t')

Check for
updates

Acta Math. Hungar. 163 (2) (2021), 392-406
https://doi.org/10.1007/s10474-020-01105-7
First published online November 29, 2020

THE ARCSINE LAW ON DIVISORS IN
ARITHMETIC PROGRESSIONS MODULO
PRIME POWERS

B. FENGY and J. WU?*

1School of Mathematics and Statistics, Yangtze Normal University, Fuling, Chongqing 408100,
China
e-mail: binfengcq@163.com

2CNRS LAMA 8050 Université Paris-Est Créteil, 94010 Créteil cedex, France
e-mail: jie.wu@math.cnrs.fr

(Recetved March 12, 2020; revised August 18, 2020; accepted August 20, 2020)

Abstract. Let z — oo be a parameter. Feng [5] proved that the Deshouillers—
Dress—Tenenbaum’s arcsine law on divisors of the integers less than z also holds in
arithmetic progressions for “non-exceptional moduli” ¢ < exp{(} — ¢)(log, z)°},
where ¢ is an arbitrarily small positive number. We show that in the case of a
prime-power modulus (g := p® with p a fixed odd prime and w € N) the arcsine

.. . . . . 5/52—
law on divisors holds in arithmetic progressions for ¢ < x15/52—e,

1. Introduction

For each positive integer n, denote by 7(n) the number of divisors of n
and define the random variable D, to take the value (logd)/logn, as d runs
through the set of the divisors of n, with the uniform probability 1/7(n).
The distribution function F), of D, is given by

(L1)  Fut):=Prob(D, <= -~ 3 1 (0<t<1).

T(n) dln,d<n?

Deshouillers, Dress and Tenenbaum ([4] or [10, Theorem 11.6.7]) proved that
the Cesaro means of Fj, converge uniformly to the arcsine law. More pre-
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THE ARCSINE LAW ON DIVISORS IN ARITHMETIC PROGRESSIONS 393

cisely, the asymptotic formula

1 2 . 1
(1.2) . Z F.(t) = . aresin Vit + O(\/loga:>

n<T
holds uniformly for # > 2 and 0 < ¢ < 1 and the error term in (1.2) is opti-
mal. Various cases of (1.2) have been investigated by different authors. In
particular, Cui and Wu [3] and Cui, Lii and Wu [2] considered generaliza-
tions of (1.2) to the short interval case; and Feng and Wu [6] showed that
the average distribution of divisors over integers representable as the sum of
two squares converges to the beta law. Based on Cui and Wu’s method [3],
Feng [5] studied the analogue of (1.2) for arithmetic progressions. His result
can be stated as follows: Let a and ¢ be integers such that (a,q) =1, and

suppose that ¢ is not an “exceptional modulus”. Then for any € € (0, i) we
have

1 2 eVioga
1.3 F,(t) = " arcsinvt+ O < )
A3 e 2 PO “\ Vioga
n=a(mod q)

uniformly for 0 <t < 1, z > 2 and ¢ < exp{(} — £)(logy #)*}, where log, :=
loglog.

The aim of this paper is to improve the result above in the case of prime
power modulus. Our result is as follows.

THEOREM 1.1. Let q := p® with p an odd prime and w € N. Then for
any € > 0, we have

1 2 1
1.4 EF.(t) = invt+ Oy
A g & PO = menvirO, (V1og)
n=a(mod q)

uniformly for 0 <t <1, 2> 2, ¢ < 2'/%27¢ and a € N such that (a,q) =1,
where the tmplied constant depends only on p and €.

Our improvement is double. Firstly, with ¢ = p™ any Siegel zero must
occur for L(s,y) where x is a real character modulo p. Since the implied
constant in Theorem 1 is allowed to depend on p, there is no Siegel zero for
the modulus ¢ = p®. These considerations allow to remove the assumption
of Siegel zero in Feng’s result for ¢ = p® with an implied constant in the
error term depending on p. Alternatively, this follows from Feng’s result and
Corollary 3.4 of Banks and Shparlinski’s paper [1] (cf. Lemma 2.3 below).
Secondly the domain of ¢ is extended significantly.
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394 B. FENG and J. WU

2. Preliminary

Our first lemma is an effective Perron formula (cf. [10, Corollary
11.2.2.1)).

LEMMA 2.1. Let F(s):= Y " a,n~* be a Dirichlet series with finite ab-
scissa of absolute convergence o,. Suppose that there exist some real number
a > 0 and a non-decreasing function B(n) such that

() >y lan|n™ < (s —0a)™ (¢ > 0a),

(b) fan < Bn) (n > 1).

Then forx 22, T 22,0 <0, and k := 0, — 0 + 1/logz, we have

" 1 k=T d
Z n _ / F(s+w)x” v

<o ns  2mi Jear w
_,(logz)®  B(2x) < log T))
Ta=0 1 .

+0 (33 T + 2o +x T

LEMMA 2.2. Let ¢ > 2 be an integer.
(i) If x is a Dirichlet character modulo q, then we have

L(o +1i7,x) < ¢ (I7| + 1)YClog(|7| + 1).

(ii) If x is a non-principal Dirichlet character modulo q, then for 0<e < %,
e<o<1,|7|4+2<T, we have

L(o +i7,x) <= (¢2T) 7%=,

PRrROOF. See [9, p. 485, Theorem 1] and [11, Exercise 241]. O

The next lemma is due to Banks and Shparlinski [1, Corollary 3.4.] and
plays a key role in the proof of Theorem 1.1.

LEMMA 2.3. Let ¢ = p% with p an odd prime and w € N. For each con-
stant A > 0, there is a constant co = co(A,p) > 0 depending only on A and p
such that for any character x modulo q, the Dirichlet L-function has no zero
i the region

co
(log g)*/3(logy q)'/*

The following lemma is a key for the proof of Theorem 1.1.

(2.1) o>1- and |7| < ¢

LEMMA 2.4. Let q := p® with p an odd prime and w € N and let xg be
the principal character to the modulus q. Then we have

; . w(d)
(2.2) ] f?éd;=Whlogx{g(d)+o<(3l/jg)x >}

n<T
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THE ARCSINE LAW ON DIVISORS IN ARITHMETIC PROGRESSIONS 395

uniformly for x > 2, 1 <d < x and w > 1, where the implied constant is
absolute, w(d) is the number of all dzstmct prime factors of d,

(2.3) n= oy T Vs p1 o8l =P

(py)= P
and

-1

- o~ Co@p Y —xoe)p
(2.4) g(d) = ][ <Z jo—l—a+1 >log(1 —OXO(p)p‘l)'

pelld *j=0

PROOF. As usual, denote by v,(n) the p-adic valuation of n. By using
the formula

(2.5) 7(dn) = [ [(vp(n) + vp(d) + 1),

p

we write for Res > 1

(2.6) Jas, x0) = XECEZ;TL:HX; Hp

n=

DI Hzg

(p,d)=1j=0
0 j e XO -1
:1;[]2::0 j+1 I_HIMZ; ]+a+1 <]Z: >
= L(S; XO)l/QGd(37 X0)7
where
4(5, X0) HZ pl_s)J\/l—xO(p)/p
p j=0
= (xo()p)?\
XHZ j+a+1 <Z J+1 )

p||d j=0 Jj=0

is a Dirichlet series that converges absolutely for Re s > %
We easily see that

= (xo(@)p~)\ ' 1 1
pqdjzo ]+a+1<;0 j+1 > _a+1+o<¢p)'
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396 B. FENG and J. WU

for Res > %, where the implied constant is absolute. This implies that for
any € > 0,

(2.7) (s,x0) < H { (;p)} <C. (i)w(d)

pe|d

for Res > ; + €, where C; > 0 is a constant depending on ¢ only.
We can apply Lemma 2.1 with the choice of parameters o, = 1, B(n) =1,
o= % and o = 0 to write

Xo() 1 /bHT x® xlogx
= d e )
e T(nd) 27'” b—iT fd(s, XO) S §+ O < T )

where b =1+2/logz and 100 < T' < 2 such that ((c+iT) #0for 0 < o < 1.

Let .7 be the boundary of the modified rectangle with vertices ( +¢)
+47 and b+ 4T as follows (see Fig. 1):

e £ > 0 is a small constant chosen such that ( (5 +&+iv) # 0 for || < T;

e the zeros of ((s) of the form p= 8+ iy with 8>} +¢c and |7| <T
are avoided by the horizontal cut drawn from the critical line inside this
rectangle to p = 8 + i7;

e the pole of ((s) at the points s = 1 is avoided by the truncated Hankel
contour I' (its upper part is made up of an arc surrounding the point s = 1
with radius r := 1/logz and a line segment joining 1 —r to (3 +¢).

Clearly the function fy(s, xo) is analytic inside .#p. By the residue the-
orem, we can write

Xo(n) 1 xlogx
2.8 —1 L+ +1 Y L)+0 ( )
(2:8) 7(nd) +27ri<1+ tht p>+ © T
n<e B>, +e, [I<T

where

S

1 frd fd x
—= I = I = .
Qwi/pfd(S’XO) . ds, I, /Fp fa(s,x0) . ds, I; /ijd(&Xo) 5 ds

A. FEvaluation of 1. Let 0 < ¢ < 110 be a small constant. Since

Gals,x0) (s = 1)¢(s)) /21— p=%) /2

is holomorphic and O((3/4)“?®) in the disc |s — 1| < ¢ thanks to (2.7), the
Taylor formula allows us to write

Gals,x0)((s = 1)¢() 2 (1 = p=)1/2
= Ga(1,x0) (1 —p~)2 + O((3/4)*D|s — 1)
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THE ARCSINE LAW ON DIVISORS IN ARITHMETIC PROGRESSIONS 397

2+5 b:1+logm

2

Fig. 1: Contour Mt

for |s — 1| < je. In view of
L(s,x0) =¢(s)(1—p~*) and Ga(1,x0)(1—p ")? = hg(d),
it follows that
fa(s,x0) = hg(d)(s = 1)7/2 + O((3/4)* |5 — 1|'/?)

for |s — 1| < jc. So we have

(2.9) I = hg(d)M(z) + O((3/4)*) Ey(x)),
where
M(z) = 271m, /F(s SN2 ds, By(a) = /F (s — 1)/22%)|ds].
Firstly we evaluate M(z). By using [10, Corollary T1.5.2.1], we have
(2.10) M(z) = ¢1fgx{r(1;) o).
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Next we deduce that
1-1/logx T
2.11 Ey(x <</ 1—0)227do +
(2.11) (z) . (1-o0) (log )32
T

T2 tdr 41 .
< (log x)3/2 (/1 ¢ + ) < (log )3/2

Inserting (2.10) and (2.11) into (2.9) and noticing that I'(3) = /x, we
find that

v (3/4)°@

2.12 I= hg(d) + O¢ .
( ) \/ﬂlogx{ 9(d) + ( log )}

B. Estimations of I and Is. It is well known that (cf. [10, Corollary
11.3.5.2])
(2.13)  [C(o+ir)| < 7|7 B oglr| (3 <o <1+log™tr], || > 3).
Noticing that ¢ := p@, it follows that
(2.14) L(s, x0) = ¢(s)(1 —p~*) < |r|1=7 log 7]
for } <o <1+log (7| +3) and |7| > 3. From (2.6), (2.7) and (2.14), we
derive that

1+2/logx

(2.15) L] + || <. (3/4)~@ / T0-9/6 (10 T) " do
1/2+4¢ T

<. (3/4)*@7 plogT.

C. Estimations of Is and Iy. As before, (2.6) and (2.14) allow us to
deduce

1/2+e€

T
2.16) |I3]+ |14 <. (3 4W<d>/ +1)1/12y +1 d
(2.16) [I3]+]|14] <c (3/4) . (|7[+1)7 = log(|7| )\(;+e)+z‘r)\ T

T
<. (3/4)w(d)$1/2+5/ (T + 1)—1+1/12 dr <. (3/4) ) pl/2+epl/12.
1

D. Estimation of I,. With the help of (2.14) and (2.7), we can derive
that for s = o + iy with

8
2.17 I, <. (3 4‘“<d>/ ~|1=9)/6 (log |y])1/? .
(2.17) p <e (3/4) 1/2+5| A (log |]) o+ ]
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THE ARCSINE LAW ON DIVISORS IN ARITHMETIC PROGRESSIONS 399

Denote by N(«,T) the number of zeros of ((s) in the region Re s > a and

lIm s| < T and define o(7) := clog=%/3(|7| + 3) logz_l/3(|7'| +3) (¢ > 0 abso-
lute constant). Summing (2.17) over |y| < T and interchanging the summa-
tions and noticing that 5 <1 — o(77) (the Korobov—Vinogradov zero free
region), we have

w(d)
> Ll < (3/4)*(og T) max > n

B>Le,|y|<T o B> 4e, Th/2<]y|<Th
I—U(Tl) g
w(d) (1-o)/6 T°
<e (3/4)* Y (logT) max /1/2+5 T, T N(o,T1)do.
According to [7], it is well known that
(2.18) N(o,T) < T12/90=9) (]og T)*
foré—l—séagl, and T > 2. Thus

(2.19) >, 1Ll

,8>;+8, |v|<T

l—U(Tl) xa’
< (3/0)*@D (log T)* max / p(1=0)/6 %" p(2/5)(1=0) 4
(3/4) (g)Tlngmg ) o

1—o(Th) T17/30 1—o

< z(logT)% max/ ( ! ) do
Ti<T J1/2+4e Z

17/30

< z(logT)® max ( lx

)U(Tl) 45<T17/30)U(T)'

< z(logT)

Inserting (2.12), (2.15), (2.16) and (2.19) into (2.8), we find that

(3/4))
log x

Xo(n) _ T

n<e 7(nd) \/ﬂ'logaj{hg(d) +05<

)} + Oc(Rar(z)),

where

3\w@d) x
Ryr(x) = (4) {T log T + z'/2+e1/12

T17/30)0(T)} n xlog x '

+ az(logT)45< T

x
Taking T = = and ¢ = 10~% and noticing that
w(d) < (logz)/logyx for d < z,
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400 B. FENG and J. WU

it is easy to verify that
Ryr(z) < (3/4)*Dx/(logx)®? for d < x.

This completes the proof. [
LEMMA 2.5. Under the notation in Lemma 2.4, we have

e a Y@= 0o !,

= Vlogx

where the implied constant is absolute.

PROOF. According to (2.4), it is easy to see that g(d) is a multiplicative
function and

(2.21) o) =3 (Xo(P)p™")’ <Z (Xo(p)pil)k>—1

0 j+vrv+1 = k+

—xo(p)p™* 3 (xo(p)p~t)!

log(L—xo(pp™) 455 d+v+1 7

For o > 1, we can write

> xo(n)g(n)n™* = L(s,x0)"* > B(n)n~

n>1 n>1

= ()21 - p)2 3 B(n)

n>1
where 5(n) is a multiplicative function determined by
(222) > BEE =1 - x®9*D  xo)g®@)E (& <1).
vl v>0

Slnce | g ”2 1 the right-hand side is holomorphic for || < 1 and we have

(3)” (v=1,2,...). In addition,

B(p) = xo(p)(9(p) —1/2) = O(1/p).

These imply the absolute convergence of 3 B(n)n* for o > J and }_ B(n)n"*

<<51for02§+5.
Applying [10, Theorem I1.5.3], we have

> gt = 7 {ao)+0(, )}

n<x
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THE ARCSINE LAW ON DIVISORS IN ARITHMETIC PROGRESSIONS 401

where we have

Mo(l) = (L—ph/2 H(l—XO 1 1/QZXO

1
F(Q) 2 v>0

thanks to (2.21) and (2.22). In view of (2.21), it follows, with the notation
= Xo(p)p‘l,

I/

Xo y - L fj -1 B gj—i—u
;) Xo(p)p )—(JZ;O].JFJ (1 6>;j§j+V—f—l
B & k xo(p)p~!
a <§j+1> ];)g log( 1—><o(p)p‘1)'
Thus
C(L—phy2 1 —xo(p)p~"
Xo(s) = Jr H(l —xo(p)p ) 1/210g(1 — xo(p)p~Y)

p

and hAo(3) = (1 —p~1)/y/m = (v(q)/q)/+/m, which concludes the proof of
(2.20). O

LEMMA 2.6. Let ¢ = p= with p an odd prime and w € N. For any ¢ > 0,
there is a positive constant c1(e) > 0 depending on € such that we have

(2.23) > x( Z x(n <<xe—a(e)(logw)l/mogzm)fw
XFXo n<:c
uniformly ford > 1, x > 2, q¢ < #1%/52=¢ and a € Z* such that (a,q) = 1.

PROOF. Since the proof is rather close to that of Lemma 2.4, we only
mention the principal points. As before, by (2.5), we can write for o :=
Res > 1

[e.e]

(2.24) fa(s,x) == Z x(n)7(dn)"'n=% = L(s, x)?Gq(s, x),

where

p 3=0 J+1
= (X)) (= (x(p)p~s)
qud;o j+a+1<§g j+1 )
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is a Dirichlet series that converges absolutely for o > 3 and verifies |G4(s, )|
< Ce(i)w(d) for o > % +e¢e and d > 1, where ¢ is an arbitrarily small positive
constant and C; > 0 is a constant depending only on €.

We apply Lemma 2.1 with 0, =1, B(n) =1, a = ; and o = 0 to write

x(n) 1 /b-‘rz’T , e
;T(nd) 27yt Ja(s:x) s ds+0< T )»

where b =14 2/logx and 100 < T < z such that L(o + 4T, x) # 0 for 0 <
o<1

Let Mt be the boundary of the modified rectangle with vertices (% +¢)
+4T and b £ ¢T as follows:

e £ >0 is a small constant chosen such that L(} + ¢ +iv,x) # 0 for
Iy <T;

e the zeros of L(s,x) of the form p =8+ iy with 3> J and |7| <T
are avoided by the horizontal cut drawn from the critical line inside this
rectangle to p = 8+ i7.

Clearly the function fy4(s,x) is analytic inside .#p. By the Cauchy
residue theorem, we can write

n xlog x
(2.25) Z;{((nd)):h—l—---—l—h+ 3 Ip+0( Tg )
nse B> +e, |yI<T

where
fd fd

1 1
I- = I =
j i /Lj fd(8>X) s dS, p i \/I‘p fd(8>X) s ds

and £; and I, are as in Fig. 1.
A. Estimations of Iy and I5. In view of (2.24) and Lemma 2.2, we have

1+2/logx L 2°
(2.26) L]+ |1 < / (2T =+= . T g,
1/2+e€ T
P 1+2/logx q1/4T1/2 1—0 T
d .
< T/1 < x ) 7<

/2+¢€
B. Estimations of I3 and I4. By (2.24) and Lemma 2.2, we have
xl/2+5

dr < zl/2+egl/4p1/12,
(L +e) +i7)| e

T
(227) |L|+|L] < / g+ 1)1
1
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C. Estimation of I,. With the help of (2.24) and Lemma 2.5, we have

( ) P ( 1_"| |1/12+€) z°
2.28 I <</ q: |y ., do.
P Jijase o+ 17

Denote by N(o,T,x) the number of zeros of L(s,x) in the region Res > o
and |Ims| < T. Summing (2.28) over |y| < T and interchanging the sum-
mations, we have

1—o(Ti;q) 11242 20
Sl togTmax [ 0T N T don
B> 1 te yl<T T<T J1/24¢ Ty

where
o(7;q) := Clog~%/3(qg|r| + 3q) log, /> (q|7| + 39),

C' = C(p is a positive constant depending on p) and we have used Lemma 2.3.
It is well-known that (cf. [8, Theorem 12.1] and [7])

N(o.T.q):= Y N(o,T,x) < (qT) = =7 log”(¢T).
x (mod q)

Thus

(2.29) > DDA

XFXo B> +e, |y|<T

1 10( ) 1—o0(T13q) 1—o _1/12+4¢ x? ( ) Z(1-0) d
< lo T max/ 2 T Ti)e " do
& RS 1/24e o ot

17/30
q87/30T1 /

1-o(T1;9)
< xloglo(qT) max/ (
1

1—0o
) do
GE iy

X

17/30
q87/30T1 /

>U(T1 i9) q87/30T17/30 ) o(T:q)

< z1og'(¢T) max ( < zlog"(qT) (

™<T T T

provided ¢87/30T17/30 <z Inserting (2.26), (2.27) and (2.29) into (2.25), we
find that

x(n)
> x(a)x(d)> ~(nd)

XF#Xo0 n<x

87/30717/30 o (T
< ql"l;g$ _|_xl/2q5/4Tl/l2+8+xlog10(qT)<q /3017/ ) (Tsq)

< (x_13q104)1/17+5 + (x33q42)1/51+5 + z(log x)lox—w(T;q)/l%

X
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thanks to the choice of T = (x30(1_5)q_87)1/17. This implies the required
result. O

3. Proof of Theorem 1

Firstly we write

(3.1) Swtga) =, Y E.)
(z/q)

n<e
n=a(mod q)

In view of the symmetry of the divisors of n about y/n, it follows that
F,(t) = Prob(D,, > 1—t) = 1—Prob(D,, < 1 —t) = 1—F,(1—t)+O0(7(n)").
Summing over n < x with n = a (mod ¢), we have

S(z,t;q,a) + S(x,1 —t;9,a)

1 _ 1
(g 2 1HOUM) N=1+0( o..)
nEa(r\nodq)

uniformly for z > 3, ¢ < 2'9/527¢ and a € Z* such that (a,q) = 1, where we
have used the orthogonality and Lemmas 2.4 and 2.6 with d = 1 to deduce
that

@) = " el M2
n=a(mod ¢

(a/¢(q)) 1

ec1(e)(logz)!/3 (log, ) ~1/* < Viegz

On the other hand, we have the identity
2 . 2 .
arcsinvt + ~arcsiny1 —t=1 (0<t<1).
™ 77

Therefore it is sufficient to prove (1.3) for 0 < ¢ < %
For 0 <t < %, we can write

(3.2)  S(z.t;q,a) Z 3 x(a z S 1 (n=dm)
n<zx(modq) dln,d<n?
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x(m)
Z Z Z 7(md)

405

d<w‘ x(modq dl/‘*lsmér/d
= xSD(Q) (Sl — S+ 53— S4)7
where
m
S1= X @) X 00, 5= 3 e .
d<z? m<z/d d<at mgdl/t—l
x(m
Y Y e X X
A<zt x#Xo m<:c/d
m
SDIDIRONUED SR
d<zt x#Xo m<dL/ =1

For S, we apply Lemmas 2.4 and 2.5 to write
(3.3) S1 =
¢ >

w(d)
d<at d\/log :c/d {g(d) " O((gl/(i;x >}
= <P(qQ)g;{72T arcsin vVt + O<\/ligx> }

For S5, we have

@ DD DN

d<zt m<di/t—1 d<z' V14 log dl/t=1
< * < r
V14 logal=t — Vloga

dl/t—l

By Lemma 2.6, we have

(35) S3 K Z Z X( Z X << we—c2(6)€/(logw)/log2x’

A<zt X#Xo m<:c/d
X(m) —02 \/(logm )log, x
B6)  Si<) D xlaxd) [ <ac
d<zt X#Xo m<dL/ i1

uniformly for > 3, ¢ < 2'%/°27¢ and a € Z* such that (a,q) = 1.
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Inserting (3.3)—(3.6) into (3.2), we find that

2 1
S(x,t;q,a) = - arcsin vt + Op’6<\/log:v>

uniformly for 0 <t < ;, x> 3, q<z'/527¢ and a € Z* such that (a,q) = 1.

(1

2]
3]
(4]
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