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Abstract. We investigate first Baire functionals on the dual ball of a sepa-
rable Banach space X which are pointwise limit of a sequence of X whose closed
span does not contain any copy of ¢1 (or has separable dual). We propose an
example of a C'(K) space where not all such first Baire functionals exhibit this
behavior. As an application, we study a quantitative version, in terms of descrip-
tive set theory, of family a separable Banach spaces with this peculiarity.

1. Introduction

It is well-known that, for a separable Banach space X, the unit ball of
its dual, endowed with the weak* topology, is a compact metrizable space. If
we denote K = (Bx«,w*), then X can be naturally identified with a closed
subspace of C(K), and X** as a closed subspace of A (K), the Banach
space of all bounded affine functions on K in the sup norm. Many properties
of the geometry of X can be deduced from these natural identifications. For
instance, X is reflexive if and only if X** C C(K).

Let us denote by Bj(X) C X** the class of bounded first Baire func-
tionals on K (i.e., the pointwise limits on K of a bounded sequence in X),
and by DBSC(X) C By(X) the subclass of differences of bounded semicon-
tinuous functions on K. To emphasize the influence of such spaces on the
geometry of X, it is worth recalling the following theorem.

THEOREM 1. (a) X* = By(X) if and only if {1 does not embed isomor-
phically into X;
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(b) DBSC(X) = C(K) if and only if co does not embed isomorphically
into X.

The first statement is a classical theorem of E. Odell and H.P. Rosenthal
([15,18]), while part (b) was proved earlier by C. Bessaga and A. Pelczynski
([1]). Generalizations of Bj(X) to spaces where K is not compact metric
space, with applications to Banach space theory, have been developed in
[9]. Theorem 1(a) was refined by J. Bourgain [5], where an ordinal was in-
troduced, now known as Bourgain’s index. H.P. Rosenthal asked whether,
for a fixed z** € By(X), there always exist a sequence (x,), € X such that
o = w*-lim, 4 o x,, and either ¢; does not embed in the closed subspace
generated by (z,), or the subspace has a separable dual (see [5,6]). It was
shown in [6] that the answer is positive if 2** is a difference of bounded
semi-continuous functions, but negative in general.

In Bourgain’s example, the extreme situation occurs: there exists a
Banach space Xp such that BY(Xp) = B}(Xp) = Xp and Bi(Xp) # Xp.
A Banach space X is called weakly sequentially complete if B;(X) = X. In
connection with the above questions, it is worth mentioning the following
(see e.g., [17]).

THEOREM 2. Let X be an infinite dimensional Banach space.

a. If X has the Schur property, then X is weakly sequentially complete
and has no reflexive subspaces.

b. If X is weakly sequentially complete and has no reflexive subspaces,
then X is hereditarily €1 (i.e., any infinite dimensional subspace of X con-
tains 7).

For the aforementioned Bourgain’s example, the space X'p provides also
an example of Banach space where the converse of Theorem 2(b) does not
hold. Since the example in [6] was briefly sketched, we will provide it here
in more detail for the reader’s convenience. Moreover, following Bourgain’s
idea, we also provide an example showing that the converse of Theorem 2(a)
does not hold either.

At this point, it is convenient to introduce the following notations.

DEFINITION 3. Let X be a separable infinite dimensional Banach space.

e BY(X) consists of those z** € X** such that z** is the pointwise limit
on K of a sequence (x,), in X (i.e.; lim, x*(z,) = 2**(«*) for all z* € K),
and the closed span span{zx,, : n € N} has separable dual.

e Bi(X) consists of those 2** € X** such that 2** is the pointwise limit
on K of a sequence (z,), in X, and the closed span span{xz,, : n € N} has
no ¢1-subspace.

From the definitions above, the following inclusions are clear:
X C BY(X) C Bi(X) C Bi(X)C X*.
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For the strict inclusions BY(X) S Bi(X) and B}(X) & Bi(X), Bour-
gain’s example is very extremal, making it difficult to describe a family of
separable Banach spaces where these inclusions are strict. To overcome this
obstacle, we provide a C(K) space in which the phenomenon above holds.
For such a space, it becomes almost standard to derive the descriptive set
nature of the family of separable Banach spaces X, endowed with the Effros—
Borel structure, such that BY(X) and/or B}(X) & B;(X). It is shown that
a quantitative version of Bourgain’s theorem holds: namely, this subfamily is
not Borel in the family of all separable Banach spaces. The idea of studying
the descriptive set nature of a family of separable Banach spaces has already
been used by various authors (see [2-4,13] for example). It is worth men-
tioning that in most of these constructions, the Pelczynski universal space
[14] was used; here, we consider a different universal space instead.

To avoid any confusion, in the following, we assume that 0 € N, which is
relevant when we consider any sum starting at index 1.

2. Preliminaries

We recall that a topological space X is called a Polish space if it admits
a compatible metric d such that (X, d) is a separable complete metric space.
A measure space (X, ), where X is a set and ¥ a o-algebra of subsets of X,
is called standard Borel if there is a Polish topology on this set whose Borel
o-algebra coincides with Y. A continuous image of one Polish space into
another is called an analytic set, and sets that are complements of analytic
sets are called coanalytic. As usual, we denote by 1 all the analytic sets
and I} all coanalytic sets in a given Polish space. By a classical Souslin’s
theorem, we know that ] NII] is exactly the Borel o-algebra. Given a
standard Borel space X, a set A C X is said X}-hard (resp. IIi-hard) if for
every Polish space Y, any analytic (resp. coanalytic) B C Y can be written
as B = f~1(A) for some Borel map f: Y — X. If moreover, A is analytic
(resp. coanalytic), then it is called a complete analytic set (resp. complete
coanalytic set). Since there exist analytic sets (as well as coanalytic sets)
that are not Borel, it follows that ¥}-hard and II}-hard sets are always not
Borel.

By a classical theorem of Banach, every separable Banach space is iso-
metrically isomorphic to a subspace of C(2¥). Thus, denoting by F(C(2¥))
the set of all closed subsets of C'(2¥), we consider by SB to be the subset
of F(C(2%)) consisting of all linear subspaces of C'(2¥) endowed with the
relative Effros—Borel structure. We refer the reader to the book [12] for all
notions and notations regarding descriptive set theory.

The following result can be found in [4].

PROPOSITION 4. SB is a Borel subset of F(C(2¥)) equipped with the
Effros—Borel structure.
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Recently, Godefroy and Saint-Raymond [10] proved that for any admis-
sible topology 7, SB is a G subset of F(C(2¥)) equipped with 7, and thus
it is a Polish space for the topology induced by 7. For the definition of
admissible topologies, see Section 2 of [10].

We denote by w = {0,1,...} the first infinite ordinal. If we consider w
with the discrete topology, then w* becomes a Polish space. Let w<% be the
set of all finite sequences in w. If s = (s(0),...,s(n —1)) € w<¥ | we denote
its length n by |s|. In particular, the empty sequence ) has length 0. For
every i € {0,...,n}, let us denote by s|; = (s(0),...,s(: — 1)) and s|o = 0.
For s,t € w<¥, we say that s <t if and only if |s| < |¢t| and s; = t; for every
i€{0,...,]s| —1}; in such a case we say that t is an extension of s. For
s=1(s(0),...,s8(n—1)) and t = (¢(0),...,t(k — 1)), the concatenation st is
defined by

st =(s(0),...,8(n—1),t(0),...,t(k —1)).

A subset T' C w<¥ is said to be a tree on w if t|; € T for every i € {0,...,|t| —
1}, whenever t € T'. Let us denote by T the set of all trees on w. A subset
I of a tree T is called a segment if it is completely ordered and if s,t €
with s <, then every s </ <t = /¢ €. Two segments I,y are called
completely incomparable if neither s <t nor ¢ < s holds for every s € I1 and
t € I. Since T can be seen as a closed subset of 29~ (observe each element
as its characteristic function) and the last one is a Polish space, it follows
that T is Polish as well. For 6 € T, a branch through 6 is an € € w* such
that for all n € w,

eln = (e(0),...,e(n—1)) € 6.
We denote by

[0] = {¢ € w” : ¢ is a branch through 6},

usually called the body of 6.

A tree 0 is well-founded iff [#] = (); i.e., 6 has no branches. Otherwise,
we will call @ ill-founded. We will denote by WF (resp. ZF) the set of well-
founded trees (resp. ill-founded trees) on w. The following is fundamental
for our purpose.

THEOREM 5 [12, Theorem 27.1]. The set ZF is ¥1-complete.

For a tree § € T, one can consider the derivate procedure; i.e., let §/ =
{s€f:3teb,s <t}, and by standard transfinite induction one defines

° =6, 0t =(%, 0= ﬂ 0% if o is a limit ordinal.
B<a
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If there exists o < wj (the first uncountable ordinal) such that 6% = (), we
define o(f) = min{a < wy : 6 = P}. If there is no such countable « such
that 8% = (), then we set 0(f) = w;.

The following is a particular version of the Kunen—-Martin theorem.

THEOREM 6. A tree 6 € T is well-founded if and only if 0o(0) < wy.

For € T and k € w, let (k) = {(n1,...,n) € w<¥ : (k,n1,...,ny) € 0},
and 0 = {s € 0 : (k) < s}. The next proposition follows by an easy transfi-
nite induction procedure.

PROPOSITION 7. Let 8 € WF with o(8) > 1. Then

o(0) = 21615[0(9(k))] +1

In particular, o(6(k)) < o(8) for all k € w.

Before concluding this section, we recall the following theorem which is a
consequence of the Kuratowski-Ryll-Nardzewski selection theorem (see [12,
Theorem 12.13)).

THEOREM 8. There exists a sequence of Borel functions d,: SB —
C(2¥) such that for every X € SB the sequence {d,(X):n € N} is dense
mn X.

2.1. Lavrentiev and Bourgain indices. Let us recall two special
indices (see [5]).

DEFINITION 9. Let K be a compact metric space and let A, B be two
disjoint Gs subsets of K. Let R(A, B) consists of all transfinite (strictly)
increasing sequences (Go)a<p (8 < wi) of open subsets of K such that

1. Ga41 \ Gy is disjoint with either A or B, for all a < ;

2.G, = Ua<’y G, if v < B is a limit ordinal;

3. Go =0 and G = K.

Then define

L(A,B) = min{f < wy : there exists (Go)a<p in R(A, B)}
DEFINITION 10. For each o < wq, let
Go = {(A,B) € 2K x 2K . A, B are disjoint G sets and L(A, B) < a}.

If the cardinality of K is the continuum, then G,’s are strictly increasing [5,
p. 240].

In particular, if f is a first Baire function in a classical sense, and a,b
€ Rwitha < b, then {r € K: f(x) <a} and {z € K : f(x) > b} are disjoint
G5 subsets of K. Then one can use the notation

L(f,a,b) = L{x € K : f(z) <a},{x € K: f(z) = b}).
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DEFINITION 11. For each ordinal «, by induction one defines a new or-
dinal [a]:
[0] = 0;
(8] = sup,<[BJwo + 1.
DEFINITION 12. Let X be a separable Banach space and § > 0. Let
o0
T(X,6) = {(ml,...,xk) eXFilz| <1 (1<i<k)
k=1

and

k
>0 |\l for all (A)E, € Rk}.
=1

k
E i
=1

Of course, T'(X, ) is a norm closed tree on X. The one can define the
Bourgain ¢;-index as

o(X,9) =0o(T(X,6)) + 1.
The main result in [5] can be state as follows.

THEOREM 13. Assume X is a separable Banach space which does not
contain ¢1. Denote by K = (Bx«,weak™). Then, for every z** € X**  with
|z**|| < 1, and for every reals a,b,§ with 0 < & < 5(b— a) one has

L(z™|k,a,b) < [o(X,0)].

DEFINITION 14. Let (A, By )nen be a sequence of pairs of subsets of K.
We let

oo

T(AnaBn,n): U {(nl,...,nk) ENk;nl <<y
k=1

k
and for each (e1,...,e;) € {—1,1}" holds ﬂ evAn, # (Z)}.
=1

which is of course a tree on N, we use the notation 1-A,, = A,, and
(=1)- A, = B,,. Take

0(Ap, Bp;n) :=o(T(An, By;n)) + 1.
The following has been proved in [5, Theorem 25].

THEOREM 15. Assume (fn)nen 1S a sequence of continuous functions
on K, which is pointwise relatively compact in the space of first Baire
functions. Then, whenever f is a pointwise cluster point of (fn)nen and
a < c<d<b are reals, it holds

L(f;a,0) < [o({fn < ¢}, {fn > d}in)] <wi.
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2.2. Pointwise stabilized sequences. Let K be a compact metric
space.

DEFINITION 16. We say that a sequence (fy,)n, € C(K) pointwise stabi-
lizes if f,,(s) = fn(s) for n,m big enough and for each s € K.

Let us recall the following well known result.

PROPOSITION 17. If the set of all extreme points of the dual ball of a
Banach space is a norm separable set, then the dual itself is separable.

Using the lifting property of extreme points, it follows

COROLLARY 18. Let X be a Banach space, Y a closed subspace of X and
1: Y — X the canonical injection. Let E be the set of all extreme points in
the dual ball of X and suppose that i*(E) is a separable subset of Y*. Then
Y™ dtself is separable.

We also recall the following fact:

ProrosiTiON 19. If R: X — Y is a bounded linear operator and
R(X)" s separable, then also R*(Y*) is separable.

From the last two propositions, we deduce the following.

PROPOSITION 20. If (fn)n is a sequence in C(K) which pointwise stabi-
lizes, then X = span{f, : n € N} has separable dual.

PROOF. Denote by i: X — C(K) the canonical injection. By Corollary
18, it is enough to show that i*(K) is a separable set in X* (identifying
elements of k € K as Dirac measures J, then as functionals on C(K)). For
each m € N define the compact set

Ky ={s€ K: fu(s) = fm(s) for n > m},

and the restriction map p,, : C(K) — C(K,,). It is clear that p,,i(X) is
finite dimensional and thus it has separable dual. By Proposition 19 we have
i*pr (Kpm) = i*(K,,) is a separable set. To finish the proof, it is enough to
note that K = J,, Ky, O

3. Some geometry of Banach spaces

Let us start with some geometrical lemmas useful to study families of
Banach spaces. The proof of the first lemma is omitted since it follows
directly from the Hahn—Banach separation theorem. Using a standard nota-
tion, for a subset A of a Banach space X, we denote by co(A) the convex hull
of A. Moreover, unless specifically said, all closed subspaces are considered
infinite dimensional.

Acta Mathematica Hungarica



J. MIRMINA and D. PUGLISI

LEMMA 21. Let X be a Banach space and A, B C X be so that AV nB"
# 0, where the weak* closures are taken in X**. Then

|- [I- dist(co(A), co(B)) = 0,

where co(A) denotes the convex hull of A.

LEMMA 22. Let X be a Banach space and 'Y, Z be two closed subspaces
of X with canonical embeddings i: Y — X and j: Z — X respectively.
If i**(y**) = 7**(2*), for some y** € B1(Y) and z** € Z**, then for every
sequence (ey,)n, of positive numbers, there exist (yn)n C Y and (z4)n C Z such
that w*-lmy, o Y = y™* and ||y, — zn|| < &y, for each n € N.

Consequently, w*-lim,_,« 2, = 2**, and thus z** € B1(Z).

PrOOF. We can assume that |[y**|| = ||2**| = 1. We know there exists
(zn)n €Y such that w*-lim, o0 x, = y*™*. Let A, = {z, : n > m}. Then,
by assumption Amw* N Bzw* # () for each m € N. The previous Lemma
tells us || - |-dist(co(A,), Bz) = 0. Therefore, there exist y,, € co(4,,) and
Zm € Bz such that ||y, — zm|| < en for each m € N. Of course, it follows
w*-limy, 00 yp = y*™*. O

PROPOSITION 23. Let x** € X** be such that dist(z**,X) >e >0 and
™ = w*-limy, o0 Ty, for some sequence (x,)n, € X. Then (x,), admits a
subsequence (yn)n such that

(3.1) max |a;| <

4
1<i<n €

n
§ a;Y;
i=1

whenever (a;)?_, C R.

PROOF. By induction, one can construct a subsequence (y,), of (zy)n,
and a sequence (y), in the unit sphere of X* such that
(1) 2 (y5) > &;
(i) yg(yp) = 0if p < g;
(iti) vz (yp) — 2™ (yg)| <eTPif ¢ < p.
Indeed, let us pick x1 € X such that [|z** — z1|| > . Since dist(x™*, X)
> ¢, it follows that |[z**|| > €. Let us fix y] € Sx- such that yj(z**) :=
x**(yy) > €. By assumption, let us consider n; € w such that

Y1 (@n, — 2™)| <77l
Therefore y; = z,,, and yj satisfy (i), (ii), and (iii).
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Let us assume that yi, ..., yp (with y; = x,,) and y7,...,y; have been

found. Take ¥* € {y1,...yx} N Sx~ such that y*(z**) > . By assumption,
let us consider nyy1 > ng such that

~x k() kK €
‘y (‘Tnk+1) -y (.Z' )| < 7k+1

and
€ .
[Yi (@) =9 (@) < gy T {1 k)
It is easy to check that yi, ..., yk, Tn,., and yj, ..., y;, y* satisfy (i), (ii),
and (iii).

Let us fix (a;)_; € R and suppose that |ax| = max;<j<y, |a;|. We have

llaiyr + az2(y2 — y1) + -+ + an(yn — Yn—1)||

n

> larllyi (i)l — D lasl - [7(s) — vi(We1)]
s=k+1

> ag| - [l2* (yi) | = 2™ (yr) — y(yr)l]

= > lasl - gk (ys) = =™ WD) + i (ys—1) — =™ (53]
s=k+1

n
3 £ 3 3 £
> (e o )laxl - ;ﬂw(?s o) = gl = 5 max fail
S=

By applying this inequality for by = ay + - - - + a,,, we obtain

max |a;| <2 max |b;]
1<i<n 1<i<n

4 4
= EHblyl +bo(yz —y1) + -+ bp(Yn — Y1) || = ) O

n
E aiYi
i=1

LEMMA 24. Let X be a Banach space and Y, Z be two closed sub-
spaces with canonical embeddings i: Y — X and j: Z — X respectively.
If & € [i™(B1(Y))Nj*(B1(Z))]\ X, then Y contains an infinite dimen-
sional subspace W which is isomorphic to a subspace of Z and such that
€ K (B1(W)), where k: W — X is the natural injection.

PROOF. Assume that dist(z**, X) > e > 0. By Lemma 22, there exist
(Yn)n CY and (z,)n, C Z such that w*-lim, o0 yp = 2** and |y, — 25| <
£27"73 for each n € N. By the previous proposition, one can pick (Yn, )k @
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subsequence of (y; ), such that (3.1) holds. This implies that W = span{y,, :
k € N} is an infinite dimensional subspace of Y and, as [|yn, — zn, || < §27%, it
follows that W and span{z,, : k € N} are isomorphic and z** € k**(B1(W)),
as wished. [

ProrosITION 25. Let X be a separable Banach space, Y be a closed
subspace of X and i: Y — X be the natural embedding. If y** € By(Y),
then

y** € BI(Y) if and only if i**(y**) € Bi(X).

PROOF. One implication is of course trivial. If z** = i**(y**) € B} (X),
then X has a closed subspace Z with no f¢;-subspace, such that z** €
7 (B1(Z)), where j: Z — X is the natural injection. Since y** € By(Y),
by previous lemma there exists a closed subspace W of Y which is isomor-
phic to a subspace of Z such that ™ € k**(B1(W)), where k: W — X is
the injection. Therefore W has no ¢;-subspace and hence y** € B{(Y). O

Analogously, one has

ProroOSITION 26. Let X be a separable Banach space, Y be a closed
subspace of X and i: Y — X be the natural embedding. If y** € B1(Y),
then

y** € BY(Y) if and only if i**(y**) € BY(X).

4. Bourgain’s example and more

It is well known that if F' is a nonempty closed subset of [0, 1], then
[0,1] \ F' is the union of countably many disjoint intervals; i.e.,

[0,1]\ F = [O,a[U<U]cn,dn[>U]b, 1],

n

where a = inf F', b = sup F' and ¢, d, € F for each n.
Assume now f is a real valued function on F', and let consider the fol-
lowing extension

f(t), for t € F,
_ ) ot for t € [0, ]
Bt = 10/ (0), for t € ]b, 1]
dcff—_cif(c") + dt;_cgnf(dn), for t € Jen, dy|.

We also denote by Rpf the restriction of f on F'. The following properties
are easy to verify.
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PROPOSITION 27. Let K, L be non empty closed subsets of [0,1] such
that K - L. Then EKf = ELRLEKf.

PROPOSITION 28. If F' is a non empty closed subset of [0,1], then Ep
induces an isometric embedding of C(F) into C([0,1]).

For alli € Nand j =1,...,2" we denote by I; j = ](] —1)27% 5271 [

PROPOSITION 29. There are sequences (K;); and (L;); of nonempty
closed subsets of [0,1] and a sequence E;: C(K;) — C([0,1]) of isomet-
rically embeddings, satisfying:

(1) |K;| = ¢ (where | -| denotes the cardinality of a set and ¢ the contin-
uum);

(2) K; CL; and {j27:0<j <2} C Ly;

(3) L; is meager and the sequence is increasing;

(4) E;f extends f

(5) E;f is 27 -periodic;

(7) Ei, f(t) =0 if t € L;, where iy < is.

PROOF. In the construction, we proceed by induction on 7. Let K be
any closed and meager subset of ]0, 1[ such that |K;| = ¢ and take L; = K3
U{0,1}. Let E; be induced by Fk,. »

Suppose L; are obtained. It is clear that the set L = sz;l (LinTit1j) —
(j —1)2=0*tD] is a meager subset of Ii11,1. Consider any closed and mea-
ger subset K;y; of Ijy11 such that |K;41| =c and LNK;1; =0. Take
M =LUK;1U{0,270+D} and Lipy = U (M + (j — 1)270+Y], which
are still meager. It remains to introduce E;y;. Let f € C(K;11). The
function f € C(M) will be obtained by taking f(t) = f(t) for t € K; and
f(t) = 0 otherwise. If f € C(Li41) is the 27D periodic extension of f to
Lii1 , then take F; 1 f = ELMf. It is easy to check that all the conditions
are satisfied with this construction. [

4.1. Setting on a sequence of Banach spaces. For each ¢ € N, as-

sume that X; is a subspace of C(K;) and (e¥);, a sequence in X; satisfying:
k .

(1) [legll = 1

(2) X; = span{el : k};

(3) I X pen areg |l = do max{|ax| : k € N};

(4) For each i, the operator T;: X;1; — X; which maps efﬂ to ef ex-
ists and it is moreover strictly singular (there is no infinite dimensional sub-
space Y of X1 such that the restriction T;|y is an isomorphism).
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4.2. The construction of the space. Foreachi,k € N, let ¢; = 27,
and define

fF=Eiel; gf =% eiffs hi = eiff; fF=)Y eff
j<i §>i i
Let us introduce the spaces
Y; = span{gf : k € N}; Z; = span{h¥ : k € N};
Finally, let
X :=span{f*: k € N}.
ProprosITION 30. For each i € N and k € N we have
a. Zk = ELiRLifZ'Ii ’ifil § i;
b. Ry fF=0ifi; >4
c. g = Er.Rp,gF;
d. Rp,hF =0.
For each i € N, the following operators exist
e. ai: X — Y; which maps f* to gf;
f. Bi: X — Z; which maps f* to hf;
g. mi: X — X; which maps f* to ef;
Moreover, ||a;|| <1, ||l <2, |mi]| < 2¢;t. Finally, for each i € N

(4.1) TZ'7TZ'+1 = ;.

PROOF. a. follows from Proposition 29(6) and from Proposition 27. b.
follows from Proposition 29(7). c. and d. follow directly from the previous
a. and b.

For each i € N, let (ax) be any sequence of reals with are zero except
finitely many. Then,

Hzakfk > HzakRLi(Qerhf)
k k

= H > arRyg ’ZakRLiQf
k k

Thus the operator «; exists and ||a;|| < 1.

Let I: X — C([0,1]) be the canonical injection. Then for the operator
B; it is enough to consider I — ;.

Finally, observe my = 651RK0a0 and m; = ei_lRKi(ozi — aj—1). The last
equality is obvious. [

C(Ly)

’Zakgf :
k

Now, let us study some geometrical property of X.
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PROPOSITION 31. If (zp)n is weakly null in X, then
Nlim sup ||Bi(zn)]| = 0.
1—+00 neN

PRrROOF. Fix € > 0. By Baire’s classical theorem there exist i €N, j €
{1,...,2"} and some ng € N such that

(4.2) lzn(t)] <e/2, iftel;; and n > ng.

Take i1 > so that ||8;,(x,)| <e for n=1,...,n9 and iz > i1; assume,
by contradiction, that |8;,(xy)|| > ¢ for some n > ng and iy > 4. Let
jo € {1,...,22} be such that I, ;, C I; ;. Since B;,(z,) is 2~ -periodic
and L;, is meager, we obtain that |3;, (z,)(t)| > € for some t € I;, j, \ Li,.
P Now, &/2 > |z ()] = |Bi, () (t)] — v, (xn)(8)] and thus |ev, (2,)(8)] >
e/2.
Since o, (v,) = B, R, i, (7,), then

@iy (20) (1) = Acvi, (2n) (€) + (1 = N, () (d),

where t €]c,d|, Je,d[NL;, =0, ¢,d € L;, and A = Z:Z'

Since {k27%2; 0 < k <22} C L;,, we have that c,d € I;, j,. Of course,
some ty € {c,d} is such that |, (z,)(t2)| > /2 and hence also |(z,)(t2)] >
£/2 (remember that 3;,(z,) =0 on L;,). By (4.2), this yields the required
contradiction. 0

Using a standard argument, we deduce from the previous proposition
the following,.

COROLLARY 32. If (z,) is a weak* converging sequence in X then
lim sup ||B;(zy)| = 0.
1—=+00 N

PROPOSITION 33. If the Banach spaces X; are weakly sequentially com-
plete, then X is weakly sequentially complete.

PROOF. Assume (z,), € X is a sequence converging to x** € X**.
Fix € >0 and by the previous corollary there exists ¢ € N such that
sup,, || Bi(xn)|| < €/4. Since B*(x**) = w*-lim,, B;(xy) in Z*, we also have
187 (@)l < & /4.

On the other hand, 7/*(z**) = w*-lim, m;(z,) in X;* and since X;
is weakly sequentially complete, by Mazur’s lemma, we have 7*(z**) €
co{mi(zy) : n € N}. Let M = max{||T}|| : 0 <j <i} and let (\,), positive
reals such that > A, =1 and

&
M

@) = 3 Aami(a)

<
4
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Since z** = af* (™) 4+ B (2**), we also have

2= Aawnl|| < || (27) = Y M) ||+ |87 (27) = D AnBilwn)
kkskok kk €
SZ&“]' Ej T (a: )—Z)\nEjﬂ'j(xn) —|—2
J<i n
ok kK €
= ;gj Ly (z )—Xn:)\nﬂj(xn) + o

If j <4, then 7; = T} ---T;_1m; and thus

(@) = D M) || S Tl Tl (@) = D Anrj(n)
n n
< M"Y < .
- A4M? ~ 4
Therefore,
. € € -
T —Xn:)\nxn <j2<;€j4+2<24+2—6.

This implies that ** € X. O
PROPOSITION 34. The space X is hereditarily ¢1.

PROOF. Let Y be an infinite dimensional subspace of X and let (y,),
be a basic sequence in Y. Therefore, there exists ¢ > 0 such that

n
Z aiYi

=1

> c-max{|a;| : 1 <1i<n},

whenever (a;); is a finite set of reals. Let (2,), C span{f* : k € N} so that
|zn, — ynll < ¢~ for each n € N. By 4.1(3), for each finite set of reals (a;);,
lavf' + -+ anf7l| 2 llargy + - angg |
= collarey + - - - anely|| > 0do - max{ja;| : 1 < i < n}.
By a standard procedure (see for example [8, p. 46]), it is possible to pick two

increasing sequences (p; ), (¢ ), of integers and a block subsequence (z; ), of
(f*)1 such that

(1) pr < @r < Pre1;
(2) llzr — (2p, — 2. )|l < 52
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o0 o0
S a3 . — v) ]
r=1 r=1

[ee] [e.e] [e.e]
<Y larlllzr = (o, = 2 )+ Y larll9p, — 2ol + Y larlllya. — 7, |
r=1 r=1 r=1

< max{|a,| : 7 € N}
o0 o0 o0
x [Z e — (o — 2 )+ S o — 2+ v, — zqrn]
r=1 r=1 r=1

1
< max{|a,| : 7 € N} -¢- [3Z5T]

r=1

Therefore,

9

3 3
= 4cmax{|aT| :re N} < 4H zT:ar(ypr ~ Yq,)

and hence

iH Zar(ypr - yqr) ‘ < H Zarmr
T T

Actually this means that (y,. — yq,)r and (z,), are equivalent.
To show that ¢; embeds in span{z, : r € N}, it is enough to show (see
[18]) for each ¢ € N there exists &; € span{z, : r € N} of unit norm such that

7
é 4 H ZGT(yPT - qu)

1 1 )
inf &(1; ;) < A and sup&;(l;;) > 5 for each 1 < j < 2"

Let M = max{||Tv||,...,||T:||}. By 4.1(3) it follows that (mo(z;)), are lin-
early independent in X, as well as (m;+1(x,)), are linearly independent
in X;4+1. Since miq1(span{z, : r € N}) is an infinite dimensional subspace
of X;11 and the operator T;: X;11 — X, is strictly singular, there must
exists £ € span{z, : r € N} so that || =1 and

Eit1 1

Imi (N = ITimir 1 (O < | oy i lmira (Ol < g e

Thus,
... .
1w (O < I3l - I Tiallllm ()l < ¢ iy <i—1
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and therefore,

las©)ll < Y eslm©@l <
J<i
Since & = a;(§) + B;(€), ti follows that [|3;(€)[| > 3. Recall that 62(5) is 27%-
periodic, then sup 3;(€)(I; ;) > 2, so that sup &( Z]) o forall j=1,...,2%
On the other hand, RLlﬂZ(f) = O, this implies that \5( )| <) forallte L .
Finally, to complete the proof it is enough to recall {j27%: 0 § j <24 C L.
(]

4.3. Bourgain’s example. Let us recall the following James space.

Ns

>

k=ns_1+1

I8
il = sup_sup [Z

ny<-Ny s—1

PROPOSITION 35. Let 1 < p < oo and let cgy endowed by the following
norm
p] 1/p
Let J,, be the completion. Then the following hold:
a. Jy, is hereditarily £,;
b. J, is not reflexive. More precisely, the sequence (ex)y of the unit vec-

tors is a monotone basis which weak™ converges in J;* with no weak limit
point.

The following proposition is well known.

PROPOSITION 36. Let 1 < p < q < oo. Then the spaces £, and £, are to-
tally incomparable; i.e., there is no infinite dimensional which is isomorphic
to a subspace of £, as well as a subspace of {;.

THEOREM 37. There exists a Banach space Xp which is hereditarily £1
but not weakly sequentially complete.

ProoF. To realize X, we construct a sequence of Banach spaces X;
with the properties 4.1. Let X; = J 42 viewed as a subspace of C(K;) and

let (eF)x be the unit vectors of J e To show that the operators T; exist,

it is enough to observe that ||:L‘||p > Hﬂ:Hq whenever 1 < p < ¢ < co. Since
X is hereditarily £i+>= we get that T; is strictly singular by Proposition 36.

i+1

Let X be the Banach space obtained via 4.2. For each i € N, (ef); is a
weakly Cauchy sequence in X; and then ( fzk) 1 is a weakly Cauchy sequence
in C([0,1]). Therefore, (f*);, is a weakly Cauchy sequence in Xz. But (f*)y
does not weakly converge since (mo(f*))x is not weakly convergent in Xj.
Finally, by Proposition 34 it follows that Xp is £i-hereditarily. [J

For what we have said above, the following now is easy to get.
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COROLLARY 38. For the space above the following phenomenon happens:
BY(Xg) = B{(X5) = Xp and Bi(Xp)# Xg.

4.4. Another example: a variant.

THEOREM 39. There exists a Banach space Y which is hereditarily ¢4
and weakly sequentially complete, but not a Schur space.

PROOF. As before, we realize the space ) by a sequence of Banach
spaces Y; with the properties 4.1. For each ¢ € N let Y; = £:+2, which can be
i+1

viewed as a subspace of C(K;). For (eF), we simply take the unit vectors
of £i+2. For the same reason as before, the operator T; is well defined and

striciglly singular by Proposition 36. Let ) be the Banach space obtained via
4.2. For each ¢ € N, w-limy_, ef =0 in Y; and thus w-limg_, o fzk =0 in
C([0,1]). Therefore also w-limy_,o, f¥ = 0 in C([0,1]). On the other hand

1F*l > Nleo XNl = eoll £51 = eo-

This means that ) is not a Schur space. Of course ) is hereditarily ¢1 by
Proposition 34. Finally, since each Y; is weakly sequentially complete we
also get )V weakly sequentially complete by Proposition 33. U

4.5. On the construction of particular first Baire functionals.
Firstly, let us recall that if K is a compact metric space and X = C(K) then
every 1-first Baire function ¢ on K extends to some ¢ € B1(X) by taking

@(u)=/Ks0 dp, peC(K)"

This extension is unique by Choquet’s theorem.
Before to present the next example, we need to recall a type of conver-
gence for a sequence.

DEFINITION 40. Let C be a set and (f,,), be a sequence of real valued
functions defined on C'. We say that (f,,), converges strictly on some A C C'
if

Z |frt1(x) — fn(x)] < 400 for each z € A.

Of course, strict convergence implies pointwise convergence. Let us also
recall the following easy fact.

LEMMA 41. Suppose (fn)n strictly converges in some A C C' and (ng)g
is a strictly increasing sequence of integers. If for each k € N, g € co{f, :
ng <n < ngy1}, then also (gi)k is strictly convergent on A.
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PROOF. It is enough to note that, for z € A

|9k+1(2) = gr ()| < sup{[fy(2) = fp(@) : nk < p < mpy1 < g < Mgy}

Nggo—1
< DY (@) = fal@)].
Therefore,
> gk (@) — gr()]
B
nk+1_1 nk+2_1
S| X i@ - L@+ Y ) - H)
k n=ng N=Nj4+1

< 22 |fn+1(x) - fn(x)| <oo. [

Let us denote by ext(Bx-) the set of all extreme points of the unit dual
ball endowed by the weak™ topology.

DEFINITION 42. Another subspace (not closed) of By(X) is defined as
Bi‘(X) = {x** € X™ . 2™ is pointwise limit of a sequence (z,,), of X
such that (z,), converges strictly on ext(B X)}

The following will be really useful.
THEOREM 43. The following inclusion B{¢(X) C BY(X) holds.

PRrROOF. Let z** € B{°(X), of course we can assume z** ¢ X. Let
(zn)n € X pointwise convergent to x** which is strictly convergent on
ext(Bx~), and also bounded by ||z**||. For each r € N, let

K= {st € B s ot on) — ()| < ),
n

then (K,), is an increasing sequence of weak* compact sets such that
ext(Bx~) C U, K;. Let p,: X — C(K,) be the restriction map, identifying
elements of K, with Dirac measures, we have K, = p(K,). By Proposition
23 (see the proof), there is a subsequence (yn)n of (z,), and some € > 0
such that, if e; = y; and e, = ¥y, — yn_1 We have

g an€n
n

;max{\an\ :neN} < ‘

for all finite sets (ay), of reals.
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Let Y = span{y, : n € N} = span{e,, : n € N}. By the above inequality,
it is clear that the operator s: Y — ¢ such that

E aTLeTL - aTL n

is well defined. Let us show that Y* is separable.

Let i: Y — X be the canonical injection, then i*(ext(Bx-)) C U, i* (K,).
By Corollary 18 it is enough to show the separability of i*(K,) for each r € N.
Since for 2* € K, we have that ) |z*(e,)| < 7 then there exists an operator
0 :cy — C(K,) such that the diagram

y — x - O(K,)

\/

commutes (just define ¢ of the n-basis element of ¢ to take value p,(e,)).
In particular, we have

i(Ky) = i pp(Ky) = s7C(K).

Since ¢*(K,) is a subset of ¢;, we have that s*¢*(K,) is a separable subset
of Y* as wished. [

4.6. An alterative example. In this subsection we use notations and
results given in Sections 2.1 and 2.2, to make this section more readable we
suggest to have a look before.

Let K = 2“ be the Cantor set and consider the space X = C(K). In this
section we will show that another phenomenon as Corollary 38 occurs for X.

Let us denote by (K, s)ren, 1<s<2r the system of Cantor intervals. If f

is a function on K, ; we can define a function ? on K, ¢ defined by

F)=flt—(s-1)27), tekK,.

For each » € N let ¢, = 5"; by induction let us construct A,, B, disjoints
Gy sets in K, 1, a function ¢, € Bi(K, 1), a sequence (frn)n € C(K, 1) and
a subspace X, of C'(K) such that the following happens:
1 on A,
.o, =<7 " with =1;
Pr ~1, on B, w H%HC(K)

2. The sequence (f,n)n is a stabilizing sequence pointwise bounded by

1 which pointwise converges to ¢, ;

3. X, =span{d . _ &5 fsn:n €N}
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4. L(Ar, By) > [o(X—1, 9)]-

To make this construction possible, it is enough to observe that disjoint
(G5 sets can be separated by a set which is both G5 and F,, then one can
consider the characteristic functions as limits of a pointwise stabilizing se-
quence of continuous functions (see [11]). By Proposition 20, X is separable
and thus X, does not contain ¢;. By [5, p. 245] it follows that o(X,,d) < wy
for all § > 0. Moreover, for what we said in Definition 10, the classes G, are
strictly increasing.

For each r € N, let §,, = 27" and ¢, be a first Baire function on K given by

bolt) = Bolt), ifte Koo
" 0, otherwise.

Finally, define

=) &@, and U=3 &4,

which are obviously in B;(X). Here the main result of this section (recall
the notation at the begin of Section 4.5).

THEOREM 44. The fgllouiing hold:
1. ¥ € B{(X) and ® + V¥ € BY(X);
2. d ¢ BH(X).

PROOF. For each r,n € N let us define

rnta 'ftEKT T—1
gra(t) = {7 @), 1 o

0, otherwise.

Consider the sequence g, = >, §,gr, in C(K) which is bounded by 1 and
pointwise stabilizing with limit ¥. By Proposition 20, span{g,, n € N} has
separable dual and ¥ € B{¢(X).

It is clear that @ is pointwise limit of the sequence (f,,), in C(K), where
fn=> 67«77«@. Thus ® + ¥ = lim,(f, + g») pointwise. Let us show that
span{gn, n € N} and span{f, + gn, n € N} are isomorphic, which implies
that ® + ¥ € BY(X). Indeed,

‘ S anfn || <D e
=Y e

E Angrn
n
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4 4
< 52& ;angn = 5‘ ;angn

9

and so

9 ‘
<
5

; ‘ Z andn Z angn + fn Z andn
n n n

Let us show that if (h,)m is a uniformly bounded sequence in C'(K) with
pointwise limit ®, then span{h,,, m € N} contains ¢;. Without loss of gen-
erality, we can assume that h,, € co{f, : n > m}. Thus, for each r € N, we
obtain a sequence (A )n, in C(K,1) such that for each m
i) hy, is convex combination of f,, (n > m);
T Sy
Let us prove that for each r € N there is h € span{h,,, m € N} such that

S ‘

(4.3)
3 1 1 .
|h] < o inf h(K, ;) < —g’ sup h(K; ) > g forall s =1,...2";
this will complete the proof by [17].

Since limy, h;.,, = limy, f,, = ¢, pointwise in K, ; by Theorem 15 it fol-
lows that

L(Ay, By) < L(pr, —1,1) < [0(Cp, Dy m)]
where Cp, ={t € K,1: hpn(t) < —%} and D,, ={t € K;1: hyn(t) > %}
Therefore,

o(Xr_l, Eg) < 0(Cpyy Dpyym).

%
From i) we have that if x,, = ZZ;% €s h sm, then (z,,), is a sequence in the
unit ball of X,._1. Let us define the following tree on N:

o
T = U{(ml,...,mk)eNk:ml<~'<mk
k=1

and (T, ..., Tm, ) € T(Xr_l, Z)}

Obviously o(T') < o[T(X,_1, )] < o[T(Cy, Dyy;m)]. This means there are
my < --- < my, such that (my, ...,my) € T(Cp, Dy m) and || SF_ Nz, || <
% for some (\;)f, € R* with Zle |\i| = 1. Consider (v;)%_, € {£1}* so
that Zle v;A; = 1. Since (myq,...,my) € T(Cyy,, Dyy;m) both sets ﬂle viCp,
and ﬂle v;Dy,, are nonempty (we are just using the notation 1-C,, = Cy,
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and (—1) - Cyy, = Dyy,). Hence, if u = >, Aihym,, then inf u(K, ;) < —3 and

supu(Ky1) > 5, as well as inf 7 (K,.,) < — 5 and sup U(K,s) > 5, for all
s=1,...2". Let us also observe that

h = Er_l Z )\thv, = Er_l Z )‘Z‘Tmb + 7 + E;l Z )‘Z ngﬁsﬁma

s>r

so that ||h — || < (G +Xar8s) = 5. Since | ]| < 1 we have that h
satisfies (4.3). O

As consequence, we get
COROLLARY 45. For X = C(2¥), then B} (X) and BY(X) are not vector
spaces, in particular it follows

X G BY(X), B1(X) & Bi(X).

5. Families of Banach spaces

5.1. An auxiliary space. Let us denote by (u,), the standard
Schauder basis of C'(2*). We denote by coo(T') the space of finitely sup-
ported functions from 7' = w<* to R and by xs: T'— {0, 1} the character-
istic function of {s} for every s € T'. Thus coo(7T") = span{xs:s € T'}.

An admissible choice of intervals is a finite set {Ij :0 < j <k} of inter-
vals of T such that every branch of T" meets at most one of these intervals.

We define the following norm on c¢oo(7):

2 1/2
o

> uls) uy
s€l;

where the supremum is taken over k € w and over all admissible choices of

intervals {/; : 0 < j < k}.

We let Us(T') to be the completion of coo(T") under the norm || - ||2. In
the sequel, for A C w<*, we denote by Us(A) the closed subspace of Us(T)
generated by {xs : s € A}. We recall some useful lemmas to understand
the structure of those spaces introduced above. The next three lemmas are
well known (see [4, Lemmas 1.3, 1.4, 1.5] and also [13]).

LEMMA 46. The sequence {xs : s € T'} determines a basis for Us(T'). For
any ACT, {xs:s € A} determines a basis for Us(A).

LEMMA 47. Let b be a branch of T. Then

(i) The space Us(b) is isomorphic to C(2%).

(ii) If 0 € T and if b is a branch of 0, then Us(b) is complemented in
Us(6).

k

lyll2 = sup [Z

i=0
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LEMMA 48. Let (A;)icw be a sequence of subsets of T such that every
branch of T meets at most one of these subsets. Then the spaces

Uy < U AZ-> and <@ Ug(AZ-)>

1EW 1EW L2
are 1sometric.

5.2. Different sequences of first Baire classes. Coming back to
our main ingredients, the following will be essential for the main result of
the paper.

THEOREM 49. Let § € T.
(i) If 0 is ill-founded, then B} (Ux(0)) & B1(Ua(9));
(ii) If 0 is well-founded, then Us(0) = Bi(U2(0)) = B1(Us2(9)).

Proor. (i) If 6 is ill founded, we pick b a branch of §. By Lemma 47,
Us(0) contains a complemented copy of Us(b) ~ C(2¢). By Corollary 45 and
Proposition 25, it follows that B} (Us(0)) & B1(Ua(6)).

(ii) For 0 € T, s € T and i € w, we define

sTO={s"t:teb}.

Since Uz (0) = Uz(D™6), to prove the theorem it is enough to show the
following

Cramm. If 0 is well-founded, then for any s € T', Us(s™8) is reflexive.

We will show the Claim using transfinite induction on o(0).

We assume that for every tree 7 € T such that o(7) < a < wy, Ua(s™7)
is reflexive for any s € T'.

Let 0 € T such that o(f) = a, and for s € T'let Ny = {i € w: s (i) € 0}.
We let A; = s7 (i) 0(i) for i € Ny, so that (J;cn. Ai = (s70)\ {s} and every
branch of T' meets at most one of the A;’s. If ¢« € N,, by Proposition 7 we
get 0(0(i)) < a, thus Us(A4;) is reflexive by the induction hypothesis. By
Lemma 48, we have

a0\ (s = (U ) = (D U2<Ai>)£2,

1€N, 1EN,

and thus Us((s™0) \ {s}) is reflexive.

Since {xs, :j €w, s; € 570} is a basis of Uy(s™6) with the first ele-
ments s and the other element generate Us((s™0) \ {s}). Then, we have
that Ua(s™6) = R x Ua((s70) \ {s}). Therefore Us(s™0) is reflexive. Since
reflexive, it easily follows B (Uz(0)) = B;1(U2(#)) (which are both equal to
Uy(6)!). O
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Similarly, one gets

THEOREM 50. Let § € T.
(i) If 0 is ill-founded, then Uy(0) S BY(U2(0)) S B1(Ua(0));
(ii) If 0 is well-founded, then U () = BY(U2(0)) = B1(Us2(9)).

Another main ingredient for our purpose is the following.

LEMMA 51 [4, Lemma 2.4]. The map ¢: T — SE defined by
@(0) = Us(0)
1s Borel.

We are ready to state the main theorem of this note.

THEOREM b52. The family of all separable Banach spaces X such that
Bl(X) & Bi(X) is Xi-hard. In particular it cannot be Borel in SB. Simi-
larly { X € SB: Bj(X) S Bi(X)} is X-hard.

PROOF. Let us denote by F such a family. If F was bot ¥{-hard, then
IF C ¢ 1(F), and the inclusion has to be strict. Indeed, ZF is X1-complete
and thus E%—hard, while ¢ ~!(F) does not, by our assumption. Therefore,
there must exist § € WF such that ¢(0) € F. This is in contrast with The-
orem 49(7i). For the second part, just use Theorem 50 instead. [

Analogously, we obtain

THEOREM b3. The family of all separable Banach spaces X such that
X g Bi(X), as well as the family of all separable Banach spaces X such
that X G BY(X) are X}-hard.

Finally, we would like to observe the following.

THEOREM 54. The family of all separable Banach spaces X such that
By{(X) = BH(X) is I11.

PROOF. Let us denote by F such a family. The equality Bi(X) =
Bi(X) holds if and only if for every (z,), which weak* converges to
some x** € B{(X) such that span{z, : n € w} 2 {1, exists (y,), such that
w*-lim,, x,, = w*-lim,, y,, and span{y, : n € w} has separable dual.

Let

B = {(X, (Zn)ns (Yn)n) € SB x C(2¥)% x C(2¥)% :
(@n)ns (Yn)n € X, (Tn)ns (Yn)n € W(X),
W -1 (zn)n = 0 (), (T0)n € (G (Co )], (gn)n € G (SD)}
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is coanalytic, thus
C= {(X, (n)n): Iyn)n € X¥ such that (X, (xn)n, (Yn)n) € B}
is 223, hence
F={XeS8B: (X,(zn)n) € C.V(zy), € X“}
is 1. O

5.3. Final comments and open questions. In [16] Odell con-
structed a Banach space X with Schauder basis (f,), such that the closed
linear span of (f,), does not contain ¢; and for any strictly increasing se-
quence (ky)p of integers, then the dual of span{ fx, : n € N} is not separable.
It seems that the following question would be open.

QUESTION 55. Is there a non-reflexive separable Banach space X not
containing {1, such that for any sequence (x,)y, € X with w*-lim,, x,, = z** €
X**\ X, then the dual of span{z,, : n € N} is not separable?

Finally, related to Theorem 54, the following would be quite natural to
ask:

QUESTION 56. Is the family of all separable Banach spaces X such that
B{(X) = BH(X) coanalytic?
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