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Abstract. Ordinal data analysis is an interesting direction in machine
learning. It mainly deals with data for which only the relationships ‘<’, ‘=", ‘>’
between pairs of points are known. We do an attempt of formalizing structures
behind ordinal data analysis by introducing the notion of ordinal spaces on the
base of a strict axiomatic approach. For these spaces we study general proper-
ties as isomorphism conditions, connections with metric spaces, embeddability in
Fuclidean spaces, topological properties etc.

1. Introduction

Sometimes it is much easier to gather information about comparisons
between objects or persons than to measure exact values related to them,
leading to data given on an ordinal scale. Ordinal data usually collected
from persons by observation, testing, or questionnaires arise in social, ed-
ucational, psychological and behavioral sciences, and in governmental and
business sectors. Moreover, there are many reasons to investigate given met-
ric data on the pure ordinal level.

Ordinal data analysis has been recently used in machine learning, see,
e.g., [10,23-26,37]. Several real-life motivations for studying machine learn-
ing tasks in a setting of ordinal distance information are described in [26]:
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humans are better and more reliable in assessing dissimilarity on a relative
scale than on an absolute one; there are situations where ordinal distance
information is readily available, but the underlying dissimilarity function is
unknown; there are several applications where actual dissimilarity values be-
tween objects can be collected, but it is clear to the practitioner that these
values only reflect a rough picture and should be considered informative only
on an ordinal scale level.

An example of relative assessments by a person may be the following.
Imagine a cyclist with neither a watch nor a speedometer who has ridden
all pairwise distances between a set of some localities A, ..., 4,. He can-
not assign a numerical value to the pair of localities in the form of time or
distance. The only thing that the cyclist has is a general impression of the
form “the distance between the localities A; and A; is less than, equal to
or larger than the distance between localities Ay and A;”. Such assessments
generate an “ordinal structure”.

The aim of our paper is a formalization of structures of this type and
a demonstration that such structures have nontrivial theoretical properties
and deserve to be studied. For these purposes we mainly use methods of
metric geometry and graph theory.

A straightforward formalization of “ordinal structure” leads us to the
following definition. For a nonempty set X consider a map

I X XX x X xX — {{<,>,="}

and the following conditions on ¢ for all z,y,u,v,z,w € X:
(i) 6(z,y,z,y) =
i

(1) 6(.7) y,z,w) _5(3/):[; z w) —(5(.7) va Z)

(iil) §(z,y, z,w) = —5(z,w,x,y) — <=0 =T =< and —=" ==
(iv) d(z,y,u,v) = 0(u,v, z,w) = ‘=" implies 0(z,y, z,w) = ‘=;

v) 0(z,y,u,v)=‘<"and 0(u, v, z,w) € {*<’, ‘=’ } imply d(x,y, z,w)="‘<’;
(vi) 0(z,y,u,v)e{<, ‘="} and (5(u v, z,w)="<’ 1mply Nz, y,z,w)=<";
(vii) §(z,z, z,w) = ‘<’ 1fz7éwand(5(x z,z,w) = ‘="if z = w.

DEFINITION 1.1. (X,0) is called an ordinal space if (i)—(vii) are satisfied.

Note that the second equality in (ii) can be omitted since it follows from
the first one and condition (iii). In some cases, for convenience, instead of
0z, y,z,w) = ‘<’ ,'=">" we will write §(z,y) <,=,> (2, w), respectively.

Like the axioms of a metric space all condltlons in Definition 1.1 express
a natural understanding of relations between pairs of points. Condition (i) is
similar to the axiom d(x,x) = 0, (ii) is analogous to the symmetry condition
d(z,y) = d(y,x), (iii) is analogous to relations between real numbers (a < b)
< (b>a). Conditions (iv), (v), (vi) express transitivity of the relations

‘="and ‘<’ for real numbers and eventually condition (vii) states that the
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distance from a point to itself is less than a distance between two different
points, similarly to the axiom of a metric space (d(z,y) =0) < (x =y).
According to axioms (i)—(iv) the relation ‘= is an equivalence relation
on the set of all unordered pairs {z,y}, =,y € X. Since we know all re-
lations between all pairs of points in X, the set of all equivalence classes
(X x X)/‘=’ can be linearly ordered with respect to these relations. This

observation leads us to the following equivalent definition of an ordinal space.

DEFINITION 1.2. An ordinal space is an ordered triplet (X, L,d), where
X is a set, L is a linearly ordered set with minimal element 0 and J is a
surjective mapping §: X x X — L such that for any =,y € X the following
two axioms hold:

(i) 0(z,y) = 6(y, ®);

(i) (0(z,y) =0) & (z =y).

Note that according to this definition if (X, L, d) is an ordinal space, then
X # @, as there is x € X with §(z,x) = 0.

REMARK 1.3. In Definitions 1.1 and 1.2 we identify (X x X)/‘=" with L.

In what follows we shall use both designations (X,d) and (X, L,d) for
ordinal spaces depending on context.

The introduced concept of ordinal space is closely connected to such con-
cepts as ordinal scaling, multidimensional scaling and ranking, which have a
lot of applications, see, e.g., [1,5,22,27,33-36,41]. The presence of these rela-
tionships and, thus, the existence of potential applications, makes the study
of ordinal spaces important.

Observe that in some sense an ordinal space is a natural generalization
of a semimetric space. Recall that a semimetric on a set X is a function
d: X x X - R, RT =[0,00), such that d(z,y) = d(y,z) and (d(z,y) = 0)
& (x=y) for all z,y € X. A pair (X,d), where d is a semimetric on X,
is called a semimetric space (see, for example, [4, p. 7]). Note also that
a semimetric d is a metric if, in addition, the triangle inequality d(z,y) <
d(x,z) 4+ d(z,y) holds for all x,y,z € X. A metric is an ultrametric if we
have the ultrametric inequality d(z,y) < max{d(z,z),d(z,y)} instead of the
weaker triangle one.

EXAMPLE 1.4. Every semimetric space (X,d) may be considered as an
ordinal space (X, 0) if we define ¢ for all z,y, z,w € X in the following way:

<, ifd(w,y) < d(z,w);
(1.1) 0z, y, z,w) =< ‘=", ifd(z,y) =d(z,w);
> it d(z,y) > d(z,w)

We shall say that a semimetric space (X, d) has the ordinal type (X, J)

if equality (1.1) holds for all z,y, z,w € X. In this case we also shall call
(X, d) a realization of (X,0).
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It is easy to see that for every ordinal space (X, L,d) with card(L) > ¢
there does not exist a realization which is a semimetric space. Let us call an
ordinal space semimetric-like if such a realization exists. It is clear that an
ordinal space (X, L, ¢) is semimetric-like if L\ {0} is similar to some subset
of RT\{0} (with the usual order) or equivalently to some subset of the real
line. (For the concept of similarity of ordered sets, compare the text below
Definition 2.1.) In [2] it was shown that every continuous linearly ordered

set L with no least and greatest element in which some countable subset is
dense is order-isomorphic to the real line. Thus (X, L, ) is semimetric-like

if L\{0} is similar to some subset of such an L. (For the definition of a
continuous linearly ordered set, see [18].)

The following simple proposition shows that for every semimetric-like
ordinal space there exists a realization which is a metric space.

PROPOSITION 1.5. Let (X, L,9) be a semimetric-like ordinal space. Then

there exists a metric d on X such that the metric space (X, d) has the ordinal
type (X,9).

PROOF. Since (X, L,0d) is semimetric-like and the real line is similar to
an open segment (0,¢), € > 0, there exists an injective mapping f: L\{0}
— (0,¢) preserving the linear order on L\{0}. For every z,y € X define

.
d(z,y) = {8+ 7 ;f i i Zf

where [ € L\{0} is such that d(z,y) =1 and a is a positive real. It is clear
that the triangle inequality in (X, d) is satisfied for every z,y,z € X and (1.1)
holds for all x,y, z,w € X with sufficiently small ¢ and sufficiently large a.
O

The concepts of metric and semimetric spaces are natural and well inves-
tigated. In some parts of this paper we are interested in studying connections
between ordinal spaces and semimetric spaces. It is natural to study these
connections on the class of semimetric-like ordinal spaces. Thus, in what
follows under ordinal spaces (X, ) we only understand semimetric-like
ordinal spaces.

Matthews [28] generalized metrics to partial metrics admitting not neces-
sarily zero self-distances. Later, O'Neill [30] considered partial metrics by ad-
mitting negative distances. Heckmann [19] extended the structure from [28]
by omitting the axiom of small self-distances (d(z,x) < d(x,y) for all z,y
€ (X,d)). Another well-known generalization is the so called quasi-metric
spaces which are obtained from metric spaces by omitting the symmetry ax-
iom (d(z,y) = d(y,z) for all x,y € (X,d)). In this connection, if necessary,
more general classes of spaces than ordinal spaces can be considered in order
to have an embedding of such spaces in ordinal structure.
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The paper is organized as follows. In Section 2 we consider two ap-
proaches for defining isomorphism between ordinal spaces based on the dif-
ferent Definitions 1.1 and 1.2. This isomorphism is also expressed in terms of
weak similarities which form a special class of mappings between semimetric
spaces, see Propositions 2.4 and 2.5.

In Section 3 we give an approach for defining the set of balls in ordinal
spaces, which is based on the concept of cuts of linearly ordered sets, and
classify balls with respect to their “appearance” in realizations of ordinal
spaces.

Section 4 is devoted to topological properties of ordinal spaces. We
give some conditions under which an appropriate set of balls in the ordinal
space X forms a base of a topology on X, see Proposition 4.4. In Proposi-
tion 4.5 we show a way of defining a topology on a set X using the structure
of the ordinal space (X,d). We also describe some connections of ordinal
spaces with uniform spaces. It is worth emphasizing here the specificity of
the statements in Theorems 4.3 and 4.7. The interesting point of these state-
ments is that it is not necessary to have a triangle inequality for all triplets
of points in semimetric spaces in order to have some topological properties
for these spaces.

The set of all balls Bx of an ordinal space X can be considered as a
poset (Bx, C) with the partial order defined by the inclusion C. The Hasse
diagram H(Bx) of the poset (B, C) for finite X is a directed graph which
for small X gives a clear visual representation of the ball structure of X.
In Section 5 we give a criterium for isomorphism of Hasse diagrams H(Bx)
and H(By) of finite ordinal spaces X and Y, see Theorem 5.1. It is also
established that an isomorphism of the ordinal spaces X and Y implies an
isomorphism of the corresponding Hasse diagrams H(Bx) and H(By), but
not vise versa, Proposition 5.2.

In Section 6 we put forward two hypotheses about the maximal and
minimal number of balls in finite ordinal spaces. We conjecture that the se-
quence of maximal numbers of balls coincides with the sequence A263511
from [38] and the sequence of minimal numbers of balls in (X,4) (with some
restrictions on §) coincides with the sequence of triangular numbers.

Section 7 is devoted to embeddings of ordinal spaces in the real line.
We define a special type of points enumeration in an ordinal space X, the
so called enumerations with majorization property. Proposition 7.3 claims
that for spaces embeddable in the real line such enumeration always ex-
ists. The converse assertion is a new interesting conjecture. In Theorem 7.5
we establish that for an ordinal space X with |X| < 4 the existence of an
enumeration with majorization property is necessary and sufficient for em-
beddability in R!. Propositions 7.7 and 7.8 describe some classes of ordinal
spaces embeddable in R!.

Section 8 considers embeddings of ordinal spaces in higher dimensional
Euclidean spaces. We start this section with a hypothesis that an analog of
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the famous Menger’s theorem holds for ordinal spaces, i.e., that in order to
verify that a finite ordinal space is embeddable in R" it is enough to verify
the embeddability in R™ of each of its n+ 3 point subsets. In Theorem 8.2 we
establish that if an ordinal space X is embeddable in R?, then the number of
its diametrical pairs does not exceed the number of points in X and describe
extremal embeddings. In Proposition 8.8 we show that any ordinal space X
with |X| =n + 1 is irreducibly embeddable in R".

In Section 9 we propose an analog of the Gromov—Hausdorff distance for
the case of ordinal spaces with a fixed finite number of points.

2. Isomorphism properties of ordinal spaces

Based on Definition 1.1, it is natural to define isomorphisms between
ordinal spaces as follows.

DEFINITION 2.1. Ordinal spaces (X, dx) and (Y, dy) are said to be iso-
morphic if there exists a bijective mapping ®: X — Y such that

(2.1) 0x(2,y,2,w) = Oy (®(x), D(y), B(2), B(w))

for all z,y,z,w € X.

Recall that two linearly ordered sets (L1, <;) and (Lg, <2) are isomor-
phic or similar if there exists a bijection W: L1 — Lo such that for arbitrary
x,y € Ly there holds (z < y) & (¥(z) < U(y)), see, e.g., [18, p. 34-35]. In
this case W is called an isomorphism.

Definition 1.2 leads us to the following definition of isomorphism.

DEFINITION 2.2. The ordinal spaces (X, Lx,dx) and (Y, Ly,dy) are
said to be isomorphic if Lx and Ly are isomorphic as linearly ordered sets
and there exists a bijective mapping ®: X — Y such that

(2.2) U(dx(z,y)) = oy (P(x), 2(y))

for all x,y € X, where V: Lx — Ly is an isomorphism of the linearly or-
dered sets Lx and Ly.

We have already mentioned the equivalence of isomorphy concepts in
Definitions 1.1 and 1.2. It is easy to see that isomorphy according to Def-
inition 2.2 implies isomorphy according to Definition 2.1, but the converse
implication we now show is not so evident.

Let (X,dx) and (Y,dy) be ordinal spaces isomorphic in the sense of
Definition 2.1 and let (X, Lx,dx) and (Y, Ly, dy) be designations of these
spaces in the sense of Definition 1.2 (see Remark 1.3). Let us first show that
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Lx and Ly are similar. Let §; € Ly and let {z,y} be any pair such that
0x(x,y) = 01. Define the mapping ¥: Lx — Ly by

(2.3) W(d1) = 2

where dy = dy (®(x), ®(y)). Suppose that dx,,dx, € (Lx,<x), 0x, <x 0x,,
and let dx(z,y) = dx,, 0x(z,w) = dx,. According to the definition of ¥,
we get
U(0x,) = by,  ¥(0x,) =y,

with dy, = dy (®(z), ®(y)) and dy, = oy (P(2), P(w)). It follows from (2.1)
that 0y (®(x), ®(y)) < 0y (P(2), ®(w)). Hence dy, <y dy,. The monotonicity
of W implies its injectivity. The surjectivity easily follows from the surjectiv-
ity of 0x and dy. Thus the isomorphism of the ordinal spaces (X, Lx,dx)
and (Y, Ly, dy) implies a similarity of Ly and Ly. It suffices to note only
that equality (2.2) follows from (2.3).

The spectrum of a semimetric space (X,d) is the set Sp(X) = {d(zx,y) :
z,y € X}.

DEFINITION 2.3. Let (X,dx) and (Y, dy) be semimetric spaces. A bijec-

tive mapping ®: X — Y is called a weak similarity if there exists a strictly
increasing bijection f: Sp(X) — Sp(Y) such that the equality

(2.4) fldx(z,y)) = dy (®(z), 2(y))

holds for all x, y € X.

If ®: X — Y is a weak similarity, then we say that X and Y are weakly
similar with the realization (f, ®). The notion of weak similarity was intro-
duced in [13] in a slightly different form.

PROPOSITION 2.4. Let (X,dx) and (Y,dy) be semimetric spaces. The
ordinal types (X,0x) and (Y,dy) are isomorphic if and only if (X,dx) and
(Y,dy) are weakly similar.

PROOF. Let (X,dx) and (Y, dy) be weakly similar with the realization
(f,®). Let us prove that ® is an isomorphism of the ordinal types (X, dx)
and (Y, dy). According to (2.4) we have

(2.5)  fldx(z,y)) = dy(2(2), (y), [fldx(z,w)) = dy(P(z), d(w))

for all ,y,z,w € X. Since f is strictly increasing, equalities (2.5) imply the
equivalences

(2.6)
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Using (1.1) and (2.1) we obtain the desired implication.

Conversely, let (X,dx) and (Y,dy) be semimetric spaces and let their or-
dinal types (X, dx) and (Y, dy) be isomorphic, with isomorphism ®: X — Y.
Let us prove that ® is a weak similarity. According to (2.1) and to (1.1) we
obtain that relations (2.6) hold again.

For all r € Sp(X) define

(2.7) f(r) = dy(®(x0), ®(v0)) € Sp(Y)

where xg,y0 € X is a pair (possibly not unique) such that dx(xg,yo) = r.
Let us show that f is a strictly increasing bijection. The fact that f is
strictly increasing follows form the first equivalence in (2.6). Hence f is
injective.

To prove the surjectivity suppose that s € Sp(Y’). Consequently there ex-
ist u,v € Y such that dy (u,v) = s. Since ® is a bijection, we have u = ®(uy),
v = ®(vg) for some ug, vy € X. Let sg = dx(up,vp) € Sp(X). According to
(2.7) we have f(sg) = s. The surjectivity of f is established. O

It is easy to see that the next proposition is an equivalent formulation
of Proposition 2.4, only, of course, under the restriction given after Proposi-
tion 1.5 for the whole paper.

PROPOSITION 2.5. The ordinal spaces (X,d0x) and (Y, dy) are isomor-
phic if and only if any of their realizations (X,dx) and (Y,dy) is weakly
similar.

3. What is a ball in an ordinal space?

Recall that an open ball of radius r with center xg in a general semimetric
space (X, d) is defined by

B, (z9) ={z € X: d(z,z9) <1}
and a closed ball by
By [zg) ={zr € X: d(z,z9) < r}

where 7 > 0 is some positive real and zo € X. Denote by By and By the
sets of all open and closed balls in a semimetric space (X, d), respectively.

The problem in defining balls in ordinal spaces is that we cannot refer
to the real numbers as in the semimetric case. Therefore we want to use the
concept of a cut in a linearly ordered set S meaning that S = AU B and each
element in A is less than each element in B. We use the designation (A, B)
for such a cut and call A the initial segment of S and B the complementary
final segment of S.
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For an ordinal space (X, L, ) with ¢ € X we shall call the set
Sp(c) ={o0(c,z) |r € X} C L

the spectrum at the point c.

DEFINITION 3.1. Let (X, L,0) be an ordinal space and let (A, B) be a
cut of the set Sp(c), ¢ € X, with A # &. The set

B.=B[c|(A,B) ={x € X | d(c,z) € A}

is called a ball at the point ¢ corresponding to the cut (A, B). We denote
by Bx the set of all balls in the ordinal space X.

REMARK 3.2. Note that we do not introduce the concepts of open and
closed balls for ordinal spaces as they are adopted for metric spaces. The
reason is that it is impossible to achieve a compatibility of these concepts
in ordinal spaces and their realizations. Below we just classify balls with
respect to their appearance in realizations of ordinal spaces. Note also that
according to Definition 3.1 every one-point set is a ball in (X, L, ).

CrAmM 3.3. Let (X,d) be any realization of an ordinal space (X,0). Then
for every open ball B.(c) or closed one B,[c|] in (X,d) there exists a cut
(A, B) of the set Sp(c) such that Blc|(A, B) = B,(c) or B[c|(A, B) = B;|c],
respectively.

PROOF. In fact, let ¢ € X and let r > 0 be a positive real. Let A =
{6(c,z) |z € By(c)} and B = {6(c,z) | x € X\ By(c)}. Then Sp(c) = AUB.
As d(c,c) =0 < r, we have ¢ € B,.(c) and hence (¢, c) € A implying A # &.
Now consider a € A and b € B. Choose z € B,(c) and y € X \ B,(c) with
a=0(c,z) and b= d(c,y). Then d(x,c) <r and d(y,c) > r implying that
d(x,c) < d(y,c) and thus that d(c,z) < d(c,y); it follows that d(c,z,c,y) =
‘<’ and hence that d(c,z) < (¢, y), i.e., a < b. We conclude that (A, B) is
a cut of Sp(c). For every z € X we have §(c,z) € A if and only if x € B,(c).
This shows that Blc|(A, B) = B,(c). The construction of the cut (A4, B) in
the case of By[c] is similar, with A = {0(c,z) | x € B,[c]}. O

Naturally, the following question arises: Can one see from the structure
of (X,d) whether the set Blc|(A, B) is an open or closed ball in an arbi-
trary realization (X,d)? As it will be seen below, in some cases the given
set B[c|](A, B) is a ball of some type for all realizations (X, d), see also Ex-
ample 3.4. In other cases it depends on the structure of the realization
(X,d).

Recall some definitions from the theory of ordered sets, see [18]. A cut
(A, B) is called proper, if A and B are both non-empty. Let (S,<) be a
linearly ordered set. A proper cut (A, B) in S is said to be of type

(1,1), if A has a last and B has a first element,
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(00, 1), if A has no last and B has a first element,

(1,00), if A has a last and B has no first element,

(00, 0), if A has no last and B has no first element.

Again, let (X,d) be an arbitrary realization of an ordinal space (X, )
and let (A, B) be a cut of the set Sp(c), ¢ € X. The reader can verify that
the following holds:

(1) If the linearly ordered set Sp(c)\{0} has a least element, then {c}
€ By, Bx. _

(2) If the cut (A, B) has a type (1,1) or (o0, 00), then B. € Bx,Byx.

(3) If there exists a point ¢ € X such that the set Sp(c) has a last element,
then Blc|(Sp(c),?) = X € By, By.

Now consider the other types of cuts of the linearly ordered set Sp(c).

(4) If the linearly ordered set Sp(c) \ {0} has no least element, then the
point {c} in some realization (X,d) can be both a closed and an open ball
or can not be a ball.

(5) If (A, B) has a type (00, 1), then the corresponding ball B, of some
realization (X, d) can be both closed and open or only open.

(6) If (A, B) has a type (1,00), then the corresponding ball B, of some
realization (X, d) can be both closed and open or only closed.

(7) If there exists a point ¢ € X such that the set Sp(c) has no last ele-
ment, then the set X in some realization can be a ball, both open and closed,
or can not be a ball.

In this connection an open problem arises: Let (X, ) be an ordinal space.
For every ball B. € Bx belonging to one of the cases (4)—(7) assign an ad-
missible type of ball described in these cases. Does there exist a realization
(X,d) of (X,8) such that the assigned types of balls coincide with types of
balls (open, closed, not a ball) in (X,d)?

EXAMPLE 3.4. Let (x,)22 and (y,)22, be strictly decreasing sequences
of positive real numbers such that lim, ,. z, = 0 and lim,, oo ¥, = p > 0.
Let X = {zg,21,...,%n,...} and Y ={v0,y1,.--,Yn, ...}, where zo = 0 and
yo = p- Define the metrics dx and dy by the rules

dx (s, ;) = {max{xi,fﬂj}, T # xj;
0, T = Tj;
(3.1)

max{y;, Y}, ¥ 7 Y
dy (yi, y;) = {O tu v yz, _y].
9 T — Yj-

It can be proved directly that (X, dx), (Y,dy) are ultrametric spaces. The
functions ® and f defined by
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are bijective and, moreover, f is increasing. It follows from (3.1) and (3.2)
that equation (2.4) holds for all x;,z; € X. Consequently, (X,dy) and
(Y,dy) are weakly similar with the realization (f,®). The spaces X and Y
are not homeomorphic, because X has the limit point zy but Y is discrete.
Nevertheless, according to Proposition 2.4 their ordinal types (X,d) and
(Y,0) are isomorphic. One can see that

]§X :BX = {{172} | ) €N+} U{{$0}U{£Bk,$k+1,...} | k}EN+}
and
By =By = {{yi} i e N"} U{{o} U{yk ths1. .-} | k € N} U{{yo}}.

Here N* = {1,2,3,...}. In other words, there exists an ordinal space (X, ¢)
with nonhomeomorphic realizations (X,dx) and (Y, dy) and with different
sets of balls By = By and By = By (speaking about realization (Y,dy),
we identify y; with ;).

4. Topological properties

4.1. Bases of topology. In this subsection we give a condition under
which an appropriate set of balls in an ordinal space forms a base of some
topology, which is natural in view of the following basic topological property
of metric spaces:

PrRoPOSITION 4.1. The set of open balls of a metric space X 1is the base
of a topology on X which is called the metric topology.

Note that a standard proof of Proposition 4.1 is based on the following
well-known proposition which we need below.

PROPOSITION 4.2. Let B be a family of subsets of a set X such that the
following conditions hold:

(a) every point x € X belongs to some B € B,

(b) if x € By N By and By, By € B, then there exists a Bs € B such that
x € B3 C B1NBs.

Then B is a base of some (uniquely defined) topology on the set X.

For the set of all accumulation points of a semimetric space X we use
the designation ac(X). The following theorem is a generalization of Propo-
sition 4.1 to semimetric spaces.

THEOREM 4.3. Let (X,d) be a semimetric space. If for every z € ac(X)
there exists an € > 0 such that the inequality

(4.1) d(z,y) < d(z,2) + d(z,y)
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holds for all x € X and all y € B.(z), then ]§X is a base of some topology
on X.

PROOF. To prove this theorem it suffices to establish conditions (a)
and (b) of Proposition 4.2 for B = By. Condition (a) evidently holds. Let
z € B1 N By, B1,By € Bx. If z is an isolated point, then B3 can be chosen as
Bs = {z}. Otherwise, suppose z € ac(X) and By = B, (b1) and By = B, (b2)
for some by,by € X and 71,72 € R. Let €9 = min{r; — d(by, z), 72 — d(b2,2)}
and let € < g be a positive real such that (4.1) holds for all z € X and all y
with d(z,y) < e. Then

d(bzay) < d(bza Z) + d(Z,y) < d(bla Z) +e< d(bzv Z) + 71— d(bzv Z) =Ti.

Consequently, y € B;, i = 1,2, hence y € B:(z) C ByN By. O

PROPOSITION 4.4. Let (X,0) be an ordinal space and let B be some set
of balls in (X,0). If there exists a semimetric d on X with the property that
for every z € ac(X,d) there exists an € > 0 such that inequality (4.1) holds

for all x € X and all y € B(2) and B = ]§(X,d), then B is a base of some
topology on (X,0).

PrOOF. The proof follows directly from Proposition 4.2 and Theo-
rem 4.3. [

4.2. Connections with uniform spaces. In this subsection it is
shown that given an ordinal space (X, d), the set X can be equipped with a
topology in a natural way and, under an additional assumption, with an uni-
form structure. For an introduction to uniform spaces see, for example, [21]
or [6, pp. 169-218].

Let (X, L,0) be an ordinal space such that there is no least element in
L\ {0}. Define a system  of subsets of X x X by U € Ul iff there exists a
cut (A, B) of the set L with A\ {0} # @, such that the implication

(6(u,v) € A) = ((u,v) € U)

holds for all u,v € X.

It is clear that the following is valid:

(Ul) A={(z,z) |z € X} CU forall U € U,

(U2)IfUedand U CV CX x X, thenV €,

(U3) If U,V e i, then UNV € 4,

(U4) If U € Y, then {(y,z) | (z,y) € U} € 4L

Recall that a uniformity on a set X is a structure given by a non-empty
set 4 of subsets of X x X which satisfies axioms (U1)—(U4), and axiom
((B4)) from Definition 4.6 below with {{ = 9B, see [6, p. 169]. Also note that
axioms (U1)—(U3) mean that 4 is a filter if X # &.
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For Ueland z € X, let Ulz] = {y € X | (z,y) € U}. Define the set O
of subsets O of X as follows: O € O iff for each z € O there exists some
U € { with U[z] C O.

PROPOSITION 4.5. O is a topology on X.

PRrROOF. It is clear that @, X € O and any union of elements of O is
an element of . Suppose 01,02 € 9. Let us show that O1 N Oy € O and
let x € O1 N Oy. By definition there exist Uy, Us € U such that U;[z] C Oy,
Us[z] C Oq. Let (A1, By), (A2, B2) be the corresponding cuts for Uy and Us.
Without loss of generality consider that Ay C As. Let

Uy = {(u,v) | 6(u,v) € A1}, Uy = {(u,v) | 6(u,v) € Az}

It is cleNar that (71,(72 e\, (71 C glv (71 C (72, (72 C Us, i.e., (71 c Uy, Us.
Hence Uy [z] C Up[z], Us[x]. Since Uilx] C Uy[z] NUs[z] € O1 N O, we have
0O1N0eO. O

If (X,L,0) is an ordinal space such that there exists a least element in
L\ {0}, then it is natural to consider the discrete topology on X.

DEFINITION 4.6 [6, p. 170]. A non-empty set B of subsets of X x X is
a fundamental system of entourages of a uniformity on X if and only if B
satisfies the following axioms:

(B1) The intersection of two sets of B contains a set of B,

(B2) Every set of 8 contains the diagonal A,

(B3) For each V € B there exists V' € B such that V' C V1,

(B4) For each V € B there exists W € B such that W2 C V.

The uniformity defined by 28 consists of all subsets of X containing some
B € 8. (One easily sees that indeed a uniformity is defined.)

We recall that if W is a subset of X x X, then the set of pairs (z,y)
€ X x X such that (z,2), (z,y) € W for some z € X is denoted by W2, and
that the set of pairs (z,y) € X x X such that (y,z) € V is denoted by V1.

For a metric space (X, d) and, more generally, for a pseudometric space
a fundamental system of entourages, hence a uniformity, is provided by the
sets

(4.2) Us={(z,y) € X x X:d(z,y) < a}

with @ > 0. One of the approaches for defining uniform structures is based
on using systems of pseudometrics, where a uniformity is given by the least
upper bound of the uniform structures defined by the single pseudometrics.

In the next proposition we show that uniform structures can be defined
by a wider class of spaces than pseudometric ones, namely by spaces for
which the triangle inequality need not hold for all triples of points.
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We shall say that a pair (X, d) is a pseudosemimetric space if X is a set
and d: X x X — R™ is a mapping satisfying the properties d(z,y) = d(y, =)
and d(z,z) =0 for all z,y € X.

THEOREM 4.7. Let (X,d) be a pseudosemimetric space and let there ex-
ist an € > 0 such that for every z € X the triangle inequality

(4.3) d(z,y) < d(z,z) +d(z,y)

holds for every x,y € B:(z). Then the sets (4.2) form a fundamental system
of entourages of some uniformity on X.

ProOOF. For a > b > 0 it holds U, N Uy = Up. Hence axiom (B1) is sat-
isfied. Axiom (B2) is valid because the equality d(x,z) = 0 holds for every
x € X. Since d is symmetric, we have U, ! = U, and therefore (B3) is satis-
fied. Let U, be an entourage. Define b as follows:

b 5, @ > &
5, a<e.
Observe that for every U, with a < € by inequality (4.3) we have the inclu-
sion U2 C Us,. Hence for the case a > ¢ we have the relations
Uy = U2 C U: C Uy,
and for the case a < ¢ we have
wz@c%

which establish axiom (B4). O

5. Isomorphisms of Hasse diagrams

Recall some definitions. Let (P, <) be a finite partially ordered set. The
Hasse diagram H(P) of the poset (P, <) is a directed graph with the set of
vertices P and the set of arcs (directed edges) Ap C P x P such that the
pair (u,v) belongs to Ap if and only if u < v, u # v and the implication

(u<w<v) = (u=wVv=uw)

holds for every w € P.
Two directed graphs (X, Ax) and (Y, Ay) are isomorphic, if there exists
a bijection F': X — Y such that

((z,y) € Ax) & ((F(z), F(y)) € Ay ).
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In this case F' is an isomorphism of the directed graphs (X, Ax) and (Y, Ay).

It is evident that for every ordinal space X the set Bx can be consid-
ered as a poset (Bx,C) with the partial order defined by the relation of
inclusion C.

Hasse diagrams are a very convenient tool for describing ball-structure
of ordinal spaces. If node C' is a successor of A in H(Bx), then the ball
A € By is contained in C' € Bx and A # C. If additionally C is a direct
successor of A, then there is no ball between A and C, i.e., the relation
A C B C C is impossible for any B € Bx with A # B # C'. Otherwise the
balls A and C' are not comparable.

Let (X,0x) and (Y,dy) be ordinal spaces. A mapping F: X — Y is
called ball-preserving, if for every Z € Bx and W € By it holds

F(Z) € By and F~Y(W) € By.

The following theorem is a generalization of a series of results. In [31] it
was shown that representing trees of finite ultrametric spaces are isomorphic
if and only if there exists a ball-preserving bijection between these spaces. In
fact the representing tree of a finite ultrametric space is a Hasse diagram of
the ballean, i.e., the set of balls of this space. Later it became clear that this
assertion also holds for metric spaces, moreover for semimetric ones [32, The-
orem 3.3]. The proof of Theorem 5.1 is analogous to the proof of Theorem
3.3 from [32] but we reproduce it here for convenience.

THEOREM 5.1. Let X and Y be finite ordinal spaces. Then the Hasse
diagrams H(Bx) and H(By) are isomorphic as directed graphs if and only
if there exists a bijective ball-preserving mapping f: X — Y.

PROOF. Suppose first that there exists a map f: X — Y which is bijec-
tive and ball-preserving. Let ®: Bx — By be the mapping defined in the
following way:

Bx 9B»i>f(B) € By.

It is easy to see that ® is a bijection with ® and ®~! order-preserving, i.e.,
that @ is an order isomorphism. To prove that H(Bx) and H(By) are iso-
morphic with isomorphism ¢ we have to establish the following equivalence:

(5.1) <Bl,BQ> S AH(BX) = <<I>(Bl), CD(BQ)> € AH(By)

for all B1,Bs € Bx.
According to the definition of a Hasse diagram the left part of equiva-
lence (5.1) is equivalent to the following two conditions:
A) B; C Bs.
B) (B1 € BC By) = (By = BV By = B) for every B € Bx.
Analogously, the right part of equivalence (5.1) is equivalent to
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C) ®(By) C <I>~(B2). ) i _

D) (®(B1) C B C ®(By)) = (®(B1) = BV®(B;) = B) for every B € By.

The equivalence of conditions A) and C) follows directly from the fact
that ® is an order isomorphism between B x and By . Suppose that the im-
plication B) = D) does not hold. Consequently, there exists a B € By such
that ®(B1) C B C ®(By) and ®(B;) # B # ®(Bs). Since ® is an order iso-
morphism, we have By C ® 1(B) C By and B; # ® 1(B) # By which con-
tradicts condition B). The implication D) = B) can be proved analogously.

Conversely, suppose that H(Bx) ~ H(By ), with the isomorphism F': Bx
— By. Define by B} and By the sets of one-point balls of the spaces X
and Y. It is clear that the vertices of H(Bx) and H(By) have no incoming
arc form the sets B}< and B%,, respectively. Since F' is an isomorphism, the

mapping
f*=F|p : Bx — By
is a bijection. Define a mapping f: X — Y by

(f(x)=y) = (F({z}) ={y}),

which is evidently a bijection. We claim that f is ball-preserving.
It is clear that for B € By the image f(B) is a ball in Y if and only if
the equality

(5.2) r(Uteh) = Ut

rEB yeb’

holds for some B’ € By.

Let B be a ball in X. Define by Gp the directed subgraph of H(Bx)
induced by the set of all predecessors of B € V(H(Bx)) and by Gp(p) the
directed subgraph of H(By) induced by the set of all predecessors of F(B)
€ V(H(By)). Since H(Bx) ~ H(By) and F is an isomorphism, we have

(53) GB >~ GF(B)

Forall Z € V(H(Bx)) (W € V(H(By))) denote by I'x (Z) (I'y (W)) the
set of all predecessors of Z (W) with no incoming arc. By (5.3) we have
f*(I'x(B)) =Ty(F(B)). To establish (5.2) it suffices to note that

Lx(B)= [J{{z}} and Iyv(FEB)= [J {y}}

zeB yeF(B)

These two equalities follow directly from the constructions of H(Bx) and
H(By), respectively. The arguing for f~! is analogous. [

The following statement is obvious:
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PROPOSITION 5.2. For finite isomorphic ordinal spaces (X,0x) and
(Y, dy) the Hasse diagrams H(Bx) and H(By) are isomorphic as directed
graphs.

H(Bx) 4 H(By) 4
3
$17$2 {1103 Ty,T } {yhyQ} {ys y4,y5}
SNVAN /N S\
({z1}) (fe2}] ({ws}]({za.2s5}) () ({w2}) ({ws}) ({parws})
{wd}] ({as}] {v}) ({vs}

Fig. 1: The Hasse diagrams H(Bx) and H(By) for the ordinal spaces (X,dx), (Y,dy)

In what follows by [(v) we denote a label of a vertex v belonging to some
graph and by LCS(v,w) the least common successor of the vertices v and w
of some directed graph.

REMARK 5.3. The assertion converse to Proposition 5.2 is not true. Let
X =A{z1,29, 23,24, 25} and Y = {y1,y2,Y3, Y4, Y5} be the sets of leaves of the
directed trees depicted at Fig. 1. Define metric spaces (X,dx), (Y,dy) by
the following rule:

dx (i, j) = {O(LCS({xZ} Azi}), Zii?
dy (Yi,y;) = {gLCS({yi}’ {wi1), zz i zj,

and let (X, dx), (Y, dy) be their ordinal types, respectively. It is easy to show
that (X, dx) and (Y, dy) are ultrametric spaces which are not weakly simi-
lar. By Proposition 2.4 the ordinal spaces (X, dx), (Y,dy) are not isomor-
phic, though the Hasse diagrams H(Bx), H(By) of ordinal spaces (X, dx),
(Y, dy) are isomorphic as directed graphs and coincide with the directed trees
at Fig. 1.

Note that it was proved in [14, Theorem 2.8] that for a finite metric
space X the Hasse diagram H(Bx) is a tree if and only if X is an ultrametric
space.
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With By =By = B x, justified by coincidence of open and closed balls
in finite semimetric spaces, one easily sees the following;:

PROPOSITION 5.4. Let (X,d) be a realization of the finite ordinal space
(Y,dy). Then the Hasse diagrams H(Bx) and H(By) are isomorphic as
directed graphs.

6. The number of balls in finite ordinal spaces

In this section we formulate two conjectures about the maximal and the
minimal number of balls in finite ordinal spaces (X, L,d). In the latter case
we use an additional condition that 6(x,y) # §(z,w) for every different pairs
of points {x,y} # {z,w} with x # y, z # w. Without this additional condi-
tion we trivially obtain that the minimal number of balls is equal to | X |+ 1
if | X| > 1.

CONJECTURE 6.1. Let X be an ordinal space with | X|=mn > 1. Then
the maximal number of balls in X is equal to b,, where

by =1, by =3, b3 =6, by =12, by = 19, bg = 29, by = 40, ...

is the sequence A263511 from [38] (Total number of ON (black) cells after
n iterations of the “Rule 155”7 elementary cellular automaton starting with a
single ON (black) cell).

Conjectures 6.1 and 6.3 below are based on direct constructions of ordi-
nal spaces having a maximal number of balls and a minimal number of balls
with the above mentioned restrictions, respectively. In the next example we
construct an ordinal space X, | X| = 6, with the greatest possible number of
balls. Note also that such a construction is not a proof of this maximality.

EXAMPLE 6.2. Let X ={a,b,c,d,e, f}. We describe the relations on
X x X by labeling all the unordered pairs of points from X by natural num-
bers from the set {1,2,3,...,14,15} such that §(z,y) < d(z,w) if and only
if the label of the pair {x,y} is strictly less than the label of {z,w}. See the
symmetric table (6.1) with the labels given in dependence of points corre-
sponding to a row and column, respectively.

a b ¢ d e f

5 1215 8 6
5 - 4 1114 7
12 4 - 3 10 13
1511 3 - 2 9
8 1410 2 - 1
6 7 13 9 1

(6.1)

~~ 0O Q0 o
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Every one of the following rows contains a list of all balls with the centers
a,b,c,..., respectively:

{a}, {a,b}, {a,b, [}, {a,b,e, [}, {a,b,c e, f},
{b}, {b,c}, {a,b,c}, {a,b,c,f}, {a,b,c,d, f},
{c}, {c,d}, {b,c,d}, {b,c,d,e}, {a,b,c,d, e},
{d}, {d,e}, {c,d,e}, {c,d,e, f}, {bc,d e, f},
{6}7 {67 f}? {d7 67 f}? {a7 d7 e? f}7 {a7 C7 d7 67 f}?
{f}, {e, f}, {a,e, f}, {a,be, f}, {a,b,d,e, [},

The total number of different balls is bg = 29.

CONJECTURE 6.3. Let (X,0) be an ordinal space with |X|=mn and let

0(z,y) # 0(z,w) for every different pairs of points {z,y} # {z,w} with x #
Yy, z = w. Then the following inequality holds:

n(n+1)
2

Equality in (6.2) holds if and only if the Hasse diagram H(X) has a structure
as depicted in Fig. 2.

(6.2) < [Bxl|.

REMARK 6.4. Note that a number of the form n(n+1)/2 for some n > 1
is called a triangular number since it counts the number of points which can
be arranged to an “equilateral triangle” of side length n.

H(By)

(EE)((OXD) LN\
/NN
() (=) (=) N/

{n} {2} (st ()
(

Fig. 2: The Hasse diagrams H(Bx), H(By) of the ordinal spaces (X,0x), (Y,dy) having
minimal numbers of balls with | X| =3, |Y| =4

REMARK 6.5. Of course Conjectures 6.1 and 6.3 could be formulated for
metric spaces instead of ordinal ones. Indeed, the considered problems do
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not depend on the triangle inequality. Moreover, we saw above that also the
concept of distance is not important here. From this point of view, ordinal
spaces provide a “minimal structure” for the problems considered.

7. Embeddings of ordinal spaces in the real line

We shall say that an ordinal space (X,d) is embeddable in R™ if there
exists a mapping ®: X — R" such that the following relations hold for all
Yy, z,w € X:

(7.1) (z,y) < d(z,w) iff d(®(z),P(y)) < d(P(z),P(w)),
(7.2) 6(z,y) =6(z,w) it d(P(z), 2(y)) = d(®(z), 2(w)),
(7.3) (z,y) > 0(z,w) iff d(®(z),P(y)) > d(P(2),P(w)),

where d is the Euclidean metric in R”. If X is embeddable in R™, then we
write X < R™. Note that (7.1) implies that ® is injective (if z # w, choose
x =y to get ®(z) # P(w)).

It is easy to see that ordinal spaces X with | X| = 1,2 are always embed-
dable in R! and a space X with |X| = 3 is embeddable in R! if and only if
its three points form a triangle with unique maximal side.

In order to now study embeddings of finite ordinal spaces (X,§) in R!,
we need some special concepts. First of all, for n € N let

In: {(i07i17"'7ik) € {1727"'7n}k+1 | k€N+7 iO SZl < Sik—l SZk}

DEFINITION 7.1. Let x1, x3, ..., x, be an enumeration of the points of
an ordinal space X with | X| =n and let (ig,41,...,%), (Jo,J1s---,Jk) € Ln.
Then we write

(i07i17"' 7Zk) ~ (j07j17"' 7]k)

and

(G0, 41, - -+ ik) = (Jo,J1s-- -5 k),
respectively, if there exists a permutation = of {1,2,...,k} with
(7.4) O(wi_y,x4) = 6(wj, 1, 2j,,,) forallle{l,2,...,k}
and

Owi_ ) < 6(xj 4 _1sxj,,,) forallle{1,2,... k} but not (7.4),

respectively. (It is suggestive to think that 7 associates to the I-th “interval”
with the endpoints z;,_,,x;, on the left side the 7(I)-th “interval” with the

endpoints z;_,,_,,x;_, on the right side for [ =1,2,... k.)
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We say that the enumeration has the majorization property if for all
(i07i1> cee aik)v (j0>j17 s a]k) € Zn and k € Nt with (i()aila v aZk’) = (j()ajlv
oy Jk) or (Goy i1, ... yik) ~ (JosJ1s-- - Jk), respectively, it holds &(x;,, x5, ) <
d(xjy, x4,) or 6(xiy, x4, ) = d(xj,, x5, ), respectively.
For the subsequent considerations, call a pair {a,b} diametrical in (X, 0)

if §(a,b) = 0(x,y) for all z,y € X.
Let us list some consequences of the majorization property.

PROPOSITION 7.2. Let (X,0) be an ordinal space with | X|=n > 2 and
T1,T9,...,T, be an enumeration of the points of X satisfying the majoriza-
tion property. Then the following is valid:

(i) The implication

(i <k <U<jG) = (0(zp,m) < (zis ;)

holds for every i,k,l,5 € {1,...,n} with i # k orl # j.
(ii) The following inequalities hold:

0(x1,22) < 0(x1,m3) < -+ < 8(x1,20) > -+ > 0(Tp—2,2p) > 0(Tp_1,Tn).

(iii) {z1,2n} is a single diametrical pair in X.
(iv) The equivalences

(0(zi,z5) < 0(zk, x1)) © (0(z4, 21) < d(xj,21)),

(5(:Ei,$j) = 5(:Ek,517l)) = (5(ZEZ,:E]<;) = 5(£Bj,517l)),
(0(zi,z5) > 0(zk, x1)) © (0(z4, zx) > d(xj,27))

hold for every i,k,j,l € {1,...,n} withi < k < j <.

Proor. (i). If i<k<I<j and i#k or | #j, it holds (k,k,[,1)
< (i,k,1,7), hence 0(zy, x;) < 6(x;, x;)

Conditions (ii) and (iii) easily follow from (i).

(iv). Let i <k <j <l. If 6(xi,xx) < 0(zj,2;), then (i,k,7) < (k,7,1),
hence 6(x;,xj) < 6(xg,x;). The converse implication can be established by
contradiction. The other two equivalences are analogous. [

PROPOSITION 7.3. Let (X,0) be an ordinal space with | X| =n € NT and
X < R, Then there exists an enumeration 1, To, ..., &, of the points of
the space X satisfying the majorization property.

PROOF. Let ® be an embedding mapping for X < R!. It is easy to
see that the enumeration 1, xo, ..., T, such that z;, ¢ = 1,...,k, are the
preimages of the corresponding consecutive points in R! under the mapping
®, satisfies the majorization property. [
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We are not able to say whether the existence of an enumeration with
majorization property is also sufficient for embeddability in R! if n > 5, but
for n < 4 we have sufficiency. This is trivial for n < 4. As already mentioned,
for n = 3 the existence of a unique pair of diametrical points is equivalent
to embeddability in R*.

CONJECTURE 7.4. Let (X,0) be an ordinal space with | X|=n € Nt and
let there exist an enumeration x1, T2, ..., T, of the points of the space X
satisfying the majorization property. Then X — R

The following statement sheds some more light on the case n = 4.

THEOREM 7.5. Let (X,0) be an ordinal space with |X| = 4. The follow-
ing conditions are equivalent:
(i) X — RL
(ii) There exists an enumeration x1, T2, T3, T4 of the points of the space X
satisfying the majorization property.
(iii) There exists an enumeration 1, T2, T3, x4 of the points of the space X
such that the following two conditions hold:
(1) 0(z1,x2) <(z1,23) <d(21,24) > (T2, 4) > (23, 24) and 6(x2,x3)
< (1, 3),0(x2,T4),
(2) (0(x1,23) < d(z2,24)) < (0(21,22) < 0(x3,24)) and (d(z1,x3) =
d(z2,4)) & (0(z1,22) = 0(x3,24)).

ProoOF. The implications (i) = (ii) and (ii) = (iii) follow immediately
from Propositions 7.3 and 7.2.

(iii) = (i). Let us assume the validity of (iii). Set d;; := 0(z;,z;) for ¢, j
€ {1,2,3,4} and for positive real numbers a,b, ¢ define a map ®: X — R!
by the following rule:

(7.5) O(r1) =0, ®(z2)=a, P(x3)=a+b, P(xy)=a+b+c.

We show that @ is an embedding if a,b and ¢ are chosen in an appropriate
way. For this we distinguish the several cases of relationships not being fixed
by conditions (1) and (2).

If 613 = d24, by (2) it follows d12 = d34 and we have the following possi-
bilities:

(7.6) 014 > Ooq4 = 013 > do3 > 012 = O34,
(7.7) 014 > Ooq4 = 013 > Oo3 = 12 = O34,
(7.8) 014 > Ooq4 = 013 > 012 = 034 > Oo3.

The mapping ® is an embedding if b > a =¢,a =b= ¢, or a = ¢ > b, respec-
tively, for (7.6), (7.7), or (7.8), respectively. Since all the relations between
a,b and c¢ are possible, in each of the three cases one gets embeddability.
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We now consider the case §13 > o4 and obtain the following possibilities:

(7.9) 014 > 613 > 012 > 024 > 023 > J34,
(7.10) 014 > 013 > 012 > 094 > 023 = 034,
(7.11) 014 > 013 > 012 > 024 > 034 > 023,
(7.12) 014 > 013 > 012 = 024 > 023 > I34,
(7.13) 014 > 013 > 012 = 024 > 023 = O34,
(7.14) 014 > 013 > 012 = 024 > 034 > d23,
(7.15) 014 > 013 > 09q4 > 012 > 023 > 034,
(7.16) 014 > 913 > 24 > 612 > 023 = 034,
(7.17) 014 > 913 > 24 > 612 > 034 > 023,
(7.18) 014 > 013 > 094 > 012 = 023 > O34,
(7.19) 014 > 913 > 24 > 623 > 012 > 034.

The mapping ® is an embedding for (7.9) iff a > b+ c and b > ¢, (7.10) iff
a>b+cand b=c¢, (711)iff a>b+cand b<e¢, (7.12) iff a =b+ ¢ and
b>c, (713)ifa=b+cand b=c, (7.14) iff a=b+ cand b < ¢, (7.15) iff
a<b4+canda>b>c, (7.16)iff a <b+canda>b=c, (7.17)iffa <b+c
and b<c<a, (718)iff a=b> ¢, and (7.19) iff b > a > c.

Again all the relations between a,b and c¢ are realizable, showing em-
beddability in each case considered. The case d13 < d24 can by considered
analogously to the case d13 > dog. U

The proof of Theorem 7.5 in fact contains a listing of all nonisomor-
phic ordinal spaces of cardinality 4. It particularly provides that there exist
14 such spaces. Here to each case with d13 > do4 there is a corresponding
isomorphic one with d13 < do4.

OPEN PROBLEM. How many non-isomorphic ordinal spaces X with
| X| =n exist for a fivted n € Nt 2

Note that an enumeration of the points of an ordinal space is majoriz-
ing iff the inverse enumeration is, and that by Proposition 7.2(i) there are
no further majorizing enumerations. The majorization property is relatively
complicated since it not only compares “intervals” between successive points
under the enumeration. The following example shows that the property can-
not be expressed on the level of “intervals” with successive endpoints.

EXAMPLE 7.6. Let 21,29,...,27 be points in R! with 21 < 29 < --- <
x¢ < x7 and d(x1,z2) = 2.00001, d(ze,x3) = 2.000001, d(zs,x4) = 4.001,
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d(xg,x5) = 1.1, d(zs5,26) = 3.01, and d(xg,x7) = 4.0001, where d denotes
the Euclidean distance.

One easily sees that all distances between distinct points in X =
{x1,29,..., 27} are different, and with 2y ;3 being the nearest integer
to d(w;,z;) for different 4,5 € {1,2,...,7} it holds |d(w;,z;) — zp; 0] <
0.2. Moreover, zy; ;3 = 8 iff {7, j} € {{1,4},{4,7},{3,6}}, and d(z1,24) =
8.001011, d(x4,337{) = 8.1101, and d(z3,z6) = 8.111.

Consider the semimetric § on X defined by

d(zg,27), if {z,2'} = {z1,24};
6('7"7'7;/) = d($1,$4), if {33,:1:'} = {‘1‘471"7};
d(z,2'), otherwise.

Assuming that there exists an enumeration of the points in X satisfy-
ing the majorization property with respect to ¢, then by Proposition 7.2(i)
the already given enumeration is majorizing. For this enumeration it holds
(1,3,4) < (4,6,7) since d(z1,x3) < 0(xg, z7) and 6(x3,z4) < 6(x4,x6), but
d(x1,m4) = 8.1101 > 8.001011 = §(z4, x7), contradicting majorization.

In order to show that the enumeration satisfies the majorization property
in the weaker sense that only “intervals” with successive endpoints are con-
sidered, it is enough only to consider the sequences (1,2,3,4) and (4,5,6,7).
The reason for this is that the order relation of (x;,x;) and d(zk,x;) can
be only different from that of d(x;,z;) and d(zx,x;) if {{i,j}, {k,1}} =
{{1,4},{4,7}}. We are done by showing that neither (1,2,3,4) < (4,5,6,7)
nor (4,5,6,7) < (1,2,3,4).

The case (1,2,3,4) < (4,5,6,7) is impossible since (x4, x5), (x5, x¢),
d(ze,x7) < d(x3,24). Assuming (4,5,6,7) < (1,2,3,4), it follows d(x4, x5) <
d(x1,m2), 8(w5,26) < d(w2,23) Or 0(x5,26) < 0(X1,22), (24, 75) < I(22,T3),
which is obviously false.

We finish discussing embeddability of finite ordinal spaces (X,d) in R!
by looking at the system of equivalence classes generated by the relation ‘=’
on the set of unordered pairs {z,y}, z # vy, =,y € X (see Remark 1.3), its
cardinality, and the cardinality of the equivalence classes themselves. The
set of these equivalence classes is denoted below by A(X). For the equiva-
lence classes §; and 0; we write §; > §; if d(z,y) > d(z, w) for some {z,y} € 6;
and some {z,w} € ;.

PROPOSITION 7.7. Let (X,d) be a finite ordinal space, |X|> 2, and
X < R'. Then the following conditions are equivalent:
(i) [A(X)] = |X] - 1.
(ii) IfA(X) = {(51,(52,. .. ,(Sk} and 61 > 0o > -+ > 5k7 then |(5k‘ = ‘X‘ —1.
(iii) If A(X) = {61,02,...,0k} and 61 > 02 > -+ > O, then |0;| =i for ev-
eryi=1,... k.
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PROOF. We can assume that X = {z1,72,...,2,} C R! for a natural
number n, that z; < x9 < --- < x,, and that ¢ is defined by the Euclidean
distance.

If A(X)=1{d1,09,...,0k} with 61 > 3 > -+ > &) and |J;| =i for every
i=1,2,...,k, then we have k(k+1)/2 = n(n —1)/2 pairs of different points
from X implying k = n — 1. This shows the implication (iii) = (ii). If (ii) is
valid, it obviously holds that &y = {{x1, 22}, {x2, 23}, ..., {xn-1,2,}}, which
shows condition (i).

(i) = (iii). Assume that condition (i) holds, and let A(X) = {41, d2,

yOp—1} with §; > 02 > -+ > d,,_1. Then the pairs
{w1, 22}, ooy {z1, 201}, {21, 20}

belong to different ones of the given equivalence classes, more precisely,
{z1,2} € 01, {z1, 21} € d2, ..., {x1,22} € 5p_1.
Since {z1,x,} is a single diametrical pair in X it is clear that
01 = {{z1,zn}}.
Arguing as above we see that
{z2,zp} € 02, {m2,xpn_1} €93, ..., {x2,23} € 5p_1.

Since for all pairs {z;,x;} which are not considered above the equality
0(xs,x5) < d(x2,2y,) holds, we obtain that

09 = {{xl,a:n_l}, {azg,ajn}}.
Repeating this procedure with the pairs
{zizn}, - Az}, {wizia}
for every i = 3,...,n — 1, we establish condition (iii). O

PROPOSITION 7.8. Let (X,0) be a finite ordinal space, |X| > 2, and
X < R, Then the following conditions hold:

(i) [AC)| > |X] ~ 1.

(ii) If A(X) = {51,52, ce ,5143} and 61 > 99 > - -+ > O, then

(7.20) 01 =1, |6 <i, i=2,...,k

PROOF. We shall prove conditions (i) and (ii) by induction on |X|. If
| X| =2, then (i) and (ii) are true. Now let n > 2 be such that condition (i)
holds for every X with |X| < n and let | X| =n+ 1. We have to prove that

(7.21) IAX)] = n.
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Let {x0,yo} be the diametrical pair of X, i.e., {zo,y0} € 61(X). Consider
the space (Y,0) with Y = X \ {z¢}. Since X — R!, we have Y — R! and
according to assumption |A(Y)| > |Y| —1=n — 1. It is clear that A(Y) C
A(X) and 6;(X) € A(Y). Hence inequality (7.21) follows.

Let n > 2 be such that condition (ii) holds for every X with | X| < n and
let | X|=n+1. We can assume that X = {xg,71,...,7,} C Rl with 2o <
x1 < -+ < xp. Then {xg,z,} € 61(X). Consider the space (Y,0) with ¥ =
X\ {zo}. Since X < R, we have Y < R! and according to assumption

(7.22) (V)| =1, |6(Y) <i, i=2....k,

where k£ = |A(Y)|.
It is clear that for every dy € A(Y) there exists a dx € A(X) such that
dy C dx. Consider the pairs of points

{zo, 21}, {zo, 22}, ..., {®o,2n}.

Note that all these pairs belong to different classes of A(X). Let Ny be the
set of all the indices ¢ € {1,...,n} for which 6(zo,x;) # 6(xp, x4) whenever
1 <p<qg<n. Itis clear that n € Ny, §1(X) € A(Y) and

(7.23) 01 (X) = {{zo, zn}}.
Let
M(X) > 0(X) > >8(X)

be the equivalence classes of the space X, [ > k. Observe that there exist
only three possibilities for the class §;(X), namely

{{zo,z;}}, for some j € Ny or
0i(X) = < {{zo,z;}} U6,(Y), for some j € N\Ny and some p < i or
9p(Y), for some p < 1.

Hence, taking into considerations relations (7.22) we have
B(X) <1415,V <1+p<i
This inequality and (7.23) establish relations (7.20). O
8. Embedding of ordinal spaces in higher dimensional Euclidean

spaces

K. Menger proved in [29] that in order to verify whether an abstract
semimetric space X is embeddable in R™, one only needs to verify the em-
beddability of each of its n + 3 point subsets. This result is a consequence
of a more general theorem which is beyond the scope of the current paper.
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Naturally the following question arises: Does the analog of Menger’s
consequence hold for ordinal spaces?

CONJECTURE 8.1. Let (X,0) be a finite ordinal space and let n € NT.
Then the following conditions are equivalent:

(i) X — R",

(ii) For every A C X with |A| < n+ 3 it holds A — R™.

Note that the implication (i) = (ii) is trivial but the converse implication
is not trivial, even in the case n = 1.

Denote by dp(X) the set of all diametrical pairs of points of the ordinal
space X, i.e., pairs of points x,y with maximal possible (x,y). Let S be a
set of points on the plane. Consider line segments in this plane with end-
points x and y, x,y € S, such that the distance between x and y is equal
to some fixed positive real number d. Denote by S% the geometric object
which is the union of all such line segments. We shall say that S¢ contains a
closed polygonal chain if such a chain can be obtained from S by deleting
some number of line segments.

Recall that a Reuleaux polygon is a plane convex set of constant width d
whose boundary consists of a finite (necessarily odd) number of circular arcs
of radius d, where the center of each circle arc is located at the end of one
of the arcs. We shall say that an odd closed polygonal chain consisting of
segments of length d and joining vertices of some Reuleaux polygon of width
d is a frame of this Reuleaux polygon, see Fig. 3.

Fig. 8: The frame of the Reuleaux polygon is not necessarily a regular star polygon

In [8, p. 230] it was stated that the maximum number of times that
the largest distance occurs among n # 2 points in the plane is n. All such
extremal configurations were described without a reference for the proof. In
the next theorem formulated in terms of ordinal spaces we present an idea
for an independent proof of the given assertion. It is based on the unproved
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Conjectures 8.3 and 8.5, which are of some particular interest beyond the
aim of this paper.

THEOREM 8.2. Let (X,6) be a finite ordinal space. If X < R? then
|dp(X)| < | X|. Moreover, if ®: X < R? is an embedding and |dp(X)| = | X/,
then S is the union of 2k + 1-star polygon (diameters of some Reuleaux
polygon) with n — 2k — 1 line segments, where S = ®(X), d = diam ®(X),
and n = | X]|.

SKETCH OF THE PROOF. Let X «— R2. Suppose first that S% contains
some closed polygonal chain Ch.

CONJECTURE 8.3. If the diameter of a closed equilateral polygonal chain
1s equal to the length of a line segment of this chain, then this chain is a
frame of some Reuleaux polygon.

COROLLARY 8.4. If the diameter of a closed equilateral polygonal chain
s equal to the length of a line segment of this chain, then the number of line
segments of this chain is odd.

Since d = diam ®(X), we have that d is the diameter of S¢ and according
to Conjecture 8.3 the chain Ch is a frame of some Reuleaux polygon.

CONJECTURE 8.5. Let Iy and Fy be frames of some Reuleauz polygons
with diam(Fy) = diam(Fy) = d lying nonidentically in Euclidean plane. Then
diam(Fy U Fy) > d.

According to Conjecture 8.5 the chain Ch is a single closed polygonal
chain in S¢. Suppose that the number of its line segments is 2k + 1, where
k is an integer such that 2k + 1 < n. It is easy to show that for every line
segment which belongs to S% and does not belong to Ch the following prop-
erty holds: one of endpoints of this segment coincides with some vertex of
Ch and another one lies at the opposite circular arc of Reuleaux polygon
having the frame Ch, see dotted lines at Fig. 3. In this case the inequality
|dp(X)| < | X| follows easily and the equality is attained if and only if the
number of the above mentioned line segments is equal to n — 2k — 1.

Suppose now that S% does not contain any closed polygonal chain. In
this case we can consider S? as a graph G = (V, E) for which the vertex
set V coincides with the vertex set of S and the set of edges F coincides
with the set of line segments of S¢. It is clear that G is a forest and the
inequality |E| < |V| holds. Hence the inequality |dp(X)| < |X]| follows. O

The problem of finding the minimal number of different distances deter-
mined by a set of n points in the plane was formulated by P. Erdés [15],
where he gave the first estimation for this value. His result was improved
several times and at the present day the best estimation is found in [11]. Es-
timations of the numbers of the second largest, second smallest and smallest
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distances for n points in the plane are found in [40], [7] and [17], respec-
tively. These results and Theorem 8.2 give us necessary conditions for the
embedding of ordinal spaces in R?.

PROPOSITION 8.6. Let (X,0) be a finite ordinal space, |X|=n > 2,
X — R? and let A(X) = {01,09,...,0,} with

01 > 09 > -+ > 0.

Then the following conditions hold:

(1) |A(X)] = n*?/(logn)¢ for some ¢ >0 for all n > 10.
(i) |62l < [n).

(iv) |0k—1] < Z'n.

(v) |0k] < [3n — V12n — 3.

The asymptotic behavior of the number of distinct distances determined
by a set of n points in three and higher dimensional spaces were found in [3].
It was proved in [16,20,39] that in a three-dimensional space the maximum
number of largest distances among n points is 2n — 2. The corresponding
results provide necessary conditions for embeddability of ordinal spaces in
three and higher dimensional Euclidean spaces.

A semimetric space X with |X| =mn+ 1 is said to be irreducibly embed-
dable in R™ if it is isometric to an independent (n + 1)-subset of R™. Recall
that the Cayley—Menger determinant is the polynomial

~— — —

0 1 1 1
1 0 d2($0,$1) PN dQ(l'o,a?k)
Dk(l’o,l‘l,...,il?k) =1 d2(3’:1,x0) 0 d2(3’51,3’}k) s
1 dQ(l'k,:E()) d2($k,$1) ce 0
where g, x1, ..., x) are some points of a semimetric space (X, d).

To prove Proposition 8.8 we shall use the following theorem of L. Blu-
menthal, see [4, p. 100].

THEOREM 8.7. A necessary and sufficient condition that a semimetric
space X with | X|=n+1 and X = {xo,1,...,2,} is irreducibly embeddable
i R™ is that
(8.1) sgn Dy (20, 21, ..., x) = (=), k=1,2,... n.

PROPOSITION 8.8. For any ordinal space X with | X| =n+1 there is an
embedding ®: X — R", such that ®(X) is an independent subset of R™.
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PROOF. To prove this proposition apply Proposition 1.5 to a finite (X, 0)
where X = {xg,x1,...,2,}. Let (X,d) be a realization of (X,d) depending
on parameters a and € as in the proof of Proposition 1.5. It is easy to
see that Dy(xo,z1,...,2x) is a polynomial Py(d(-,-),...,d(,-)) depending
on d(z;,xj), 0<14,j <k, i#j, and that d(x;,z;) = a as € — 0 for ¢ # j.
Moreover, it is clear that

lim  Py(d(-,),....d(-,") = Pu(a,...,a).

d(z;,xzj)—a

Hence in order to prove (8.1) it suffices to prove the equality sgn Py(a,...,a)
= (-1 kE=1,2,...,n. Now

01 1 ...1 1 1 1

10 a? ... a2 —a? 0 0

Py(a,...,a)=|1 a> 0 ...a*|=|1 0 —a? 0

1 a? a? 0 1 0 —a?
0 1 1 1 0 1 1 E+1
0 —a2 0 ... a2 0—-a2 0 ... 0

— 10 0 —a® ... a® |=|0 0 —da®... 0 = (1) (k4 1)a2*.

1 0 0 ...—-da2 1 0 0 ... —a?

In other words, the realization (X, d) of an ordinal space (X, 0) is irreducibly
embeddable in R” for sufficiently small e. [

9. Distance between ordinal spaces

Usually, the concept of a metric is associated with the distance between
points of a certain space. But in mathematics there are a lot of metrics
defined not on points but on completely different mathematical objects. A
large number of distances is collected in [12]. Among these distances one
can distinguish distances on graphs, matrices, strings and permutations, etc.
Below we propose a distance defined on classes of equivalences of ordinal
spaces with a fixed number of points. The most similar metric to this one is
the well known Gromov—Hausdorff metric, which is also a metric on classes
of spaces. The definition of the Gromov—Hausdorff distance can be found,
e.g., in [9, p. 254].
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Let (X,0x) and (Y,dy) be ordinal spaces with |X| = |Y| < co. Define
the distance between X and Y as
(9.1)

dord(X7Y): m;n; {(a;,y,z,w)|5X(a:,y,z,w)7é5y(f(a:),f(y),f(z),f(w))} )

where f: X — Y is a bijection and (z,y,2z,w) is an ordered set of points
z,y,z,w € X.

REMARK 9.1. The geometric sense of the distance dy.q is the minimal
number of relations between two pairs of points which are not preserved
under any bijection. We need the factor 513 since

(9.2) ox(z,y,z,w) = ox(z,y,w,2) =x(y,z,z,w) = dx(y, z,w, z)
= —5)((25, w,x, y) = —5)(('11}, Z,I, y) = —5)((25, w,Yy, .T) = —5_)((’[1), ZY, 3’})
For an ordinal space X we denote by is(X) the isomorphic type of this
space, i.e., is(X) is the class of all ordinal spaces that are isomorphic to X.
Under the distance do.q(is(X),is(Y)) between isomorphic types is(X) and

is(Y) we understand the distance doq(X,Y) for any X € is(X) and any
Y eis(Y).

THEOREM 9.2. duq is a metric on the set of isomorphic types of finite
ordinal spaces with a fixed number of points.

PROOF. The symmetry of doq and the equivalence ((dopq(is(X),is(Y)) =
0) < (is(X) =is(Y))) are almost evident.

Let us prove the triangle inequality. Let doyq(X,Y) and doq(Y, Z) be
distances with minima attained in (9.1) at bijections fi: X — Y and fo: Y
— Z respectively. Define

Q_lX = {(wvyvsz) |5x($,y, Z>w) # 5Y(f1($)7fl(y),fl(z),fl(w))},

where (z,y, z,w) is an ordered set of points x,y, z,w € X, and define

0 = {(a:,y,z,w) | Oy (x,y, 2z, w) # 5Z(f2(37)7f2(y)7f2(z)7f2(w))}’

where (z,y, z,w) is an ordered set of points z,y, z,w € Y. It is clear that

1 1
(9.3) dora(X,Y) = 9 QY| and doq(Y, Z2) = 9 13|
Define

(9.4) Q=% Uiy,
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where
SN = {(F @), W), ) T (w) |
5y(33,y, Zaw) 75 6Z(f2(£17),fg(y),fg(Z),fz(ZU)) }

Consider the composition f = fo o f1: X — Z and put

4%, 2) = | [{(w,y 2 w0) | 5x (2 9,2,0) £ 62(7(@), £ (), £(2), F(w)) }

Y

where z,y,z,w € X. The geometric sense of the set 2 is the following:
Q) is the set of ordered groups of four points from X for which the map-
ping f in general does not preserve the relations. Using the definition of
dord(X, Z), (9.4) and (9.3), we obtain

1
dord(X¢Z) < df(Xa Z) < 8 |Q|
1 1 1 —1 1 1 1 1 1
< 8|QX|+8|f (QY)|: 8|QX|+8|QY|:dord(X>Y)+dord(Y>Z)' U

REMARK 9.3. The formulation of Theorem 9.2 holds also for ordinal
structure without the axioms of transitivity (iv), (v) and (vi).
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