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Abstract. For an infinite family of real biquadratic fields k we give the
structure of the Iwasawa module X = X (k) of the Z2-extension of k. For these
fields, we obtain that A = u =0 and v = 2. where A\, i and v are the Iwasawa
invariants of the cyclotomic Zs-extension of k.

1. Introduction

Let ¢ be a prime number and & a number field. A Galois extension ko /k
is called a Zg-extension if the topological group Gal(ks/k) is isomorphic to
the additive group Z, of ¢-adic integers. Except for the trivial subgroup, all
the closed subgroups of Z, have finite index. Such a closed subgroup is of
the form ¢"Z, for some positive integer n and the corresponding quotient
group is cyclic of order ™. Thus, if ks /k is a Zs-extension, there is a unique
field k, of degree (" over k for all n, which called the n!" layer of ko /k.
These k, and k., are the only fields between k and k..

Every number field k, has at least one Zs-extension, namely the cyclo-
tomic Zyg-extension. It is obtained by the compositum k., = kQs, where
Qo is the cyclotomic Zg-extension of the field of rational numbers Q.

For each positive integer n, let a, = 2005(2312) and Q, = Q(ay,), then
Qn C Qui1 by apy1 =2+ a,. The extension Q, is cyclic of degree 2"
over Q. This mean that Q. = J;—,Q, is the unique Zs-extension of Q.
Specifically, the first layer Qq of the cyclotomic Zs-extension of QQ is the
real quadratic field Q(v/2). Accordingly if v/2 ¢ k, the first layer k1 of the

cyclotomic Zs-extension of a number field k is ky = k(v/2).
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Let A(k,) be the ¢-Sylow subgroup of ideal class group of n' layer k,,
and X (ky) = Jim A(k,,) be the inverse limit with respect the norm map. For
all sufficiently large n, the order #A(k,,) is described as,

A (k) = P

by the Iwasawa invariants A, ;4 and v. The inverse limit X (k) = lim A(k,,)
is called the Iwasawa module for ko /k. Greenberg conjectured claims [§]
that A and p both vanish for any prime number £ and any totally real num-
ber field k. When £k is abelian over the field of rational numbers Q, and k.
is the cyclotomic Zg-extension of k, Ferrero and Washington [2] proved that
w=0.

In the previous years, many authors work on Greenberg’s conjecture for
totally real fields. For example, Ozaki and Taya [17] proved the existence
of infinitely many real quadratic fields k£, with A\ = g = 0 in various situ-
ations. Y. Mizusawa [16] discusses some cases of real quadratic fields, for
which Greenberg’s conjecture hold. On the other hand when k = Q(,/p) is
real quadratic field with prime number p, T. Fukuda and K. Kamotsue [4,5]
have given some sufficient conditions for the conjecture to be true, mainly in
terms of units of the n'” layer k, of the cyclotomic Zs-extension for some n.
Comparing with previous papers, the main novelty of this article is to con-
struct an infinite family of real biquadratic fields k, such that the Iwasawa
module X (ks), is isomorphic to Z/27Z x Z/27Z. Then we prove that the
Iwasawa A and p-invariants of ko /k vanish, which confirms a conjecture of
Greenberg’s.

The aim of this article is to prove the following theorem:

THEOREM 1. Let p, q and s be distinct prime numbers with
p=5 (mod8), ¢=3 (mod8) and s=7 (mod8),
and let k be one of the biquadratic fields

Q(v/as,v/2pq), Q(vas,v/pa) or Q(v/2gs,v/pq)-

< ) ( ) ’
q S

is satisfied. Then the Iwasawa module X (ko) is isomorphic to 7./27 X 7./ 27.
Consequently A = p =0 and v = 2.

2. Preliminary results
During this paper, we fix the following notations.
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k number field.

Uk the unit group of k.

Ok the ring of integers of k.

k1 the first layer of the cyclotomic Zs-extension of a number field k.
Ay the 2-Sylow subgroup of the ideal class group kj.

A the 2-Sylow subgroup of the ideal class group k.

Ni the relative norm of K /k.
r(K/k) the number of primes of k ramified in K.

m positive integer.

Em the fundamental unit of Q(y/m).

h(k) the class number of k.

h(m) the class number for the quadratic number field Q(y/m).
("7 )m  the m!" power residue symbol.

(’k ) the norm residue symbol.

+# the order of a finite group.

In this section, we are collecting some results that will be useful in the
sequel. The following result gives the rank of 2-Sylow subgroup of ideal class
group of a number field K, such that K contains a number field £ with odd
class number, and the extension K/k is quadratic. Recall that the 2-rank of
the ideal class group of k, meant to be the dimension of A(K)/2A(K) as a
Fy-vector space.

LEMMA 1 [6]. Let K/k be a quadratic extension of number fields. As-
sume that the class number of k is odd, then the rank of the 2-Sylow subgroup
of the ideal class group of K, is equal to r(K/k) —e — 1 where 2¢ = [Uy, : Uy,
N Nieyr(K7)).

Let k be a number field and d a square-free integer satisfying v/d & k.
The determination of the integer e return to search units of k that are norms
in the extension k(v/d)/k. A unit ¢ of k is norm in k(v/d)/k if and only if the
value of the norm residue symbol (E d) equals 1, for each prime ideal P of k
that ramifies in k(v/d). For instance, when all units of k are norms in the
extension k(v/d)/k we have e = 0. Note that the definition of norm residue
symbol can be extended to any extension of the form k( ¥/d)/k where m is
a positive integer and k contains the m* roots of unity.

Let K/Q be a real biquadratic field. The field K has the three real
quadratic subextensions F;/Q (i =1,2,3). Let ¢; be the fundamental unit
of F; (i=1,2,3), and A(K), A(F;) the 2-Sylow subgroup of ideal class group
of K, Fj, respectively. Put the group index Qx = [Ux : (—1,e1,e2,€3)].
Then, we have Qg = 1,2 or 4. S. Kuroda [14] proved the following equa-
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tion:
BA(K) = | Qi #AF) #A(F) #A(F).

This is often called Kuroda’s class number formula. Furthermore, a system
of the fundamental units of K is one of the following types (cf. [13, p. 72,
Satz 1]):

(1) {51752753}7

(2) {\/51752753}7 (NFl/Q(sl) - 1)7

(3) {ve1, ez, e3} (Npjgler) = Npyjle2) = 1),

(4) {Ve162,€2,€3}, (N jgle1) = Np,ole2) = 1),

(5) {Ve1€2, /23, €2}, (NF, jo(e1) = N, jo(e2) = Nor,ole3) = 1),

(6) {\/e162, /2283, vE1€3} (N, jg(€1) = Np,jq(e2) = No(r, o(es) = 1),

(7) {Ve162e3,€2,€3}, (Np, j0(e1) = Np,jq(e2) = Nor, joles) = £1).

LEMMA 2 [11]. If Ng(ym)/o(em) = —1, then all odd prime factors of m
are congruent to 1 modulo 4.

The following result plays a crucial role in the proofs of our results.

LEMMA 3 [15]. Let F be a real quadratic number field with fundamental
unit € and discriminant D. Suppose that N F/Q(e) = 1. Then, there exists a
positive square free integer m dividing D such that me is a square in F'.

REMARK 1. As in the proof of Lemma 3, the integer m is norm in the
extension F'/Q.

PROPOSITION 1 [1]. Let p, q¢ and r be distinct prime numbers with
p=—qg=-s=1 (mod4)

and let k = Q(\/qs, \/pq). Then the rank of 2-Sylow subgroup of the ideal
class group of k equal to 2, if and only if the condition

()= ()
is satisfied,

Add to the above proposition the following theorem which plays an im-
portant role in the proof of our main theorem.

THEOREM 2 [3]. Let koo/k be any Zy-extension such that any prime
of koo which is ramified in koo /k is totally ramified.

(1) If rank(A;) = rank(A), then rankA(k,) = rank(A) for all n > 1.

(2) If #A; = #A, then #A(ky,) = #A for alln > 1.

Let us close this preliminary reminder by recalling the following known
result that we shall use through our computations.
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THEOREM 3 [9]. Let k be a number field containing the m-th roots of
unity and K be a finite extension of K. Let a € k*, and € K*. For an
ideal prime P of k we have

, Ny k(B),
1), - ().

where the product is taken over all the prime ideals of K above P.

3. Rank of Iwasawa module of the cyclotomic Zs-extensions of
certain real biquadratic fields

PROPOSITION 2. Let q and s be prime numbers such that ¢ = s = —1
(mod 4). Then we have

Vaeqs € Q(v/qs) or (/seqs € Q(1/q5).

2

Consequently eqs = qu® or €gs = sv° where uw and v are two elements in

Q(v/as)-
PRrROOF. The discriminant of Q(,/gs) is equal to gs. By Lemma 2 we
have No(,/¢s)/0(€¢s) = 1. Lemma 3 gives that there exists an integer m | gs

such \/megs € Q(,/gs). Since g4, is the fundamental unit of Q(,/gs) then m
must be contained in {g, s}. Either way, we can conclude that

VEqs € Q(\/qs) or \/seqs € Q(\/gs).

Therefore £, = qu’ or €gs = sv? where u and v are two elements in Q(vaqs)
as desired. [

PropPoOSITION 3. Let g and s be prime numbers such that ¢ =3
(mod 8) and s =7 (mod 8). Then,

V52245 € Q(1/2¢5).
Consequently, €245 = sa® where a is an element in Q(y/2¢s).
PROOF. The discriminant of Q(1/2¢s) is equal to 8¢s, and
No(yags)/0(e20s) = 1

(see Lemma 2). By Lemma 3 and Remark 1 there exists an integer m | 2¢s
such that m is a norm in the extension Q(1/2¢s)/Q and ,/mezqs € Q(v/2gs).
By the facts ( (21) = —1, 2 and ¢ are not norms in the extension Q(1/2¢s)/Q,
hence we deduce

V58245 € Q( \/2qs) )
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Therefore £945 = sa® where a is an element in Q(y/2¢s). This establishes the
proposition. [

PROPOSITION 4. Let p and q be prime numbers such that p =5 (mod 8)
and ¢ = 3 (mod 8). Then,

VPepg € Q(Vpa) or \/qepq € Q(v/pq).
PROOF. The discriminant of Q(,/pq) is equal to 4pgq, and

No(ypg)/0(Epg) = 1.

By Lemma 3 there exists an integer m | 2pg such that m is a norm in
the extension Q(/pq)/Q (see Remark 1) and ,/mey, € Q(y/pg). Since
€pq 18 the fundamental unit of Q(y/pg) then m must be contained in
{2,p,q,2p,2q,2pq}. On the other hand we have p =5 (mod 8) and ¢ =3

(mod 8), which means: (2) = (2) = —1. Then 2, 2p, 2¢q and 2pqg are not

norms in the extension Q(,/pq)/Q. Therefore

VPepg € Q(/pa) or \/qepg € Q(v/pa)-
This shows the statement. []
LEMMA 4. Let q and s be distinct prime numbers with

g=3 (mod8) and s=7 (mod38)

and let L be the biquadratic field L = Q(\/qs, \/2) . Then, {\/€2qs€qs,€qs,€2}
is a fundamental system of units of biquadratic field L. Therefore the Hasse
unit index Q7 is equal to 2.

PRroOF. By Proposition 2 we have
VEqs € Q(/gqs) or \/seqs € Q(\/gs).
Proposition 3 gives that ,/seaqs € Q(/2¢s). Therefore,
VEqs€2gs € L.

Since Ny, /) /Q(Eg) = —1, ey is not a square root of an element of L. It fol-

lows that {,/e24s€¢s,E¢s, €2} is a fundamental system of units of biquadratic
field L, which gives that the Hasse unit index @7, is equal to 2. [

LEMMA 5. Let q and s be distinct prime numbers with
¢g=3 (mod8) and s=7 (mod38).
Then the class number of L = Q(\/qs, \/2) 18 odd.
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PROOF. Assume that ¢ and s satisfy the conditions in Lemma 5. By
Lemma 4 the Hasse unit index for the biquadratic number field L is equal
to 2. On the other hand, the class number formula gives that

_ 2h(2qs)h(qs)h(2)
A .

We have h(2) = 1 and h(gs) is odd [19]. Moreover since ¢ = 3 (mod 8), from
[10] we have h(2¢s) =2 (mod 4). This allows us to conclude that the class
number of biquadratic number field L = Q(y/gs, v2) is odd. O

PROPOSITION 5. Let p, g and r be distinct prime numbers with

h(L)

p=5 (mod8), ¢=3 (mod8) and s=7 (mod )

()= ()=

q s

Let F be the biquadratic field F = Q(\/Qqs,\/pq). Then, the Hasse unit
index Qp is equal to 2.

and

PROOF. By Proposition 3 we have ,/sea.s € Q(1/2¢s), and Proposition
4 gives that /peyq € Q(\/pq) or \/qepq € Q(y/pg). On the other hand, the
discriminant of Q(v/2ps) is equal to 8ps, and Ny, ops)/q(E2ps) = 1. By
Lemma 3 there exists an integer m | 2ps such that m is a norm in the
extension Q(v/2ps)/Q and /megps € Q(v/2ps). On account of the fact
that e9,s is the fundamental unit of Q(v/2ps), m must be contained in
{2,p,5,2p,2s}. By the facts p =5 (mod 8), we have 2, 2p and 2s are not
norms in the extension Q(y/2ps)/Q, hence we deduce /peays € Q(y/pg) or
V/SE2ps € Q(v/2ps). Therefore, VEpaE2pss \/E2ps€2qs O \/EpgEaps 18 In the bi-
quadratic field F' = Q(+/2¢s, \/pq). It follows that, a system of the fundamen-
tal units of F is one of the types {,/epq€2¢s; €245, E2ps }» 11/E2psE2¢ss Epgy E2ps } OT
{\/qusgps, €2¢s,E2ps }- (See a system of the fundamental units of biquadratic
fields at the beginning of page 4). Either way, we can conclude that the
Hasse unit index Qp is equal to 2. [J

PROPOSITION 6. Let p,q and r be distinct prime numbers with

p=5 (mod8), ¢=3 (mod8) and s=7 (mod )

PN _ (PN _
()= ()=
Let k be the biquadratic field k = Q(\/pq, \/qs) . Then, the Hasse unit index
Qy. is equal to 4.

and
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PrOOF. By Proposition 2, \/qe4s € Q(y/pq) or \/se4s € Q(y/gs). On the
other hand, Proposition 4 gives that ,/pe,, € Q(/pq) or \/qep, € Q(\/Pq)-
Then

VEpaas:  VEpgfps and  \/Epscys,

are in the biquadratic field & = Q(,/pq, /gs). This allows us to conclude
that a fundamental system of units of the biquadratic number field k, is
{\/ququ, VEpgEpss \/Epsé‘qs}. Therefore, the Hasse unit index @)y, for the bi-
quadratic number field k is equal to 4. Thus, we have proved the desired
result. [J

In order to prove Theorem 1, we use the following proposition.

PROPOSITION 7. Let p, q and s be distinct prime numbers with
p=5 (mod8), ¢=3 (mod8) and s=7 (mod38),

and k = Q(\/pq,/qs). Assume that the condition

P\ [P\ _

()=() =
18 satisfied. Then the rank of 2-Sylow subgroup of the ideal class group of
k1 =k(V2) = Q(v/ra, /a5, V/2) is equal to 2.

PrOOF. We see that ky = L(/pq). From Lemma 5 the class number L
is odd, moreover the number of primes of L which are ramified in k; is equal
to 3. Consequently for Lemma 1 the rank of 2-Sylow subgroup of the ideal
class group of k; is equal to r(k1/L) — e — 1 such that r(k;/L) = 3 and 2¢ =
(U : U, NN (k{)]. Then to prove that the rank of 2-Sylow subgroup of the
ideal class group of ki is equal to 2, it suffices to show that all units of L
are norms in the extension k1 /L. Since ( ‘f) = 1, the rational prime p splits

in Q(\/qs) . Then pOg vas) = P1P2, where P; and P, are two prime ideals
of Q(y/gs) lying above p. By assumption (;‘;) = —1, we have P10 = B,
and P01, = By, where By, By the two prime ideals of L lying respectively
above P; and Po. So from the properties of the norm residue symbol we get

(EqsaPQ) _ <NL/Q(\/qs)(€qs)7PQ> _ <€[215,]9Q> —

%1 7)1 731
VEqs> D4 . NL/Q(\/qs)(\/Eqs)apq . tegs, P
By B Py B P

(7))
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(o) = () =G = ()

(—glpq) _ <NL/@(¢§;)1(—1)7PQ> _ (17’31?) = 1.

and (Z) = —1, if we denote by P’ the prime ideal of Q(1/2¢s) lying above
the prime p, we have pOg,/245) = P’ and P'Op, = B85, then

<\/€2q37PQ> _ (NL/Q(\/2qs)(\/€2qS)?pq> _ <€2q87p)

On the other hand by Proposition 3, £945 = sa?. By the facts (’q’) =(7) =1,

B, P’ P’

sa%,p S, p s
(- (- ()
By the condition ¢ =3 (mod 8) and s =7 (mod 8) we can see that rational

prime 2, remain inert in Q(,/gs). Hence 20q( /gs) = S and SO, = M2, For
all unit « in L we have

(u,qS): NL/o(yas) (W), pa .
R S '

Consequently all units of L are norms in the extension k1 /L. This allows us
to conclude that e = 0 and complete the proof of the proposition. [

THEOREM 4. Let p, q and s be distinct prime numbers with
p=5 (mod8), ¢=3 (mod8) and s=7 (mod8)

and let k be one of the following biquadratic fields

Q(v/gs,v2pq), Q(Vas,vpa) or Q(+/2gs,/pq).

q S

is satisfied. Then the rank of the Iwasawa module X (ko) is equal to 2.

PRrROOF. The extension ki/k is ramified this means that the extension
koo /E is totally ramified. In Proposition 1 the rank of the 2-Sylow subgroup
of the ideal class group of k is equal to 2. From Proposition 7 the rank of
the 2-Sylow subgroup of the ideal class group of k; is equal to 2. Therefore
we obtain

rank(A) = rank(A;) = 2.
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By using Theorem 2, the rank of X (k) is equal to 2. O

4. Proof of main Theorem 1

Before giving the proof of the main theorem, we are going to give some
preliminary results.

It is known ([7, Ch. 5, Theorem 4.5]) that there exist exactly three in-
finite families of non-abelian finite 2-groups G of which the largest abelian
factor groups G are isomorphic to Z/2Z x 7/27Z. Namely, the generalized
quaternion groups @, , dihedral groups D,,, and the semidihedral groups .S,,,
of order exactly 2™, with m > 3 for the first two families and m > 4 for the
last. A representation by generators and relations of these three families are
given by

m—2 _ _ .
Qm=(z,y| 2" =% v* =1, y oy =21 with m >3,

1

Dy ={(z,y|2® =4*=1, y lay=2"") with m >3,

1

S =(z,y | 2®" =% ylay =221 with m > 4.

In this section we will use the following known properties of these
groups G (see, for instance, [12, pp. 272-273] and [7, Ch. 5]). The commu-
tator subgroup [G,G] of G is always cyclic: [G,G] = (z?). These groups G
possess exactly three sub-groups of index 2. Namely, H; = (z), Hy = (22, y),
Hs = (22, zy). When G is not the quaternion group of order 8, only one of
the three maximal sub-groups of G is cyclic. When m > 4, the other two
maximal sub-groups of G are not abelian and their maximal abelian fac-
tor groups, are again isomorphic to Z/27Z x Z/27Z. Of course, when G is
the quaternion group of order 8, its three maximal subgroups are cyclic and
when G is the dihedral group of order 8, its three subgroups are abelian.

Now let k be a number field whose 2-class group is isomorphic to Z/27Z
X Z/2Z. By Taussky [18], the Hilbert 2-class field tower of k terminates in
at most two steps. Denote by L(k) the Hilbert 2-class field of k£ and by L?(k)
that of L(k). Let H; (i = 1,2,3) be the subgroups of G = Gal(L?(k)/k) asso-
ciated to the above notations. There are just three quadratic subextensions
F;/k (i=1,2,3) such that H; = Gal(L?(k)/F;) and the 2-Sylow subgroup
of the ideal class group A(F;) ~ H®. If G ~ Qg, or Z/27 x 7/2Z, all the
three 2-class groups A(F;)(i = 1,2,3) are cyclic. If G ~ Qam(m > 4) or Dam,
SDgym, then A(FY) is cyclic and A(Fy) ~ A(F3) ~ Z/27 x 7/ 27Z.

LEMMA 6. Let p, q and s be distinct prime numbers with
p=5 (mod8), ¢=3 (mod8) and s=7 (mod8)
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PN _ (PN _
()= () =2
Let F' be the biquadratic field F = Q( V/2qs, \/pq) . Then, the 2-class numbers
of F' is equal to 4.

and

ProoFr. By Proposition 5 the Hasse unit index for biquadratic number
field F' is equal to 2. The class number formula gives that:

h(F) = h(ZQS)h(;pS)h(pQ)'
Moreover, since (Z) =(7) = —(127) =1, from [10] we have h(2gs) = h(pq)

= h(2ps) =2 (mod 4). This allows us to conclude that the 2-class number
of biquadratic number field F' is equal to 4. [

LEMMA 7. Let p, q and s be distinct prime numbers with

p=5 (mod8), ¢=3 (mod8) and s=7 (mod )

P\ (P\ _
()= ()=
Let k be the biquadratic field k = Q(\/pq, \/qs) . Then, the 2-Sylow subgroup
of the ideal class group of k is isomorphic to Z/27 x 7]27Z.

and

ProoF. By Proposition 6 the Hasse unit index for biquadratic number
field £ is equal to 4. On the other hand, the class number formula gives that:

h(k) = h(pq)h(gs)h(ps),

we have h(gs) is odd [19]. Moreover since (Z) =(?) = —(127) = 1. From
[10] we have h(pq) = h(ps) =2 (mod 4). This allows us to conclude that the
2-class number of biquadratic number field & is equal to 4. By Proposition 1
the rank of the 2-ideal class group of k is equal to 2. From the above results,
we have the 2-Sylow subgroup of the ideal class group of k is isomorphic to

Z)27 x 7Z.)27. Thus, we have proved the desired result. [

LEMMA 8. Let p, q and r be distinct prime numbers with
p=5 (mod8), ¢=3 (mod8) and s=7 (mod8)

and
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Let F be the biquadratic field F = Q(\/qu, \/pq). Then, the 2-Sylow sub-
group of the ideal class group of F' is 1somorphic to Z/27 x 7./27.

PRroOF. By Proposition 5 the 2-class numbers of F' is equal to 4, we can
see that the Hilbert 2-class field of F' is the field L(F') = Q(\/p, VO Vs, \/2) .
The three quadratic unramified subextensions of L(F)/F are: ky = Q(/gs,
VPa,V2), Fi =Q(\/q,/p,V2s) and F» = Q(+/2¢,/2p,\/s). Then the
2-Sylow subgroup of the ideal class group of F' is not cyclic. This allows
us to conclude that A(F) ~ Gal(L(F)/F) ~Z/2Z x Z/2Z. O

THEOREM 5. Let p, q and r be distinct prime numbers with

p=5 (mod8), ¢=3 (mod8) and s=7 (mod38),

(¢) = (5) =1

q s

is satisfied. Then, the 2-Sylow subgroup of the ideal class group of ki =
Q(\/pq, NLER \/2) is isomorphic to 7/27 X 7./ 27.

Proor. By Lemma 8 the 2-Sylow subgroup of the ideal class group of
biquadratic field F' = Q(\/qu, \/pq) is isomorphic to Z/2Z x 7./27Z. The
three quadratic unramified subextensions of F' are: ki = Q( Va5, /Pq, V' 2) ,
Fi =Q(+/4,/p, \/28) and F» = Q(1/2¢,v/2p,+/s). By Proposition 7 we
have, the rank of the 2-ideal class group of k; is equal to 2. This means
that the 2-Sylow subgroup of the ideal class group of k; is not cyclic. So
we conclude that the 2-Sylow subgroup of the ideal class group of k; is iso-
morphic to Z/27 x 7./27, (see the properties of 2-group G such that G is
isomorphic to Z/27Z x 7./27 at the beginning of this section). Thus, we have
proved the desired result. []

Assume that the condition

Now, we are ready to prove Theorem 1.

The extension ki/k is ramified, i.e. ko /k is totally ramified. It was
noted in Lemma 7 that the 2-Sylow subgroup of the ideal class group of k is
isomorphic to Z/27 x 7Z/27Z, and from Theorem 5 we have the 2-Sylow sub-
group of the ideal class group of k; is isomorphic to Z/27Z x Z/27 therefore
we obtain

A~ Ay ~7/27 x 7|27

By applying Theorem 2 we get X (ko) ~ Z/27 x 7Z/27. This means that
A= =0 and v = 2. Finally, the three biquadratic fields

Q(v/ar,vra), Q(v/2qr.\/pg) and Q(+/qr,/2pq),

have the same cyclotomic Zs-extension k., so the Iwasawa invariants are
also the same.
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