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Abstract. For k € N, write S(k) for the largest natural number such that

there is a k-colouring of {1, ..., S(k)} with no monochromatic solution to z —y =

2% That S (k) exists is a result of Bergelson, and a simple example shows that

— O(k)
S(k) > 22""" The purpose of this note is to show that S(k) < 22

1. Introduction

In [6], Khalfalah and Szemerédi answered a question of Roth, Erdds,
Sarkozy, and Sés by showing that for » € N and N sufficiently large in terms
of r, any r-colouring of [N] :={1,..., N} contains two distinct elements x
and y with the same colour and z + y = 22 for some natural z.

On the other hand it was shown by Csikvari, Gyarmati, and Sarkozy in
[4, Theorem 3] that one cannot extend the Khalfalah—Szemerédi result to
ask that z be the same colour as x and y. This was refined by Green and
Lindgvist [5] who showed that there are 3-colourings of N without solutions
to  +y = 2% with z and y distinct and all of z, y, and z having the same
colour; and furthermore they showed that 3 cannot be reduced to 2.

If x +y is replaced by x — y things are quite different. Here the celebrated
Furstenberg—Sarkozy Theorem (so named in view of [10], and the comment
after the main theorem there) gives a density analogue of the Khalfalah—
Szemerédi result meaning that for any § € (0, 1] if N is sufficiently large in
terms of § then any subset of [N] of size at least dN contains two distinct
elements x and y such that  — y = 22 for some z € N.

Key words and phrases: additive combinatorics.
Mathematics Subject Classification: 42B05.

0236-5294/$20.00 © 2020 Akadémiai Kiad6, Budapest, Hungary


http://crossmark.crossref.org/dialog/?doi=10.1007/s10474-020-01079-6&domain=pdf

ON MONOCHROMATIC SOLUTIONS TO z — y = 22 551

In the Furstenberg-Sarkézy Theorem we cannot ask for z in the same
set as z and y — consider {z € [N]: z =1 (mod 3)} — however Bergelson |2,
p. 53] using a method from [1] showed that in any k-colouring of N there are
solutions to z — y = 22 with z, y and z all the same colour. Our purpose is
to establish the following quantitative result.

THEOREM 1.1. Suppose that k,N € N are such that there is a k-
colouring of {1,..., N} with no monochromatic solutions to x —y = 2%. Then

This is not the first quantitative result in this direction, in fact Lindqvist
gave a bound in [8, Theorem 5.1.2].

This bound cannot be replaced by anything smaller than 22°': if N =
22" consider the colouring with colour classes

C:={{1u{{?, .. 2"} :0<i<k-2}.

This is a k-colouring and if z,y,z € {2%,... ,221“} then z —y < 22"
< (222 <2?andsoxr—y# 22, andifz,y,2 € {1} thenz —y =0 < 1 = 22.
It follows2 that this colouring contains no monochromatic solutions to
rT—y =2z

Prendiville in [9, Theorem 1.2] as a special case of a much more general
result has established a counting version of Theorem 1.1 showing that there
is a colour class with € (N3/2") solutions to z — y = 22 (at least once k is
sufficiently large); the above construction show that this is close to optimal.

Finally, we remark that it is a well-known open problem to ask for
monochromatic solutions to x? —y? = 22 in place of x —y = 22 (see e.g.
[3, Problem 3.9]), and some modular analogues have been investigated by
Lindqvist [7], including the modular version of Theorem 1.1.

Notation. When writing A C B we do not require the inclusion to be
strict, and by O(1) we mean an absolute constant.

2. The argument

The argument is an iterative application of the following.

COROLLARY 2.1. Suppose that A C [N] has size at least «N. Then either

N < exp(a=©W) or there are natural numbers r < exp(a=°W) and L > N
such that

#{zer-[L]:2* e A- A} Z;aL.

This corollary is proved in Section 3, but reading it out of Sarkozy’s work
[10] is completely routine.
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PROOF OF THEOREM 1.1. Let C be a cover of [N] of size k. We proceed
iteratively: at stage ¢ we have natural numbers N; and d;, a set J; C C, and
integers z¢; for each C' € J;, and a final integer z;. We write

S; = ﬂ (zci+C) and o5 := N,

CeJ;

Let A:={z € [N;]:d?z € z; + S;} so that A C [N;] and #A > o;N;. By
1)

Corollary 2.1 applied to A either N; < exp(ai_o(

there are natural numbers L; and r; with

) and we terminate, or
L; >N and 7r; < exp(ai_o(l))
such that
1
#{33 eri-[Li]: 2 es; — Si} > 2oziL2-.
But then by design 2 € A — A and hence

(di(L')2 S d?A — d?A C (.TZ + SZ) — ((L‘Z + SZ) C m (C — C),
Celd;
and so putting d; 1 := d;r; we have
(2.1) #lredi Ll e N (©-0)) > L oL,
celd; .

It follows that assuming we have no monochromatic triple, the set on the
left of (2.1) must be covered by the sets in C \ J;. By averaging we conclude
that there is some C; € C\ J; such that

1
o; Ly,

#(diy1-[Li]) NCs > ok

and so putting N;41 := L;/r;d;11 there is some z, such that

1
# (@i +d7 g - [Nig1]) NC >

o a;Niy1.

Finally, since r; N; 11 < N; we have
#d7 - [N;]) — d7,q - [Nig1] = #[N;] — 17 - [Nig1] < 2N,
whence

" ZNiNig < e+ 5) 1 (&2 - [IND#(C = 2.) 0 (¢4 - [Niga)

(22)
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= " #(w+ (2 + Si) N (d2 - [N])) N ((Ci = 2) N (d2yy - [Nisa))

< max #(w+a;+85;) N (Ci—22) N (dfyy - [Nipal)#] - [Ni] = diyy - [Nis]

< 2Ni m;ix #(.T + SZ) N (CZ - (L'*) N (di—i-l . [Ni—i-l])-

Let x;41 be an integer such that maximum in (2.2) on the right is achieved.
Put z¢, ; == —xu, xcit1 = Tiv1 + 2y, Jit1 = Ji U{C;}, and note that

L o

i1 > 4kai .

Since there are at most k£ colours, this process most terminate with some
. O (k)
j <k. Thus o; > 22 for all i < j, and hence r; < 22 for all 7 < j.
O(k)
But then d;+1 = d;r; and hence d; < 22* for all ¢ < j. Finally N;1q >

O (k) _k
l/4/al2Jrl for all ¢ < j and i(()k)Nj > 272" N4". However at stage j we
LUk

have N; < exp(aj_o(l)) < 922 , and the bound on N follows. O
3. Counting in the Furstenberg—Sarkézy theorem

PrOOF OF COROLLARY 2.1. This can be read out of Sarkozy’s original
argument in [10]. Unfortunately that argument is presented to deal with
existence rather than counting so we have to go some distance into the proof
to extract what we need.

We shall make use of the Fourier transform: write T := R/Z, and for
0 € T put e() := exp(27if). Given f € ¢1(Z) we write

=Y f(n)e(fn) forallf €T,

nez

and f(z) := f(—z). Finally, for f,g € ¢1(Z) we write

f*g(z Zf g(y) for all z € Z.

T+y=z

For a finite non-empty set of integers S we write mg for the function assign-
ing mass #5~! to each element S and 0 elsewhere.

We shall actually prove the following from which Corollary 2.1 follows
immediately (with the L in the corollary being the VL of the proposition)

since 35, la(2)la(y) < #A'.
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PROPOSITION 3.1. Suppose that A C [N] has size at least aN. Then
there are natural numbers v < exp(a~ W), L > (logN)* ““N and L' >
a® WL such that A" := AN (xq + 12 - [L)) has o/ := #A'/L with &/ > a and

3 (@)l gy (2) > ;(0/)2 L.

r—y=22

The argument is an iteration of the following standard exercise in the circle
method in which we can afford to be far sloppier than Sarkozy.

LEMMA 3.2. Suppose that A C [N] has size aN, and N’ is a further
integer. Then at least one of the following holds:
(i) N’ > P N;
(ii) Zr—y:zQ 1A(37)1A(y)1[\/]v/}(z) 2 %ORN\/N/ ;
(iii) there is some ¢ < a~%M) and N” > a®MDN'/log N’ such that

sup #AN (z + ¢ - [N"]) > (a + a®D)N".

PROOF OF LEMMA 3.2. Write f := 14 —aljyand S := {1 < 22 < N'},
and note that

(f*fils)e, = Y 1la(@)la(®)ls(w) — a®NVN' + O(N')*/?,

T—y=w

whence either N’ > oM N or
~ —~ 1
/|f(9)|2|1g(9)|d92 LNV

Let Q := ca?N’/log N’ for an absolute ¢ > 0 to be chosen shortly. By the
box principle, for every 6 € T there are integers a and ¢ with (a,q) =1,
1 < ¢ <@ and such that |6 —a/q| < 1/¢Q. [10, Lemma 4] (the notation for
our 1g is Sérkozy’s T, defined on [10, p. 126]) is Weyl’s inequality in a form
we can make easy use of:
(3.1)

[T5(6)| = O(v/N'/q+(VN"log )2 +(glog ) /?) = O(1/+/g+ca) VN,

We define the major arcs to be

M, = {QE'H‘:EIa with (a,q) =1 and ‘9— Z‘ < q]Q}’
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so that by Parseval’s inequality and (3.1) with Qg := (ca)~2 we have

/U FO)RT3(6)]d6 = O(ca® NVNY).

9=Qqo q

Thus there is an absolute ¢ > 0 such that

Qo
1 ~ 1
> o / 1F(0)?d6 > _a®N.
p <\/ q ) a, 8
We conclude that there is some ¢ = O(a™2) such that

[ 17@F a8 = 0*w)

q

Let P be a progression of length 2Q + 1 and common difference ¢2. Then
for all & € M, we have

7B (0)] = sin(Qmq%0)

#P sin(ﬂqze)‘ =),

By Parseval’s theorem we conclude that
(14 = atp) = melf, = [ 1FOF [@R0)F do = a?ON

and so
114 mp ||, > o®N +a®YN — O(#P'/N),
and this gives the result with N” = #P’ by averaging. [J

PrROOF OF PROPOSITION 3.1. We construct natural numbers d;, IN;,
and N! iteratively with N/ = a®() N; such that conclusion (i) of Lemma 3.2
does not hold if N/ is the ‘further integer’ of that lemma. At stage ¢ let x; be
such that #A4 N (x; + d? - [NV;]) is maximal over all possible choices; write o
for the ratio of this size to IV;.

Apply Lemma 3.2 to the set S; := {z € [N;] : z; + d?z € A} with the ‘fur-
-0(1)

ther integer’ being N/. In case (ii) stop; in case (iii) there is some ¢; < o;

and N;, > a®(WN!/log N/ such that
o) _ #SiN(z+¢} - [Nixa]) _ #AN (@i + dfx + (diq?) - [Niga])
¢ - N1 Ni1

o(1)

because density cannot exceed 1. We set L:= N;, L' := Nj,

o +«

Set d; 11 = d;q; so that ;11 > o; + «
o(1)

. This process terminates for some
j=a
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r := d; and have the result since N]’- > ao(l)Nj, and N;11 > ao(l)Ni/ log N;
and d;11 < d;a= W for all i < 7. O
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