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Abstract. We discuss a sharpened Hausdorff-Young inequality and esti-
mate the maximal coefficients of orthogonal expansions in terms of Freud polyno-
mials when 1 < p < 2 and 2 < p < co. We also consider n-dimensional expansions
by orthogonal functions associated to Freud-type weights when 1 < p < 2.

In his influential work on orthogonal polynomials for general weights on
the real line, G. Freud considered weights w(x) of the form

w(z) =e 9@, zeR,

where Q(z) is nonnegative, even, convex and of smooth polynomial growth
at infinity [8,12]. By a Freud weight we mean a function w(z) on R that
satisfies these conditions.

Given polynomials p,,, each of degree exactly equal tom, m =0,1,2,...,
we say that the family {p,,} is associated to the Freud weight w(x), provided
that the p,,’s satisfy the orthogonality relation

(0.1) /pm(a;)w(x) pr(z)w(x)de =0y, m,k=0,1,2,....
R
An important class of Freud weights is given by

Wo(z) = e a1,
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corresponding to the functions

1
Qa(x):2|x\°‘, a>1.

The associated family of orthogonal polynomials is then denoted {py, o},
and includes the Hermite polynomials on R, which correspond to Wa(x); in
general, no explicit expression for these (uniquely determined) polynomials
is available.

Let the Freud functions, F,, o(z), be given by

.Fm@(x) :pm,a(«r) Wa(«T)7 m=20,1,2,...,

and the Freud coefficients of f(x), ¢, (a), by
(0.2) em(@) = / f(@) Fnalz)de, m=0,1,2,....
R

We indicate this correspondence by f(x) ~ > cm(®) Fm.o(x), and note
that the {F,, o} constitute an ONS on L*(R), and that for f in L*(R) the
Parseval-Plancherel formula

[e.e]

(0.3) / F@)Pdr =3 lem(@))?

m=0

holds.

When f is in LP(R) for 1 < p < 2 and a > 1, expansions in terms of the
{Pm.a} satisfy what Ditzian calls an analogue of the Hausdorff-Young in-
equality; more precisely, the Freud coefficients of f belong to a weighted
09 space, where ¢ = p/, the conjugate index to p, with the corresponding
norm inequality [7, Theorem 2.2, p. 583]. On the other hand, a sharp-
ened Hausdorff-Young inequality holds for the Hermite expansions [4, The-
orem 4.1], [5]; we refer to the estimate as sharpened because it is of type
(p,q) with ¢ < p'.

This note concerns a sharpened Hausdorff-Young inequality for the or-
thogonal expansions in terms of the {F,, o} associated to the weights W, (z)
when « < 3, including Lorentz and Orlicz space estimates, and n-dimen-
sional expansions. We also estimate the maximal coefficients of orthogonal
expansions in terms of the Freud polynomials when 1 < p < oo and p # 2.

The paper is organized as follows. Section 1 contains the necessary back-
ground material, including the interpolation results that form the basis for
our estimates. In Section 2 we discuss the case n = 1, including maximal re-
sults when 1 < p < 2, and in Section 3 we consider n-dimensional estimates.
We close in Section 4 with the Hausdorff=Young inequality and estimation
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of the maximal coefficients of orthogonal expansions in terms of Freud poly-
nomials when 2 < p < co.

It is a pleasure to acknowledge the comments provided by the referee,
which contibuted to the improvement of the final presentation of this note.

1. Preliminaries

Given a function f defined on R", with v the Lebesgue measure on R",
let m(f,\) denote the distribution function of f,

m(f, ) =v({z e R": |f(z)| > A}), A>0.

m(f,\) is nonincreasing and right continuous, and the nonincreasing rear-
rangement f* of f defined for ¢ > 0 by

) =if{X:m(f,\) <t}, inf0=0,

is informally its inverse (this statement is made precise in [13, p. 43]). f*
is nonincreasing and right continuous and, at its points of continuity ¢,
f*(t) = X is equivalent to m(f,\) =t¢.

The Lorentz space LP1(R™) = L(p,q), 0 < p < oo, 0 < ¢ < 00, consists
of those measurable functions f with finite quasinorm || f||, , given by

q [ . A
s = (4 [T @rr0) F) 7 0<a<s,

and,

1 £llp,o = sup (£ f*(1)) = sup Am(f, \)'/?, ¢ =00,
>0 A>0

The Lorentz spaces are monotone with respect to the second index, that
iS, if 0< q<q < 00, then L(pa q) - L(pa q1)7 and ||fHP,(Il S Hf”l’v(b with
L(p,p) being the Lebesgue space LP(R™), and L(p,oc0) the space weak-
LP(R™).

As for the Lorentz sequence spaces, given n-tuples of nonnegative in-
tegers m, and a sequence ¢ = {c,, }, let {c;} denote the sequence obtained
by ordering {|c,,|} in a nonincreasing fashion. The Lorentz sequence space
P11 < p<oo,1<q< oo, consists of those sequences ¢ = {¢;,,} with finite
quasinorm |[¢||g.« given by

0 1/q
lellepa = <Z(k1/f>c;;)q ;) , 1<g¢< o,

k=1
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and, with u the atomic measure concentrated on the lattice of n-tuples of
nonnegative integer atoms m taking the value p(m) = 1 on each such atom,

* 1
ellgne = sup kYPcf = sup Au({m : [em| > A} P, g =o0.
k>1 A>0

Now, for the Orlicz spaces, the letters A, B are reserved for Young’s
functions, i.e., for functions A(t) defined for ¢ > 0 that are zero at zero, in-
creasing, and convex, or, more generally, A(t)/t increasing to oo as t — oo.
The Orlicz space L*(R™) consists of those measurable functions f (modulo
equality a.e.) such that [p, A(|f(z)|/M) dz < oo for some M, normed by

1 flla= inf{A >0: / A('f(;)') dr < 1}.

The Orlicz sequence space £ consists of those sequence ¢ = {¢m} such
that for some M,

ZA(|cm|/M) < 00,

normed by

lellon = inf{)\ >0 ZA('C;”) < 1}.

Finally, a mapping T of a class of functions f on (X, ) into a class of
functions on (Y,v) is said to be sublinear provided that,
(i) If T is defined for fy, f1, then T is defined for fy + f1, and

| T(fo+ f1)(@)] < |T(fo)(@)| +|T(fi)(x)] .
(ii) |T(Af)(z)| = [A|T(f)(z)], for any scalar A.
Clearly a linear operator 1" is sublinear.

A sublinear operator T' defined for f € L#4(R") and taking values T'(f) =
{em} in €8 is said to be bounded if there is a constant K > 0 such that

ZB(%’;‘)gl whenever /nA(|f(:E)|) dr < 1.

Bounded sublinear operators T from ¢4 to LZ(R™) or from LA (R") into
LB(R™) are defined similarly. In either case, the smallest K above is called
the norm of T, is denoted by ||T||, and the operator is said to be of type
(A, B). In the former case T satisfies [|T'(f)|lz < |7 || f]lea, and similar
norm inequalities in the other cases. When A(t) = tP and B(t) = t?, we say
that T is of type (p,q). A mapping T from LP(R") into L9>°(R™), or £4°°,
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is said to be of weak-type (p,q). Similarly for mappings from ¢ into weak-
L(R™) spaces.

To interpolate the Lorentz spaces we will use A.P. Calderén’s theo-
rem that asserts that if 7' is a sublinear mapping which simultaneously
maps L(po,1) into L(qy,00) and L(p;,1) into L(g1,00), with 1 < py # p1
< 00, then T maps L(p, s) into L(q,s) where, 1 <s<o0,0<6<1,1/p=
(1—6)/po+6/p1, and 1/qg = (1—10)/q0+60/q1, [3, Corollary to Theorem 10,
p. 293).

The underlying principle to interpolate the Orlicz spaces is the follow-
ing [18]. If a sublinear mapping 7T is of type, or weak-type, or mixed
types, (po,qo) and (p1,q1), with 1 <pg# p1 < oo, and the equation of
the straight line passing through the points (1/po,1/q0), (1/p1,1/q1) is
given by y = ex + 4, then, under appropriate growth conditions on the
Young’s functions A, B, the mapping T is of type (A, B) provided that
B7Yt) =t A7 (t5).

For further consideration of the Lorentz and Orlicz spaces the reader
may consult [1,9,11,13,17].

2. Sharpened Hausdorff-Young Inequality on the line
Hille’s remarkable estimate for the Hermite functions, H,,(x), to wit,
|7—lm(az)| <m Y2 om=12...,

is the key ingredient in proving the sharpened Hausdorff-Young inequality
for the Hermite expansions [4, Theorem 4.1]. Ditzian established similar
estimates for the Freud coefficients corresponding to W, (z), a > 1, namely,

(@) Sa Il lem(@)] Samt @) p, m=1.2,...
Before stating our results we find it convenient to introduce the notation
1 1 3-
(2.1) L
v 6 «

Note that 0 < 1/v < 1/3 for 1 < a < 3, and that, in that case, Ditzian’s
estimates [7, (2.1), p. 583] assert that

(2.2) lco(@)] Sa llfll,  lem(@)] Sam™7 I flli, m=1,2,...
We then have:

THEOREM 2.1. With 1 < o < 3, let vy be given by (2.1). Suppose that f
has the expansion f(x)~ >  cm(a) Fmaolx), where the coefficients are de-
fined as in (0.2) above, and let T' denote the mapping that assigns to f the
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sequence {cp(a)} of its Freud coefficients. Then, if 1< s < oo, and p, q
verify

21 1 1
(2.3) l<p<?2 and (1— ) T
Y/pP 9 Y
we have
(2.4) IT(H)leze = [{em(@) Hlews Sapys [1fllp,s
and, in particular,
(2.5) IT(H)llex = [{em(@)Hler Sap 1f1lp-

Moreover, if A, B are Young’s functions such that B(t)/t* increases,
B(t)/t" decreases, and [~ (B(s)/s?) ds/s < B(t)/t7, T maps L*(R) con-
tinuously into the Orlicz sequence space (B provided that A, B verify

(2.6) B7t) = 0D/ A7 0/ >0,
Furthermore, if the maximal coefficients Cy,(«) of f are given by
B
(2.7) C(a) = sup ‘/ f(@)Fma(z)dz|, m=0,1,2,...,
p>0"J-p

all norm inequalities above hold with Cy,(«) in place of c,() there.

PROOF. Let p denote the atomic measure concentrated on the integer
atoms m = 0,1,2,..., taking the value u(m) = 1 on each such atom. Given
A>0,let Ty = {m : [em(ar)| > A}; we are interested in estimating (7)) .

Now, if 0 # m € Ty, on account of (2.2) we have

A< fem(@)] Sa m™ ) f1,

and, consequently, such m verify

A1y
<
e ( A ) ‘
Hence, it readily follows that
(2.8) N u({m# 0 lem(@) > A}) Sa I

which gives the desired estimate for (Zy) when 0 € Z,. And, if 0 € Z,, since
lco(@)| <o || f]]1, it follows that A < |co(a)| <o || fl1, and so

X7 p(0) = X7 So (L1
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which combined with (2.8) above gives that, also in this case, A7 p( Zy )
Sa [IF11 - Hence,

(2.9) [{em(a) Hlevee = S;;I())M({mi em(@)] > A1) <o llfh

and T is continuous from L(1,1) = L'(R) into the weak sequence space £7:>°.
Also, since by (0.3) above T is of type (2,2) and the Lorentz norms are
monotone with respect to the second index, we have

Hem(@)Hlee S H{em(@He SN flle S 1120

and T maps L(2,1) continuously into £*°.

We are thus in the right framework to interpolate for Lorentz spaces, and,
consequently, it follows that 7" maps the Lorentz space L(p,s) continuously
into the Lorentz sequence space £(q,s), 1 < s < oo, where, for 0 < 0 < 1,

L_p 10 1_0 190
p 27 ¢ v 2
Now, from the above relations it follows that
1 1 1 2
- 9(1 - ) L =" -1,
p q Y p
which, upon eliminating 6, imply that
21 1 1
(-2 e
Y/P 4 y

and (2.3) above holds.

Moreover, on account of the monotonicity of the Lorentz norms with
respect to the second index, since for p, ¢ verifying (2.3) we have p < 2 < g,
setting s = ¢ in (2.4), it follows that

{em (@) Hles S l{em(a)}Hlens Sp [1fllpg Sp 1 Fllop Sp [1£1lp

(2.5) holds, and T is of type (p,q).
Turning now to the Orlicz spaces, observe that the equation of the line
passing through (1,1/v) and (1/2,1/2) is given by

=)o (1),

and, consequently, (2.6) follows now by interpolation [18, Theorem 2.8,
p. 184].
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To proceed with the maximal estimates, we transfer the results from
the atomic measure to the Lebesgue measure on R by means of a technique
introduced in [3], and conclude that (2.5) holds with {C),(a)} in place of

{em(a)} there.
More precisely, let

Folt,z) = Fpalz), m<u<m+1 m=0,1,2,...,

:/ f(z) Falx)de, m=0,1,2,...,

:/00 f(x) Falu,x)dz, uweRT.

Now, if p, ¢ satisfy the relation (2.3) above, it follows that

and from

pass to

q
du

lealHll= | ‘/ F(2) Fulu,z) de

Z /m+l /OO i ‘ |q

= f(z) Fnalz) de du = em(@)]”,
m=0"" -0 m=0

and, consequently, by (2.5),

llca(F)llq = [{em(a) Hler Sam [1f1lp-

Now, since p < ¢ and {X[—Bﬁ}} are filtrations in the sense of Christ—
Kiselev, the conditions of the maximal inequality are satisfied [6], [16, The-
orem 2.11.1, p. 169], and so, with

/ f(x) Folu,x) dx|,

it follows that ||Co(f)|lq Sap |fllp- Again, as above,

10l Iq—Z/m+1<sup/f Fonala) do

and, consequently,

(2.10) I{Cm()}Hlew Sap [1f1lp
and (2.5) holds with {C,(«)} in place of {¢,,(a)} there.

Ca(f)(u —suplca Fxe)(u l—sup

e S

m=0
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Let now S be the sublinear mapping that assigns to f the sequence
{Cn(a)} of its maximal Freud coefficients. Then (2.10) holds for those p, ¢
that verify (2.3) above. The estimates for {C),(a)} in the Lorentz and Or-
licz spaces follow now by interpolation; in the case of Lorentz spaces we use
[3, Corollary to Theorem 10, p. 293], and for the Orlicz spaces we essentially
repeat the argument for the {c¢,,(«)}. The proof is thus finished. O

A companion result to the Hausdorff—Young inequality addresses under
what conditions {¢,,} is the sequence of Fourier coefficients of a function f
in the Hausdorff-Young range [2], [20, Vol. 2, Theorem 2.3, p. 101]. For the
Hermite expansions in R, this is done in [4, Theorem 4.2].

And, for the Freud expansions we have:

THEOREM 2.2. With 1 < a < 3, let v be given by (2.1). Let v/(y—1) <
p < 2, and suppose that q is such that

1 2\ 1 |
(2.11) + (1 - ) —1- .
p o

Then, given {cpy} € (7%, there is f € L(q,s) such that cp(a) = ¢, and

Hf”q,s Sa,p,s {em}lers

and, in particular, || fllg Sap [{cm}ler . Thus, if T denotes the mapping that
assigns f to the sequence {cp,}, T is of type (p,q) whenever (2.11) holds.

Moreover, if A, B are Young’s functions such that B(t)/t? increases, and
for some r > 2, B(t)/t" decreases and [;°(B(s)/s") ds/s S B(t)/t", then T
maps the Orlicz sequence space 14 continuously into the Orlicz space LB (R),
provided that A, B verify

(2.12) B7Y(t) = t0=D/0=2) o= (p/C=0y >0,

Furthermore, the maximal operator T associated to T is of type (A, B),
and for f = 1({cm}) we have

M
flz) = lij&nmX::ocmfma(m) a.e.

PRrROOF. Let b(z) = {Fi,.o(z)}. Then, by (2.2), as in (2.9) it follows that
b(z) € £7>° uniformly in x, and so, for a sequence {¢,,} in £7/0=1:1 we have

‘ Zcm Fm,a(T) ‘ Sa {emHlev/e-va, uniformly in .
m

Hence, if f(z) ~ > 07y cmFma(z), then f € L*(R), and
(2.13) [ fllos,00 = I flloo Sa {emHlev/a-via -

Acta Mathematica Hungarica 170, 2023
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And, by a now familiar argument, since 7 is of type (2, 2) we have || f||2, o
< |{em ez . We are thus in the right framework to interpolate for Lorentz
spaces, and, consequently, 7" maps the Lorentz space L(p,s) continuously
into the Lorentz sequence space £9%, 1 < s < oo, where, for 0 < 6 < 1,

L_y=l,, 1-0 1 _1-9

9

P 2 7 ¢ 2
Now, from the above relations it follows that

1_1:9<1_1)’ 9:1_2’
P q Y q

which, upon eliminating 6, imply that

1 2\ 1 1
f(1-2)3m1
p R Y

which gives (2.11) above, and, provided that (2.11) holds, we get that

||qu,s Sp,s {emtlers, 1< s <00,

And, since p < q, setting s = ¢ gives that 7 is of type (p,q) when (2.11)
holds.
As for the Orlicz spaces, since the equation of the line passing through

((y—=1)/v,0) and (1/2,1/2) is given by

-1
_ Y x—l—fY ’
2—v v—2

(2.12) follows now by interpolation [18, Theorem 2.8, p. 184].
And, we can say more. Let

Y

M
™ ({em}) = S}\l}) ‘ n;)cm}"m,a(x) .

Then, by the Orlicz spaces discrete Christ—Kiselev maximal inequality es-
tablished in [4, Theorem 5.1], it follows that 7* maps ¢“ continuously into
LB(R) whenever 7 is of type (A, B). We will verify next that the conditions
for the Orlicz space convergence result [4, Corollary 3.2] are also met.

Let fy = Z%:l ¢mFm.a(x), and observe that by the linearity and

boundedness of 7, with c%f denoting the sequence with terms c¢,, for My + 1
< m < M5 and 0 otherwise, we have

Ifar, = fanllB Sa llehfllea = 0 as My, My — oo,
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and, consequently, {fa/} is Cauchy in LZ(R). If we denote the limit of this
sequence by f, then f(z) ~ > cm Fma(z), || fllB Sa [[{em}]ea . and

=0.
B

M
15\1}1 Hf - mzzocm]:m,a

Also, for a dense subset of 4, namely, those sequences with finitely many
nonzero terms, » - ¢y Fm o(x) is actually a finite sum, and so,

M e
lim Z cmFma(T) = Z cmFma(z), allzeR.
m=0 m=0

M—o0

Hence, all the conditions for the Orlicz spaces pointwise convergence re-
sult are met, it follows that

and the proof is finished. [

3. Sharpened Hausdorff-Young inequality in R™

The n-dimensional Hermite functions are obtained as products of the
1-dimensional Hermite functions [5,15,19], and constitute an ONS in R"
with respect to the Lebesgue measure there. The same is true for general
n-dimensional expansion in terms of the orthogonal functions 7, 4.

To the point, having fixed an n-tuple a = (o, ..., ), where 1 < ay, < 3
fork=1,...,n, and given = (z1,...,2,) in R™ and an n-tuple of nonnega-
tive integers m = (my,...,my), let the Freud functions, F,, o(z), be given by

fm,a(x) = fml,al («Tl) o '-an,an(xn) )
and the coefficients of f(z), ¢, (), by

em(a) = f(z) Fralz)de.
Rn

We indicate this correspondence by f(x) ~ > cm(®)Fm,o(2), and note
that, in particular, the n-dimensional Freud expansions satisfy the Parseval—
Plancherel formula in R™, to wit,

[ lr@de = 3 fenfo)
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In order to simplify the statement of our results, with 1 < ag <3, 1 <k
< n, we introduce the notation

1 13-

, 1<k<n, and, F:")/l+—|—")/n
YWw 6 o

(3.1)

We then have:

THEOREM 3.1. Let I' be given by (3.1). If f(x)~ >, cmFmalx) de-
notes the expansion of a function f defined on R™ in a Freud series, let T de-
note the mapping that assigns to f its sequence of Freud coefficients {cy,(a)}.
Then, T maps the Lorentz space L(p,s) continuously into the Lorentz se-
quence space £9°, 1 < s < oo, provided that p, q verify

(3.2) 1<p<?2, and (1 2)1+1—1 !
) p <2, and, r)p Ty r

In particular,

(3.3) IT()llex = {em(@) Hiea S 11 I,

and T is of type (p,q) whenever (3.2) holds.
Moreover, if A, B are Young’s functions such that B(t)/t? increases and

fOt(B(s)/SF) ds/s < B(t)/tY, T is of type (A, B), provided that A, B verify
(3.4) Bl(t) = ¢(-0/r) 41 (t((2_F)/F) ) . t>0.

PRrROOF. For simplicity, since no new ideas are required for general n,
we will carry out the proof for n=2. With a = (a1,a2), let f(z) ~
> Cm (@) F.a(z) denote the Freud expansion of f.

Now, by (2.2), it readily follows that

[emy ()] Sa [fll1, mo = (0,0),

and also

(3.5) | em(@)] Sama 0 f e, m= (ma,0),m0 > 1,
and,

(3.6) lem(@)] Sama™ 2| flh, m=(0,ma),ma>1.

And, for m = (mq, mg) with mq - mg # 0, we have
B7)  [em(@)] Samy " m I flr, m= (mima) mama # 0.
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Let u denote the atomic measure concentrated on the lattice of 2-tuples
of integer atoms m = (mq, mg) with my,ms =0,1,2,..., taking the value
p(m) =1 on each such atom.

Given A >0, let Zy = {m : |c;n| > A}; we are interested in estimating
w(Zy). Now, if m = (mq, mo) is in Z) and my - ma # 0, by (3.6) we have

-1 -1
A< lem(@)] Samy ™ my 2 £
and, consequently,

my " my " o I Fl/A,

Wh1ch since my,my > 1 implies that ml/ﬂ/1 Za ([If1/X) and that m;/%
(Hfll /A); and so,

mi Sa (IFI/A) ™, ma Sa (IF11/2) ™.

(3.8) p({m = (m1,mz) € I : mq - my # 0})
So (/A (1A =a (1F10/0) "
Also, since from (3.5) and (3.6) above
[em(@)] Zamy M f e Samy O F L m = (ma0),

and

[em(@)] Samy £l Samy O f L m = (0.ma).
it follows that

p({m = (m1,m2) € Iy : my =0 or my =0}) Sa (||f\|1/)\)%+72 ,
which combined with (3.8) above yields
(3.9) X% u({m=(my,ma), (ma,m) #(0,0) : [em(@)| > A}) SallfII77

Now, if mg = (0,0) € Z,, since as observed above |cp, ()] Sa || f]]1, it
follows that A\ < |cpm, ()] Sa || f]]1, and so

A p(mo) = AT Sa LA
which combined with (3.9) above gives that

1+72 1+72
AR () Sa A1
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Therefore, as in (2.9), it follows that, with T' = v, + 79,

(3.10) [{em(a) e = iligku({m Hem(@)] > AN YT Sa 111l

and T is continuous from L(1,1) = L'(R?) into the weak sequence space
e,

This estimate is precisely (2.9) above with 7 replaced by I' there. Also,
T is of type (2,2) as established by the Parseval-Plancherel formula, and so
we have |[{cp(a)}|leze <[ fll2,1- The proof now proceeds mutatis mutandis
as that of Theorem 2.1 replacing ~ by I' there. The details are left to the
reader. [

As for the companion result to the Hausdorff-Young inequality, for the
Freud expansions in n dimensions we have:

THEOREM 3.2. Let I" be given by (3.1), and suppose that p, q verify

(3.11) U o and, 4 (1 2) b,

. an - =1-_.
r—1 P2 " r/) g r

Then, given {cp} in the Lorentz sequence space (%, there is f in the
Lorentz space L(q,s), 1 <s < oo, such that f(z) ~ > cm Fmalx), and

Hf”q,s ga,p,s ||{Cm}H€P’S .

In particular, if T denotes the mapping that assigns f to the sequence
{em}, T is of type (p,q) whenever (3.11) holds.

Moreover, if A, B are Young’s functions such that B(t)/t? increases,
and for some r>2, B(t)/t" decreases and [~ (B(s)/s") ds/s S B(t)/t",
then 7 is of type (A, B), provided that A, B verify

(3.12) B7Y(t) = tI=D/1=2) g=11/C=D)y - ¢ 5 0,

ProOF. For simplicity we argue the case n = 2 as no new ideas are re-
quired for general n. Let b(z) = {F, o(x)}. Then, as it was shown in the
argument leading to (3.10), with I = 41 4+ 2 now, b(x) is in the Lorentz se-
quence space £1>®° uniformly in x. Therefore, for a sequence {c,,} in its
conjugate Lorentz sequence space, £/'=1:1 it follows that

‘ zm: ¢m Fumo()

Hence, if f(z) ~ ", cmFm,a(z), then f € L>(R?), and

[fllso,00 = [flloo Sa Hemllerra-na,

which is estimate (2.13) with I' in place of + there.

<o emlerra-va,  uniformly in z € R?.
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And, since by the Parseval-Plancherel formula 7 is of type (2,2) and we
have || fll2,00 < [[{em}]e21 , the proof proceeds mutatis mutandis as that of
Theorem 2.2 replacing v with I' there. The details are left to the reader. [

A couple of remarks in this context. From (2.1), with a = 2 there, it fol-
lows that v = 12, which is Hille’s estimate, and so our results include the
Hermite expansions. And, if all the a;’s are equal to 1 < a < 3, say, then,
I' = na, and so, as n — oo, the expressions (3.2) and (3.11) above relating
p, q, become 1/p+ 1/g =1, which is precisely the Hausdorff-Young range
in the case of Fourier expansions. And, naturally, the expressions (3.4) and
(3.12) above approach the formula B~!(t) = t A=!(1/t), which is the condi-
tion for the Hausdorff-Young inequality to hold for the Fourier transform in
the case of Orlicz spaces [10].

4. Hausdorff-Young and maximal coefficients estimates,
2<p< oo

In this section we complement the results for the Hausdorff~Young in-
equality and the estimation of the maximal Freud coefficients obtained in
Theorem 2.1 for 1 < p < 2, and consider the values of p between 2 and co.

We begin by noting the pointwise estimates for the Freud polynomials
{Pm,a} obtained by Ditzian in [7, (2.1), p. 583], to wit,

(4.1) | P (@)| Som ™7 ez 17"

Now, the relation (0.1) with p,, = pm.o and w = W, there may be re-
stated as

/pm@(:p)p;wé(:z)I/Va(:r:)2 de =6y, m,k=0,1,2,...,
R

and the {p, o} may be considered as an ONS with respect to the measure
dp(x) = Wo(z)? dx, or the weight W, (x)?, in R.

The LP spaces in this setting are denoted by LI(R), and the Lorentz
spaces, which are defined with the measure v in the Preliminaries replaced
by the measure p in all the relevant definitions there, by L,(p, q).

We are particularly interested in L, (o0, 1). Now, by [3, p. 284],

pli_{go A2, 1) = 1f L, (00,1) 5

and we are interested in evaluating the limit.
Recall that by [3, p. 283], an equivalent Lorentz norm is given by
1/q

p—1 [, .. dt
e = (70 [T 0em ) 1 <pa <o,
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where
t
tf**(t)z/o Frds= s /|f )l di.

Then, to calculate the limit, note that since A = u(R) < oo, we have
A 00
= £ e 4 ty e
P A A T A O

where the second integral tends to 0 as p — oo, and, since (p — 1)10_215(1/1")_1
is the kernel of an approximate identity as p — oo, it follows that

dt

. ** 1 Kok

B U = Jim 7t [ e Y = ),

Likewise, as is discussed in [13, Teorema 6, pp. 69-70],
F70F) = (| flloo s

and, therefore, since Li°(R) = L>(R), with equality in norms, we have
pli_{glo 1z, 1) = 11l L, (00,0) = 1 flloo -
Furthermore, by the monotonicity of the Lorentz norms with respect to

the second index, Lj°(R) = L, (00, q) for all 1 < g < oo.
We denote the coefficients of f with respect to {pm «} in this setting by

(4.2) dm () = /Rf(x) Pma(z) Wo(2)?dz, m=0,1,...,

indicating this correspondence by f(z) ~ >, dm(a)pmao(z), and noting
that for f in Li(R) the Parseval-Plancherel formula

43)  lIflE; = / (@) Wa(2)?dz =Y |dn()]* = [{dm(@)} 7
R m=0

holds.
Now, more can be said about the Freud coefficients. Indeed, by (4.1),

(4.4) |dm(a)] < / F@)] | Fona()| Wa(z) da

<. -1/7</W )|f\|oo,
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and, consequently, along the lines of (2.9) it follows that
(4.5) [{dm,a o= Sa llfllz, (001 -

And, the estimate (4.5) assumes various useful forms. Indeed, (4.4) implies
that |y, ()| Sa || fl L, and, consequently,

{dm(atle= Sa llfllze

which interpolated with the Parseval-Plancherel formula yields

(4.6) H{dm(a}ler Sap 1fllz, 2<p<oo.
Concerning the Hausdorff-Young inequality we then have:

THEOREM 4.1. Given 1 < a < 3, let vy be defined by (2.1). Then, if f
has the expansion f(x) ~ "  dp(a) pmal(x), where the coefficients are de-
fined as in (4.2) above, let T' denote the linear map that assigns the sequence
{dm(a)} to f. Then, if 1 <s < o0, and p, q verify

2 1 1 1
(4.7) 2<p< oo, and, ( —1) + =
Y p q 7

it follows that

(4.8) [{dm (@) Hleos Sap.s 1f1L, .5 5
and, in particular,
(4.9) [{dm () e Sap [1fllLz -

Moreover, if A, B are Young’s functions such that B(t)/t? increases,
B(t)/tY decreases, and

/t T (B(s)/s") ds/s < B(t)/1,

T maps LA(R) continuously into the Orlicz sequence space (P provided that
A, B verify

(4.10) B7Ht) =tV AT 072D/, 1> 0.

ProoF. Note that by (4.5), T' maps continuously L, (oo, 1) into the se-
quence space £7°°. Also, by (4.3) and the monotonicity of the Lorentz norms
with respect to the second index, we have

Hdm ()}l S [{dm(a)}Hle S 1F N2z S 1L,
and T maps L,(2,1) continuously into 720,
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We are thus in the right framework to interpolate for Lorentz spaces, and,
consequently, by [3, Corollary to Theorem 10, p. 293], T' maps the Lorentz
space L(p, s) continuously into the Lorentz sequence space 9%, 1 < s < o0,
where, for 0 < 0 < 1,

1 6 1 6 1-4
p 2 ¢ 2 v

Now, upon eliminating 6, from the above relations it follows that

2 1 1 1
C)pet-l
7 p q 7
which gives (4.7) above.
Moreover, on account of the monotonicity of the Lorentz norms with

respect to the second index, since for p, ¢ verifying (4.7) we have ¢ < p,
setting s = p in (4.8), it follows that

I{dm(@)}Hleooe S [{dm () Hear Sp [1flL,mm) Sp 112,

(4.9) holds, and T is of weak-type (p,q) .
Turning now to the Orlicz spaces, observe that the equation of the line
passing through (0,1/v) and (1/2,1/2) is given by

2 1
v v

and, consequently, (4.10) follows by interpolation [18, Theorem 2.8, p. 184].
]

As for the maximal coefficients of f, D,,(a), in analogy to (2.7), they
are defined by

(4.11) Dy () =sup
B8>0

. m=0,1,2,....

B
/_B F(2) pma(x) Woé(a;)2 dx

Note that since ¢ < p in Theorem 4.1, the Christ—Kiselev maximal in-
equality does not apply in this context. We then have for the maximal
coefficients:

THEOREM 4.2. Let1 < aw < 3 and vy be as in (2.1) above, and let T be the
sublinear mapping that assigns to f the sequence of its maximal Freud coeffi-
cients given by (4.11). Then, if f is a continuous function and 2 < p < oo,
it follows that

(4.12) I{Dm.a}lerer Sap 1 F1Lz -
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PROOF. Note that it suffices to prove the assertion for functions f sup-
ported on RT. Suppose first that f is a nonnegative continuous function
on R that belongs to LL(R). Then, on account of [4, Theorem 2.1], for
p > 2 we have

(4.13) </ F(@) Prva(@) Wa(2)? dx>p+1
=(+1) /0 5f(oc) Pm.a(T) ( /0 f(S)pm,a(s)Wa(s)2ds>pWa(a:)2da:.

Now, by (4.1), the integral on the right—hand side above is dominated by

ca,p/ F(z) elel” /2/f o a(8)Wa(5)2ds

and, consequently, taking sup over &, it follows that

)yt Sa,p/ Fz) et

p
W (x)? da

/ f pma ( )2d$ Wa((l’})2d(L‘.

Summing over m we then get that ||{Dm(04)}H§:+11 is bounded by
o0 p
Cap [ 1 Wals)?ds| Walr)?de,
0 m=

and so, on account of (4.6), it follows that

MDD Sap [ /2 £ (/ #(s )pwa@)?dx
S A1y [ €2 ) Walo)? do.

Now, by Hoélder’s inequality with indices 1/p+1/q = 1, where ¢ < 2 since
p > 2, the above expression does not exceed

oo 1/q
(414) D)} ap £ ||fHLﬁ</O elel /2Wz<x>dw) ,
and, consequently,

(4.15) I{Dm (@)}l Sep 1122
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Now, given an arbitrary continuous function f € LI(R), let fi(x) =
max(f(z),0), and f_(z) = f(z) — f(z). Then, f(z), f1(x) are nonncg-
ative and continuous, and if D;!(«), D, («) denote the maximal Freud co-
efficients of fy(z) and f_(x), respectively, then D,,(a) < Dt (a) + D,, (),
and, consequently, by (4.15),

I{Dm(e) Hlerer < [{Dm ()" Hlerer + [{ D)~ Hleo+
Sawp (1 ez + 117N ez) Saw 1112z,

(4.12) holds, and the proof is finished. O
And, for arbitrary functions in LI, we have:

THEOREM 4.3. Let 1 < a <3 and 7 be defined as in (2.1) above, and
let T be the sublinear mapping that assigns to f the sequence of its mazximal
Freud coefficients given by (4.11). Then, given 2 < p < oo, let € > 0 be such
that p — e > 2. Then, it follows that

(4.16) I{Dm ) Hleos Sap 1fN|L,m,s) »
where 1 < s < 00, and

1 1 p—¢€ €
4.17 = +_ )
(4.17) q p(p—f:‘—i— 1 'Y)

Furthermore, T is of weak-type (p,q) whenever p, q verify (4.17).

PRrROOF. Let xg denote the characteristic function of a measurable set E
with p(E) < co. Then, on account of [4, Theorem 2.1], for p > 2 we have
that (4.13) holds with xg in place of the continuous function f there, and,
consequently, by (4.15), with {D,,(a)} the sequence of maximal coefficients
of xg, it follows that

I{Dm(@) 1 Sap IXENL, p—e.1) »

and the mapping 7T is of restricted type (p —e,p — e + 1).
Also, when f € L*(R) = Ly°(R), with {D,,(a)} the sequence of maxi-
mal coefficients of f,

Dyn(@) S m~1 / (@) Wal@) dz Sa m™ |,

and so, as the argument leading to (2.9) shows,

I{Dm(e)}Hlevoe Sa 1112, (00,1)-
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Thus, we are in the framework to apply interpolation in Lorentz spaces,
and obtain that for 0 < # < 1, and

it follows that

[{Dm () Hleas Sap Hf”Lu(r,s)’
Now, the choice § = (p —¢)/p gives that 1 — 0 = ¢/p, and that r = p,

and so
1 1 —
D)
qg p\p—e+l v
(4.17) holds, and (4.16) has been established.
Finally, since ¢ < p whenever (4.17) holds, T is of weak-type (p,q) on

account of the monotonicity of the Lorentz spaces with respect to the second
index. O

Because of the cumbersome expressions involved, the Orlicz spaces ver-
sion of Theorem 4.3 is left for the reader to verify.

We close the note with two remarks. The first concerns the assump-
tion that 1 < a < 3 throughout this note. When this is the case, v as given
by (2.1) is positive, and, therefore, the Freud coefficients of integrable func-
tions tend to 0 as m~Y/7 when m — co. This allows us to establish the
(unweighted) sharpened Hausdorff-=Young inequality in this case.

Now, resting on [12, Theorem 13.2, p. 360], Ditzian showed that for
a>1,

I?gﬂ? ‘]:m,a(x)‘ = I?Ga]é( |pm,a($)‘ Wa(z) ~ m!/6le=8)/a) , m=1,2,..,

thus hinting at the possible growth of the Freud coefficients when o > 3, [7,
(2.1), p. 583]. In this case, as noted above, Ditzian’s (weighted) analogue to
the Hausdorff-Young inequality holds for all o > 1.

Which brings us to the second remark. Unlike the unweighted case above,
where the coefficients are given by (0.2), the Freud coefficients in Ditzian’s
case are given by (4.2), and, as established in [7, Theorem 2.2, p. 583], they
are bounded by

ldo(@)] Sa 1 Wallis  Jdm(@)] SamI=D o |fWali, m=1,2,....

Then, along the lines of the proof of Theorems 2.1 and 2.2, the reader
should have no difficulty in showing;:
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702 C. P. CALDERON and A. TORCHINSKY

THEOREM 4.4. Suppose that f has the expansion

Zd &) Pm.o(),

where the coefficients are defined as in (4.2) above. Then, with 1 < a < 3, if
1 <s< o0, and p, q verify

4o —3 1 1 140 — 6

1<p<?2, d, =
P a 3a P q 12a

9

we have

||{dm(a)}||éq’s ga,p,s ||fWa||p,S>

and, in particular,

{dm () Hles Sap |/ Wallp-
Furthermore, let (14 — «)/12a < p < 2, and suppose that q is such that

1+40z—3 I lda—6
P 3a ¢  12a

Then, giwven {d.,} € (p,s), there is f such that fW, € L(q, s), dm(a) = dp,
and

[ Wallg,s Sap,s 1{dm(a)}as
and, in particular, ||fWallg Sap [[{dm(@)}]e -
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