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Abstract. We study Schneider’s version of p-adic continued fractions. We
are interested in the finiteness of rational number expansion, the quality of ap-
proximation by convergents, the irrationality exponent of a number with a given
continued fraction expansion, and the convergence of Schneider’s continued frac-
tions in the field of real numbers. The main requirement for all of these problems
is a good estimate of growth for the sequences of numerators and denominators
of convergents.

For a prime p, several types of p-adic continued fractions have been in-
troduced, but none of them have all the useful properties that the usual
simple continued fractions of real numbers possess. In this paper, we study
Schneider’s p-adic continued fractions [20,22]. This type of p-adic contin-
ued fractions has been analysed with respect to finiteness and periodicity of
expansion [1,10-12,16,19,21,22] as well as the distribution of “digits” [14—
17]. However, it has also proved useful in constructing p-adic numbers with
required Diophantine approximation properties [4,6,7,9]. It is exactly this
aspect of Schneider’s p-adic continued fractions that we focus on.

The paper is organized as follows. The first section is of introductory
character, gathering the definitions and properties that will be needed. In
Section 2 we refine some results on deciding when the p-adic continued frac-
tion expansion of a rational number is finite. The next section connects this
question with the quality of approximation by convergents. In Section 4 we
give several examples of Schneider’s continued fractions and analyse the rate
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192 T. PEJKOVIC

of growth for numerators and denominators of convergents in these contin-
ued fractions. The bounds that we prove are then used to obtain results on
whether the convergents are the best rational approximations (Section 4),
the irrationality exponent of numbers constructed in this way (Section 5)
and the question of convergence of these continued fractions in the field of
real numbers (Section 6).

1. Introduction

Throughout this text, p denotes a prime number and Q, is the field of
p-adic numbers equipped with the p-adic absolute value | - |, normalized in
such a way that |p[, = p~ L.

Let a = (an)n>1 be a sequence of positive integers and b = (b,),>0 a
sequence of integers such that 1 <b, <p—1for n > 0. Set

Py Py 10 Pn = ann—l +panpn—27
1.1 = d f >0
(1.1) <Q—1 Q—2> <0 1> Q= bQu 49" Qs T

where we put ag = 0 for completeness. This implies

Pn Pn—l Pn—l Pn—2 bn 1
= f >
<Qn Qn—l) <Qn—l Qn—2> (pa" O> orn = 07

and by induction

Py Py STAR!
. = . > 0).
(1.2) <Qn Qn—1> 1;1 <p‘“ O> (n20)
Writing the last equality as

<Qn Qn—i) - <p8 O> <0 pa1> <p%) O> : <pa¢ 0) (n 2 1)7

=

Pn Pn—l _ bO pal qu—l Pag—2
Qn Qn—l o0 ;1—1 ;1—2 ’

where the sequences (P)),>_2 and (Q))n>—2 are defined using the same

initial conditions and recurrence equations as for (P,) and (@), but substi-

tuting for a and b the shifted sequences a’ = (ay,11)n>1 and b’ = (by41)n>o0-
Now we have

we see that

P,  boP,_; +p"Q;_y p™
@n Pn—l .
n—1
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SCHNEIDER’S p-ADIC CONTINUED FRACTIONS 193

and continuing, we obtain by induction a finite Schneider’s p-adic continued
fraction

P,

1.3 "= by + n>0
(1.3) Q, . e ( )
1+ o
by + o
.+ b,
which we write as [bg, p™ : by, p® : by, ..., p% : by].
Taking the determinant of (1.2), we get
(1.4) PpQn1 — Po1Qn = (—1)"lpXim® (n > 1),
so that
P, P,_ D L
_ 1 _ ( ) pZi:l al’
( ) Qn Qn—l Qn—lQn
1.5
Py Pn ~ ((=DF >
— = pi=1 % n>m > 0).

k=m+1

It follows easily from (1.1) that p divides neither P, nor @, for any n >
0. Thus (1.4) implies that gcd(P,, Pp—1) = ged(Qn, Qn-1) = gcd(Pr, Qn) =
1 and the fractions P, /@, are already reduced. Taking into account that
p-adic absolute value is non-Archimedean [18], (1.5) gives

(1.6) =p 25 % (n>m>0).

p

‘ P, Pp
Qn  Qm
This shows that (P,,/Qn)n>0 is a Cauchy sequence and therefore converges

to some &ap € Qp. Actually, &, p is a p-adic unit, i.e. |{aplp, = 1. Now (1.6)
implies that

P,

et
(1.7) ab — Qm =p = % (> 0),
mip
so that we can write
p™
(1.8) €ap =bo + s = [bo, p™ : b1, p™ : bo,p™ .. .].
bl =+ a
p 3
by +
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194 T. PEJKOVIC

From the other direction, we take any &, € Q, and, dividing it by
|€olp, we can assume that [§o], = 1. Then [ —bg|, < 1 for exactly one
bo € {1,...,p— 1}, so that defining p™ = | — by, ' and & = p™ /(&0 — bo),
we see that [£1], = 1 and & = by + p™ /&1. This process can be continued

(19) 60 - [bOJ)al : bl7 oo 7pan : fn]

and we obtain (finite or infinite) sequences a = (ay)p>1 and b = (b,)n>0. It
is then easily shown that §y = £, for these sequences a and b.

As is conventional, we will call P,/Q,, from (1.3) a convergent of &, p,
and &, in (1.9) a complete quotient. Note that analogously to the relation
between (1.1) and (1.3), we can see that

_ gnPn—l +pa" n—2 (TL > 0)
gnQn—l + P Qp—2 o

We can immediately read off how close two p-adic numbers are looking
at the initial parts of their continued fraction expansions that coincide. Let

(1.10) €o

a = [bg,p™ : by, p* : by,...] and (= [bg,p“,l : ’1,pa/2 b,

be two p-adic numbers with their (finite or infinite) expansions. As usual,
we suppose |a|, = [B|, = 1. Let (an)n>0 and (5y)n>0 be the complete quo-
tients of o and f3, respectively, and (P,/Qy)n>0 the sequence of convergents
to a. Depending on the position of the first difference between the continued
fraction expansions of a and 3, we have two cases.

When a; = aj for 1 <i <k—1andb; =0, for 0 <i < k—1, but a;, # aj,
then (1.10) implies

_ Py +p™ Py BiPey + p% Py
Q-1 + " Qr—2  LrQr—1+ p%Qr—_2

_ (op™ — Brp™ ) (Py—1Qp—2 — Pr—2Qr—1)
(axQr—1 + p™Qk—2)(BrQr—1 + P%* Qr_2)

from which, using (1.4) and the fact that |og|p, = |Bklp = |Qk—1lp = |Qr—2|p =
1, we obtain

(1.11) o = Bl = p it wemin{owei),

Similarly, if a; = a} for 1 <i < kand b; = b, for 0 < ¢ < k—1, but by, # b},
we get

(112) ‘a — B‘p — p—Z;:l ai
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SCHNEIDER’S p-ADIC CONTINUED FRACTIONS 195

2. Expansion of rational numbers

Although a finite Schneider’s p-adic continued fraction always represents
a rational number, the converse is not true. For example, —1 =[p—1,p:
p—1,p:p—1,...] has an infinite periodic expansion. For brevity, we will
put (B), and (B) if a block B in a continued fraction repeats n times
or indefinitely, respectively. Thus, we can write —1 =[p—1,(p:p— 1))
Bundschuh [10] showed that if a rational number has an infinite p-adic con-
tinued fraction expansion, then this expansion has the same periodic tail,
i.e. it has the form [...,p—1,(p:p — 1))

There is no complete characterization of rational numbers with infinite
Schneider’s p-adic continued fraction expansion, although Hirsh and Wash-
ington [16] tackled some special cases.

We modify Bundschuh’s result in order to obtain an upper bound on the
required number of steps in the expansion before it terminates or reaches
—1 as a complete quotient.

We use Vinogradov notation <, >, and =< as well as Landau big-O
notation. The implied constants, which can be computed explicitly, always
depend on the prime p and possibly also on a parameter used and mentioned
in the specific example. Denote by H(u/v) = max{|u|, |v|} the (naive) height
of the reduced rational number u/v.

Expanding a rational number & = zo/z; into a continued fraction (1.8)
(either terminating or non-terminating), denote one complete quotient
xi/."L‘Z'+1 = [bi,pa”l 2hit1,- - .], where x;,z;11 € Z and ng(.”L‘Z',."L‘Z'+1) = 1. Then
the next complete quotient is

a; . .
prtt _ Ti+1 T+l
Ti _p. mi—bimit1 el ’

Tit1 ! “poitt Lit2

where ;19 = (z; — bjx;y1)/p®+* is an integer and ged(x;y1,xi42) = 1. In
this way we obtain a sequence (z;);>o of integers which terminates if ; /241
€ {1,2,...,p— 1} for some i. Otherwise, we reach some pair (z;,z;+1) €
{(-=1,1),(1,—1)} which means the complete quotient is x;/x;11 = —1 and
the sequence is periodic from that place onward.

THEOREM 1. The expansion of a rational number & into a p-adic contin-
ued fraction either terminates or the complete quotient —1 is reached. The
number of steps required, i.e. the number of complete quotients that need to
be computed before either of the cases occur is (’)((log H(ﬁ))Q), where the
implied constant depends only on p.

Proor. We have

x; — bixi Tiy1 — biy1wigo
(21) Ti4+2 = 5 Ti+3 = .

pai+1 pai+2
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196 T. PEJKOVIC

Note that |z;| # |x;+1| since otherwise z;/x;11 =1 or z;/x;41 = —1 which
means we are already finished.
Compare H(z;/z;41) with H(z;42/xi+3). From (2.1),

|z:| + (p — D] 2is] _l+p—t H(
p p
|zivs] < H(zip1/mive) < H(zi/ziv),

|zit2| < ri/xiv1) = H(zi/7iy1),

unless x;41/x;42 € {—1,1}. Therefore, taking into account that x;;o and
T;43 are coprime integers,

(2.2) H(zit2/wits) < H(wi/is1) — 1.

If (@it1,b;) # (1,p — 1), a better bound can be obtained

—1
< b H(z;i/ziy1),

|Zit2| < max{|mi| w2l e (p_1)|$i+1|}
(A
D

p ’ p?

Tiv1|+ (P —1)|zip2 1 p—1\2
|Zita] < [zie] (P~ il < |«Tz'+1|+< ) H(zi/it1)
p p p
2
p—p+1
< 2 H(xi/2it1).
Thus
2
—p+1
(2:3) H(zira/ziss) < ¥ 57 H(zi/aisn).
If (aj41,b;) = (1,p — 1), we have
z, — (p—1)z; 1
|Zip1 + 2igo| = |zig1 + 7 P = Lzia| _ |zi + zita.
p p
However, if |x; + 21| < 1, then x; + z;41 = 0, i.e. x;/x;41 = —1. Hence, if
(@iv1,0i) = (@iv2,bip1) = -+ = (@i, biyr—1) = (1, p — 1), from

1 2
1< |@iqn + Tigpy1]| = o |z + 21| < o H(xi/zit1),
we get

k‘ S logH(JJZ'/JJZ'+1) + 1.

2.4
(2.4) log p
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Taking into account (2.2), (2.3), and (2.4), we see that

2
—p+1 logH(%;/x;
H(Zjqw/Tirnt1) < P p]; H(zi/wiy1) for k= { & l(og; +1)J + 3.

This implies that in x steps log H(x;/x;+1) will decrease by at least

2

— 1
—log b ]2) + > 0.
p
If H(z;/xiv1) < 1, i.e. logH(z;,x;11) < 0, we are finished. This shows that
the number of steps required to obtain from £ a complete quotient from the
set {—1,1,2,...,p—1}1is (9( (log H(f))2) with the implied constant depend-
ing only on p. O

When computing the expansion of a particular rational number with an
infinite p-adic continued fraction, it is natural to ask when the first appear-
ance of a negative complete quotient might occur. At that moment, we know
that —1 will be encountered as a complete quotient and the expansion will
not terminate. The next theorem describes the worst case.

THEOREM 2. Let A = (1+ /1 +4p)/2. If the p-adic continued fraction
expansion of a rational number & is infinite, then within the first

7]

complete quotients, at least one has to be negative.

This bound is in general asymptotically best possible. More precisely,
there exists an infinite sequence of rational numbers (vp)n>1 such that
lim,, oo H(vp,) = +00 and the first negative complete quotient of vy, is en-
countered after n steps in its p-adic continued fraction expansion while

lim 7 QIOgH(V")J +3>_1 ~1.

n—00 log A

PROOF. The case £ < 0 being trivial, we assume £ = xo/x1 > 0 so that
xo and x; are positive relatively prime integers. As before, let (z;/xiy1)i>0
be the sequence of complete quotients of & = [bg, p™ : by, p® : by, . ..], where
the continued fraction expansion does not terminate.

Let k be the smallest integer such that x;4q < 0. This implies that
xp/xpeq is the first negative complete quotient in the expansion of £&. We
set

A
yi = x; +x;41 fori>0.
p
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If 2,410 > x; > 0, then ;40 < 0,80 =k —1. If ; > z;41 > 0, then

A A T, — b1 A Ti — Titl
Yirl = Tl +Tigo = T+ < Cwga
p p pritt p
1 —1+4/1+4p 1 /A 1
= x;+ Tit1 = ( T; + :Ez'+1> = Y
p 2p A\p A

For 0 <7 < k—1, we have x; > x;41 > 0, so that

Yk-1 < | Yk—2 <

1 1 A
3<... < Yk > 1>1,
=0 Y3 S S g Yo Uk 1_p+

which combines into

Nl <y < (2 + 1) H(zo/z1) < 2H(E),

where the last inequality becomes an equality for p = 2. Hence,

k< log(2H(E)) < log H(¢)

2.
log A — logA +

This proves the first part of the theorem.
Define P, /Qy = [1,(p : 1),] for n > 0. These are obviously convergents
of the infinite continued fraction [1, (p : 1)), so by (1.1), we have

P, = P,_1+pP,_o, Qn = Qn—l +an—2 for n > 2

with Py = Qo= Q1 =1, P, = p+ 1. These linear recurrence relations with
constant coefficients give

1
2.5 n=PFP, 1= AL (/) > 1.
(2.5) Q 1 \/1+4p( (=p/N)"), n>
Set now
_Pn+p2pn—l
vp=1[1,(p: Vp,p*: 1] = .
L@ Dnp™: == 0 g,

The complete quotients of v, starting from the last one and moving back-
wards, are

l4+p-—p?

—1<0, [1,p?:—1]=1-p2<0, [Lp:1p®:—1]= e o0

This implies that in the continued fraction expansion of v,,, the first negative
complete quotient is obtained in the n-th step. Since A > ,/p > 1, which
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SCHNEIDER’S p-ADIC CONTINUED FRACTIONS 199
implies | — p/A| < A, (2.5) shows that P,_1 = Q, ~ A""1/\/1 + 4p when n
— 00, so that
)\n+2 p2)\n+1 p2 —A

o + — n+1
Vi+dp  J144p  1+44p

H(vy) ~

Thus,
log H(v)
log A

and we conclude that the bound we obtained is indeed asymptotically best
possible. [

J+3~n,

In view of Theorem 2, the bound in Theorem 1 might not be best pos-
sible. A sharper bound could be obtained if a better estimate is found for
the length of the preperiodic part of p-adic continued fraction expansion of
negative rational numbers.

3. Approximation by rational numbers

As is well known (see e.g. [13, Theorem 8.29]), for the standard continued
fractions of real numbers, convergents are the best rational approximations.
This means that for the sequence (P, /Qn)n>0 of convergents to ( € R, we
have [Qo¢ — Pyl > [Q1¢ — P1| > [Q2¢ — P > - andifn>1,1<B<Q,
and (A, B) a (Pn—la Qn—l)a (Pm Qn)a then |BC - A| > |Qn—1C - Pn—1|'

For approximation in @Q,, we have to bound both the numerator and the
denominator of the rational approximation. For example, let £ be a p-adic
integer. Then |B§ — AJ, can be as small as we like if we only bound the size
of B, e.g. set B=1and A= ¢ (mod p¥) for k as large as wanted. However,
even with this restriction, the convergents in Schneider’s continued fraction
expansion of £ € @, are not necessarily the best rational approximations of §
as shown by the next example.

Immediately from the pigeonhole principle, we obtain the following re-
sult. For any £ € Z, and any nonnegative integer k, there are ug,v; € Z not
both zero such that

(3.1) max{ |ug|, vk |} < pk and  |vp€ — uglp < p_%,
which implies

(3.2) max{Jug1 |, [ors1 ]} < fog€ — uel, 2,

If ¢ is not a rational number, then |v;€ —ug|, > 0 for every k, so the sequence
(max{|ug|, |vk|})k>0 is unbounded and can be assumed to be non-decreasing.
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Set £ =[1,(p: 1)oc] € @y \ Q for p > 2 and let (uy); and (vg)j be the as-
sociated sequences satisfying (3.1). Using the results from the proof of The-
orem 2, we have by (2.5) that the convergents P, /Q,, of £ satisty @, = P,—1
~ A"L//1 + 4p when n — oo, where A = (1 + /1 + 4p)/2. From (1.7), we
see that

Qn

For some n large enough, let k£ be an integer such that

p "1 forn>0.

|Qn§ - Pn|p = ‘5

p

e gl [ox]} < max{ Py @} < ma{fugal, o]}
Then
|Qné — Pulp =p "' < max{P,, Q,, )}~ logr/log A
> max{|wgpi1], [vkp1]} 8P 18N > [ug € — | loer/(les )

where the last inequality follows from (3.2). Since logp/(2logA) < 1, uy /vy
is certainly a much better rational approximation of £ than P,/Q,. We can
easily modify the preceding argument and apply it to £ = [1, (p® : 1) for
a > 2 which is then an example suitable also for p = 2.

Let £ € Z) be a p-adic unit and A/B a rational number written as a re-
duced fraction. Slightly changing the previous terminology, we say that the
rational number with the reduced fraction u/v is a better rational approxi-
mation of £ than A/B if

(3.3) |v€ — ul, < |B§ — A|, while |u] < |A], |v] < B,

with at least one of the bounds on |u|, |v| being strict.
There is a simple connection between the finiteness of the continued frac-
tion expansion of u/v and how well u/v approximates some p-adic number.

THEOREM 3. A rational number with the reduced fraction uw/v € Z, has
an infinite p-adic Schneider’s continued fraction expansion if and only if it is
a better rational approzimation of some § € Z, than some convergent of §.

ProOF. If u/v € Q has a non-terminating continued fraction expansion,
then it is certainly a better rational approximation of itself than its con-
vergent with numerator or denominator larger than H(u/v). Recall that
the sequences of numerators and denominators of the convergents of an infi-
nite continued fraction are strictly increasing sequences of positive integers
which, therefore, tend to +oo.

On the other hand, suppose that (3.3) holds for a convergent A/B of £
while u/v has a finite continued fraction expansion. From (3.3) we see that

-
v

A
= log —ulp < |BE- Al =6 - 7] .
p p
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According to (1.11) and (1.12) compared with (1.7), this implies that the
continued fraction expansions of £ and w/v coincide in an initial segment not
shorter than the one in which the expansions of £ and A/B coincide. Since
A/B is a convergent of £, this means that A/B is also a convergent of u/v.
However, since u/v has a terminating expansion, it is its own last convergent,
different from A/B. Therefore, u > A and v > B which contradicts (3.3).
O

Suppose now that u/v is a better rational approximation of £ = [by, p™ :
bi,...] than one of its convergents (P,,/Qn)n>0, say Pr_1/Qr—1. Again, as
in the previous proof, looking at (1.7), (1.11) and (1.12), we see that

u  gPe1+p" Py
v GQr—1+ P Qr—2’

where a > aj, and ¢/d is a reduced rational number with |c¢/d|, = 1. Noting
that ged(Py—1,p" Py—2) = ged(Qp—1,p"Qr—2) = ged(Py—1, Qk—1) = 1, we get

u=cPy_1+dp*"Pr_o, v=cQp_1+dp*Qp_o.
The inequalities |u| < Py_1, |v] < Qk_1 are equivalent to
—Pyp1 < cPpo1+dp*Prg < Pro1,  —Qr-1 < Q-1+ dp*Qp—2 < Qp—1,

or

(3.4)
dp® Py,
ce |- P Ik 2_17

dp P dp (Q — dp (;) —
k—2 1:| ~ |: k—2 1’ k—2 1.
Pk—l Pk—l

Qr—1 Qr—1

The two intervals in (3.4) are both of length 2, so they have a nonempty
intersection if and only if the distance of their midpoints is at most 2. If
this distance is at most 1, the intersection is of length at least 1, so it has to
contain an integer. Unfortunately, this integer can be divisible by p which
can not be the case for ¢. This obstruction can sometimes be circumvented

as we will soon show.
We see from (1.4) that

—dp*Py-2 _ —dp*Qi-2| _,
Pr1 Qr—1 |~

is equivalent to

|d[p?t 2=t ¥ = |d|p® - |Pe_1Qp—2 — Pe2Qr1| < 2P 1Qp_1.

Thus a necessary condition for a better rational approximation than Py_1/Qp_1
to exist is

k .
Pt < 2P Q.

Acta Mathematica Hungarica 169, 2023



202 T. PEJKOVIC

In other words, a better rational approximation (in our terminology) than
Pi_1/Qk—1 does not exist if

ke :
(3.5) pi=1% > 2P 1 Qp,

so the sequence (ay),>1 has to grow pretty rapidly.
One sufficient condition for the existence of such an approximation is e.g.

ke .
(3.6) pi-1% < Py 1Qpy and p™ P, 5/Py i € (1,p—1).

Note that the first condition ensures the existence of some integer ¢ for d = 1
and the second condition guarantees that p does not divide c.
As an example, we take again £ = [1, (p: 1)) for p > 2 and (2.5) then
gives
n+1
Qn:Pn—lN(1+\/1+4p) )
on+1 \/1 +4p

so that

(14 /14 4p)*F+t
22k+1(1 -1-4]9)

and (3.6) holds for all k large enough since (1+ /1 + 4p)?/4 > p and 2p/(1 +
V1+4p) € (1,p—1). Thus [1, (p: 1)) has better rational approximations
than convergents with index large enough.

We could have obtained a slightly more general result for £ having again
(an)n>1 a constant sequence a,, = 1, but letting (b,),>0 be an arbitrary se-
quence with elements in {1,2,...,p — 1}, by using the inequality

ke .
p==1 % =pF Ph1Qro1~

(3.7) PuQn > [J(1+ ™)

=1

which holds for any continued fraction and every n > 2 (for n =1 the in-
equality also holds, but is not necessarily strict). To prove (3.7), we first
show by induction using (1.1) that

(3.8) P, > (1+p™)1+4p*2)1+p**)--- foralln>2 and

' Qn > (1 +p")(1+p*2)(14p*)--- forall evenn > 2,
where both products stop with the term 1 4 p® or 1 4 p®* depending on n
being odd or even. From (3.8) and P,Q, > P,-1Q, for n even and P,Q,
> P,Qn—1 for n odd, we obtain (3.7).

Now, in our example where p > 2 and a,, = 1 for all n, (3.7) immediately
implies the first part of (3.6), while the second part holds for all k& such
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SCHNEIDER’S p-ADIC CONTINUED FRACTIONS 203

that by_1 < p/3 since from (1.1) we have P, /P, 1 = b, +p* (Pp_1/P,_2)~ "
which implies

pPio/Pe1>p-[p/3,p:L,p:p—1,p:1]"'=(9p—3)/(9p—4) > 1,
PP o/Pra<p-Lp:p—1p:1]t=p2p-1)/Bp—-1)<p-1.

The previous discussion shows that it is of interest to find good estimates
of size for numerators and denominators of convergents given sequences (ay, ),
with different rates of growth.

4. Bounds on height of convergents for some examples

The main purpose of this section is to obtain good estimates of size for
the height of convergents in several examples of p-adic continued fractions.
These examples have different rates of growth of the sequence (ay),>1 of
exponents in the partial numerators of continued fractions. The obtained
estimates will give us in Theorem 4 some partial results on the quality of
approximation by convergents. The same bounds will be used in Section 5 to
determine the irrationality exponent of the constructed continued fractions
and in Section 6 to study the convergence of the sequence of convergents
(P,/Qn)n>0 in the field of real numbers.

We are interested in the lower and upper bounds of the sequence

(4.1) Xo=X1=1, X,=cX,_1+p"X,_o forn>2,

where c€ {1,...,p—1} is fixed. Comparing the initial values, we get
P,> X, and Q, > X,, if ¢ =1 is chosen, while P, < p X, Q, < X,
if c=p—1 is taken. In these bounds, the implied constants depend only
on p. For all the examples in the rest of this paper, the choice of sequence

n)n>0 in {1,...,p— 1} will be irrelevant in the estimates of size and we
bp)n>0 in {1 1} will be irrel in th i f si d
can disregard the value of c.

Define

- X

4.2 T, =[] p™ =p>i=1® and Y, = " n > 0),
(42) ! kl;‘[l " VT ( )
so that, after substitution, (4.1) becomes
(4.3) Yn — Cp_a"H/QYn—l +p(an—an+1)/2Yn_2_

Let g(n) = p(@—an+1)/2 4 ep=0n+1/2 for n > 1. Then
Y, > g(n)min{Y,_1,Y,—2} (n>2),
Yoo1 2> g(n—1)min{Y, 2,Y, 3} (n>3),
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so that

(4.4) min{Y;,,Y,_1} > min{ g(n),g(n—1),9(n)g(n—1)} min{Y,_5, ¥, _3}.
Using Y,, > min{Y,,, Y,,_1} and iterating (4.4), we obtain

(4.5) Y, >min{Yy, Y1, Y5} H min{ g(k),g(k — 1), g9(k)g(k—1)}.
3<k<n
2l(n—k)

Completely analogously, we show

(4.6) YV, <max{¥,Y1,Ys} [ max{g(k),g(k—1),9(k)g(k—1)}.
3<k<n
2[(n—k)

Now we continue the analysis for particular classes of sequences (ap)n>1.

4.1. a, = |« log, n]. We use log for logarithm with base e and log,,
for logarithm with base p. Let « be a positive real number and define a,, =
|alog, n] for n > 1. Then p* =< n® and we want to bound 7}, and Y}, in
this case.

Note that

H 1ng(n = p_”(n')o‘ and Tn < (n!)a7

hence, by Stirling’s formula,

(47) T, = ea(nlogn—i—@(n))'
We look only at n > (p¥/* —1)~! or (n 4 1)/n < p'/* so that

k k+1
n<pe<pao <n+l

cannot happen for an integer k.
If n = [p*/*] — 1 for some positive integer k, then a, 11 = k = a, + 1, so

g(n) _ p—1/2 + Cp—Lalogp(n+1)J/2’
(4.8) p—l/2 _|_Cp(—alogp(n+l))/2 < g(n) Sp_l/Q _|_Cp(—alogp(n+l)+l)/2’
p 2 e(n+1)"Y2 < g(n) < p V2 4 ept?(n+1)"2
Otherwise, a,11 = a, and
( ) g(n) =14 Cp—[alogp(n+1)J/2’
4.9
L+ce(n+1)"2 < g(n) <1+ cepP(n+1)"%2
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Now, using (4.8), (4.9) and the estimates

(4.10) e <1+x<e” for0<az<l,
- —a/2 _ " —a/2 _ 2 1—a/2
k= w dr+0(1)=," (n +0(1)) (a#2),
k=1 1 N

1
Z E—a/?2 — ) (n'*? 4+ 0(1)), e € {0,1},

1<k<n
(k=)
s 1
> kel ey ptP =1y < 4,
1<k<n =0 vp—1

k=[p*/ ], LeZ

[
p—i card{k€Z:1<k<n, k=[p*/*], LeZ} _ 6—;a(logn+0(l))

with (4.5) and (4.6), we obtain

3 1—

(411) Y, >. 62(21704)”1_2 —;alogn7 Y, <, oP? L2 $ '
It follows that

(4.12) lim Y, = +o00 for a <2, Y, =04,(1) for a>2.
n—o0

Unfortunately, for « > 2 we cannot in general conclude that lim Y, = 0.
n—o0

The difference between the upper and lower bound in (4.11) comes from the
fact that the decrease in the sequence (Y},), happens at n = [p*/®] — 1 for
positive integers k. Let D be the infinite set of all these indices n where the
descent occurs. The sequence of Y;, with odd (even) indices will tend to 0 if
and only if there are infinitely many odd (even) numbers in D.

The claim in one direction is obvious. If, for example, there are only
finitely many odd numbers in D, then (4.3) shows that for odd n which are
large enough, we have Y, > Y,,_5 so that Y;, > 1 for odd n. This happens
for example if p/@ is an odd integer.

Suppose now that there are infinitely many odd numbers in D. Let
(ni)i>0 be the strictly increasing infinite sequence of all odd integers in D
starting from some ng large enough. From (4.11) we know that there is some
upper bound M for (cpl/zYn)nzo, so that by (4.3), for n > ng it holds

Yo <Y, < Y,_o ifné¢D,
(413) 2 ]\2 (’I’L—|— 1)a/2 + 9 1IN ¢
—1/2 .
Yng(n+1)a/2+p 12y, o  ifneD.
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For a large enough odd integer n, let ¢ be such that n; <n < n;;;. Then we
see by (4.13) that

(4.14) YTL é Ym+1—2
< M((nig1 — 172 4+ (nip1 = 3) 72 4+ 4 (0 + 1)) +p 127, .

From the monotonicity of the function n — n~*2, we have

(ni+1 — 1)—a/2 + (niﬂ — 3)_a/2 +---+ (TLZ + 1)—a/2
1 —a -«
<a_2((ni_1)1 2 — (i — 1)17272),

so that iterating (4.14), we get

M < . e
Y2 < o ) (0= 1)1 7% = (njy — 1)1 72) pm (792
7=0
—(i+1)/2 M i 1-a/2, —(i—j)/2 ~1/2
+p Va2 < o ( D (=)' (1-p~%)
j=1

+ (nO - 1)1—a/2p—i/2> + Mp_i/2.

Using n; — 1 > %pj/o‘ and 1 — /2 < 0, this gives

Yni+1_2 < Z (pj.Qz—aa_,’_j;i) +p_; < p—z/2<1 + Zp]/a> <<p—i/2 pz/oc
j=1

j=1
Finally,
(415) Yn < YnHl—Q <q p(;—;)z7
so that

lim Y, = 0.

n—o0

n odd

1/a

Note that by choosing p to be an even (odd) integer, we get that

[pF/®] — 1 is odd (even) for every positive integer k, so that D contains only
odd (even) numbers.

On the other hand, since [p¥/®] is odd if and only if the fractional part

{%pk/ “}is in (0, 5], we see that this question is closely related to the prob-
lem of distribution modulo 1 of powers of a real number. From a result by
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Koksma (see e.g. [5, Theorem 1.10]), we know that for almost all real num-
bers 7 > 1 (in the sense of Lebesgue measure), the sequence ({57});>¢ is
uniformly distributed in the interval [0,1). This shows that for almost all
o > 2 the sequence ({} p*/})k>0 is uniformly distributed in [0,1) and thus
the set D contains infinitely many odd and infinitely many even numbers,
so that lim,,_,. Y;, = 0 really holds.

4.2. a, = |n'/"]. Let r > 1 be an integer and set a, = [n'/"| for
n > 1. Note that (n+ 1)1/’” —nl/r < n‘”l/’"/r <1l,300<api1—a, <1
holds for all n. Here we have

> o= D)€ (na S e,
k=1 k=1 k=1 k=1
Sk = [Calras s 0@ty = T a0t/
—1 0 r+1
and thus
(4.16) T, = pra™ /oM,
If n = k™ — 1 for some positive integer k, then a1 =k =a, + 1, so
g(n) = p—1/2 + cp—k/Q _ p—1/2 + cp—(n+l)1/*/2'
Otherwise, a,11 = a, and
g(n) = 1 =+ cp_ \.(n—"_l)l/TJ/Q’
1+ cp D2 < g(n) < 14 cp'/2p= (D72,
As before, using (4.10) and
“+00
0

Y op T < / e V208" 4z — (2/log )" !,
k=1

we obtain from (4.5) and (4.6) that

(4.17) Y, >p "2y, <« 1,

where the implied constants depend on p and 7.

In order to improve the upper bound on Y,,, we follow the same strategy
as before. Let M be some upper bound for (cpl/ Y, )n>0 which is finite by
(4.17). For n large enough, let k be a positive integer such that

(k—2)"—-1<n<k"—1 and n=(k—-2)"-1=k—1 (mod 2).
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Then by (4.3), we have
Y, < Yir_3 < M(p_(kT—Q)l/T/Q _|_p_(kr_4)1/r/2 4+ .+ p_((k_l)r'f‘l)l/T/Q
4o 4 p (2742772 +p—(k—2)/2) + p_1/2Y(k—2)7‘—3

<uh - (g —2) o -2)

< MTkT_lp_(k_2)/2 +p_1/2Y'(k_2)r_3

24 p VY g3

< MTp(k‘T_lp_k/2 + (k‘ _ 2)r—1p—(k—2)/2—1/2 + (k _ 4)r—1p—(k—4)/2—2/2
4t gr—lp—Z/Q—(k—Z)/4) + p—(k—é+2)/4yv(z_2)r_3’

where ¢ = k (mod 2) is large enough but fixed and depends only on p, r and
the parity of k.

Noting that 2"~ 1p~%/2 <« p=*/4p=*/5 and Y(4—2yr—3 < M, we obtain
(4.18) Y, < p_k/4(1 +p g2 ) < p M« p_"w/‘l,

which gives with (4.17)
(4.19) p Ry, < p A

4.3. a, = n". Let r be a positive integer and set a, =n" for n > 1.
For this sequence, we have

1

. . 1 r+1 r
(4.20) Zak = Zkr — 1nr-i—l + O(nr)’ T, = pr+1" 1+0(n )
k=1 k=1 T
Since
g(n) — p(n7~_(n+1)7~)/2 + Cp—(n+1)7~/2’

the bounds
p(n*—(n+1)*)/2 < g(n) <p(n’“—(n+1)*)/2+1/8

hold for n large enough. Thus (4.5) implies
(4.21) Y, > p~(+D7/240Q) _ ,n7/240(nY)

From the other side, since n — (n+1)" —n" is non-decreasing and

n

Z(—l)”_kkT >r((n—1)""1+mn-3)""1 1+ ) =n"/2+0n"1),
k=1
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(4.6) implies
(422) Yn < p—nr/4+n/8+(9(nr_l)‘

4.4. Case 4: a,, = |8™]. As a final example, we take a,, = |"]| for
n > 1, where 8 > 1 is a real number. Then

n n n+1
(423) Y=Y 85+ 0(n) = g_ [ HOm), T, = pf G000,
k=1 k=1

Now the standard procedure we employed in the previous examples using
(4.5) and (4.6) would give

(4.24) pBTHOM) Ly o =BT/ (2842)+0()

However, comparing (4.24) and (4.23), we see that the bounds are not
tight enough. Therefore, instead of going through the substitution (4.2), we
start directly with (4.1) and set

Zn = X,p 7"/ -1) (n>0).
Then (4.1) becomes
Zp=cp BB 7 BB

Since
lim p 7" /Pt) =0 and - B"+ 8] € (—1,0],

n—oo

we can easily show by induction that
P Zny <P,
which implies

(4.25) X, = pf /(B -D+0m) y _=67/(2842)+0(n)

We can now describe the quality of approximation by convergents for all
our examples.

THEOREM 4. For a positive real number a, let a, = [alog,n|, n > 1.
If a > 2, better rational approrimations do not exist for all convergents with
large enough odd indices or for all convergents with large enough even in-
dices. For almost all o > 2, better rational approrimations exist for at most
finitely many convergents.

If a, = |nY"| (n>1) ora, =n" (n>1) or a, = |f"] (n > 1), where
r is any positive integer and 8 > 1 any real number, then for all but finitely
many convergents there are no better rational approrimations.
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PRrROOF. Taking into account (4.1), (4.2) and the discussion there, we see
that
PoQn [p=i=t
satisfies the same lower and upper bounds as those obtained for Y,2. Now

the conclusion follows from (3.5) and the bounds on (Y;,),, from this section.
(]

In the previous theorem, we claim no complementary result stating that
better rational approximations than some convergents do exist for certain
a > 2. For this to be proven, not only the first inequality in (3.6) has to hold,
but also the second condition in (3.6), or a similar one, must be satisfied.
Unlike the simple examples given at the end of Section 3, the way to verify
such conditions for continued fractions given in Theorem 4 is not clear since
our bounds on P, are not tight enough.

5. Irrationality exponent

The irrationality exponent p(€) of an irrational p-adic number ¢ is the
supremum of the real numbers p such that

(5.1) €=y <)

has infinitely many solutions in rational numbers a/b.
It is easily seen that (5.1) can be replaced by

(5.2) |b¢ — al, < H(a/b)™*.

The lower bound (&) > 2 always holds, see for example [3, Section 9.3].
In order to determine the irrationality exponent of numbers introduced in
the previous section, we use the following immediate consequence of [8,
Lemma 2.

LEMMA 5. For £ € Qp, let (Vr)r>0 be a sequence of real numbers such
that liminfy_, . 9 > 1 and let (P,/Qk)r>0 be a sequence of distinct rational
numbers such that

P, _
‘f - | =HP/ Qi)
Qkl,
holds for k > 0. If
: : log H(Py11/Qry1)
5.3 limsupd; > 1+ limsu ,
(5:3) PN R (U — 1) log H(Py/Qr)

then p(&) = limsupy,_, o V.
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Note that p(§) > limsup;,_, ., U follows trivially from the existence of
the sequence (Py/Q%)r>0 of good rational approximations to . The condi-
tion (5.3) is needed to prove the inequality in the other direction.

Using the convergents of the p-adic continued fraction as a sequence of
rational approximations (Py/Qk)r>0 from the previous Lemma, we obtain
the following result.

THEOREM 6. Let o > 0 and B > 1 be real numbers and r a positive in-
teger.

If an = |alog,n] (n>1) or a, = [nY"] (n>1) or a, =n" (n>1),
the irrationality exponent of & defined in (1.8) is 2.

If ap, = |8"] (n>1), we have p(§) = 5+ 1.

ProOF. Keeping notation as in Lemma 5 and taking (Py/Qp)r>0 to be
the sequence of convergents to £ in (1.8), we get

1
log H(Pr./Qr) ~ log X}, ~ 5 log Tj;+1 + log Yy,

—logl¢ = Py/Qily  logThus

T log H(PL/Qu) Yog Tyy1 + log V.’

where we used (1.7) and (4.2).
If a,, = |alog, n], then from (4.7) and (4.11), we have

logTy11 = aklogk + O(k),

1 o« 1
log Yy > 22— )kl_z - 2alogk‘—|—(’)(1),

3 2 o
log Vi < p2 ke 1
og¥yspr, +0(1),
so that

. . log H(Py11/Qr+1)
5.4 lim 9, =2, 1 =
( ) k—oo k —00 (lgk — 1) log H(Pk/Qk)

and Lemma 5 implies u(§) = 2.

For sequences a, = [n'/"] (n>1) and a, =n" (n > 1), we show that
(5.4) holds using (4.16), (4.17), (4.18), and (4.20), (4.2 ) (4.22). Thus, we
have p(§) = 2 in both cases.

If a, = |B"] (n > 1), estimates in (4.23) and (4.25) give

log Tjr41 = (logp)B*2/(8 — 1) + O(k),
log Y}, = —(log p) 8¥"2/ (28 + 2) + O(k),
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so that
. . pF2/(B —1) _
kh_)rroloﬁk = kh_%lo BR+2/(28 — 2) — BR+2/(28 +2) g+1,
log H(Pg11/Qr+1) . pEF3 /(28 —2) — B3/ (28+2)

O (9 — 1) log H(Py/Qu) — i B(AM+2/(28—2) — BE+2/(2642) — ©

Since f+1 > 1+ 1, we conclude from Lemma 5 that u(§) =g+ 1. O

6. Convergence in the reals

Finally, we briefly examine the question of convergence of Schneider’s
p-adic continued fractions in the field of real numbers. It follows from (1.5)
that the sequence of convergents (P,,/Qy), of a p-adic number ¢ has a limit
in R if and only if the series

o~ (DM s S
(6.1) > Qk_lePZ“lai = ()N (Qu1Qr) ' T

k=1 k=1

converges in R.
Multiplying the second recurrence equation in (1.1) with @,,—1/7T},, where
T, is as in (4.2), we obtain

(62) Qn—lQnTn_l - ani_lTn_l + Qn—QQn—lTn__ll-

From (6.2), we see that
|Qn-1QnT, | > |Qu—2Qu T,
pe.
(6.3) (1" (Qn-1Qn) ' To| < [(=1)™"(Qn-2Qn—1)""T1l.

If (6.1) converges in R, then limg oo (Qr_1Qk) Tk = 0. In the other di-
rection, if limg oo (Qr_1Qk) Tk = 0, then (6.3) and the alternating se-
ries test imply that (6.1) converges in R. This condition is equivalent to
limy, o0 Qk_leTk_l = +o00. However, iterating (6.2), we obtain

n
Qn—lQnTn_l = Zkaz_lTk_l + QOQlTl_l
k=2

which shows that the condition for convergence of (6.1) can be given as
20:1 kaz—lTk_l = +00.
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As explained at the beginning of Section 4, QnTn_i{z >Y, (for c=1)

and Q.7 i{Q <Y, (for c=p—1). Therefore, if in an example > ro, Y}
converges or diverges regardless of ¢ € {1,...,p— 1}, then (6.1) converges in

the reals if and only if
(6.4) > VP = +oo.
k=1

For a, = [alog,n] with a < 2, the lower bound in (4.11) implies that
the respective continued fraction converges in the reals.

For sequences a,, = Lnl/ "| and a, =n", where r is a positive integer,
the upper bounds in (4.19) and (4.22) show that (6.4) does not hold and
the continued fractions they determine do not converge in R. The same
conclusion is obtained if a,, = | 5" for a real number § > 1, as follows from
(4.25). These results partially answer a question posed in [2, Conjecture
2.1].

If a, = |alog, n] and a > 2, the situation is more complicated. As dis-
cussed before, the rate of decrease of the associated sequence (Y;,),, depends
on the distribution of ({p*/®/2}); in [0,1). As shown in Section 4.1, for
some « > 2, the subsequences of (Y},), obtained by choosing only even n or
only odd n are non-decreasing and thus (6.4) certainly holds in those cases.

However, for almost all o > 2, the sequence ({p*/®/2}) k>0 is uniformly
distributed in [0,1). Thus, for any € € (0,1/2), for all K large enough, there
are between (4 —e)K and (} +¢)K integers k in (0, K) satisfying {p*/*/2}
€ (0, 5], or equivalently, [p¥/®] — 1 is even. This shows that, starting with
a large enough number, the sequence (n;); of even integers in D (see the
discussion between (4.12) and (4.13)) satisfies

(6-5) p(1+22i5)°‘ < 1 < p(1*22i5)a
or, equivalently,
1 1 , 1 .
(2 —5)04 0g,n; <1< (2 —I—s)a 0g), N
for 4 large enough.
For any large enough even integer n, we have n; <n < n;y1 for some i
and now (4.15) and (6.5) give
(6.6) Y, < p(i—i)i < p(i—i)(iﬂ) < p(i—é)(i—E)alogP N1
(1=3)(;—)

< < n=9G),
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For o > 4, choose £ > 0 such that e < % *. Then (6.6) implies
Y, < n172)679) «pmame,

Analogously, we prove that the same bound holds for all odd numbers n
which are large enough. This shows that (6.4) does not hold for such a.
We summarize all these results in one theorem.

THEOREM 7. First, let a, = |« log, n| for some positive real number o
and all positive integers n. If « < 2, the continued fraction (1.8) converges
in the field of real numbers. For p > 2, there exist o« > 2 such that (1.8)
converges in R. For almost all real numbers o > 4, (1.8) does not converge
mn R.

If ap=[n""] (n>1) ora, =n" (n>1) ora, =|5"] (n>1), where
T is any positive integer and 5 > 1 real number, then (1.8) does not converge
mn R.
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