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Abstract. We investigate the exceptional sets of natural number n which
can be represented as sums of five and six cubes of almost equal primes, i.e. n =
P4+ 4 pd (s=5,6). It is established that almost all natural numbers n subject

. o\ . . 1
to certain congruence conditions have the above representation with |p; — (n/s) 3|
< nf/3 (1 < j < s), where 05 = 8/9 + ¢ and s = 5/6 + ¢.

1. Introduction

The Waring—Goldbach problem is to study the representation of positive
integers as sums of powers of prime numbers. In this paper, we shall focus on
the cubic Waring—Goldbach problem. This topic can be traced back to the
work of Hua [1]. He proved that almost all integers satisfying certain con-
gruence conditions can be written as s cubes of primes, where s =5,6,7,8,
and the above-mentioned congruence conditions are

Ns={neN:n=1 (mod 2),n# 0,42 (mod 9), n# 0 (mod 7)},
Ne={neN:n=0 (mod 2),n # £1 (mod 9)},
N:={neN:n=1 (mod 2),n# 0 (mod 9)},

Ng={neN:n=0 (mod 2)}.

If E5(N) denotes the number of positive numbers n not exceeding N, satis-
fying the above congruence conditions but cannot be represented as s cubes
of primes, Hua showed that for any A > 0,

(1.1) Ey(N) < N(log N)~".
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In addition, it is worth mentioning that Hua [1] also proved that all suffi-
ciently large odd positive integers are sums of nine cubes of primes. After-
wards, the classical result of Hua (1.1) has been improved to

E,(N) < Nt

where g5 >0 (5 < s <8). And over the years, a lot of specialists were en-
gaged in improving the values of gz, and the following results have been
achieved,

Ren [11]7 05 = 1%3 — &

Wooley [16], 05 = 316 —€, 05 = 118 —€, 07 = ég —€, 08 = gg — &,

Kumchev [5]> 05 = 854’ 06 = ;;157 07 = 985 08 = g4

Kawada and Wooley [3], 06 = 258, 07 = ig, 08 = 14

Zhao [18], o5 = 112 —&, 06 = }1 —€, 07 = % —€, 08 = g —e.

Hua’s theorem concerning nine cubes of prime integers has also been de-
veloped by Leung [7], Liu [9], and Zhao [19], who investigated the small
prime solutions of the cubic equation aip} + --- + agpg = b, where aq, ...,
ag, b represent integers satisfying certain necessary conditions. In par-
ticular, Zhao [19] proved that the above cubic equation is solvable with
pj < max{|ail, ..., |ag|}? + [b]*/3.

Throughout, we assume that N is a large natural number, and define

(1.2) xsz(N/s);, yszxgs,

where 0 < 05 < 1is a constant and 5 < s < 8. We shall explore the number of
natural numbers n that satisfy the above congruence conditions respectively
and make the expression

(1'3) n:p%—i_"'—i_pg’? ‘pj_xs‘gys (jZl,"',S)

fail. As usual, let E(xs,ys) denote the set of integers n satisfying the con-
gruence condition N, with |n — N| < sz2ys, such that (1.3) has no solutions.
And we use E;(zs,ys) to represent the cardinality of & (zs,ys). Our purpose
of this paper is to show that

(1'4) Es(xmys) < 552_5%7

for any € > 0 and 6, is as small as possible.

In this topic, the first breakthrough was made by Liu and Sun [10]. Soon
afterwards, Wang [14] and Li [8] reduced these bounds successively. Ren and
Yao [12] by applying new estimates on the minor arcs in Zhao [18] improved
this result. Wei and Wooley [15] gave a substitute for a Weyl-type estimate
in [4] and used Vinogradov’s mean value theorem to give an analogue of
Hua’s lemma. This made it possible for them to improve 67 and fg. Huang
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[2] made further efforts on Weyl sums in short intervals, so that he further
reduced the bounds for 07 and #g. Recently, Kumchev and Liu [6] obtained
improvement on the bounds for 7 and fg by making use of a sieve method.
The above mentioned s (5 < s < 8) such that (1.4) holds are listed as fol-
lows,

Liu and Sun [10], 05 = gi +e, 0= i; +e, 07 = gg +e€, 0 = 190 + ¢,

Wang [14], 05 = gg +e, b = %g +e, 60; = gg +e, 0 = 190 +¢,

Li [8], 95 = ig + e, 96 = 5 + e, 97: 1(1) + e, 98 = %? + e,

Ren and Yao [12], 05 = gg +e, 6= gg +e, 07 = %?(1) + e, g = ig? + e,

Wei and Wooley [15], 67 = 03 =  +¢,

Huang [2], 07 = 0g = %Z + ¢,

Kumchev and Liu [6], 67 = 05 = 33 + <.

In this paper we shall improve 05 and 6g in [12].

THEOREM 1.1. Let 05 =8/9+ ¢ and 05 = 5/6 + <. Then (1.4) holds for
s =15,6.

We shall prove Theorem 1.1 by means of the Hardy-Littlewood method.
The treatment of the integrals on the major arcs is standard, and we will
focus on the treatment of the integrals on the minor arcs. As usual, an
argument of Wooley [16] yields an upper bound for E,(zs,ys) which involves
the integrals of 2s-th powers of the generating function on the minor arcs.
Unlike [12], we apply the idea of [18] for the above integrals directly. Besides,
we apply an estimate appeared in [15] to substitute the traditional use of
Hua’s lemma when we consider the case of s = 6.

NoTATION. Throughout the paper, £ denotes a sufficiently small posi-
tive number, and ¢ denotes a positive constant. We need to point out that
both € and ¢ are allowed to change at different occurrences. With or without
subscript, p denotes a prime number. And as usual, we write L for log N,
e(x) for €2,

2. Preliminaries

As usual, when n is a natural number with |n — N| < sz2y,, where x
and y, are defined in (1.2) and 6y is given in Theorem 1.1, we denote by
Rs(n) the weighted number of solutions of n = p3 + --- + p3 with |p; — x|
<ys (1 <j <s) given by

Rin)= Y (logpi)---(logps).
n=pd+-+p’
|pj_r5‘gys
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In order to apply the Hardy—Littlewood method, we define the generating
function as

fl@y= Y (logpe(p’a).

Ts—Ys <P<Tst+Ys

Then it follows from orthogonality that

1
R(n) = / fs(a)’e(—na) da.
0
For the purpose of introducing the major arcs and the minor arcs, we write
(2.1) P, = y2x719127¢ and Q, = 231/1%*=,

Then we denote by M, and m, the major arcs and minor arcs respectively
as follows

(2.2) M, = U U {a:]qga—al < Q;l}

q<P; 1<a<q
(a,9)=1
and
(2.3) mg = [0,1)/9M;.

In the remaining part of this section we shall introduce some useful lem-
mas. To begin with, we define the multiplicative function w(q) by

—u—, < —1
(2.4 wpttry =P L = YT
p 7 uw<0,v=23.

LEMMA 2.1 ([4, Lemma 2.2] or [17, Lemma 2]). Assume that 0 < p <
1/4, y <z, 23 < y*=2° and { is a subinterval of (z,x +y|. Then either

Ze(n?)a) < yl—p+e’
nel
or there exist integers a and q such that
1<q<y*”, (a,q9)=1, |ga—a| <z 2y

and

w
Ze(n%&) < é/ (Q) +$3/2+5y_1.
~ 1+ 2%2yla —a/q|
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Combining [17, Lemma 1] and [17, Lemma 3] we get the following result.

LEMMA 2.2. Suppose that x, y and p satisfy the conditions of Lemma 2.1.
Denote by M the union of the intervals

M(q,a) = {a: |ga —a| <z~ 2y}

with 1 <a < q<y* and (a,q) = 1. Assume that G(a) and h(a) are inte-
grable functions of period one and define

g(a) = 3" (logn)e(n®a),

neA

where A is any subinterval of (xz,x + y|]. Then for any measurable set m C
[0,1), one finds that

/ G(a)h(a)g(a) da

1/4
< y5/4$—1/2+5</ |G(Oé)|2 dOé) j(m)1/2 + yl_p/2+5j(m),
m

where
T(m) = / G()h(a)| do

At the end of this section, we are going to expound the major arcs con-
tribution in the form of a proposition.

PROPOSITION 2.3 [12, Proposition 1]. Let Ps and Qs be defined by (2.1)
and let M, be defined by (2.2). When n belongs to [N — sz2ys, N + sz2y,]
NN, for any A > 0 we have

| f@)el-na)da = o &.m3(n) + Ol a7 L),
ms
where

cor=Sw 3 (3 (el

q=1 1<a<q 1<h<q(h,q)=1 1 1
(a,9)=1

is the singular series which is absolutely convergent and satisfies Sq(n)>>1,
and

~ 2 : —-2/3 _ ,s—1,,—2
Js(n) = (ml T ms) / -~ y;? T
mi+--+ms=n
(xs—ys)*<m; <(zs+ys)?

s the singular integral.
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3. Proof of Theorem 1.1

For the purpose of proving Theorem 1.1, we firstly introduce Kumchev’s
result [4, Theorem 2] in estimates for exponential sums over primes in short
intervals.

LEMMA 3.1. Let 6 be a real number with 4/5 < 6 <1 and assume that
0 < < min ((20 —1)/14, (146 — 11)/30, (56 — 4)/6) .
For a given positive number P, we suppose that

_ U U {|qa . a| < {L‘_3+2(1_€)P},

g<P 1<a<q
(a,9)=1

and write m(P) = [0,1) \ M(P) for the complementary set to the set M(P).
Then for any fixed € > 0, we have

> Al

r<n<z+y

sup <<:E0 H+€+x9+ép 1/2

acem(P)

In order to proceed further, we need to define some symbols. Let
(3.1) ps =1/4 and pg=1/5.

LEMMA 3.2. Assume that
1) = [ |fs(e) da.
ms

Then we have
Proor. By taking x = x5 and y = y5 then applying Lemma 2.2 with
G(a) = |fs5()]®, g(a) = fs(a), h(e) = f5(—a) and p = ps which is defined
in (3.1), one finds that
(3.2) T(10) < o/ a; V2TET(16) /4T (9)1 2 4 I8 TE T (9).
We next take Cauchy’s inequality to Z(9) to obtain
7(9) < Z(8)Y/27(10)Y/2.

An argument similar to the proof of Hua’s lemma (e.g., see [13, Lemma 2.5])
yields

(3.3) / (@) da << 3+
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Thus it follows from the above two inequalities that
(3.4) 7(9) < ¥/ * 7(10)1/2.
On the other hand, one can find that

(3.5) Z(16) < sup |f5(a)5Z(10).

acmsg

Now denote P=Ps, t=x5 and 2 =y5 in Lemma 3.1. Then m(P)=m5 and

— —1/2
sup |f5(a)| < ysag "t +yiteps 2,

acms

By taking p = 1/27, (1.2), (2.1) and 65 = 8/9 + ¢ which is defined in Theo-
rem 1.1 yields that

(3.6) sup | f5 ()] < ysg /7T 4

aEmsg

19/24+ 23/24+¢
Ty 5 .

<y

Combining (3.5) and (3.6), we can obtain
(3.7) 7(16) < y2¥*** 1(10).
We therefore deduce from (3.2), (3.4) and (3.7) that
7(10) < yg3/16x5—1/2+51(10)1/2+y§7/8+az(10)1/2 <<y§3/8x5—1+5+y§7/4+5' 0
LEMMA 3.3. Assume that
KO = [ 1fafa)l'do.
mg
Then we have
K(12) < yé07/10x6—7/4+8 +y§2/5a:g3/2+5.

PROOF. Setting = = x6, y = ys, G(a) = [fs(@)]"’, g(e) = fo(a), h(a) =
fe(—a) and recalling pg = 1/5 in (3.1), Lemma 2.2 yields

(3.8)  K(12) <y a5 V¥ R (20) VA K(11)Y? + 20 k().
An application of Holder’s inequality leads to the bound

(3.9) K(11) < K(8)V/4K(12)3/4,

Acta Mathematica Hungarica 156, 2018



EXCEPTIONAL SETS FOR SUMS OF FIVE AND SIX ALMOST EQUAL PRIME CUBES 431

Similarly to (3.3) we can obtain

K(8) < yate.
Besides, [15, Propositon 2.2] yields
(3.10) K(12) < ygtag2te.

We therefore substitute the above two bounds into (3.9) to get

(3.11) K(11) <y Pag /2t
Now we turn to the contribution from /C(20). Indeed,

(3.12) K(20) < sup |fs(a)BK(12).

acmg

It follows from Lemma 3.1 with p = 1/48, P = Py, x = x4 and 27 = yg that

1/48+¢ 19/24+

sup |fo()| < yorg + g

acmg
Recalling that yg = 3326 in (1.2) and 0 = 5/6 + €, one obtains

(3.13) sup | fo(a)| < yo/ .

acmg

Substitute (3.10) and (3.13) into (3.12), one has
(3.14) K(20) < yo/Pug2te.
Thus, it follows from (3.8), (3.11) and (3.14) that

K(12) <<yg/4 1/2+e( 24/5w52+5)1/4(yé9/2336_3/2+6)1/2+y2/10+5yé9/2336_3/2+6

107/10 —7/d+e
Lg

<yl 52/5xg3/2+a. 0

+ Yg

We shall finish our proof by means of an argument of Wooley (see [16]),
Lemma 3.2 and Lemma 3.3.

PROOF OF THEOREM 1.1. On recalling the definition of &(zs,ys) in
Section 1, one finds that

1
0= Z /0 fs(a)’e(—na) do

ne€(xs,ys)
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= Z fs(a)’e(—na) da + Z / fs(a)’e(—na) da

n€Es(Ts,ys) s n€Es(Ts,ys)
/ fs(a)’e(—na) da + / fs(a)? Z e(—na) da,
ne€Es(Ts,ys) ms n€E(Ts,Ys)

and it follows that

(3.15) ' / fu(@)* ¢(—na) da

neé, (xs 7ys)

neé, (xs 7y3

Z / fs(@)’e(—na) da.
M,
By applying Proposition 2.3, one has

fs(a)’e(—na) da
négz /

(3.16) > a2y LB,

where we use Fj to represent Fg(xs,ys), and thus we deduce from (3.15),
(3.16) and the triangle inequality that

(3.17) /m

By taking Cauchy’s inequality to the left-hand side of (3.17), we obtain

do > x5 E,.

fs()® Z e(—na)

ne€s(xs,ys)

(3.18) / f@f S e(-na)|da
e ne&,(zs,ys)
< </m £ ()2 da) 1/2</01 e(—na) 2da> v

71653(9057315)
1/2
< ([ 1n@peaa) g
ms
Consequently, the estimates (3.17) and (3.18) together lead to
(3.19) B, < x1y20-9) / | £s(@)|?* dav.
mg

We consider the case s =5 firstly. Indeed, (3.19) with s =5 yields
Es < xay; 8 Z(10).
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Then by applying Lemma 3.2 one has

On recalling 05 = 8/9 + ¢, we therefore obtain

Es < 22 %ys.

We secondly calculate the case s = 6. One can deduce from (3.19) with s =6
that

Es < zgys " K(12).

We substitute Lemma 3.3 into the above expression to get

Es < x2/4+8yg/10+x2/2+5y§/5.

Thus our choice of 05 = 5/6 + ¢ yields to

Es < 227 %ys. O
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