t')

Check for
updates

Acta Math. Hungar. 163 (2) (2021), 407428
https://doi.org/10.1007/s10474-020-01108-4
First published online November 30, 2020

ON PRODUCTS OF CONSECUTIVE
ARITHMETIC PROGRESSIONS. 111

Y. ZHANG

School of Mathematics and Statistics, Changsha University of Science and Technology;
Hunan Provincial Key Laboratory of Mathematical Modeling and Analysis in Engineering,
Changsha 410114, People’s Republic of China
e-mail: zhangyongzju@163.com

(Recetved March 12, 2020; revised August 18, 2020; accepted August 22, 2020)

Abstract. Let f(z,k,d) =xz(x+d)---(x + (k—1)d) be a polynomial with
k> 2, d> 1. We consider the Diophantine equation [[;_, f(z:, ki, d) = y2r > 1.
Using the theory of Pell equations, we affirm a conjecture of Bennett and van
Luijk [3]; extend some results of this Diophantine equation for d = 1, and give a
positive answer to Question 3.2 of Zhang [19].

1. Introduction

Let us define the polynomial
f@.k,d) =ax(x+d)-- (x+ (k—1)d)
with k£ > 2, d > 1. Many authors have studied the Diophantine equation

(11) Hf(xz,k,,d) :yz,

=1

where r > 1, f(z4, ki, d) = zi(x; +d)--- (x; + (k; — 1)d) are disjoint for i =
1,...,r,and 2 < k1 < kg < -+ < k.

(1) The case r =1, d > 1. There are many results about (1.1) and the
more general Diophantine equation

flz,k,d) = by,
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where b > 0, [ > 3 and the greatest prime factor of b does not exceed k; we
can refer to [2,5-9,12,13].

(2) The case r > 2,d=1. Whenr =2,d =1, k; = 3, Sastry [6] showed
that (1.1) has infinitely many positive integer solutions (z1,x2,y), where
x1,To satisfying o = 221 — 1 and (z7 + 1)(221 — 1) is a square.

Erdés and Graham [4, p. 67] asked whether (1.1) has, for fixed r > 1,
d=1and ky, ko, ..., k. with k; > 4 for i = 1,2,...,r, at most finitely many
positive integer solutions (z1,x2,...,Zr,y) with z; + k; — 1 < 2,41 for 1 <4
< r—1. Skalba [14] obtained a bound for the smallest solution and estimated
the number of solutions below a given bound. Ulas [17] answered the above
question of Erd6s and Graham in the negative when either r =4, d =1,
ki=4,1=1,2,3,4, orr>6,d=1, k; =4, 1 <i <r. Bauer and Bennett
[1] extended Ulas’s result to the cases r = 3 and r = 5.

For the case r =2, d =1, ky = ko =4, (1.1) has a positive integer solu-
tion (z1,x2,y) = (33,1680,3361826160). Luca and Walsh [11] studied this
case by using the identity (z — 1)z(z + 1)(z +2) = (22 + 2 — 1)2 — 1 to re-
duce the original problem to a Pell equation (22 +z — 1) — dy? = 1, where
d > 1 is a square-free integer. Tengely [15] provided an upper bound for the
size of the solutions and determined all solutions up to some bounds for this
case.

Bennett and van Luijk [3] constructed an infinity of positive integer solu-
tions of (1.1) for r > 5, d =1, k; = 5. Tengely and Ulas [16] studied (1.1) for
r=2,d=1,k =2, ko =3,4,5. Zhang [19] gave infinitely many positive in-
teger solutions of (1.1) with d = 1 for the cases r =2, ky =3, kg =4; r =3,
k‘1:3, /{2:/{3:4; T:3, /{1:3, k‘2:4, /{3:5; 7“22, /{1:3, k‘i:4,
1=2,...,r;andr >3,k =3, ka=5,k; >5,i=3,...,r. Yildiz and Giirel
[18] presented new algorithms generating new polynomial parameterizations
that extend the ones given by Bennett and van Luijk [3], and produced the
first examples of (1.1) for r =7,8,d =1, k; =6, 7.

(3) The case r > 2, d > 2. We are looking for the positive integer solu-
tions of (1.1) which satisfy d{ x; for some 7. If the solutions (z1,...,2,,y)
satisfy d | x;, i = 1,...,r, we call them trivial. For r =2, k; = 3 and even
number d, Zhang and Cai [20] have proved that (1.1) has infinitely many
nontrivial positive integer solutions. For r = 2, k; = 3, d > 2, Katayama [10]
showed that (1.1) also has infinitely many nontrivial positive integer solu-
tions when the integers d is divisible by a prime p (= £1 (mod 8)). Zhang
[19] gave infinitely many nontrivial positive integer solutions of (1.1) with
d > 2 for some cases, such as r>2 k1 =2, k;>2,1=2,...,r, and r > 2,
ki=ko=3,k;>3,1=3,...,rwithd>2;r=3orr>5k;=4,1=1,...,r
with even number d; and r =3 orr > 5, k; =4,t=1,...,r with d = 3.

For more information on (1.1), we can refer to the references above and
the related ones they cited.

In this paper, firstly, we study the case r =4, d =1, k; = 5 and affirm a
conjecture of Bennett and van Luijk [3].
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THEOREM 1.1. Forr=4,d=1,k; =5,i=1,2,3,4, (1.1) has infinitely
many positive integer solutions.

Secondly, we consider the cases for r > 2, d =1 with k; are different.
Let us recall that Bennett and van Luijk [3] showed that (1.1) has infinitely
many positive integer solutions for the cases r > 2, d=1, k; =2, k; > 2,
1=2,....,ryandr>2,d=1, ki =ko=3,k >3,9=3,...,r. Tengely and
Ulas [16] proved that (1.1) has infinitely many solutions in the ring Z[t] for
the cases r =2, d =1, ky =2, ko = 3,4, and at least two solutions in the
ring Z[t] for the case r =2,d =1, k1 =2, ky = 5.

Now we extend Theorem 1.1, Corollary 1.2 and Theorem 1.3 of [19] and
have the following theorems.

THEOREM 1.2. Forr=3,d=1, k1 =ke =4, ks =5,6,7,8,9, (1.1) has
infinitely many positive integer solutions.

THEOREM 1.3. Forr>3,d=1,k1 =3, ko=4,k;>4,i=3,...,r, if
the Pell equation U? — AV? =5 has a positive integer solution (U, Vp) sat-
isfying the condition

Uy=1 (mod2), Vo=0 (mod?2),

then (1.1) has infinitely many positive integer solutions.

THEOREM 1.4. For r>4, d=1, k1 =4, ko=6, k; >4, i=3,...,71,
if the Pell equation U? — AV? = 17 has a positive integer solution (Uy, Vp)
satisfying the condition

Uy=1 (mod2), Vo=0 (mod?2),

then (1.1) has infinitely many positive integer solutions.

Forr=3,d=1, ky =4, ks =6, ks > 5, we cannot give infinitely many
positive integer solutions of (1.1).

Thirdly, we investigate the case r =4, d > 2, k; = 4, and give a positive
answer to Question 3.2 of [19] in the following theorem.

THEOREM 1.5. Forr =4, k; =4,1=1,2,3,4, and even number d > 2,
(1.1) has infinitely many nontrivial positive integer solutions, i.e., the Dio-
phantine equation

(1.2) z(z + d)(x + 2d)(z + 3d)y(y + d)(y + 2d)(y + 3d)
x 2(z + d)(z 4 2d)(z + 3d)w(w + d)(w + 2d)(w + 3d) = t*

has infinitely many nontrivial positive integer solutions for even number d.

Moreover, we generalize the results in Theorem 1.8 and Corollary 1.9 of
[19] to » = 4 and any positive integer d with 3 | d.
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THEOREM 1.6. Forr =4, k; =4, 1=1,2,3,4, and any positive integer
d>2 with 3|d, (1.1) has infinitely many nontrivial positive integer solu-
tions, i.e., (1.2) has infinitely many nontrivial positive integer solutions for d
with 3 | d.

Combining the above results, Theorem 1.6 and Corollary 1.7 of [19], we
get

COROLLARY 1.7. For any positive integer d > 2 with 2| d or 3 |d, if
r>3,ki=4,1=1,...,r, then (1.1) has infinitely many nontrivial positive
integer solutions.

Lastly, we study the case r =4, d > 2, k; = 5, and obtain

THEOREM 1.8. Forr =4, k; =5,1=1,2,3,4, and even number d > 2,
(1.1) has infinitely many nontrivial positive integer solutions, i.e., the Dio-
phantine equation

(1.3)  z(z +d)(z + 2d)(z + 3d)(z + 4d)y(y + d)(y + 2d)(y + 3d) (y + 4d)
x 2(z+d)(2+2d) (2 +3d)(z +4d)w(w+d) (w+2d) (w+3d) (w+4d) = t2

has infinitely many nontrivial positive integer solutions for even number d.

For even number d > 2, the Diophantine equation
z(z + d)(x + 2d)(z + 3d) (z + 4d)y(y + d)(y + 2d)(y + 3d)(y + 4d) = 2*

has integer solutions

(z,y,2) = (Z,Gd,945d5>,<2 1d, "

Since each even number r > 4 is of the form 4s + 2, 4s + 4, then we have

COROLLARY 1.9. Forr>4,d>2, k;=5,i=1,...,r, where r and d
are even numbers, (1.1) has infinitely many nontrivial positive integer solu-
tions.

5d 45045d5>

2. Proofs

PROOF OF THEOREM 1.1. Forr=4,d=1, k; =5,1i=1,2,3,4, take

T =u, To=2u+4, r3=v, T4= U;Q,
then (1.1) leads to
(2.1) u(lu+1)2u+5)2u+T7)(v—2)(v+1)(v+ 3)(v+ 6)
" (v(v+2)(v +4)(u+2)(u+ 3)(u + 4))? _ 2

4
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Using the same method as Bauer and Bennett [1], if we let
(2.2) u(u+17) = ; (v—2)(v+6),
then

(u+1)2u+5) = ; (v+1)(v+3),

and (2.1) has positive integer solutions.
(2.2) is equivalent to the Pell equation

U? —6V? =57,

where U = 12u+ 21, V = 2v 4+ 4. An infinity of positive integer solutions of
U? — 6V? = 57 are given by

Un + VaV6 = (9+2V6) (5+2vV6)", n>0.

Thus,
Un = 10Un_1 — Un_Q, Uo = 9, U1 = 69, U2 = 681;
Voe=10V,_1 — Vo, Vo =2, V3 =28, Vo =278.
From
Uu-21 V-4
T R
we have

Up = 10Up_1 —Up—o + 14, ug= —1, u; =4, us = 59;
v = 1001 — U9+ 16, vy = —1, v; =12, vy = 137.

It is easy to check that

Up,Un €ZT, n>1,
and

Vont1 =0 (mod 2).
Then

v -2
Ty = 2n+21 S Z+, n > 0.

Thus, we have

1
Yo+l = 2U2n+1(v2n+1 + 1) (van+1 + 2)(van+1 + 3) (van41 + 4)

X Ugp+1(Ugn+1 + 2)(U2n+1 + 3)(U2n+1 + 4)(21@n+1 +7) € Z+, n > 0.
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From the recurrence relations of u, and v,, we can check the following in-
equalities

Vo1 — 2 Uopy1 — 2

Ugny1 +4 < 9 ; 5

+4 < 2ugpi1 + 4, 2ugpp1 +8 < vopy1,

for n > 1.
Therefore, for r =4,d =1, k; = 5,4 =1,2,3,4, (1.1) has infinitely many
positive integer solutions

Vopg1 — 2
2

where n > 1, such that x;(x; + 1)(x; +2)(x; + 3)(z;+4), i = 1,...,4 are dis-
joint. [

<u2n+1, 2uop41 + 4,241, >y2n+1)>

ExaMpPLE 2.1. From Theorem 1.1, take n =1,2,3, the Diophantine
equation

4

[T i@ + (@i +2) (@ + 3) (i +4) = 7
i=1

has three positive integer solutions

(21,72, 23, 24,y) = (560, 1124, 1374, 686, 277777320572507953270993920000),
(55044, 110092, 134832, 67415,
22524006547104146276382215253709792146707513241600),

(5393920, 10787844, 13212354, 6606176,
1838335805601903471144278744162145983318410028719909868112028289433600).

For the cases r=3,d=1, ky = ko =4, k3 =5,6,7,8,9, we have not a
unified method to deal with (1.1), so we have to give the proofs one by one.

PROOF OF THEOREM 1.2. 1)Forr=3,d=1,k; =ky =4, ks =5, (1.1)
reduces to

zi(x1 + 1) (21 + 2) (1 + 3)z2(x2 + 1) (22 + 2) (22 + 3)
x x3(x3 + 1) (23 + 2)(z3 + 3) (23 + 4) = 2.
Let 21 = u, 22 = v, x3 = 2v, then we get
Su(u + 1) (u+ 2)(u+ 3) (v + 3)(2v + 1)(2v + 3)v? (v + 1)%(v + 2)? = ¢*.
One only needs to consider

2u(u + 1) (u+2)(u+3) (v +3)(2v +1)(2v0 + 3) = 22
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Take
3(u? + 3u — 2)
= A ,
then
3u? +9u — 4 [Bu(u + 1)(u+ 2)(u + 3)]? _ 2
2 4 '
Considering

3u? + 9u — 4 9
2 -

it is equivalent to the Pell equation

U? — 6W? =129,

where U = 6u + 9, W = 2w.
An infinity of positive integer solutions of U? — 6W?2 = 129 is given by

Un + WnV6 = (15+4V6) (5+2v6)", n>0.

Thus,
U,=10U,_1 — U,_o, Uy =15, Uy =123, Uy = 1215;
W, =10W,_1 — W,_o, Wy =4, Wi =50, Wy = 496.
From
U-9 w
u = , W= ,
6 2
we have
Up = 10Up—1 —Up—9 + 12, ug =1, uy =19, uo = 201;
Wy, = 10w, _1 — wy_2, wy = 2, wy = 24, wy = 248.
Note that
3t +3u—2)
N 4

is a positive integer, so we need u = 2,3 (mod 4). By the recurrence relation
of uy, it is easy to show that ug,4+1 =3 (mod 4). Thus,

3(u§n+1 + 3ugpt+1 — 2)

4 ez, n>0.

Von+1 =

Acta Mathematica Hungarica 163, 2021
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Then
Yon+1 = 3Wn41U2n+1(U2n+1 + 1) (u2n41 + 2) (uznt1 + 3)
X Vont1(Vant1 + 1) (vana1 +2) € ZT, n > 0.

Therefore, for r =3, d =1, ky = ko =4, k3 =5, (1.1) has infinitely many
positive integer solutions

(U2n+1, V2n+1, 202041, Yont1), 1> 1,

such that x1(x1+1)(x1+2) (21 +3), z2(z2+1)(x2+2) (22 +3) and z3(z3+1)
(x3 4+ 2)(x3 + 3)(x3 +4) are disjoint.
2) Forr=3,d=1, ky = ko =4, ks =6, (1.1) leads to

w1 (w1 + 1) (21 + 2) (21 + 3) w2 (2 + 1) (72 + 2) (72 + 3)
X x3(x3 + 1)(.%3 + 2)(%3 + 3)((1:'3 + 4)((1:‘3 + 5) = y2.

Let 1 = 16 and

. ~u(u+5) B
2 — 2 5 xr3 = u,

then we have
646(u® + 5u + 2) (3u(u+ 1) (u + 2)(u + 3) (u+ 4)(u + 5))* = y*.
Considering
u? + 5u + 2 = 64602,

it is equivalent to the Pell equation
U? — 646V? = 17,

where U = 2u+ 5, V = 2w.
An infinity of positive integer solutions of U? — 646V?2 = 17 is given by

Uy, + V,V/646 = (51 + 2v/646) (305 + 12v/646) ", n > 0.
Thus,

U, =610U,_1 — Uy,—2, Uy =51, Uy = 31059, Uy = 18945939;
Vo =610V,_1 — Vo, Vo =2, V) =1222, V5 = 745418.

From

Acta Mathematica Hungarica 163, 2021
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we have
Up = 610uUp_1 — up—2 + 1520, wup = 23, uy = 15527, ug = 9472967;
v, = 610V, 1 — V9, vo =1, v1 =611, vo = 372709.

By the recurrence relation of u,, we have u, =1 (mod 2), then

Ty = un(u;—i— 2 ez, n>0.

Thus,
Yn = 1938wy (up + 1) (uy + 2) (un + 3) (un + 4) (up + 5)v, € Z1, n > 0.
So the Diophantine equation
z1(z1 + 1) (21 + 2) (21 + 3)z2(z2 + 1) (22 + 2) (22 + 3)
x x3(x3 + 1) (23 + 2) (w3 + 3) (w3 + 4) (23 + 5) = ¢
has infinitely many positive integer solutions

(16, Up (Up, + 5)

2 aun)yn)a TLZO,

such that
z1(z1 + 1) (21 + 2)(z1 +3), z2(z2+1)(z2 +2)(z2+ 3),
x3(rs 4+ 1)(x3 + 2)(x3 + 3)(z3 + 4) (3 + 5)

are disjoint.
3)Forr=3,d=1,ki =ko =4, ks =17. Let

20,2
+ 7
xl:p(p4 ), x2:2x1+2,x3:p2+1,

where p is a positive integer. Then
z1(z1 + 1) (21 + 2) (21 + 3)z2(z2 + 1) (22 + 2) (22 + 3)
X Z‘g((L‘g + 1)((1:‘3 + 2)((1:'3 + 3)((1:'3 + 4)((1:‘3 + 5)((1:'3 + 6) = y2,

where

Yy = 614])(])2+1)(p2+2)(p2+3)(p2+4)(p2+5)(p2+6)(p2+7)
x (pt+ 0" +4)(p* + T +8),

and p > 2.
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It is easy to check that z1,y € Z™, and
z1(z1 + 1) (21 + 2)(21 +3), z2(z2+ 1)(z2+ 2)(z2+ 3),
xg(zs + 1)(zs + 2) (23 + 3) (23 + 4)(z3 + 5)(x3 + 6)

are disjoint for p > 2.
4) Forr =3,d=1, ky = ky =4, k3 = 8. Take

1 =p(Ap+7), xo=221+2, x3=4p.
Then
z1(z1 + 1) (21 + 2) (21 + 3)z2(z2 + 1) (22 + 2) (22 + 3)
x x3(x3 + 1) (w3 4+ 2) (x5 + 3) (w3 + 4) (23 + 5) (23 + 6) (23 + 7) = ¢/°,
where
y=16p(p+1)(2p+1)(2p+3)(4p+ 1)(4p+3)(4p+ 5)(dp+ 7)
X (4p> + Tp 4+ 1)(4p* + Tp + 2),

and p > 1.
We can also put

z1=(p+2)4p+1), xo=2x1+2, xz3=4p+1.
Then
y=16(p+1)(p+2)(2p+1)(2p+ 3)(4p + 1)(4p + 3)(4p + 5)(4p + 7)
x (4p® 4+ 9p + 3)(4p* + 9p + 4),

and p > 2.
It is easy to show that

wi(zr +1)(21 +2) (21 +3), wa(wg + 1) (22 + 2) (22 + 3),
x3(xs +1)(zs + 2)(x3+ 3)(xs + 4)(x3 + 5)(x3 + 6) (x5 + 7)

are disjoint for p > 2.
5)Forr=3,d=1,k =ky=4, ks=29. Let

1= (PP +2)4p* +1), xy=2x,+2, x3=4p>
Then
z1(x1 + 1) (21 + 2) (21 + 3)xo(22 + 1) (22 + 2) (22 + 3)
x x3(x3 + 1) (23 + 2) (23 + 3) (23 + 4) (23 + 5) (23 + 6) (23 + 7) (z3 + 8) = ¢,
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where
y = 32p(p* + 1) (p* + 2)(p* + 3)(2p + 1)(2p” + 3)(4p” + 1) (4p” + 3)
x (4p* + 5)(4p* + 7)(4p* + 9p® + 3) (4p* + p* + 4),

and p > 1.
It is easy to check that

z1(z1 + 1) (21 + 2)(z1 +3), z2(z2+ 1)(z2 +2)(z2 + 3),
z3(zs + 1)(w3 + 2) (w3 + 3) (w3 + 4) (23 + 5) (23 + 6) (w3 + 7) (3 + 8)
are disjoint for p > 2. O

REMARK 2.2. In fact, for r =3, d=1, k1 = ke =4, k3 =9, we have
another simple method to give infinitely many positive integer solutions
of (1.1). By the solutions of the case r =3, d=1, ky = ko =4, k3 =38,
we can take 4p + 8 = (2¢)% or 4p + 9 = (2¢ + 1)?, then

p:q2—2 or q2+q—2.
1) When p = ¢% — 2, let
x1=p(Ap+7), x9=211+2, x3=4p.
Then
z1(z1 + 1) (21 + 2) (21 + 3)z2(z2 + 1) (22 + 2) (22 + 3)
x x3(z3 + 1) (23 + 2) (23 + 3) (23 + 4) (23 + 5) (23 + 6) (23 + 7) (z3 + 8) = ¢,
where
y=32qp(p+1)(2p+1)(2p+3)(4p+ 1)(dp + 3)(4p + 5)(4p + 7)
x (4p* + Tp + 1) (4p* + Tp + 2),

and g > 2.
2) When p = ¢% + q — 2, take

z1=(p+2)4p+1), zo=2214+2, z3=4p+1.
Then
y =16(2¢+1)(p+1)(p+2)(2p+1)(2p+3)(4p+1)(4p+3)(4p+5)(4p+7)
x (4p° +9p + 3)(4p* + 9p + 4),
and g > 2.
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PROOF OF THEOREM 1.3. Forr > 3,d=1, k1 =3, ko =4, k; > 4,1 =

3,...,7, let

Hazl(wl +1)---
i=3

Choose ; € ZT, k; > 4,i=3,...

(.TZ' + k; —

,7 such that z;(x; +1)---
disjoint, A is not a perfect square, and the Pell equation U? —

1) = Aw?.

(x; + k; — 1) are
AV? =5 has

a positive integer solution (Up, Vp) satisfying the condition

Up=1 (mod 2),

By the transformation

VWw=0

(mod 2).

xo =u, x1=u(u-+3),

(1.1) leads to
A(u® 4 3u+ 1)u?
Let

(u+1)%(u+ 2)%(u + 3)%w? = 2

u? + 3u+ 1= A,

then U? —

AV? =5 where U =2u+ 3, V = 2v.
If (U’, V') is the fundamental solution of the Pell equation U? —
then an infinity of positive integer solutions of U? —

AV? =1,
AV? =5 is given by

U+ VoVA= (U +V'VA) " (Uy + VoV A), n>0.
Thus,
Un - QU/Un—l - Un—2, UO = UO, U]_ U/UO + AV %7
Uy = (2 U’2—1)U0+2AU’V’VO,
Vn = 2U’Vn—1 - Vn—?) ‘/b - %7 ‘/1 U,‘/E) + V U(),
Vo = (2U — 1)V + 2U'V'U.
From
" U-3 v 1%
= 5 =5
we have
Up = QU/un—l — Up—92 + 3(U/ — 1), ug = U02_37 up = v’ U0+AV,V0
=U'(U'Uy + AV’VO) U0+3
Up = QUI’Un_l — Up—2, vy = ‘g” v = U’ VO‘fz‘V Uo’

Acta Mathematica Hungarica 163, 2021

=U'(UVo+V'Up) - %.



ON PRODUCTS OF CONSECUTIVE ARITHMETIC PROGRESSIONS 419

In view of the condition of Uy and Vj, we obtain ug € Z, vg € Z". By the
recurrence relation of w,, and v,,, we have ug, € Z*, v9, € Z™", and

Yon = Aw’uQn(uQn + 1)(U2n + 2)(’&2n + 3)1)2n S Z+, n>1.

Therefore, for r >3, d=1, ky =3, ke =4, k; >4, i=3,...,r, (1.1) has
infinitely many positive integer solutions

(u2n(u2n + 3)7 U2ny X3y« y Ly, y2n)7

where n > 1, such that z;(z; +1)--- (x; + ki — 1), i = 1,...,r are disjoint.
U

EXAMPLE 2.3. 1) For r =3,d =1, k; =3, ko = 4, ks = 4, we can take
r3 = 8, then

8- (8+1)-(8+2)-(8+3)=55-122%

It is easy to see that (Up, Vp) = (15,2) is a positive integer solution of the
Pell equation U? — 55V2 = 5 satisfying the condition

U=1 (mod2), V=0 (mod?2).
Hence, (1.1) has infinitely many positive integer solutions
(tn(tn +3),Un, 8, yn),
such that
zi(x1+1)(z1+1), zo(xa+1)(xe+2)(z2+3), z3(xz+1)(xz+2)(z3+3)

are disjoint, where

Up = 178Uy 1 — Up_o + 264, wug =06, u; = 1326, us = 236286;
v, = 178v,_1 — vp_9, vo =1, v1 =179, vy = 31861,

Yn = 660w, (uy + 1) (upn + 2) (uy + 3)vp,

and n > 1. This is not covered by Theorem 1.1 of [19].

2) Forr=3,d=1,k =3, kg =4, ks =5, we can put x3 = 2, which is
the third case in Theorem 1.1 of [19]. In fact, our result is motivated by this
case.

3)Forr=3,d=1, k1 =3, ko = 4, k3 = 6, this is a new case. Set 3 =1,
then

1-(14+1)-(142)-(14+3)-(14+4)-(1+5)=5-122%
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Note that (Up, Vp) = (5,2) is a positive integer solution of the Pell equation
U? — 5V? = 5 satisfying the condition

Up=1 (mod2), V=0 (mod 2).
Hence, (1.1) has infinitely many positive integer solutions
(un(un +3), tn, 1,yn),
such that
z1(z1 + 1) (21 + 2), za(z2 +1)(z2 + 2)(z2 + 3),
x3(zs + 1) (23 + 2)(z3 + 3) (23 +4)(z3+5)

are disjoint, where

Up = 18Up_1 — Up_9 + 24, ug =1, uy =41, us = 761;
Uy, = 1801 — Up_9, vo =1, v1 =19, vo = 341,
Yn = 60wy, (uy + 1) (uy + 2) (up, + 3) vy,

and n > 1.

PROOF OF THEOREM 1.4. Forr >4, d=1,ky =4, ke =6, k; > 4,1 =
3,...,7, let

H.TZ(.TZ + 1) e (.TZ + ki — 1) = Aw2.
=3

Choose z; € Z*, k; > 4,4 =3,...,r such that x;(z; + 1) -+ (z; + k; — 1) are
disjoint, A is not a perfect square, and the Pell equation U? — AV? = 17 has
a positive integer solution (Up, Vj) satisfying the condition

Uy=1 (mod2), Vo=0 (mod 2).

By the transformation

(1.1) leads to

u(u+1)(u+2)(u+3)(u+4)(u+ 5))2 _
A )

Let u? + 5u + 2 = Av?, then U? — AV? =17, where U = 2u+5, V = 2v.
The rest of the proof is similar as Theorem 1.3, so we omit it. [J

A(u® + 5u + 2)w2<
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EXAMPLE 2.4. Forr=4,d=1,ky =4,kos =6, k3 =5,ks=7. Set x3 =
12, x4 = 1, then

12-(12+1)-(12+2)- (12+3) - (12+4) - (1 +5)
1-(141)-(142)-(143)-(1+4) - (1+5)- (1+6) =26 - 10080

Note that (Up, Vo) = (11, 2) is a positive integer solution of the Pell equation
U? — 26V? = 17 satisfying the condition

U=1 (mod2), Vop=0 (mod?2).
Hence, (1.1) has infinitely many positive integer solutions

(“"("”+5) U, 12,1,y )
) sy b b n )

such that

z1(z1 + 1)(z1 + 2)(21 +3), z2(z2+ 1)(z2+2)(z2+ 3)(x2 +4) (22 + 5),
x3(xs + 1)(xs + 2)(x3 + 3)(x3 +4),
.”L‘4(."L‘4 + 1)(174 + 2)(174 + 3)(174 + 4)(174 + 5)(174 =+ 6)

are disjoint, where

Uy = 102Uy 1 — Up—9 + 250, wug =3, up = 538, ug = 55123;
v, = 1020, 1 — vp—9, vo =1, v1 = 106, vy = 10811,

Yn = 65520uy (uy + 1) (up, + 2) (uy + 3) (upn + 4) (uy, + 5)vp,

and n > 1.

PROOF OF THEOREM 1.5. For even number d > 2, let z = 2z + 3d and
w = 2y — d. From (1.2), we have

(2.3) x(z + d)(2z 4 3d) (22 + 5d) (y + 2d)(y + 3d)(2y — d)(2y + d)
x 16y%(y + d)*(x + 2d)*(z + 3d)? = 12.

As in Theorem 1.1, if we let

(2.4) (e + 5d) = 2 (y+3d)(2y — d),

then
(2 + d) (20 + 3d) = i (y+2d) (29 + d),

and (2.3) has positive integer solutions.
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(2.4) is equivalent to the Pell equation
X2 —15Y? = —110d2,

where X = 20x + 25d, Y = 4y + 5d. An infinity of positive integer solutions
of X2 —15Y? = —110d? are given by

X, + Y,V15 = (5d + 3dV15) (4 + V15)", n > 0.

Thus,
X, =8X,_1—X,_2, Xo=5d, X1 =065d, Xys=>515d;
Y, =8Y,_1-Y,_o, Yy =3d, Y1 =17d, Y5 = 133d.
From
X —25d Y -id
— 20 YT 4
we have
Tp = 8Tp—_1 — Tp—2 + lgd, xg = —d, r1 = 2d, o = 4gd;
Yn = 8Un—1—Yn—2+ 5%, yo=—9 .1 =3d, y» = 32d.

For even number d > 2, we have

Tn €L, Yy, €ZT, n>1.
It is easy to prove that

dfTany2, dfTanys, 1 >0,
and

d{ Yan+3, A1 Yanta, 1 >0,
We only consider the 4n + 2-th term of z, and y,, then

Zing2 = 2%anyo +3d € LT, Wango = 2anso —d € ZT, n>0.
Thus, we have
tan+2 = 4Yan+2(Yan+2 + d) (Yan+2 + 3d) (2yany2 — d)
X (Tan+o + d)(Tans2 + 2d) (Tans2 + 3d)(2Tan42 +3d) € ZT, n > 0.
From the recurrence relations of z,, and ¥,,, we can obtain
Tyn+2+3d < Yant2, Yant2 +3d < 2T4n42 + 3d, 2x4n42+6d < 2ysn12 — d,

for n > 0.
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Therefore, for even number d > 2, (1.2) has infinitely many nontrivial
positive integer solutions

(Tan+2, Yan+2, 2Tant2 + 3d, 2yant2 — d, tant2),

where n > 0. O

EXAMPLE 2.5. For d = 2, (1.2) has infinitely many nontrivial positive
integer solutions

(Tan+2, Yan+2, 2Tan+2 + 6, 2yant2 — 2, tany2),

such that 2t x4,42 and x;(x; + 2)(z; +4)(x; +6), i = 1,...,4 are disjoint,
where

Ty =8Tp_ 1 — Tp_o+ 15, x9g=—2, x1 =4, x9 = 49;
Yn = 8yn—l —Yn—2 + 157 Yo = _17 Y1 = 67 Y2 = 647

tant2 = Aysn+2(Yant2 + 2) (Yant2 + 6) (2yant2 — 2)
X (Tant2 + 2)(Tan+o + 4) (T4nr2 + 6) (224942 + 6),

and n > 0.

PROOF OF THEOREM 1.6. For positive integer d with 3 | d, let z=3z+3d
and w = 2y + 4d. From Eq. (1.2), we have

(2.5) x(z + 3d)(3z + 4d) (3x + 5d)y(y + d)(2y + 5d) (2y + 7d)
x 36(z + d)?(x + 2d)?(y + 2d)*(y + 3d)? = t*.

As in Theorem 1.1, take
4
(2.6) z(z +3d) = 9 y(2y + 7d),

then
(3z 4+ 4d)(3x + 5d) = 4(y + d)(2y + 5d),

and (2.5) has positive integer solutions.
(2.6) is equivalent to the Pell equation

X2 —2Y? = —174°,

where X = 6z +9d, Y =4y + 7d. An infinity of positive integer solutions
of X2 —2Y? = —17d? is given by

Xn+YoV2=(d+3dv2) (3+2v2)", n>0.

Acta Mathematica Hungarica 163, 2021



424 Y. ZHANG

Thus,
X, =06X,_1— Xn_2, XO = d, X = 15d, Xy = 89d7
Y, =6Y,_1—Y, o, Yy =3d, Y1 =11d, Y5 = 63d.
From
X —9d Y —7d
T = =
6 7 4
we have
Ty = 0Zp—1 — Tn—2+6d, x0= —43d, 1 =d, xo = 4gd;
Yn = 6yn—1 —Yn—2+ 7d, Yo = —d, Yy = d, Yg = 14d.

For positive integer d with 3 | d, we have
anZ+, yn€Z+, n>1.
It is easy to prove that d { z2,, n > 1. Then
Zop = 2Top +3d € ZT, woy = 2yop +4d € ZT, n > 1.
Thus, we have

ton = 189y (w2, + d) (22, + 2d) (22, + 3d)
X (an + d) (y2n + 2d) (y2n + 3d)(2y2n + 5d) € Z+7 n Z 1.

From the recurrence relations of x,, and y,, we can check the following in-
equalities

Ton +3d < Y2n, Yon + 3d < 2yon + 4d7 2yon + 7d < 3xo, + 3d7

for n > 2.
Therefore, for positive integer d with 3 | d, (1.2) has infinitely many non-
trivial positive integer solutions

(372117 Yon, 317211 + 3d) 2y2n + 4d> t2n)7

where n > 2. 0O

EXAMPLE 2.6. For d = 3, (1.2) has infinitely many nontrivial positive
integer solutions

(@2n, Yon, 3x2n + 9, 2y2n + 12, 12y),
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such that 3 1 x9, and z;(x; +3)(z; +6)(x; +9),7 =1,...,4 are disjoint, where
Ty =021 —xp_o+ 18, x9=—4, 1 =3, xo = 40;
{yn =6yn—1—Yn-2+21, yo=-3, y1 =3, y2 =42,
ton, = 18x9p (22, + 3)(z2n + 6) (22, + 9)
X (y2n + 3)(y2n + 6)(y2n + 9) (2y2n + 15),
and n > 2.

PrRoOOF or THEOREM 1.8. Take

z=2x4+4d, w= y—22d.
From (1.3), we have
(2.7) x(z + d)(2z + 5d) (22 + 7d)(y — 2d)(y + d)(y + 3d) (y + 6d)
VP +2d) (y + 4d)%(x Z 2d)° (2 + 3d)*(z + 4d)* _ 2
As Theorem 1.1, if we put
(2.8) (22 + 7d) = ; (y — d)(y + 6d),

then
(@ + d) (20 + 5d) = ; (y + d)(y + 3d),

and (2.7) has positive integer solutions.
(2.8) is equivalent to the Pell equation

X2 —6Y? =57d2,

where X = 12x 4+ 21d, Y = 2y + 4d. An infinity of positive integer solutions
of X2 — 6Y? = 57d? are given by

X + Y, V6 = (9d +2dV6) (5+2V6)", n>0.

Thus,

X, =10Xp_1 — Xn_2, Xo=09d, X;=69d, X, =681d;
Y, =10Y,_1 — Y, o, Yy=2d, Yi =28d, Y,=278d.
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From
X -21d Y —4d
T = 12 9 y - 2 9
we have
Ty =10z, 1 — Tp_o + 14d, 9= —d, x1 = 4d, x2 = 55d;
Yn = 10yp—1 — Yn—2 + 16d, yo = —d, y1 = 12d, yo = 137d.
Then
—2d
Zn = 2z, +4d, w, = Yn 5

For even number d > 2, the x,, yn, 2, and w, are positive integers for
n > 1. It is easy to prove that d { wa,, n > 1. Thus, we have

1
ton = 2 Yon (an - d) (9271 + 2d) (y2n + 4d) (an + Gd)

X (won + d) (w2, + 2d) (220 + 3d) (22 + 4d) (232, + 5d) € ZT, n > 1.
From the recurrence relations of x, and y,, we can obtain

—2d  yon —2d

Yon
4d <
Ton + 9 ) 2

+4d < 2x9, +4d, 2x9, + 8d < Yon,

for n > 1.
Therefore, for even number d > 2, (1.3) has infinitely many nontrivial
positive integer solutions

d, y2n

_2dt>
2 s U2n )

<$2n7 Yon, 2Ty + 4
wheren >1. 0O

EXAMPLE 2.7. For d = 2, (1.3) has infinitely many nontrivial positive
integer solutions
—4
) t2n> )

2

such that 2 1 we, = y2"2_4 and x;(x; + 2)(z; +4)(x; +6)(z; +8),i=1,....,4
are disjoint, where

Y2
(1:2717 Yon, 2T, + 8, "

Ty, = 10z, 1 —xp_9o + 28, xg= -2, x1 =8, x2 = 110;
Yn =10Yn—1 —yn—2+32, yo=—2, y1 =24, yo =274,
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1
t2n - 2 an(y2n - 2)(y2n + 4) (y2n + 8)(y2n + 12)

X (37211 + 2)($2n + 4) (37211 + 6)($2n + 8)(2$2n + 10),

and n > 1.

3. Some related questions

As we know, for r >3, d=1, ky =3, ko =3,4,5, k; >3,i=3,...,r,
(1.1) has infinitely many positive integer solutions. Hence, we have

QUESTION 3.1. Forr>3,d=1,k1 =3,k; >6,i=2,...,7r, does (1.1)
have infinitely many positive integer solutions?

Bauer and Bennett [1] conjectured that if r =2, d =1, k; > 4, then (1.1)
has at most finitely many positive integer solutions. However, the case is
different for r =3, d =1, k1 > 4. In Theorem 1.2, we have got infinitely
many positive integer solutions of (1.1) for r =3, d =1, ky = ke =4, k3 =
5,6,7,8,9. For r > 3, d =1, k1 > 4, there are some simple cases which we
cannot give infinitely many positive integer solutions, such as

QUESTION 3.2. For r=3, d=1, k1 = ko =4, k3 > 10, are there in-
finitely many positive integer solutions of (1.1)7

QUESTION 3.3. Forr=3,d=1, ki =4, ka =5, ks > 5, does (1.1) have
infinitely many positive integer solutions?

QUESTION 3.4. For r >3, d=1, k=4, k; >5, i=2,...,1, except
ko = 6, are there infinitely many positive integer solutions of (1.1)?

Forr>3,d=1,k >5,orr>3,d>2, ki >3, we can study similar
questions for (1.1).
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