GLUKHOV [7].

Lemma 2 (MORICZ and SCHIPP [13]). If the condition (6) is satisfied,
then there exists a constant C such that

Lyl <C (n=1).
Lemma 3 (YANO [17]). Let n > 1, then

[t (f) = fllp <

K ][ < 2.
Lemma 4 (GLUKHOV [7]). Let a1, ..., o, be real numbers. Then
L& I 1/2
DY DW < 2
S ewnee], = 5 (35e)"
where c is an absolute constant.
As a corollary of Lemma 4, we get that
(7) 1Kl <€ (n=1),
where C' is an absolute constant and that condition (6) implies
(8) ILih<C (n=1),

where C is an absolute constant.
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Proof of Theorem 1. Clearly, condition (6) implies the regularity
of the summability method. We present make the proof for 1 < p < o0,
since for p = oo the proof goes in a similar way (where L™ = Cy).

For a sequence g T, we use the decomposition given in Lemma 1,
while for a sequence ¢, | we also use the decomposition in Lemma 1 and
the decomposition of I' and I? in the proof of Lemma 1.

Let n € N be fixed and set |n| = A. By Lemma 1 and the Minkowski
inequality, we may write that

Qullt () = 1l <
< Quoza / F)Daa @) Do %) dpe)| +
+Quean| [ (1 F(DD2a (@) ral@®) Ly (@) du(a)]| +
+Quean| [ (1 J()D3a@rala) Li_on ") du(a)]| +

+Quan| [ (7 +2) —f(-))m<w1>m<:c2>£x_QA(azl,:c2>du(sc)Hp+

+§<@n_zj+l—@n_2j+l+l>\\ | C+2)=F()Das(a) Doy (@) du(a) | +
§=0

A-127-2
+ DD Nan2ii — Gni—iali X
j=0 i=1
| LU0 = T e )| +
A—127—2
+ DD Nan2ii — Gni—iali X
j=0 i=1
H/ — FO)Das () (@) K (2) da(a) |+
+ Az:1angj+1+1(2j —1) x
j=0
|| [+ 2 = SOID e g )] +
+ Azi:l%fzjﬂﬂ@j —1) x
j=0

| [+ 2 = SOID e 1 )] +

p
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A—127-2
+ Z Z ‘Qn—Qﬂ'—i - qn—2j_i_1‘i X
j=0 i=1
<[ [ 6+ = Ot @K et duta) |+
A—1
+ Z Qn—2ﬂ'+1+1(2j - 1) X
7=0

11
< | /G ) = Oy (0 a?) du@)] ) =5 3 An

By the above formula for a sequence g |, in the expressions A, 5, ...,

Ap.11 the sum goes upto A — 2 and we have seven extra expressions A, 12,

.., Ap1s from the expression in the case of I?, but we will discuss them in
the second part of the proof of Theorem 1.

Now, we discuss A, 1. By (1), we find that

O) || [ C+0)=F()Doa(a) Do (@) duta)| < / Dya (1) Dy (27) x

< ([ 1+ 2) = 1P duty) " du) < ez, 5)

Thus, we immediately have

Ant < eQpgap1wp(27 f)

and
A1

Ans <c Z (Qn_g2iy1— Qn—21’+1+1)wp(27j7 f)-

j=0
If g T, then we get that

(Qn_2i41 — Qu_2i+111) < 2q, o

and
A-1

An,5 <c Z 2an72jw;D(2_ja f)

=0
If g |, then we get that
(Qn-2i41 — Qu_2i+141) < 2/ q,_o9in1
and

A-2 A-1

An,5 <c Z 2jqn727+1wp(27j7 f) <c Z 2lQn—21wp(2il+l7 f)
j=0 =1
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To discuss An,27 An,37 An,Ga An,?a An,Sa An,9 for any € € G7 Yy € G2
and A € P we write the following

(10) [ U+ = f@)ral) dute)| =
Ta(e)xIa

| it orae) du)| =
ale)xIa
S| St dus |

IA+1(€+6A)><IA

f(y+w)m(a:1)dﬂ($)( -
= (/IAH(E)XIA fly+a) = fly++eh)du(a)] <

S/ |fly+a)— fly+a+ey)|du(z),
Tat1(e)x1Ia

where ely := (e4,0) (and €% := (0,e4) we will use it later t0o).
To discuss A, 6, for any |j| < k we write that

Bl || [ (P64 @) = F)Da e K ) dp()| =
G2

p

- e = FO D e K ) )

g;=0
i€{0,1,....k—1}
e1=0,1>k

The function K’(z') is constant on the sets Ix(e) (e € G, |j| < k). Thus,
(10) and Lemma 3 imply that

p

1
Bi=| X 2k [  0rn - O )| <
6,=0 I (e)x Iy, P
i€{0,1,....k—1}
e1=0, I>k

1

< Y 2EP(e)] %

EiZO
i€{0,1,....k—1}
e1=0, I>k

[ Gt - s de)| du) " <
I (e)x Iy,

< > MK (o)l x
;=0
i€{0,1,....k—1}
EZZO, lzk

" (/G? </Ik+1(e)x1k Fly+a) = fly+a+e) du(:v)>p du(y)>1/p <

(e




Approximation by Nérlund means of double Walsh—Fourier series 311

1

< > 25| K7 (e)] %
EiZO
i€{0,1,....k—1}
=0, 1>k

: /Ik'+1(5)><1k- (/G2 [fy+a)—fly+a+ ellc)|p dﬂ(y)>1/p du(z) <

1

<e Y MEPEWE™ ) [ du(z) <
£;=0 Ty1(e) x 1y
i€{0,1,...k—1}
€=0, 1>k

< awp (278, AIER L < cwp(275, ).
That is, for any |j| < k we have

(11)
B} = | /G (P 2) = FO) Do (@)@ K () dia(a) | < ewp(27F, ).
This implies that
A—127-2 '
Ane = Z Z |Gn—2i—i — Qn—2i—i—1|iB] <
=0 i=0
A-127 -2 '
<c Z Z |Gn—2i—i — Gn—gi—i—1|iwp(277, f),
=0 i=0
and the discussion of A,, 7 goes similarly to that of A, ¢.
Moreover, we have
Ans < quooni12B); [ <¢d  Guogini2w,(277, f),
j=0 j=0
and the treatment of A, 9 goes similarly to that of A, s.
If ¢ T, then we get that
27 -2
(12) > dn—2i—i — Gn—2i—i—1]i <
i=0
27 —2 ' 27 —2 ‘
<D Gneoimi — (2 = 2)gpnir141 < D Gno2imi < 2 qu_a
i=1 =1

and
A-1

An,6 <c Z 2jqn727wp(27j7 f)
7=0
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Moreover, we have

A—-1

An,S <c Z qn—2i 2jwp(27j7 f)
=0

In the case when ¢ | we have

272
(13) Z Gn—2i—i = Qn—2i—i—1]i <
i=0
< (2 = 2)qn_oiip1— Y Gn2ii < 2P qu_oin
i=1
and
A-2 '
A6 <c Z 2an_2j+1wp(2_], f).
§=0
Moreover, we have
A-2 ' '
An,S <c Z qn727+12]wp(2_]7 f)
§=0

Now, we introduce the notation EJA in order to discuss A, 2, A, 3.
First, in the case when ¢ | set

Bli= | [ (+2) = F()Doa@ral@h) L ") di)]|
The method above (see (11)), condition (6) and Lemma 2 imply that

Byt ga <cwp(24 NILY gall < cwp(272, f)
(we note that |n — 24| < A—1) and
Apg < CQn—zAwp(ziAa f)-

Now, we consider the case when ¢, 1. We use Abel’s transformation
for Q,,_oa L} .4 to get

n—24-2

Qn_oaly o4 = Z (anQAfj_anQAfjfl)jK;u+Q1(n_2A_1)K71;)—2A—17
j=1

the definition of BJA and (11) to conclude that

n—24-2

A <@ 00N lano2asy — Guzaalitai(n—24 —1)) <
j=1
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n—24-2
Scwp(2_A7f)( Z Qn—QA—j+q1(n_2A_1)) <
j=1
é pr(2_ 7f)(Qn—2A + Q1(n —27 = 1))

A A
We note that if ¢, T, then @, > (n — 1)¢; and the estimate of A, 5 goes
similarly.

At last, we discuss A, 4, Ap 10, and A, 11. First, we investigate A, 4

and the estimate of the others go similarly, but we will write some words
about it.

First, let g, |. We note that LY (z',2?) is constant on the sets I4(e) x
I4(p) (e,p € G). This and the generalized Minkowski inequality give

Fr=|| [0+ a) = SO)ralatra@) 2y (o) duge) | =
G2 p
1

1

-| = S U YR

Ez‘:O i =
i€{0,...,A=1} je{o,...,A—1}

><rA(ajl)rA(:EQ)E?(:El,ajz)d,u(:n) <
P
1 1
< > > 1LY x
Ez‘:O =0

Pj
i€{0,...,A=1} je{o,...A—1}

< G2 = Fralrale? dua)] <

1 1

< Y ST LY ()l x

g;=0 pj=0
i€{0,..,A-1} je{o,...,A—1}

p
(L] (g +2) — F)ra@@ra@) du(@)| du(y))
G2 JIa(e)x1a(p)
for |j| < A. Analogously to (10), we easily get that

ay |/ (f(y+2) — F@)rala)ra(e?) du(z)| <
Ta(e)x1a(p)
<

1/p

> / AAf(x7y)d/j’(‘r)7
Tat1(e)xIat1(p)

where

Aaf(@,9) = |f@t+y) = fla+y+ed) = fla+y+eh) + fla+y+es+ei)|
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Now, inequality (14), condition (6) and Lemma 4 (see equation (8))

imply that
1

1
P Y S L) X
=0

€i p;=0
i€{0,...,A-1} je{o,...,A—1}

" </GQ </IA+1(€)XIA+1(p) Aaf(z,y) d/‘(‘r))pdﬂ(y)) e <
! 1

< > > LY p)l X

€;=0 p;=0
i€{0,...,A=1} jefo,...,A—1}

1/p
8 /IA+1(5)><IA+1(p) (/GQ(AAf(:L”y))p d/‘(:’J)) d,u(w) <

1 1

< / 1£2(e,p)| %
2 Zo Layi(©)xLati(p)

) ;=0 Pi=
i€{0,...,A-1} je{o0,...,A—1}

X dp(r)wl 5(274,274, f) <
<c|Lf el o274 274 f) S ewl (274,274, ).
That is, for |j| < A, we have
(15) Ff <L lawh o274 274 f) S cwl o (274,274, f)
and
An,4 S Qn—QAFf_QA S CQn72Aw11)72(27A727A7f) S CQn72Awp(27A7f).
Next, we discuss A,, 4 in the case when ¢, 7. By Abel’s transformation,
we write that

n—24-2

QnoaLll oa = Z (Qn—QA—j_Qn—QA—j—l)le;‘U+q1(n_2A_1)ICZ)—2A—1‘
j=1

For |j| < A, we set
Fpi= || [ 6 +2) = FOhrara@)y @ a?) dute) |

p

The method of estimating FJA (see (15)) and Lemma 4 (see equation (7))
imply that

Ff < el p(27 4274, HIKY 1 < awp (274, )
for |j| < A and

An74 = pr(27A7 f)(Qn—QA + Q1(n - 2A - 1))
For more details, see A, 2 and A, 3, in the case when g, T.
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Finally, we discuss A,, 10 and A,, 11 as follows:

A—127-2 o
Ano = Z Z |n—2i—i = Qn—2i—i—1]iF} <
j=0 i=0
A—127-2
<c Z Z |G —2i—i — qn—2j—i—1‘iwp(2ij7 f)-
=0 i=0

If gx T, by (12) we get that

A—1
An710 < Z 2JQn—2ﬂ'wp(27]7f)'
j=0
If g |, by (13) we get that
A—2
An,l(] < Z 2j(]n727+1wp(27j7 f)
j=0
At last, we get
A—1 o A—1 ' '
An11 €D Gnooiri 12 F) <Y quositi 2w, (277, f).
j=0 j=0
If gx T, then we have
A—1 ' ‘
An,ll <c Z Qn72j2]wp(2_17f)7
j=0
while, if ¢; |, then we have
A—2 A A
Amll <c Z qn—2j+12jwp(27]7 f)
j=0
Combining our results on A,,; (i = 1,...,11) completes the proof of

Theorem 1 for sequences g T.

The second part of the proof of Theorem 1. Let the sequence
gi be nonincreasing (qi |). We define A,,; (i = 12,...,18) analogously as
we did in the case of A, 1, ..., A, 11 (see the decomposition of I?2).

By (9), we have

An,12 < C(Qn—QA*I—&-l - Qn—2A+1)wp(27Aa f)-

~A-1
To estimate A, 13, An14, An,15, An,16, we define B;  as follows: for |j] <
A —1 we set
~A-1
By = |7+ 2) = FO) Do (@)raca(@yonas oy (K ) dp(a) |
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The method of estimating Bf‘ (see (11)) and Lemma 3 imply that

~A-1

BJ Scwp(27(A71)7f)7

Apass Anie < qpga1247 1w, (27 A0 )

and
A—1
2 —1 ~A—1

Anas, Appa <c Y Gnosags — Gnosari|lB; <
=1
24-1_1

<c Z @244 — Qn—2A+l+1‘le(27(A71)7f) <
=1

< c(Qp_ga-1 — Qn—2A+1)wp(2_A7 f)-

To estimate A,, 17 and A,, 15, we define Fj as follows: for |j| < A—1
we set

= (0 Oran @ +a?onn syt 4228 (a0, 2) duo)|

The method of estimating F’ jA (see (15)) and Lemma 4 imply that

~A-1

Fj < Cw€,2(2_(A_1)7 2_(A_1)7 f) < pr(2_(A_1)7 f)
As a result, we obtain

~A-1
Apis < qn,QA—12A71F2A—1 < cgp_oa-1 2A71wp(27(A71), f)
and
24711 L A-1

Apar <c Z [Gn—2441 = Gn-oayipa[lF;, <
=1

24-1_1

<c Z @244 — Qn—2A+l+1‘le(2_(A_1)7f) <
=1

< C(Qn—QA—l - Qn—2A+1)wp(2_A7 f)
These facts complete the proof of Theorem 1. O
We will discuss the following cases:

(a) if ¢ T and satisfies the condition

(16) "‘g;l — O(1).

In particular, this is the case when

qr = k° or (logk)? for some (> 0.
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(b) if gx | and satisfies the condition
(bi) qx =< k=P for some 0 < 3 < 1, or
(bii) gr < (logk)~" for some 0 < 3.

We note that condition (6) is satisfied in these cases. For more details, see
[14].

The one-dimensional analogue of the following theorem was proved by
MORIcz and SIDDIQI [14]. We mention that as special case (set g := 1
for all k) we get the so-called Marcinkiewicz means of Walsh—Fourier series.
More generally, in the case when

qk::Af::<ﬁZ*> for k>1(8#—1,-2,..),
we have the (C, /) means of Marcinkiewicz type discussed by GOGINAVA
[10] with respect to double Walsh—Fourier series.

At last, we note that the following theorem states that the approx-
imation behavior of the Norlund means of square partial sums of double
Walsh—Fourier series is so good as the approximation behavior of the one-
dimensional Norlund means of Walsh—Fourier series for Lipschitz functions
showed by MORICZ and SIDDIQI [14].

Theorem 2. Let f € Lip(a,p) for some o >0 and 1 < p < oo. If
{qr : k > 1} is a sequence of nonnegative numbers such that in case qy 1
condition (16) is satisfied, while in case g | either condition (bi) or (bii)
is satisfied, then

O(n~), if 0<a<l,
Nt (f) = fllp = { O(n~tlogn), if a=1,
O(n™1), if a>1.

Proof. First, let ¢ 1 satisfy condition (16). Theorem 1 and the
method of MORICz and SIDDIQI [14] immediately give our statement.
Second, let g | satisfy condition (bi), that is,

gr =< k7P forsome0< <1, then @Q,=n'"".

From Theorem 1 it follows that
n|—1

37 gu_m2i271  Oo(27 I,
n =0

C

Mﬂﬁ—ﬂbSQ

For 0 <1< |n|—1, we have

onl=t < p— 9t and ¢, o < 27AU7=D),
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Thus, we conclude that

The

[n]—1
¢ - — —
165 () = fllp < nl-f E 9 Anlgli=a) L g(o~Inley <
1=0

IR o@2M0=2)/n), if 0 <a<1,
< N 2 L oMy = 2 O(|n|/n), if a=1,
" =0 o(}), if a>1.

Let condition (bii) be satisfied, that is,
qr = (logk)~P for some 0 < 3, then @, = n(logn)~~.

proof goes along the same lines as that of case (bi). O
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Anmnporkcumanus cpemaunvmu Hépayrna cymm
[0 KBaJapaTaM ABOWHOTro pana ®ypne—Youma

K. HAIIL

B pabore paccmarpusarorcsa cpenaue Hépayrna cymm $ypne—Youma mo KBaapa-
ram mia pyskmuid m3z LP (1 < p < oo). Usywarorca mopsgku npubmmKeHUZA (yHK-
Ui ¢ mOMOWmDLIO STUX CPENHUX, B YACTHOCTU IUIsa (yHKIMEA n3 knaccos Lip(a,p),
rie « >0 ul < p < oo. B cayuae p = oo Mol cumraem, uro L™ sto Cyw,
T.e. K1acc Bcex W —HenpepoiBHLIX (yHKIuii. Hamu ocHOBHLIE TEOpEMBI yTBEP:KIAIOT,
YTO IJIf ABYMEPHLIX PALoB Pypre—Youma kKadecTBO IPUOIMKEHUA CPEeTHUMYU Y OJIIIa—
Hépnynna He xy:ke, yeM NI OTHOMEDHLIX PAIOB.

Kak uvacTtable ciaydanm Hammx pe3yJibTATOB MOJIYYAIOTCS OLEHKU, HEIABHO IOJIY-
uennnie B padore ara u ['orunass! [5] mia morapuMuUIeckux cpemHux CyMM MO KyOam
pana ®Pypvoe—Youmma, a takke (C,o)—cpemuux tuna MapruskeBnda s ABORHOIO
psna, kKoropole uzydaia lorunasa [10].

Bosee pamrume pesyabrarsl misi omHOMepHBIX cpenaux Hépaymna pama Pypne—
Yomma 6pumu nonydennt Moprnem n Cunnuen 8 pabore [14].
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