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Abstract. We present series representations for some mathematical constants,
like ~, 7, log 2, ¢(3). In particular, we prove that the following representation for Euler’s

constant is valid:
e (r—1 1 s
= —1)"72% = +1 .
=3 (e (e )

1. Introduction

Many remarkable series, product, integral, and continued fraction rep-
resentations for e, 7w, and other mathematical constants are given in the
literature. An excellent account on this subject can be found in FINCH’s
monograph [4]. The author describes in detail the history of numerous con-
stants and their interrelationships. We also refer the interested reader to
the recently published research paper [1] and the references therein.

It is the aim of this note to present new series representations for powers

of m, log 2, Euler’s constant
= lim (H, —lo n)—/l(ijui) dt = 0.57721
T e e TR = logt  1—t -

where H,, denotes the n-th harmonic number,
H,=14+1/24---+1/n,
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Apéry’s constant

<1 1 1 (logt)?
g(g)zzﬁz§/o B = 120205

and Catalan’s constant

2 (1) /1 log t
=Y S =— [ ——dt=0915%....
G g(zk 2 T g dt = 0.9159

Our work has been inspired by an interesting paper of AMORE [2], who
modified a method of Flajolet and Vardi to obtain series representations
for m and G. A key role in our proofs plays the following formula for the
logarithmic derivative of Euler’s gamma function,

¢ =T"T,
which is due to Ramanujan:
5 1
M () v +loga= |

A proof of (1) is given in [3].

ty_l xtz—l

1—-¢t 1-—-t*

)dt (x,y,z > 0).

2. Series representations for ¥(z) — ¥ (y)

In this section we offer two series representations for ¥ (z) —(y), where
y,z > 0. Let A < 1/2. From (1) we get

1 ty—l _ tz—l 1 1 ty_l _ tz—l
@) e -vl) = | t= [ =

1t =3
_ % Ol(ty—l —tz—l)]i(%)kdt -
_ ,iﬁ/ol(ty_l _ (= A\ dt =
— ;i ﬁ /Ol(ty—l — tz—l)jz: (f) (=N dt =
-3 o Z (];)( W [l e
==y ,: T 2 @ N e
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We denote by (z), the Pochhammer symbol, which is defined by
(x)o=1, (@)p=z@+1)(x+2)---(r+n—-1) (neN).
Let 0 < p < 2. Using (1) leads to

_ A\y—1 _ _ 4\z—1
w<z>—w<>:/“ O Q0 -

i Gl A T
N “/ 1 “— ) it =
= U= = (= ) S )t e =
k=0
_ ! _ p\y—1 _ p\z—1 . k _
= MI;]/O [(1-1) (1 =) (1 — ) dt =
S ! y—1 z—1 j
:szz:o/ﬁ (1=t —(1-1¢) ];)(])( pt)? dt
= M:Oj; (f) (=174 /01[(1 — )V = (1= dt
We have . C(ITG + 1) '
y—14j y)Lr\ J
/0 Q= = 5, ) ~ ()j+1
Thus,
(3) ¥(z) —Y(y) =
]+1 o ) 1 _ 1
= kzjojz% J+ 1)] ((y)j+1 (z)j-s-l)‘

In the next section we show that (2) and (3) can be applied to obtain
series representations for several well-known constants.

3. Mathematical constants

I. Euler’s constant. We set y = 1 in (2) and integrate both sides with
respect to z from 1 to x > 0. Since

1/}(1) ==
this yields

o0 k - .
e s (o s
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The special case x = 2 gives
1 Jj+1
— +log——).
v = Z HIZ() (j+1+ogj+2)

And, if A tends to 1/2, then this gives

N ZZC:D (L ios 2.

r=1s=1

II. 7 and log 2. Using
$(1/4) =~y — 3log2 — 7,
we conclude from (2) (with y =1, z = 1/4) that

1
log2+z k+12( ) m

And, if A tends to 1/2, then we have

27
(4) —:——log2—|—zz<) m.

k=07=0
Applying (2) (with y =1, 2 = 1/2) and
¥(1/2) = =y —2log 2

leads to

. 2_%;% Mlapi— L
082 = 2 (T e Z\j G+DEi+1)

k=0
We let A tend to 1/2. This gives
(5) log2 = ZZ( > 2
0g2 = oo

i=0i=0 (.7+1)(2.7+1)

Combining (4) and (5) yields
. 2J
6 b . . :
0 2::2::() G+DE@+1DE+1)
We have 1 1 3
1/1(§> = —6\/§7r ~3 log3 —~

and

1[)(§> = é\/gﬂ'— ;log?)—fy.



Series representations for mathematical constants 5

Using (2) (with y = 1/3, z = 2/3, A — 1/2) we obtain the following
counterpart of (6):

27
WﬁstZ() (3j+1)(3j+2)'

k=075=0

II1. {(3), G, and powers of w. Let n > 1 be an integer. By differenti-
ation with respect to z we get from (2) (with y = 1):

M W) = DY Z<> R

Since
$M(1/2) = (=)™ nl2" T = 1)¢(n + 1),

we conclude from (7) that

. 1 > 1 " (k \)E—i 1
e g e 5 ) Y G

If X\ tends to 1/2, then this gives

B ) —2 T3 (’“) ) A —
1 —2-(nt1) j (2j + 1)nt1-

k=0j=0 \J

The special cases n = 1,2,3 lead to the following:

27
N AV I
(10 @) - zz(])< TS
27
(11) 7r —192%32%() W
We have

(1) = (=1)" 'l (n + 1),
so that (7) implies

o 1
C(n+1) Z k+1z<> W-
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If X\ tends to 1/2, then this gives

(12) n—i—l—QZZ() ﬁ

k=07=0

For n = 1,2,3 we find the following striking companions of (9)—(11):

7r_12§32<) _2j

= (.7+1)2
=233 ()0

77_18OZZ<> .Zj

== (J+1)4

The formula

n n— Bn n
¢(2n) = (-1)"F12? 1(2—;)!w2 ;

where By, denotes the k-th Bernoulli number, reveals that (8) and (1

be used to obtain series representations for 72" with n > 3.
From (3) we find by differentiation with respect to z:

P ISR 3 B

z4+1

k=075=0 i= 0
If z=1 and pu =1, then we obtain
H 1
. —GZZ( ) =Y
k=0 j=0 J+1
We have
(13) Y'(1/4) =72 +8G and ¢'(3/4) = 7* —8G.
Applying (7) (with n =1 and A — 1/2) gives
oo k i
k . 9itl
2 k—
™ +8G = B NG ) [ A —
kgojzo <J> (j +1/4)2
and
oo k i
k .2t
2 k—
™ —8G = ) [ ) Lt A —
kz::o;) (J) (j +3/4)2

2) can
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These lead to

o Kk Jof 2j + 1
G—16ZZ<) DY e ey

k=07=0
and
1652 + 165 + 5
w2 =32 k ek j— -
> (F)now g
From (7) (with n =2 and A — 1/2) it follows that
. 9i+l
= —2 7-7_7
(@) =25 2 () g
and

o= 2535 ()

k=075=0
Using the formulas

(14)  ¢"(1/4) = —2(z° +28((3)) and "(3/4) = 2(n* — 28((3))
yields

64 N & » J(2j+1)(16j2+16j—|—7)
7220 S G e 1 87

and

. 4852 + 485 + 13
— 128 1)k—igi
" Z Z ( > (47 + D% + 37
Formulas (13) and (14) are given in [5], where it is also shown that

similar expressions exist for ¢(2?)(1/4) and ¥(?™)(3/4). These expressions
and (7) lead to series representations for ((2n + 1) and 72"+ with n > 2.
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IlpencraBsienue B Bume psamaoB vy
" OpYyTrUX MaTeMaTUYeCKNX KOHCTAHT

X. AJIL3EP u C. KYMAHIOC

[Tomydyeno npencraBieHVe B BHAE PANOB HEKOTOPBLIX MaTeMAaTUYECKAX KOHCTAHT,
Takux Kak 7, log2, ((3). B wacTHOCTH, yCTAHOBIEHO CJIEAYIOMEE IPEACTABICHUAE I
MOCTOSIHHON Diinepas:

v= iZ(Z:i) )’“”( +log +1)

r=1s=1
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