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Abstract. We present an explicit construction of infinite sequences of points
(x0,x1,x2, . . .) in the d-dimensional unit-cube whose periodic L2-discrepancy sat-
isfies

L
per

2,N ({x0,x1, . . . ,xN−1}) ≤ CdN
−1(logN)d/2 for all N ≥ 2,

where the factor Cd > 0 depends only on the dimension d. The construction is
based on higher order digital sequences as introduced by J. Dick in the year 2008.
The result is best possible in the order of magnitude in N according to a Roth-
type lower bound shown first by P.D. Proinov. Since the periodic L2-discrepancy
is equivalent to P. Zinterhof’s diaphony the result also applies to this alternative
quantitative measure for the irregularity of distribution.

1. Introduction and statement of the main result

We study distribution properties of point sequences in the d-dimensional
unit-cube [0, 1)d by means of periodic L2-discrepancy and of diaphony.

Periodic L2-discrepancy. The periodic L2-discrepancy is the L2
mean of the local discrepancy function with respect to test sets from the
class of “periodic intervals”. This is in contrast to the usual L2-discrep-
ancy which uses as test sets exclusively subintervals of the unit-cube that
are anchored in the origin, i.e., intervals of the form

[0, t) := [0, t1)× · · · × [0, td),
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where t = (t1, . . . , td) in [0, 1]d. See [1,7,9,22,25] for general information
about (standard) L2-discrepancy.

For x, y ∈ [0, 1] set

I(x, y) =

{
[x, y) if x ≤ y,

[0, y) ∪ [x, 1) if x > y,

and for x,y ∈ [0, 1]d with x = (x1, . . . , xd) and y = (y1, . . . , yd) we set
B(x,y) = I(x1, y1)× . . .× I(xd, yd). We call B(x,y) a “periodic interval”.

For a finite set PN,d = {x0,x1, . . . ,xN−1} of points in the d-dimensional
unit-cube [0, 1)d the periodic L2-discrepancy is defined as

Lper
2,N (P) :=

(∫
[0,1]d

∫
[0,1]d

∣∣∣∣A(B(x,y),PN,d)
N

− λd(B(x,y))
∣∣∣∣
2

dxdy
)1/2

,

where the counting function A(B(x,y),PN,d) denotes the number of in-
dices n with xn ∈ B(x,y) and where λd(B(x,y)) denotes the volume of
B(x,y). The term A(B(x,y),PN,d)/N − λd(B(x,y)) is sometimes referred
to as the “local discrepancy” of PN,d for the test set B(x,y). The local
discrepancy measures the difference of the relative portion of points in a pe-
riodic interval and the volume of this periodic interval. Hence it is a measure
for the irregularity of distribution of a point set in [0, 1)d.

For an infinite sequence Sd = (x0,x1,x2, . . .) in [0, 1)d the periodic
L2-discrepancy Lper

2,N (Sd) is the periodic L2 discrepancy of the point set con-
sisting of the first N elements of Sd, i.e.,

Lper
2,N (Sd) := Lper

2,N({x0,x1, . . . ,xN−1}) for N ∈ N.

The periodic L2-discrepancy has been studied recently in several papers.
See, for example, [6,14,16,17,20,21,23].

Diaphony. The diaphony, as introduced by Zinterhof [37] (see also [9]),
is just another quantitative measure for the irregularity of distribution of
point sets and sequences in the unit-cube [0, 1)d. For a finite set PN,d =
{x0,x1, . . . ,xN−1} like above the diaphony is defined as

FN (PN,d) :=
( ∑

h∈Zd\{0}

1
ρ(h)2

∣∣∣∣ 1N
N−1∑
n=0

exp(2πih · xn)
∣∣∣∣
2)1/2

,

where i =
√−1, where ρ(h) :=

∏d
j=1 max(1, |hj|) for h = (h1, . . . , hd) ∈ Z

d

and where “·” denotes the usual Euclidean inner product. For an infinite
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sequence Sd the diaphony FN (Sd) is the diaphony of the initial N elements
of Sd, i.e.,

FN (Sd) := FN({x0,x1, . . . ,xN−1}) for N ∈ N.

The diaphony is a popular quantitative measure for the irregularity of
distribution in the sense that a sequence Sd is uniformly distributed modulo
one (in the sense of Weyl [36]), if and only if limN→∞ FN (Sd) = 0; see, for
example, [9, Theorem 1.33]. Diaphony of point sets and sequences is stud-
ied in a multitude of papers, see, for example, [2,10,12,24,29,30,32,33] and
the references therein. Relations between the number-theoretic concept of
diaphony and crystallographic concepts are discussed in [18].

Relations and known results. It is a known fact that the periodic
L2-discrepancy can be expressed in terms of exponential sums. For PN,d =
{x0,x1, . . . ,xN−1} in [0, 1)d we have

(1) Lper
2,N (PN,d) =

(
1
3d

∑
h∈Zd\{0}

1
r(h)2

∣∣∣∣ 1N
N−1∑
n=0

exp(2πih · xn)
∣∣∣∣
2)1/2

,

where for h = (h1, . . . , hd) ∈ Z
d we set

r(h) =
d∏

j=1

r(hj) and r(hj) =

{
1 if hj = 0,
2π|hj |√

6
if hj �= 0.

For a proof of this relation see [23, Theorem 1] or [16, p. 390]. Formula
(1) shows that the periodic L2-discrepancy is – up to a multiplicative factor
depending on d – exactly the diaphony.

We briefly explain some notation: For quantities A(N, d) and B(N, d)
depending on N and d we write A(N,d) �d B(N,d) if there is a factor cd > 0
which depends only on d (and not on N ) such that A(N, d) ≤ cdB(N, d). If
we have A(N, d) �d B(N, d) and B(N, d) �d A(N, d) simultaneously, then
we write A(N, d) �d B(N, d).

Using this notation we can express the fact that periodic L2-discrepancy
and diaphony are the same up to a factor depending only on d in the form

Lper
2,N (PN,d) �d FN (PN,d).

So the periodic L2-discrepancy can be understood as a geometrical inter-
pretation of the diaphony, which is of analytic nature. From this point of
view, the results about periodic L2-discrepancy presented in this paper ap-
ply directly also to the diaphony. Both measures can be also interpreted as
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worst-case errors of quasi-Monte Carlo integration rules in suitable function
classes. For discussions in this direction we refer to [14,16,29].

In classical discrepancy theory (see [1,9,22,25]) one is interested in how
small the discrepancy can be in the best case and in constructions of point
sets and sequences whose discrepancy is of the optimal order of magnitude.
For the periodic L2-discrepancy and diaphony, respectively, the following is
known:

Finite point sets. For every dimension d ∈ N there exists a quantity
cd > 0 which only depends on d, such that for every N ∈ N and every N -
element point set PN,d in [0, 1)d we have

(2) Lper
2,N (PN,d) ≥ cd

(logN)(d−1)/2

N
.

See, for example, [14, Corollary 2]. This is the “periodic” counterpart of
Roth’s famous lower bound for the usual L2-discrepancy from [34]. The
lower bound (2) is known to be best possible in dimension d = 2, see, for ex-
ample, [13,14]. For arbitrary dimension d, it follows from [15, Theorem 5.3]
(see the discussion in [21, Remark 18]) that the periodic L2-discrepancy of or-
der 2 digital (t,m, d)-nets over Z2 is of order of magnitude (logN)(d−1)/2/N ,
where N = 2m, which matches the lower bound (2). Another “semi” con-
struction, based on digitally shifted digital nets in prime base b is presented
in [21, Section 4] (but unfortunately here the digital shifts leading to the op-
timal order of magnitude are unknown, which is indicated by the term “semi
construction”).

Remark 1. Just to avoid misunderstandings we mention that Lev [24]
studied a slightly more general notion of diaphony which involves certain
weights and which he called generalized diaphony. For this kind of gener-
alized diaphony he showed the existence of certain nets (where Lev means
point sets together with suitable positive weights for every point) yielding
optimal order of magnitude (see [24, Main Theorem]). However, these up-
per bounds are only achieved for certain weights which do not comprise the
classical setting considered in the present paper.

Infinite sequences. For every dimension d ∈ N there exists a quantity
c′d > 0 which only depends on d, such that for every infinite sequence Sd of
points in [0, 1)d we have

(3) Lper
2,N (Sd) ≥ c′d

(logN)d/2

N
for infinitely many N ∈ N.

This has been shown first in the context of diaphony by Prŏınov [31] (this
work is only available in Bulgarian language). A discussion of Prŏınov’s work
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can be found in [19]. Later, a direct proof in terms of periodic L2-discrepancy
has been provided in [20]. The lower bound (3) is known to be best possi-
ble in dimension d = 1. One-dimensional infinite sequences whose periodic
L2-discrepancy satisfies a bound of order of magnitude

√
logN/N for ev-

ery N ≥ 2 were given in, e.g., [2,12,29,32,33]. These constructions comprise
the fundamental van der Corput sequence as shown by Prŏınov and Groz-
danov [33] (for information about the van der Corput sequence see [11]). On
the other hand, although it suggests itself to believe that the lower bound
(3) is also best possible for arbitrary dimensions d ≥ 2, so far there was no
proof for this assertion.

The main result. In this paper we give for the first time an explicit
construction of infinite sequences in [0, 1)d for arbitrary dimension d, whose
periodic L2-discrepancy is of order of magnitude (logN)d/2/N in N which is
best possible according to (3). In fact, our result even gives a slightly more
refined description of the whole situation. Our main result is the following:

Theorem 2. For every d ∈ N one can explicitly construct an infinite
sequence Sd of points in [0, 1)d such that for all N ≥ 2 we have

Lper
2,N (Sd) �d

(logN)(d−1)/2

N

√
S(N) �d

(logN)d/2

N
,

where S(N) is the sum-of-digits function of N in base 2 representation, i.e.,
if N = 2n1 + 2n2 + · · · + 2nr with n1 > n2 > · · · > nr ≥ 0, then S(N) = r.

Remark 3. Obviously, we have S(N) � logN for all N ∈ N and S(N) =
(log(N + 1))/ log 2 if N is of the form N = 2m − 1 with m ∈ N. However,
for certain N the sum-of-digits function can be much smaller. For example,
if N is a power of 2, then S(N) = 1 only. Hence the main theorem describes
an infinite class of integers N ∈ N, for which the periodic L2-discrepancy
of Sd is much smaller than the worse lower bound from (3) which holds for
infinitely many N ∈ N.

The explicit construction of infinite sequences from Theorem 2 will be
presented in Section 2. Theorem 2 will then be a consequence of Theorem 9
that will be stated at the end of Section 2.

2. Explicit constructions of sequences

We now present explicit constructions of sequences whose periodic
L2-discrepancy satisfies the bound from Theorem 2. We use the same
construction like in [8] for sequences with optimal order of the standard
L2-discrepancy. The general construction principle was introduced by Dick
in [3,4] and is based on linear algebra over the finite field Z2 of order 2 (we
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identify Z2 with the set {0, 1} equipped with the arithmetic operations mod-
ulo 2). Dick’s construction in turn is based on digital sequences according
to Niederreiter [26,27].

Digital sequences. Basic module for the construction of a digital se-
quence in [0, 1)d are d (one for each coordinate direction) N×N matrices C1,
. . . , Cd with entries from Z2. In order that the points of a digital sequence
belong to [0, 1)d it is commonly assumed that for Cj = (cj,k,l)k,l∈N for each
l ∈ N the elements of column l become zero eventually, i.e., there exists a
number K(l) ∈ N, such that cj,k,l = 0 for all k > K(l).

For n ∈ N0, where N0 := N ∪ {0}, the n-th point of the digital sequence
is constructed in the following way. Consider the binary digit expansion
of n which is of the form n = n0 + n12 + · · · + nm−12m−1 with m ∈ N and
ni ∈ {0, 1} for every i ∈ {0, 1, . . . ,m− 1}, and define the binary digit vec-
tor of n as �n := (n0, n1, . . . , nm−1, 0, 0, . . .)� ∈ Z

N

2 . Then, for j ∈ {1, . . . , d},
define

�xj,n = (xj,n,1, xj,n,2, . . .)� := Cj�n,

where the matrix vector product is evaluated over Z2, and

xj,n :=
xj,n,1
2

+
xj,n,2
22 +

xj,n,3
23 + · · · .

Then the n-th point xn of the sequence Sd is given by xn = (x1,n, . . . , xd,n).
A sequence Sd constructed this way is called a digital sequence (over Z2)
with generating matrices C1, . . . , Cd.

Remark 4. A finite version of digital sequences are so-called digital
nets, which consist of 2m elements in [0, 1)d and which are constructed in
exactly the same way like digital sequence with the restriction that C1,
. . . , Cd are (finite) p×m matrices over Z2 with fixed m,p ∈ N, p ≥ m, and
n ∈ {0, 1, . . . , 2m − 1}. For more information see [7,26,27].

Explicit constructions of suitable generating matrices C1, . . . , Cd for digi-
tal sequences were obtained by Sobol’ [35], Niederreiter [26,27], Niederreiter–
Xing [28] and others (see also [7, Chapter 8]).

A concrete construction. We briefly describe a special case of
Sobol’s and Niederreiter’s construction of the generating matrices. Let Cj =
(cj,k,l)k,l≥1 with cj,k,l ∈ Z2. Let p1 = x and pj ∈ Z2[x] for j ∈ {2, . . . , d − 1}
be the (j − 1)-st primitive polynomial in a list of primitive polynomials over
Z2 that is sorted in increasing order according to their degree ej = deg(pj),
that is, e2 ≤ e3 ≤ · · · ≤ ed−1 (the ordering of polynomials with the same
degree is irrelevant). We also put e1 = deg(x) = 1.
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Let j ∈ {1, . . . , d} and k ∈ N. Take i−1 and z to be respectively the main
term and remainder when we divide k− 1 by ej , so that k− 1 = (i− 1)ej+ z,
with z ∈ {0, 1, . . . , ej − 1}. Now consider the Laurent series expansion

xej−z−1

pj(x)i
=

∞∑
l=1

al(i, j, z)
xl

∈ Z2((x−1))

and write, for l ∈ N,

(4) cj,k,l = al(i, j, z).

Now a digital sequence with generating matrices Cj = (cj,k,l)k,l≥1 con-
structed this way is a special instance of a Sobol’ sequence (which itself is a
special instance of a generalized Niederreiter sequence). For more informa-
tion on these constructions we refer to [7, Chapter 8]. Observe that for the
presented construction of generating matrices we have cj,k,l = 0 for all k > l.

The general construction principle. The present construction of
sequences with the optimal order of periodic L2-discrepancy is based on
higher order digital sequences as introduced by Dick in [3,4]. We state here
simplified versions of their definitions that are sufficient for the present pur-
pose.

The distribution quality of digital sequences depends on the choice of
the respective generating matrices. In the following definitions we put some
restrictions on C1, . . . , Cd with the aim to quantify the quality of equidis-
tribution of the digital sequence.

First we give the definition for the finite case as introduced in Remark 4.

Definition 5. Let m,p,α ∈ N with p ≥ αm and let t be an integer such
that 0 ≤ t ≤ αm. Let C1, . . . , Cd be p×m matrices with entries from Z2.
For j ∈ {1, . . . , d} and i ∈ {1, . . . , p} let �cj,i ∈ Z

m
2 be the i-th row vector of

the matrix Cj . If for all 1 ≤ ij,νj
< · · · < ij,1 ≤ p with

d∑
j=1

min(νj ,α)∑
l=1

ij,l ≤ αm− t

the vectors

�c1,i1,ν1 , . . . , �c1,i1,1 , . . . , �cd,id,νd , . . . , �cd,id,1

are linearly independent over Z2, then the digital net constructed from the
generating matrices C1, . . . , Cd is called an order α digital (t,m, d)-net over
Z2. We then say that the matrices C1, . . . , Cd satisfy the order α digital
(t,m, d)-net property.

F. PILLICHSHAMMER258
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Definition 6. Let α ∈ N and let t ≥ 0 be an integer. Let C1, . . . , Cd

∈ Z
N×N

2 and let Cj,αm×m denote the left upper αm×m submatrix of Cj for
j ∈ {1, . . . , d}. If for all m > t/α the matrices C1,αm×m, . . . , Cd,αm×m sat-
isfy the order α digital (t,m, d)-net property, then the digital sequence with
generating matrices C1, . . . , Cd is called an order α digital (t, d)-sequence
over Z2.

From Definition 6 it is clear that if Sd is an order α digital (t, d)-sequence,
then for any t ≤ t′, it is also an order α digital (t′, d)-sequence. If α = 1,
then the concept of order 1 digital (t, d)-sequences is exactly the same like
digital (t, d)-sequences as introduced by Niederreiter in [26,27]. For a ge-
ometrical interpretation of the order α digital net property we refer to [7,
Chapter 15] or to [8, Section 1.4].

Note that a digital sequence can be an order α digital (t, d)-sequence over
Z2 and at the same time an order α′ digital (t′, d)-net over Z2 for α′ �= α.
This means that the quality parameter t may depend on α. If necessary
we write t(α) instead of t for the quality parameter of an order α digital
(t(α), d)-sequence. In particular [4, Theorem 4.10] implies that an order α
digital (t, d)-sequence is an order α′ digital (t′, d)-sequence for all 1 ≤ α′ ≤ α
with

(5) t′ = 	tα′/α
 ≤ t.

In other words, t(α′) = 	t(α)α′/α
 for all 1 ≤ α′ ≤ α. More information can
be found in [7, Chapter 15].

Next we present a concrete construction of an order α digital (t, d)-
sequence.

A concrete construction of order α digital sequences. In order
to construct order α digital sequences we need the following composition
principle.

Definition 7. For α ∈ N the digit interlacing composition (with inter-
lacing factor α) is defined by

Dα : [0, 1)α → [0, 1), (x1, . . . , xα) �→
∞∑
a=1

α∑
r=1

ξr,a2−r−(a−1)α,

where xr ∈ [0, 1) has binary digit expansion of the form xr = ξr,12−1 +
ξr,22−2 + · · · with digits ξr,j ∈ {0, 1} for j ∈ N and r ∈ {1, . . . , α}. We also
define this function for vectors by setting

D
d
α : [0, 1)

αd → [0, 1)d

(x1, . . . , xαd) �→ (Dα(x1, . . . , xα), . . . ,Dα(x(d−1)α+1, . . . , xαd))

OPTIMAL PERIODIC L2-DISCREPANCY AND DIAPHONY BOUNDS 259
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and for sequences Sαd = (x0,x1, . . .) with xn ∈ [0, 1)αd by setting

D
d
α(Sαd) = (Dd

α(x0),Dd
α(x1), . . . ).

Likewise, the interlacing can also be applied to the generating matrices
C1, . . . , Cαd directly. This is described in [4, Section 4.4] and can be done
in the following way. Let C1, . . . , Cαd be generating matrices of an αd-
dimensional digital sequence and let �cj,k denote the k-th row of matrix Cj .
Define matrices E1, . . . , Ed, where the k-th row of matrix Ej is given by �ej,k,
in the following way. For all j ∈ {1, . . . , d}, u ∈ N0 and v ∈ {1, . . . , α} let

�ej,uα+v := �c(j−1)α+v,u+1 .

If C1, . . . , Cαd are the generating matrices of a digital sequence Sαd in di-
mension αd, then the matrices E1, . . . , Ed defined above, are the gener-
ating matrices of Dd

α(Sαd). Thus one can also obtain generating matrices
E1, . . . , Ed ∈ Z

N×N

2 which generate a digital sequence satisfying Theorem 2.
The following result follows from [3, Theorem 4.1 and Theorem 4.2]

(where we set α = d).

Proposition 8. If Sαd is an order 1 digital (t′, αd)-sequence over Z2,
then Dd

α(Sαd) is an order α digital (t, d)-sequence over Z2 with

t = αt′ + d

(
α

2

)
.

For the construction based on Sobol’s and Niederreiter’s sequence intro-
duced above we have

t =
d∑

j=1

(ej − 1)

(see [7, Section 8.1] for details) and therefore we obtain explicit constructions
of order α digital (t, d)-sequences over Z2 with

t = α
αd∑
j=1

(ej − 1) + d

(
α

2

)
.

Note that for the construction introduced above we have cj,k,l = 0 for all
k > l. Using the interlacing construction we obtain generating matrices E1,
. . . , Ed with Ej = (ej,k,l)k,l∈N and

(6) ej,k,l = 0 for all k > αl.

F. PILLICHSHAMMER260
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Now we propose that every order α digital (t, d)-sequence over Z2 with
α ≥ 5 that is constructed by interlacing of order 1 digital sequence with ma-
trices of the form (4) has the optimal order of periodic L2-discrepancy. In a
nutshell, we formulate the following more concrete version of our main result
(Theorem 2).

Theorem 9. Let d ∈ N, d ≥ 2. Let Sαd be a usual (i.e., order 1) digital
(t, αd)-sequence over Z2 obtained from matrices that are constructed like in
(4) with α ≥ 5. Then we have

Lper
2,N (Dd

α(Sαd)) �d
(logN)(d−1)/2

N

√
S(N) for all N ≥ 2.

3. Proofs

Obviously, Theorem 9 implies Theorem 2. The proof of Theorem 9 will
be based on a Walsh series representation of the squared periodic L2-dis-
crepancy.

Walsh functions. For k ∈ N0 the k-th Walsh function (in base 2)
walk : [0, 1) → {−1, 1} is defined in the following way: let k have binary
representation

k = κa−12a−1 + · · · + κ12 + κ0,

with κi ∈ {0, 1}, and let x ∈ [0, 1) have binary expansion

x =
ξ1
2

+
ξ2
22 + · · ·

with ξi ∈ {0, 1} (unique in the sense that infinitely many of the ξi must be
zero), then

walk(x) := (−1)ξ1κ0+···+ξaκa−1 .

For dimension d ≥ 2, vectors k = (k1, . . . , kd) ∈ N
d
0 and x = (x1, . . . , xd)

∈ [0, 1)d we write

walk(x) :=
d∏

j=1

walkj
(xj).

A collection of useful properties of Walsh functions can be found in [7, Ap-
pendix A].

We call x ∈ [0, 1) a dyadic rational if it can be written in a finite binary
expansion. By ⊕ we denote the digit-wise addition modulo 2. In order to
avoid ambiguities and since it suffices for our purpose we define ⊕ just for

OPTIMAL PERIODIC L2-DISCREPANCY AND DIAPHONY BOUNDS 261
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dyadic rationals. For dyadic rationals x =
∑∞

i=1
ξi
2i and y =

∑∞
i=1

ηi

2i with
ξi, ηi ∈ {0, 1}, where both digit sequences (ξi)i≥1 and (ηi)i≥1 become even-
tually zero, we put

x⊕ y :=
∞∑
i=0

ζi
2i
, where ζi := ξi + ηi (mod 2).

Obviously x⊕ y is then also a dyadic rational. For vectors x,y ∈ [0, 1)d
whose components are dyadic rationals we set x⊕y := (x1⊕y1, . . . , xd⊕yd).

For any k ∈ N
d
0 and x,y ∈ [0, 1)d whose components are dyadic rationals

we have

(7) walk(x⊕ y) = walk(x)walk(y)

It can be shown (see [7, Lemma 4.72]) that any digital net P2m,d (see
Remark 4) is a subgroup of ([0, 1)d,⊕) and furthermore, all components of
every point of P2m,d are dyadic rationals. From (7) it follows that walk is a
character of the group (P2m,d,⊕). Hence, for any digital net P2m,d with gen-
erating matrices C1, . . . , Cd ∈ Z

m×m
2 and any k = (k1, . . . , kd) ∈ N

d
0 it follows

that

(8)
1
2m

2m−1∑
h=0

walk(xh) =

{
1 if C�

1
�k1 + · · · + C�

d
�kd = �0,

0 otherwise.

For a proof of this fact we refer to [7, Lemma 4.75]. This property is called
the character property of digital nets.

Walsh series expansion of the periodic L2-discrepancy. The
starting point is the representation of the periodic L2-discrepancy in terms
of exponential sums. Re-writing (1) we obtain

(Lper
2,N (P))2 = − 1

3d
+

1
3dN2

N−1∑
n,p=0

Kd(xn,xp),

where

Kd(x,y) :=
∑
h∈Zd

1
r(h)2

exp(2πih · (x− y))

=
d∏

j=1

( ∞∑
h=−∞

1
r(h)2

exp(2πih(xj − yj))
)
.
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Now we expand Kd(x,y) into a Walsh series. We have

Kd(x,y) =
∑

k,l∈Nd
0

ρ(k, l)walk(x)wall(y),

where

ρ(k, l) =
∫

[0,1]2d
Kd(x,y)walk(x)wall(y) dxdy.

Due to the multiplicative structure of Kd and of the multi-dimensional
Walsh functions, for k = (k1, . . . , kd) and l = (l1, . . . , ld) in N

d
0 we have

ρ(k, l) =
d∏

j=1

ρ(kj, lj),

where, for d = 1 and k, l ∈ N0,

ρ(k, l) =
∫ 1

0

∫ 1

0
K1(x, y)walkj

(x)wallj(y) dxdy

=
∫ 1

0

∫ 1

0

∞∑
h=−∞

1
r(h)2

exp(2πih(x− y))walk(x)wall(y) dxdy

=
∞∑

h=−∞

1
r(h)2

(∫ 1

0
exp(2πihx)walk(x) dx

)(∫ 1

0
exp(−2πihy)wall(y) dy

)

=
∞∑

h=−∞

1
r(h)2

(∫ 1

0
exp(2πihx)walk(x) dx

)(∫ 1

0
exp(2πihy)wall(y) dy

)
.

Put

βh,k :=
∫ 1

0
exp(2πihx)walk(x) dx.

Note that β0,0 = 1, β0,k = 0 for k ∈ N and βh,0 = 0 for h ∈ Z \ {0}. Then we
can write

ρ(k, l) =
∞∑

h=−∞

βh,kβh,l

r(h)2
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and, in particular, ρ(0, 0) = 1 and ρ(0, l) = ρ(k, 0) = 0 for k, l ∈ N. For k, l
∈ N we have

ρ(k, l) =
∞∑

h=−∞
h 
=0

βh,kβh,l

r(h)2
=

6
4π2

∞∑
h=−∞
h 
=0

βh,kβh,l

h2 = 6γ2(k, l),

where γ2(k, l) are defined in [7, Eq. (14.17) on p. 453] as the Walsh coeffi-
cients of the normalized and periodically extended second Bernoulli polyno-
mial. These coefficients are computed in [7, Lemma 14.17] and from there
we obtain:

Lemma 10. We have ρ(0, 0) = 1 and ρ(k, 0) = ρ(0, l) = 0 for all k, l ∈ N.
For k ∈ N write k = 2a1−1 + 2a2−1 + · · · + 2av−1 with v ∈ N and a1 > a2 >
· · · > av ≥ 1, and k′ = k − 2a1−1 and k′′ = k − 2a1−1 − 2a2−1 = k′ − 2a2−1.
Likewise, for l ∈ N write l = 2b1−1 +2b2−1 + · · ·+2bw−1 with w ∈ N and b1 >
b2 > · · · > bw ≥ 1, and l′ = l − 2b1−1 and l′′ = l − 2b1−1 − 2b2−1 = l′ − 2b2−1.
Then for all k, l ∈ N we have

ρ(k, l) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

2−2a1 if k = l,

2−a1−b1−2 if k′ = l′ > 0 and k �= l,

−2−a1−a2−2 if k′′ = l,

−2−b1−b2−2 if k = l′′,
0 otherwise.

Using the Walsh series expansion of Kd(·, ·) we can write the periodic
L2-discrepancy in the following way:

Lemma 11. For any point set PN,d = {x0,x1, . . . ,xN−1} in [0, 1)d we
have

(Lper
2,N (PN,d))2 =

1
3dN2

N−1∑
n,p=0

∑
k,l∈Nd

0
\{0}

ρ(k, l)walk(xn)wall(xp).(9)

where k = (k1, . . . , kd), l = (l1, . . . , ld), ρ(k, l) :=
∏d

j=1 ρ(kj, lj), where, for

k, l ∈ N0 the coefficients ρ(k, l) are given in Lemma 10.

For digital nets we can simplify the above formula further. But first
introduce the notion of a digitally shifted digital net. Let

P2m,d = {x0,x1, . . . ,x2m−1}

in [0, 1)d be a digital net over Z2 and let σ ∈ [0, 1)d (in our context we re-
strict to σ with dyadic rationals as components). Then we call the point
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set P2m,d(σ) = {x0 ⊕σ,x1 ⊕σ, . . . ,x2m−1 ⊕σ} a digitally shifted digital net
over Z2.

Lemma 12. If P2m,d is a digital net over Z2, then the squared periodic

L2-discrepancy of P2m,d is given by

(Lper
2,2m(P2m,d))2 =

1
3d

∑
k,l∈D∗

ρ(k, l),

where D∗ = D \ {0} and where D is the so-called dual net given by

D = {(k1, . . . , kd) ∈ N
d
0 : C�

1
�k1 + · · · + C�

d
�kd = �0},

where for k ∈ N0 with binary expansion k = κ0 +κ12+κ222 + · · · we put �k =
(κ0, . . . , κm−1)�. Again, the coefficients ρ(k, l) are given as in Lemma 11.

If P2m,d(σ) is a digitally shifted digital net over Z2, then we have

(
Lper

2,2m(P2m,d(σ))
)2 =

1
3d

∑
k,l∈D∗

ρ(k, l)walk(σ)wall(σ).

Proof. From Lemma 11 we obtain

(Lper
2,2m(P2m,d))2 =

1
3d22m

2m−1∑
n,p=0

∑
k,l∈Nd

0
\{0}

ρ(k, l)walk(xn)wall(xp)

=
1
3d

∑
k,l∈Nd

0
\{0}

ρ(k, l)
(

1
2m

2m−1∑
n=0

walk(xn)
)(

1
2m

2m−1∑
p=0

wall(xp)
)
.

Now the first result follows from (8).
The second part follows in the same manner using (7). �

With Lemma 11 and Lemma 12 we are in a comparable situation to [8].
Instead of [8, Lemma 2.2 and 2.4] for the proof of [8, Theorem 1.1] now
Lemma 11 and Lemma 12 will serve as starting point of the proof of the
present Theorem 9. The main difference is in the definition of the coeffi-
cients ρ(k, l) here and r(k, l) in [8]. However, we will see that ρ(k, l) can be
estimated in the same way as r(k, l) in [8]. The crucial part of the proof is
to estimate the periodic L2-discrepancy by an expression, that appears as an
upper bound on the standard L2-discrepancy in [8, Lemma 3.1]. Then one
can use exactly the same procedure like in [8] in order to finish the proof of
our Theorem 9. We will show in detail how to derive the mentioned upper
bound on the periodic L2-discrepancy.
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Proof of Theorem 9. Let Sαd be a digital sequence in dimension αd
based on the construction (4) and apply the digit interlacing function Dd

α of
order α. The resulting sequence Sd := Dd

α(Sαd) := (x0,x1,x2, . . .) in [0, 1)d

is an order α digital (t, d)-sequence with t = α
∑αd

j=1(ej − 1) + d
(α
2

)
. Us-

ing (5), Sd is also an order α′ digital (t′, d)-sequence with t′ = 	tα′/α
 ≤ t
for all 1 ≤ α′ ≤ α. Thus it is also an order α′ digital (t, d)-sequence for all
1 ≤ α′ ≤ α.

Let C1, . . . ,Cd denote the generating matrices of the digital sequence Sd.
Let Cj,N×m denote the first m columns of Cj . Due to (6) only the first αm
rows of Cj,N×m can be nonzero and hence Cj is of the form

Cj =

(
Cj,αm×m Dj,αm×N

0N×m Fj,N×N

)
∈ Z

N×N

2 ,

where 0N×m denotes the N×m zero matrix. Note that the entries of each
column of the matrix Fj,N×N become eventually zero.

We use Lemma 11 to obtain

(Lper
2,N (Sd))2 =

1
3dN2

∑
k,l∈Nd

0
\{0}

ρ(k, l)
(N−1∑

n=0

walk(xn)
)(N−1∑

p=0

wall(xp)
)
.

Let N = 2m1 +2m2 + · · ·+2mr with m1 > m2 > · · · > mr ≥ 0 (hence r =
S(N)). We split the initial N terms of the sequence Sd into the point sets

Pi :=
{
x2m1+···+2mi−1 , . . . ,x−1+2m1+···+2mi

}
,

for i ∈ {1, . . . , r}, where for i = 1 we define 2m1 + · · · + 2mi−1 = 0. Any n
∈ {2m1 + · · · + 2mi−1 , . . . ,−1 + 2m1 + · · · + 2mi} can be written in the form

n = 2m1 + · · · + 2mi−1 + a = 2mi−1 l + a

with a ∈ {0, 1, . . . , 2mi − 1} and l = 1 + 2mi−mi−1 + · · · + 2m1−mi−1 if i > 1
and l = 0 for i = 1. Hence the binary digit vector of n is given by

�n = (a0, a1, . . . , ami−1, l0, l1, l2, . . .)� =:
(
�a
�l

)
,

where a0, . . . , ami−1 are the binary digits of a and l0, l1, l2, . . . are the
binary digits of l. With this notation we have

Cj�n =

⎛
⎜⎜⎝
Cj,αmi×mi

�a
0
0
...

⎞
⎟⎟⎠+

(
Dj,αm×N

Fj,N×N

)
�l.
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For the point set Pi under consideration, the vector

(10) �σi,j :=

(
Dj,αm×N

Fj,N×N

)
�l

is constant and its components become eventually zero (i.e., only a finite
number of components is nonzero). Furthermore, Cj,αmi×mi

�a for a ∈ {0, 1,
. . . , 2mi − 1} and j ∈ {1, . . . , d} generate an order α digital (t,mi, d)-net over
Z2 (which is also an order α′ digital (t,mi, d)-net over Z2 for 1 ≤ α′ ≤ α).

This means that the point set Pi is a digitally shifted order α digital
(t,mi, d)-net over Z2 and the generating matrices

(11) C1,αmi×mi
, . . . , Cd,αmi×mi

of this digital net are the left upper αmi ×mi submatrices of the generating
matrices C1, . . . , Cd of the digital sequence. We denote the digital shift,
which is given by (10), by σi. Note that all the coordinates of the digital
shift are dyadic rationals since the components of �σi,j become eventually
zero.

Let Di denote the dual net corresponding to the digital net with gener-
ating matrices (11), i.e.,

Di = {k = (k1, . . . , kd) ∈ N
d
0 : C�

1,αmi×mi

�k1 + · · · + C�
d,αmi×mi

�kd = �0},
where for k ∈ N0 with binary expansion k = κ0 + κ12 + κ222 + · · · we set
�k = (κ0, κ1, . . . , καmi−1)�. Set D∗

i = Di \ {0}. Then we have

N−1∑
n=0

walk(xn) =
r∑

i=1

−1+2m1+···+2mi∑
n=2m1+···+2mi−1

walk(xn),

where again for i = 1 we set 2m1 + · · ·+ 2mi−1 = 0, and by the character
property (8)

−1+2m1+···+2mi∑
n=2m1+···+2mi−1

walk(xn) =

{
walk(σi)2mi if k ∈ Di,

0 if k �∈ Di.

Therefore

(Lper
2,N (Sd))2 =

1
3dN2

r∑
i,i′=1

2mi+mi′

∑
k∈D∗

i ,l∈D∗

i′

ρ(k, l)walk(σi)wall(σi′)

≤ 1
3dN2

r∑
i,i′=1

2mi+mi′

∑
k∈D∗

i ,l∈D∗

i′

|ρ(k, l)|.
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Now define

Ei,i′ = {(k, l) ∈ D∗
i ×D∗

i′ : ρ(k, l) �= 0}
and

Ei,i′(z) = {(k, l) ∈ Ei,i′ : μ(k) + μ(l) = z},
where the function μ : N0 → N0 is defined by μ(0) := 0 and for

k = κ0 + κ12 + · · · + κa−22a−2 + 2a−1

with κj ∈ {0, 1} by μ(k) := a and, for k = (k1, . . . , kd) ∈ N
d
0, we put μ(k) :=

μ(k1) + · · · + μ(kd).
From Lemma 10 it follows that for (k, l) ∈ Ei,i′ we have

|ρ(k, l)| ≤ 1
2μ(k)+μ(l) .

Thus we have

(12) (Lper
2,N (Sd))2 ≤ 1

3dN2

r∑
i,i′=1

2mi+mi′

∑
(k,l)∈Ei,i′

1
2μ(k)+μ(l) .

Now we re-order the sum over all (k, l) ∈ Ei,i′ according to the value of
μ(k) + μ(l). Assume that k = (k1, . . . , kd) ∈ D∗

i . Let

kj = κj,0 + κj,12 + · · · + κj,aj−22aj−2 + 2aj−1

with aj = μ(kj) for j ∈ {1, . . . , d}. Let further �cj,u denote the u-th row vector
of the matrix Cj,αmi×mi

. Then

C�
1,αmi×mi

�k1 + · · · + C�
d,αmi×mi

�kd = �0

is equivalent to

d∑
j=1

( aj−2∑
u=0

�c �
j,u+1κj,u + �c �

j,aj−1

)
= �0.

Hence it follows from the linear independence property for the row vectors
of generating matrices of digital nets in Definition 5 that

μ(k) = a1 + · · ·+ ad > mi − t.

In the same way l ∈ D∗
i′ implies that μ(l) > mi′ − t. Hence (k, l) ∈ D∗

i ×D∗
i′

implies μ(k) + μ(l) ≥ mi +mi′ − 2t+ 2.
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Thus for the innermost sum in (12) we have

∑
(k,l)∈Ei,i′

1
2μ(k)+μ(l) =

∞∑
z=mi+mi′−2t+2

|Ei,i′(z)|
2z

and this implies

(13)
(
Lper

2,N (Sd)
)2 ≤ 1

3d

r∑
i,i′=1

2mi

N

2mi′

N

∞∑
z=mi+mi′−2t+2

|Ei,i′(z)|
2z

.

Now the right-hand side of the estimate (13) for the squared periodic
L2-discrepancy is – up to the factor 1/3d – the same as the upper bound on
the standard L2-discrepancy in [8, Lemma 3.1, Eq. (16)]. Note that the sets
Ei,i′(z) are subsets of the corresponding sets Ji,i′(z) used in [8, Lemma 3.1,
Eq. (15)]. This means that from this stage on we can proceed in exactly
the same way as in [8] in order to obtain the proposed upper bound in The-
orem 9. �

Remark 13. In [5] it is shown by a different proof method that even
order α = 2 digital sequences suffice in order to obtain the optimal order of
magnitude for the standard L2-discrepancy. We conjecture that the same
holds true for the periodic L2-discrepancy.
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